Dynamic Programming Lecture #7

Outline:

e Stochastic DP algorithm
e Simple example
e Repeated prisoner's dilemma

e LQ optimal control



Stochastic DP

e System:
Tky1 = fk(xk7 U, wk)

rp € Sk, uk € U(ay),  wip € Wi(ay, ug)
e Assume:

— wy is an RV on some probability space €2
— Probability function p(wy) can depend on x & wy.
— Probability function CANNOT depend on wy, . .., wy_1.

— More precisely:
ka(QU]glxk, U/k) - ka(wk’xﬂa vy Ty UQy «oy U, W,y -y wk—l)

e Objective:

N-1
J*(xo) = ponin - By {QN(fUN) + > gk(xk,ﬂk(xk),wk)}
i =

e Interpretation:

— Total probability space 2 = Qy x ... X Qn_1.
— Given admissible policy, value between {-} is an RV on .

— Can enumerate possibilities & probabilities to compute expected value.



Stochastic DP Algorithm

e Define
In(zn) = gn(zN)

Ji(zr) = min Eo, {96k, wr, wr) + Jps1 (fr(@r, up, wi)) }

’U,kEUk(xk)
e THEOREM:
— Jo(ﬂf()) = J*(ZCO)

— pp(zy) = arg miHUkeUk(xk) Ey, {or(@r, wr, wi) + Jeea (fr (T, ur, wi))

— Ji(x)) = optimal cost-to-go (i.e., solution to subproblem).
e Proof by induction to show Ji(z;) = optimal cost-to-go

— Assume true for Jy1().
— Show true for Ji(+).
— Start induction with Jy(+).

e Details of proof: Later...



Example

e Two states per stage: {1,2}.
e High road (=1) costly...low road (=2) cheap.

e On low road, can get a costly “bump” to high road with probability p:

v =utw, we{l,2}, Wu=1)={0}, Wu=2)=/{0,-1)



Example, cont (2)
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e Apply DP with p = 1/4:

— O —

Js(1) =1, J3(2)=0

L f1+0(1) o f1+1 B
nm =min (s 0s ey =00 s D+ o =0V

J2(2) = min { %iﬁ‘f(ffa»p O+ BEN1A—p) { %2:;11 D(1/4) + (04 0)(3/a) — >/A0ow)
N(1) = mm{ ﬁoiji(i)m»p O+ h@)1-p) { Ufﬁ 5/4)(1/4) + (0+5/4)(3/4) — /4(high or low
N(2) = min{ zéif(};u))u/@ b0+ J(2))(3/a) — /A(bigh)
Jo = min{ zo++ﬁ(+>J1 W)(1/4) + (0 + (2)3/4)  — 2dow)

e Result: Map of cost-to-go AND optimal decision.
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Repeated Prisoner’s Dilemma
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e Row = “us”, Column = “them”

e Reward = (us, them)

e “Dilemma”: Defected is a “dominating” strategy for both players.
e Repeated PD: Play game over stages [0, 1,..., N — 1].

e Define:

— up = Row's action at stage k

— wj; = Column’s action at stage k
e Opponent models:

— Tit-for-Tat: . .
o — {ukl, with probability p;
P D, with probability 1 — p.

— Grim trigger:

D, with probability 1 — p if ug,...,uxz_1 = C,

C, with probability p if ug, ..., ux_1 = C;
Wk —
D, ifu; =D forany j <k.

Typically, p = 1.



DP for PD: Tit-for-Tat

4 0
oSetM—<5 1).

e Dynamics and costs:

Th41 = Uk
Ik (T, wpy Wi) = Moy,
gn(zn) =0
e Stage N — 1, zy_1 =C"

4p—|—0-(1—p)—|—JN(C), uy_1 = C;
5p+1(1—p)—|—JN(D), uN_lzD.
=

Ina(C)=4p+1 & py4(C)=D

In_1(C) = max{

e Stage N — 1, zy_1 = D:

0+ Jn(C), un_1=C;
1+JN(D), UN_lzD.
=

Iva(D)=1 & py,(D)=D

Jn-1(D) = max{



DP for PD: Tit-for Tat, cont.

e Stage N — 2, any_o = C-

- 2
Accordingly, if

dp+4p+1>4dp+1+1ep>1/4
then

s(C)=$p+1 & iy o(C) = C

e Stage N — 2, zy o = D:

— 0+ @p+1), uy—o=0C,
JIn_o(D) = max{ 41 e
Accordingly, if

dp+1>1+1ep>1/4
then

Iva(D)=4p+1 & piy_o(D)=C



DP for PD: Grim trigger

e As before, for p > 1/4:

Ina(C)=4p+1 & py,(C)=D
InaD) =1 & py4(D)=D
In2(C)=8p+1 & puy,(C)=C

e Not as before:
0+ Jyo1(D), un—o=C;

1+ JN_l(D), UN—9 — D.
=

Ina(D) =2 & py o(D)=D

In_o(D) = max{

e In fact, uj(D) =D

e Next question: What is optimal control versus p*?



LQ Optimal Control

e Linear system (time-invariant):
" =Ar+Bu+w, E{w}=0

— x : state
— u : control

— w : “process’ disturbance
e Quadratic cost:
T &= or T
min F xNQNxN—I— Z kuxk—i—ukuk , On>0
KOs s N k=0
e Assumptions: Q@ = QT >0, Qy = Q% >0

e Recall: ) > 0:
2TQx >0, forallx #0

e Interpretation: Want to minimize “energy” of state while not expending excessive energy
of control, where

Elf] :§fkTka

/z’zR or /cv2

e Applications: Flutter control, vibration suppression, control law generation

Compare to:

e () scales relative importance of terms & state/control energy tradeoff

e ()n penalize size of terminal state



LQ Optimal Control, cont

e N — 1 recursion:
In(zn) = 2nQnay

In-1(xN-1)

= ul?vl,nl Euy {ZE%_leﬁN—l +ul_qun_1+ In(Azn_1 + Bun_1 + wN—l)}

= 5%1?1 E {95%—1@301\1—1 +uk_jun_1+ (Azy_1 + Buy_1 +wy_1)"Qn(Azy_1 + Buy_1 + wN—1)}

= min 27 2-terms + u u-terms + T u-terms + F {w%_lQNwN_l}
UN -1

Take -2

Jun—1"

uy_1 = —(I+ B"QnB)'B"QnAzn_4

and substitute to produce (quadratic!)
In-1(zn-1) = 2y Pyvozyo + E{wy_Qnwn-1}

where
Py_1=Q+A"QyA— A"QnB(I+ B"QnB) 'B"QnA



LQ Optimal Control, cont

e N — 2 recursion: Same analysis, but ()n replaced by Py_1.
o &t recursion:
Up = —(I + BTPk+1B)_1BTPk+1ASCk

Poy=Q+ AP A—-ATP.(I+ B"P.B) 'B"P.A, Py=Qy
N-1
J()(x()) = .IJE‘)FP()ZZZO + Z E {wkTPkHwk}
k=0

e P, > 0 by definition of positive cost.
e Comments:

— Indicative of DP: Find a recurring structure and exploit.
— DP leads to map of cost-to-go and optimal decision.

— Could have derived case where A & B vary with k ... today's optimal action depends
on tomorrow's model.



