Dynamic Programming Lecture #38

Outline:

e Controlled Markov chains

e Value iteration proof



Controlled Markov Chains

e State transition probabilities are now a function of control input: P(u)

e Example: Machine repair.

— States = {1 up

2 down
_ Controls — {S stop. & repair if needed
continue

— Control dependent transitions:

PO = prupionn) Pridovaldonny) = (0 1)

e For a policy, u = u(z),

—1st row of P(u(1))—
—2nd row of P(u(2))—

P(u) = —kth row O:f P(u(k))—

—nth row o'f P(u(n))—



Controlled Markov Chains & Random Disturbances

e Original (stage invariant) setup:
Tyt = f(Tp, wk, W)
e Controlled Markov chains:
Plzi1 = jlow =4, w] = pij(ur)
What happened to w?

e Connection:
Tl = Wk

P wy, = jlog = i, up] = pij(ug)
e Value iteration:
— Assume stage cost does not depend on w (no loss of generality)

— Original setup:

Ji(rp) = ngz}lil(lxk_) E gk (zr, wr) + Jp1 (f (Th, up, wy))]

— Markov chain setup:

Ji(1) = min gr(i,ur) + D Jr1(J)pij(u)
ukeuk.(l) j=1

e Can also have stage dependent probabilities



Cost of Policy

i PO“Cy: = {:ulnu% "'nuNfl}
e Transitions: Py ()

e /™" coordinate row vector:

e=(0 .. 01 0 .. 0)

e Policy dependent cost vector:

ge(1, (1) on(1)
G | #2@) | o i)
gu(n, u(n) g (n)

e Cost of trajectory {xg, x1,...,zx} under 7:
J (20, ., N5 T) = €, Go(pt0) + €2, G1(p1) + .o + €2y Gy
e Expected cost of trajectory given xy under m:

Z J(Qfo, ey TN 13 7T)P [xOJ ey JZ’N|.I'07 7T]
Xo...- TN



Cost of Policy, cont

e Use E[X; Z;] =%, E[Z] on
J(xo, oo, oy ) = €4,Goto) + €5,G1 (1) + ... + €4, Gn
to rewrite expected cost given x( under T:
E[J(zg,...,xn_1;m)|z0] = €s,Go(po)

+ ez, Po(po) Gi(p)
—_——

Q1=E [ewl |330,M0]

+ € Po(p10) Pr (1) Ga(p2) + ..

qQ:E [61:2 "rOnan,ul]

+ €2y Po(o) Pr(pt1) - - - Pv—o(pn—2) Gy-1(pn-1)

QN—le |:€‘T/N—1 |'T07/1“07/1'17"'a,uN—2:|

+ €20 Po(o) Pr(p01) - - - Pn—o(pn—2)Pn-1(pn-1) Gn

av=E[exy [0,10,411, ot 1]

e Notice triangular structure in p; dependencel!



Value lteration Revisited

e Rewrite (for some function « and row vector 3):

E [J(xg, ..., xy—1;T)|x0] =
a(xo, fo, -y fin—2) + B(zo, poy oy iv—2) (Gn-1(ptn-1) + Pyv_1(pun—1)Gn)

e Accordingly:

MO}-IPI%I—{ B [J(Qjo, ooy TN 15 W)‘IO] -
o un (T, o, - N -2) |
gv-1(1, iv-1(1)) + Sy Py (pv-1(1)) G ()

+B(xo, o, -+ HN—2) gn-1(2. v-1(2)) + Sy PV (iv-1(2)) G (7)

gn-1(n, pv—1(n)) + S0y Py (pv—1(n)) G ()
e Minimizing over py_1 results in term-by-term minimization:
ity gv—1(L un—1) + Sjoy Py (un—1)G(j)
J* _ minuNﬂ gN—l(QauN—1> +Z?:1 P]%fj—l(uN—l)GN(j)
N-1= :

miny,_, gv—1(n, un—1) + S0y Py (un—1)Gn ()



Value lteration Revisited, cont

e -1 eliminated (replaced by J3_;):

Mo}?{y}v_l E [J(xg, ..., xy—1;T)|x0] =

pomin oz, po, oy fin—2) + B0, o, - pv—2) Ty

e Repeat analysis, but now J3;_; plays role of Gy:

MOR}}}V_l E[J(zo, ..., xy—1;T)|20] =

min a(zg, flo, -, v -3) + B(Zo, pos -, un—3) (Gr-2(pn—2) + Py2(pn—2) I3 1)

Hos- N —2
e Minimization over py_o produces Jy_, as function of J3_;
e Repeated application is same as value iteration:
Jr(xr) = minE gz, ur) + Jera (fe(@r, ur, we))]

n
= mingr(zr, ur) + 3 Jer1(G)P [2r1 = Jlak, wil
j=1



