Dynamic Programming Lecture #10

Outline:

e Termination problems

e Monotonicity property



Termination Problems

e Two possibilities:

— Play until end:
N-1
realized cost = gny(xn) + D gx(xp, pr(xg), wy)
k=0
— OR terminate at stage k*:
k-1
realized cost =T + > gr(ag, up(zr), wi)
k=0
e Augment state space: 7 & ul
e New state dynamics:
Tr4+1 = fk(xkauk7wk)
_ {fk(xhukawk) xp # o' and wy # u';
o xr = a7 or up = u’

e New stage cost:

i (Tk, U, wi) Tk F 27 and wy # u’;
Gk (T, g, wy) = 3 T zr # 27 and up = u’;

0 xp =zl

e New terminal cost: -
dv(ay) = { VL) o 7o
0 IN=1T

i~

e We will drop notation.



Asset Selling

e Problem: Determine whether to take offer on asset.
e Original formulation:
— Dynamics:
Th+1 = W
x T = current bid.
% wy = next bid (uncertain).

— Payoff functions:

gi(zy) = { (L) Py, ifuy = u”

0 otherwise
Invest sale until end of horizon or...

9N<37N) =N
Must accept final offer, wy_1, at end of horizon

e Can convert original formulation to explicitly show termination.



Asset Selling DP Iterations

e Final stage
—an # 27 Iy(zy) = 2N
— oy =al: Jy(zy) =0

e Prior stage: Expected immediate plus future.
— IN_1 F at

JN—I(QTN—I) - sell/%(l)%’}t( sell {(1 T T)fol +E {JN(:CT)} ? K {JN<£EN)}}

Accept offer if

(I +r)aya > E{In(zn)} = E{on} = E{wy-1}
IN_1 > E{wN_l} /(1 -+ 7”)
(a threshold)
o In-_1(zn-1) =0

i.e., there is no gain if property is already sold.

o Stage N — 2, xy_o # x7:

JN_Z(J;N_Z) - sell/r(ﬂ)gril’}‘g sell {(1 T T)2xN_2’ E {JN_l(wN_2)}}

but
E {JNfl(wN,2>} =F {maX {(1 + T)wN,Q, E {U)N—l}}}

e Can continue to construct thresholds («ay, ..., ayx_1) for optimal policy:
Sell if z;, > ay.



Increasing Thresholds

e Assume i.i.d offers (independent, identical probability distributions).

e EXPECT: oy > a1 > ...an_1, i.e., in early stages hold out for high offer...panic in later
stages.

e PROOF:
— FAcCT: JNfl(iL") > (1 —|—7“)JN(SU).

Jy_1(z) = max{(1+r)z, E{w}}
= max{(1+r)Jy(z), E{w}}
> (1+7)Jn(z)

— FAcCT: JN_Q(x) > (1 —i—?“)JN_l(x).

JIn_o(x) max{(l + )2z, B {Jy 1 }
max {(1+ )%z, (1+7) E{JN(w H
(1 r% max{( e, E{Jy(w)}}

(I+7r)Iy-1(z)

vl

— Now suppose ay 9 <z < ay_i. Then
Inv_o(x) = (L +7r)22 > (1+7)Iv_q1(x) > (1 +7r)22?!

since v < an_1.

— Similar analysis for remaining stages.



Extension: Keep Old Offers

e Stage-invariant dynamics:

7 = max(x, w)
e DP iterations:
— Stage N: Jy(zy) = xn
— Stage N — 1:
In-1(zn-1) = max {(1+r)azy_1, F{max(xy_1,wn_1)}}

sell/don’t sell

— NOTE FOR LATER:
In-1(z) 2 (L+r)z = (1+7)JIn(2)
e Q: What is E {max(xy_1,wny_1)}?
— For convenience, assume w is an RV over R.

P(we fwa)) = [ pw)dwvs Y p

w; € [w,W]

— max(xy_1,wy_1) either equals xy_1 or wy_1, SO

Wer

e.¢]

E{max(xy_1,wn_1)} = Plwy_1 <zn_1)zny_1+ " wp(w)dw

— /0le p(w)dwzy + /9;0_1 wp(w)dw
e Q: What is sell /don’t sell threshold?
(14+r)aey_1= /oxN_l p(w)dwzy + - wp(w)dw

ITN-1



Keep Old Offers, cont (2)

e Let's inspect . .
d(a) ¥ (1+r)a— /0 p(w)dwa — / wp(w)dw

— For a = 0: N )
o(a) = —/0 wp(w)dw = —E{w} <0

— For aa — o0

— In between
do
do N ~
— (1—|—7“)—/0 pw)dw >r >0

So ¢(a) = 0 at only 1 point.

e Let o satisfy

()é*

(I+7r)a” = a*/o

Optimal policy: Sell if zxy_1 > a*.
Optimal cost:

p(w)dw + /aoo wp(w)dw

(1+7r)oy_q TN_1 >

Plwy-1 < ay_1)ry-1+ [5y  wp(w)dw zy-1 <o

In_i(en_1) = {



Keep Old Offers, cont (3)

e Step back again...
JN_o(xN_2) = max {(1 + 7“)2a:N_2, E{Jy_1(max(zy_o, wN_g))}}

e FACT: zny_9 > o then should sell.
e PROOF:

—IN_o > af =
— N1 > ot =

— JIvai(zno) =1+ 1)y =

JN_2(TNy_9) = max {(1 + T)2xN_2, (1 +r)E{max(zy_o, wN_g)}}
= (1+r)max{(1+r)zy_o, £ {max(zy_2, wy_2)}}
= (1+7) 2N

since this is same analysis for Jy_;.
e This shows non-intuitive result that
an—g < an_; =

i.e., don't hold out for better offer at earlier stage?!



Keep Old Offers, cont (4)

e FACT: JNf2<Z) > (1 + T)JNfl(Z)
e PROOF:
In-1(2) = max {(1 + )z, E {Jy(max(z,w))}}
Jn_2(z) = max {(1 +1)%z, B {Jy_1(max(z, w))}}
(first term )y 5 > (1 4 7) (first term )y,
(second term )y o, > (1 +7) (second term ),

-
In_2(z) > (14+7r)In_1(2)

e Now suppose ay_s < Ty_o < a:

2

TN-2
1—|—7“ JN 1(SUN 2)

(1+7r)
)

1+ 7“; max {(1 +r)ry_o, E{Jy(max(zy_2,w))}}
)?

IN—2(xN_2)

i1V

1+r E{JN(maX(xN 9,w))}  (because zy_9 < )

(
(
(
(I+r

V

TN-_2?

e This shows any_o = ay_1 = o, i.e., same threshold.

e Similar analysis shows same threshold for ANY stage. Another example where myopic
policy is optimal.



Monotonicity

e Previous analysis closely related to theoretically important “monotonicity” property of
DP.

e Setup: Time invariant system & costs:

ot = f(x,u,w)

N-1

cost = gn(zn) + D g(xk, uk, wi)
k=0

i.e., no explicit dependence on stage.

e FacT: If for all z:
In-1(z) < Jn(z)
then
Je(z) < Jpr1(x), forall x, k

e NOTE: We are not comparing Ji(xx) vs Jii1(zgs1)!

e PROOF: Assume Ji(x) < Jiy1(xz). Then

Jk—l(x) m&nE{g(a:, uvw) + Jk(f(:U?u? w))}
muinE{g(x, U,w) + Jk—l—l(f(x?uﬂ w))}

Ji(7)

I IA I

o Likewise
In_1(z) > JIn(x)
=
Jp(z) > Jpr1(x), forall x,k



