Dynamic Programming Lecture #9

Outline:

e Inventory control



Inventory Control DP

T4l = Tk + Up — W

. {inventory x>0
v backlog x <0

e 1, = production
e w = demand

e Define
hlz] z>0

plzl 2<0

r(z) = {

A ]
p h
e Total cost:
N—1
Z T(:Uk + up — wk) + cuy
k=0

production cost + sum of either: backlog penalty/holding cost

e Assume: p > ¢ > 0 (backlog more costly than production).



DP Algorithm

e General form:
In(rn) = g(oN)

Jr(x) = min By, {gr(2r, r, i) + Jpsr (fie(@, ur, wi)) }

e For inventory control:
JN(l'N) =

In-1(rN-1)
= qglV{Hl Eyyn_ {cuny—1 +pmax(0,wn_1 — 2Nn—1 —un—1) + hmax(0,zn_1 + un—1 — wy—-1) + In(zN)}

= ﬂl,nl (cun—1 + Eyy_, {pmax(0,wn_1 —xn—1 —un—1) + hmax(0,xny_1 +un—_1 —wNn_1)})



Inventory Control DP, cont (2)

e Define

H(z) = Eur(z—w)
;pir(z — w;)

e For example, if
w— {O with probability p

1 with probability 1 — py
Then
H(z) =por(z) + (1 —po)r(z — 1)
e Note that H is a DETERMINISTIC function of z.

e Second look:
Iv-i(xy-1) = min (cun—1+ H(zy-1 +un-1))
un_12>0
e Searching for structure:
— In LQ optimal control: quadratic J;.; = quadratic Jj.

— We will pursue similar structure for inventory control.



Background: Convex Functions

AF(x) + (1-A)F(y)

/

X A+ (L-A)y vy

e DEFINE: F': R — R convex if for all z,y € R:
FOor+(1—=XNy) <AF(x)+ (1 —=XN)F(y), VYAe]|0,1]
e Important implication: If z* is a local minimum, then z* is a global minimum.
e PROOF: Suppose F(y*) < F(z*) and y* > x*. Inspect:
FQy™ + (1 =N)z") <AF(y") + (1 = A\ F(a7)

Flx*+ ANy* —2%)) < F(z")

F(point near z*) < F(z*)?!
e Furthermore, if lim,|_,o F'(x) = 0o, then F" achieves minimum.
e Define DETERMINISTIC function:

F(x) = B, {F(z +w)}
If I is convex, so is F.

e PrROOF: For F(z) = X p;F(z +w;) and F(y) = X p;F(y + w;)

Fz+(1=Ny) = XpiF(Az+ (1= Ny +w;)

> i (A 4+ w;) + (1 = A)(y + wy))
Y pidAF(z+w) + (1 — N F(y +w)
AE,{F(x+w)}+ (1= ANE,{F(y+w)}
AF(x)+ (1 =N F(y)

I IA I



Back to Search for Structure

H(z) = Ey{r(z —w)}
e r convex implies H convex.
o Llet uy_1 =uny_1—2xn_1. Then

In_i(xn-1) = u;IVIEI;O (cun—1+ H(xy-1+un-1))

= _min (cay_1+ H(any_1))—cry_1
UN-12TN-1
convex minimization!
e (Unconstrained) Minimum of ctt + H () is achieved:

—Ifu— o0
ci+ H(u) =cu+ hi—hE{w} — oo

ci+ H(u) = (c —p)u+ pE{w} — o0



Search for Structure, cont (2)

e Let Sy be (unconstrained) minimizer of ciiy_1 + H(tn_1)

e Threshold policy:

. [Sn-1 Sno1 2N
uN—l - S
ITN-1 N-1 <IN

X S S X

v {SN—l —zy-1 on-1 < SN
N1 0 TN—1 > SN-1

e Interpretation: Bring inventory up to predetermined level Sy_1.



Shape of Cost-to-go

e Result:
cSno1+H(Sv-1) —cxy-1 an-—1 < Sy

In_1(xn_1) = {H(CL’N—1) TN_1> SN_1

Convex!

N-1



Convex Recursions

e Repeat DP procedure:

In-2(Tn-2)
= min E,,_, {cuny_s + pmax(0, —z") + hmax(0,27) + Jy_1(z")}

UN—-2
= min (cun—o+ H(xn—g +un—2) + Eyy , {In-1(xn_2 +un_2+wn_2)})

o Key features remain same:

— Above is convex minimization of sum of 3 convex functions.
— Substitute uy_9 = tUn_92 — TN _2.
— Recognize minimum is achieved.
— Threshold policy:
v SN2 —TN-2 TnN-2< SN 9
N=2 0 TN—2 > SnN_2
— Recognize Jy_5 is convex.

— Repeat...



Typical DP Features

e Compute a FEEDBACK policy:

. St—ap 1. <8
i) = {oF T S

e S;. must be computed in advance.
e Policy CHANGES as horizon approaches.

e DP reveals structure of optimal policy. Can now do guided optimization search over
threshold values.

e Structure of optimal policy as/more important than parameters of optimal policy.



