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About This Presentation
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lIl Multiplication

Review multiplication schemes and various speedup methods
« Multiplication is heavily used (in arith & array indexing)
 Division = reciprocation + multiplication
« Multiplication speedup: high-radix, tree, recursive
 Bit-serial, modular, and array multipliers

Topics in This Part

Chapter 9 Basic Multiplication Schemes
Chapter 10 High-Radix Multipliers
Chapter 11 Tree and Array Multipliers

Chapter 12 Variations in Multipliers
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“Well, well, for a rabbit, you’re n
very good at multiplying, are you?”
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9 Basic Multiplication Schemes

Chapter Goals

Study shift/add or bit-at-a-time multipliers
and set the stage for faster methods and
variations to be covered in Chapters 10-12

Chapter Highlights

Multiplication = multioperand addition
Hardware, firmware, software algorithms
Multiplying 2's-complement numbers

The special case of one constant operand
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Basic Multiplication Schemes: Topics

Topics in This Chapter

9.1 Shift/Add Multiplication Algorithms

9.2 Programmed Multiplication

9.3 Basic Hardware Multipliers

9.4 Multiplication of Signed Numbers

9.5 Multiplication by Constants

9.6 Preview of Fast Multipliers

Apr. 2020 L 14 q ! Computer Arithmetic, Multiplication D - Slide 6
0

=5



9.1 Shift/Add Multiplication Algorithms

Notation for our discussion of multiplication algorithms:

a Multiplicand a,_ 418, o - . - 848,
X Multiplier Xi_1Xjo - - - X1Xg
P Product (a x x) P2k-1Pok—2 - - - PaP2P1Po
Initially, we assume unsigned operands
0000 Multiplicand
~ 9O00O® X Multiplier
0000 x 520 .
0
eoes’ 05| rata
o000 Xpa 22 Eit-matrix
0000 X,a23J
00000000 ) Product

Fig. 9.1 Multiplication of two 4-bit unsigned binary numbers in dot notation.

y L2

- -
-
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Multiplication Recurrence

_ 0000 Multiplicand
Fig. 9.1 ~ 000® X Multiplier
Q00O Fx 220 .
0
eess /| pana
o600 Xp4 22 Eit—matrix
0000 X,a23
00000000 ) Product Preferred

Multiplication with right shifts: top-to-bottom accumulation

pi*h = (p0) + x; a 2K) 21 with  p@=0 and
|—add—| pW=p = ax + p02-*
|—shift right—|

Multiplication with left shifts: bottom-to-top accumulation

pith = 2p0) + x, . ,a with  p©®=0 and
|shift| pW=p = ax+ p02k
| add—|
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Why Premultiply the Multiplicand by 2x?

Addition takes place between the dashed lines in the figure below
The Oth PP is eventually shifted right by k bits, the 1st by k— 1 bits, ...
Even though the cumulative PP widens by 1 bit at each step,

the addition is always k bits wide

pU* = (pi) + x; a 2k) 21

XXX
- 900 ®

00000000

| ‘XXX

. eeee

00 ®:

|

a
X

X
X
X
X

p

with

a 20
a2
az22

w N -~ O

23 .

p®=0 and

Multiplicand
Multiplier

Partial
products
bit-matrix

Product

Fig. 9.1 Multiplication of two 4-bit unsigned binary numbers in dot notation.
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Examples of Basic Multiplication

Right-shift algorithm Left-shift algorithm

a «~1010 a 1010

X 1010 101 1 X 1011

p© 0000O0 p© 0000O0

+X,a 1010 2p0) 0 0000
+X5a 1010

2pt1) 01010

p™ 0101 O p™ 0 1010

+X,a 1010 2p1) 01 0100
+X,a 00O00O0

2p?) 01111 0

p(@) 0111 10 n(2) N1 0100

+X,a 00O00O pU*1) = (p(/)+Xjazk) -1 8

208 00111 10 [—add—

p®) 0011 110 |—shift right—| |0

+X5a 1010 - T oo+ 0
+X,a 1010

2p4) 01101 110

p) 0110 1110 p) 0110 1110

Fig. 9.2
Examples
of
sequential
multipli-
cation with
right and
left shifts.

Check:
10 x 11
=110
=64 + 32 +
8+4+2
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Examples of Basic Multiplication (Continued)

Right-shift algorithm

Left-shift algorithm

a 1010
X 1011
© 0000
200 0 0000
+X,2 1010
(1) 0 1010
2p() 01 0100
+X,a 0000
p@ 01 0100
202 010 1000
+X,a 1010
p®) 011 0010
208 0110 0100
X, 1010
p) 0110 1110

Fig. 9.2
Examples
of
sequential
multipli-
cation with
right and
left shifts.

Check:
10 x 11
=110
=64 + 32 +
8+4+2
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9.2 Programmed Multiplication

{Using right shifts, multiply

unsigned m cand and m ier,

storing the resultant 2k-bit product in p high and p low.

Registers: RO holds O Rc
Ra for m cand Rx
Rp for p high Rg

{Load operands into registers
mult: load
load

for cognter ROl
for m ier

0] Rcl_Counter |
for p low} Ra[ Multiplicand| Rx[__Multiplier |
Ra and Rx} Rpl[Product, high Rq Product, low

Ra with m cand
Rx with m iler

{Initialize partial product and counter}

copy RO into Rp
copy RO into Rg
load k 1into Rc
{Begin multiplication loop}
m loop: shift Rx right 1 {LSB moves to carry flag}
branch no add if carry = 0
<:'7 add Ra to Rp {carry flag 1s set to cout}
no add: rotate Rp right 1 {carry to MSB, LSB to carry}
rotate Rg right 1 {carry to MSB, LSB to carry}
decr Rc {decrement counter by 1}
branch m loop 1f Rc # 0
{Store the product) Fig. 9.3 Programmed
store Rp into p high multiplication (right-shift
store Rg 1nto p low .
1 done: - algorithm).
Apr. 2020 B % ?j Computer Arithmetic, Multiplication Slide 12
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Time Complexity of Programmed Multiplication

Assume k-bit words

k iterations of the main loop
6-7 instructions per iteration, depending on the multiplier bit

Thus, 6k + 3 to 7k + 3 machine instructions,
ignoring operand loads and result store

k = 32 implies 200" instructions on average
This is too slow for many modern applications!

Microprogrammed multiply would be somewhat better
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9.3 Basic Hardware Multipliers

Shift .

l Multiplierx [~

_________ ____-_-—_| ] E

r=— Doublewidth pIartiaI product p(’) E

' N oo === > :

T Shift :

Multiplicand a i

0, | p .

0 1 k X/ )

! Mux /4----------f---------------------
' xa N = _
E ja1 k il pu*h = |(p(l) +C)I(j(.ja 2k|) 21

R Adder / — clE
Cout\ |—shift right—]|
//k

Fig. 9.4 Hardware realization of the sequential multiplication
algorithm with additions and right shifts.
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Example of Hardware Multiplication

Shift

"ﬂ: (11)ten
101101110 (110,
Shift
1010 (1)
U} ’ T Xj
E U Mux Ye-------—— oo )
E Xja-l k pUth) = (p(i)+xja2k) 2-1
A —add—
g HOser I—shift rightl—l

//k

Fig. 9.4a Hardware realization of the sequential multiplication
algorithm with additions and right shifts.
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Performing Add and Shift in One Clock Cycle

Adder’'s Adder's sum Unused
carry-out use
P i/ P part of the
L _ multiplier x

|
Partial productI p(D

k k-1

To adder To muxv control

Fig. 9.5 Combining the loading and shifting of the
double-width register holding the partial product and
the partially used multiplier.
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Sequential Multiplication with Left Shifts

Shift

<

Fo Multiplier x

Doublewidth partial product p!’

q

Shift

Multiplicand a

0, |

2k-bit adder

2k A1~

4___
Cout

Fig. 9.4b Hardware realization of the sequential multiplication
algorithm with left shifts and additions.
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9.4 Multiplication of
Signed Numbers

Fig. 9.6 Sequential
multiplication of
2's-complement
numbers with right
shifts (positive
multiplier).

Negative multiplicand,
positive multiplier:

No change, other than
looking out for proper
sign extension

Apr.2020 | ' [
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o e
g—

a 10110

X ot o014

p©) 00000 Check:

+X,a 10110 -10 % 11

200 110110 =110

p() 11011 O =512 +

+X,8 10110 256 +

20 110001 0 128 +

p? 11000 10 16 + 2

+X,a 000O00O

2pB) 111000 10

p®) 11100 010

+X,a 10110

2p#) 110010 010

p4) 117001 0010

+x,a 000O00O

2p®) 111001 0010

p®) 11100 10010
Computer Arithmetic, Multiplication Slide 18



a 10110
The Case of a x 10101
Negative Multiplier p0) 00000 Check:
+X,a 10110 -10 x 11
. . 2o 110110 =110
F|997 S_equentlal pﬁ) 11011 0 =64 + 32 +
multiplication of +Xx,a 00000 8+4+2
2's-complement B 111011 0
numbers with right p@) 11101 10
shifts (negative +X,a 10110
multiplier).
2pB) 1170011 10
p®) 11001 110
Negative multiplicand, X348 00000
negative multiplier: 2pA) 1711001 110
: : (4) 11100 1110
In last step (the sign bit), ﬁ(_xﬁ) 01010
subtract rather than add
2p®) 000110 1110
p®) 00011 01110

Apr. 2020 | 14 (3 Computer Arithmetic, Multiplication D g Slide 19
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Signed 2's-Complement Hardware Multiplier

*‘ﬁ
A\ A 4

P Multiplier

Partial | product

\\%

Multiplicand

- \ Adder / ---------------

0, exéept in
k+1 last cycle

Fig. 9.8 The 2's-complement sequential hardware multiplier.

y a9 Jﬁ

o e
g—
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Booth's Recoding

Table 9.1 Radix-2 Booth’s recoding

P Xiq Y Explanation

0 O 0 No string of 1s in sight

0o 1 1 End of string of 1sin x

1 0 1 Beginning of string of 1s in x

1 1 0 Continuation of string of 1s in x

Example

1001 1101 1010 1110 Operand x
(1) 1010 0110 1111 0010 Recodedversiony
Justification

2+27M+ 20+ 20 = 212
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Example Multiplication
with Booth’s Recoding

Fig. 9.9 Sequential
multiplication of
2's-complement
numbers with right
shifts by means of
Booth's recoding.

Xi  Xiq1 Y
0O O 0
0 1 1
1 0 1
1 1 0

a 10110
X 10101 Multiplier

Y o ___ 1171 171 Booth-recoded
p® 00000 Check:
20 001010 =110

pth 00101 0 =64+32+
+y,a 10110 S+4+02
2p?) 111011 0

p?) 11101 10

ty.a 01010

2p) 000111 10

p) 00011 110

tysa 10110

2p*) 111001 110

p) 11100 1110

y.,a 01010

2p®) 000110 1110

p® 00011 01110
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9.5 Multiplication by Constants

0O 1 2 n-1
Explicit, e.g. y =12 x+ 1 0
mplicit, e.g.  Afi ] :=A[i, i +B[i.j] 2
Address of Ali, j] = base + n # i + | N I e - Row/
m—1 I
Column

Software aspects:
Optimizing compilers replace multiplications by shifts/adds/subs

Produce efficient code using as few registers as possible
Find the best code by a time/space-efficient algorithm

Hardware aspects:

Synthesize special-purpose units such as filters
yitl = agx(f] + axX{t — 1] + a,x{t — 2] + byylt — 11+ byylt — 2]
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Multiplication Using Binary Expansion

Example: Multiply R1 by the constant 113=(111000 1)

two

R2 «— R1 shift-left 1 ‘
R3 — R2 + R1 , :

Shift, add Shift
R6 <«  R3 shiftleft 1 e |
R7 «— R6 + R1 Ri: Register that contains j times (R1)
R112 <« R7 shift-left 4 This notation is for clarity; only one
R113 <« R112 + R1 register other than R1 is needed

Shorter sequence using shift-and-add instructions

R3 «— R1 shift-left 1 + R1
R7 «— R3 shift-left 1 + R1
R113 <« R7 shift-left 4 + R1

Apr. 2020 Bl ; . Computer Arithmetic, Multiplication 0 > Slide 24
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Multiplication via Recoding

Example: Multiply R1 by 113=(1110001),,,=(10010001),,

R8  «  R1 shiftleft 3 / /
R7 « R8 - Rf .
hif
R112  «  R7 shift-left 4 | Shift
R113 «— R112 + R1 Shift, subtract Shift, add

Shorter sequence using shift-and-add/subtract instructions

R7 «— R1 shift-left 3 — R1
R113 <« R7 shift-left 4 + R1

6 shift or add (3 shift-and-add) instructions needed without recoding

The canonic signed-digit representation of a number contains no
consecutive nonzero digits: average number of shift-adds is O(k/3)

Apr. 2020 Bl ; . Computer Arithmetic, Multiplication 0 > Slide 25
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Multiplication via Factorization

Example: Multiply R1 by 119 =7 x 17 128x 8x  x
=(8-1)x (16 + 1) VT
R8 <«  R1 shiftleft 3 CSA [
R7 < R8 — R1 2 2
R112 <«  R7 shift-left 4 CPA |«
R119 <«  R112 + RY 7
119x

Shorter sequence using shift-and-add/subtract instructions

R7 «— R1 shift-left 3 — R1 Requires a scratch register
R119 <« R7 shift-left 4 + R7 for holding the 7 multiple

119=(1110111),,=(10001001),,

More instructions may be needed without factorization
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Multiplication by Multiple Constants

Example: Multiplying a number by 45, 49, and 65

R9 <«
R45 «—
R7 <«
R49 «—
R65 <«

R1 shift-left 3
RO shift-left 2

R1 shift-left 3
R7 shift-left 3

R1 shift-left 6

+
+

R1
R9

R1
R7

R1

\

A combined solution for all three constants
R1 shift-left 6 + R1

R65 <«
R49 «—
R45 <«
Apr.2020 | [«

R65 — R1 left-shift 4
R49 — R1 left-shift 2

Computer Arithmetic, Multiplication

Separate solutions:
> 5 shift-add/subtract
operations

A programmable
block can perform
any of the three
multiplications
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9.6 Preview of Fast Multipliers

Viewing multiplication as a multioperand addition problem,
there are but two ways to speed it up

a. Reducing the number of operands to be added:
Handling more than one multiplier bit at a time
(high-radix multipliers, Chapter 10)

b. Adding the operands faster:
Parallel/pipelined multioperand addition
(tree and array multipliers, Chapter 11)

In Chapter 12, we cover all remaining multiplication topics:
Bit-serial multipliers
Modular multipliers
Multiply-add units
Squaring as a special case
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10 High-Radix Multipliers

Chapter Goals

Study techniques that allow us to handle
more than one multiplier bit in each cycle
(two bits in radix 4, three in radix 8, . . .)

Chapter Highlights

High radix gives rise to “difficult” multiples
Recoding (change of digit-set) as remedy
Carry-save addition reduces cycle time

Implementation and optimization methods

Apr. 2020 L 14 q ! Computer Arithmetic, Multiplication D
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High-Radix Multipliers: Topics

Topics in This Chapter

10.1 Radix-4 Multiplication

10.2 Modified Booth’s Recoding

10.3 Using Carry-Save Adders

10.4 Radix-8 and Radix-16 Multipliers

10.5 Multibeat Multipliers

10.6 VLSI Complexity Issues

=5
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10.1 Radix-4 Multiplication

_ 0000 Multiplicand
Fig. 9.1 ~ 000® X Multiplier
(modified) C0000® 7x,ar Partial
O X X X xsar' artia
200060 X, @ r2 products
ON X X X ) Xzar?
00000000 ) Product Preferred

Multiplication with right shifts in radix r: top-to-bottom accumulation

piD = (p0) + x; a rk)r-’ with  p©®=0 and
|—add—| pW=p = ax+ p@rk
|—shift right—|

Multiplication with left shifts in radix r: bottom-to-top accumulation

pth = rpl) + x, . 4a with  p@®=0 and
|shift| pk=p = ax + pOrk
| add |

Apr. 2020 14 (3 Computer Arithmetic, Multiplication D g  Slide 31
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Radix-4 Multiplication in Dot Notation

0000
~ 9000

Fig. 9.1

Number of cycles is
halved, but now the
“difficult” multiple 3a

must be dealt with

Apr. 2020 |

a
X

X
X
X
X

p

w N -~ O

Multiplicand
Multiplier
0
221 Partial
52 products
a bit-matrix
az23
Product
0000
X 0000,
000000
000000

Computer Arithmetic, Multiplication

Fig. 10.1 Radix-4,
or two-bit-at-a-time,
multiplication in dot
notation

a Multiplicand
X Multiplier
0
(x1x 0) wol 4 1
(x3x 2) wol 4
p Product
Slide 32
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A Possible Design for a Radix-4 Multiplier

Precomputed via Multiplier
shift-and-add 3a
da=2a+a
( ) (‘) T 2‘21 2-bit shifts
Xitl| | X
7 : 1
00 01 10 11,

Mux

ki2 + 1 cycles, rather than k

One extra cycle over k/2 To the adder

not too bad, but we would like Fig. 10.2 The multiple

to avoid it if possible generation part of a radix-4

Solving this problem for radix 4 multiplier with
may also help when dealing precomputation of 3a.

with even higher radices
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Example Radix-4 Multiplication Using 3a

_________________________ 0000
: o1 T X 0606

. 2Te9Te

p© 0000 00000000

+(X1X0)twoa O O 11 O O

4p'") 001100

pt 0011 00

+(X5X5)ono@ 010010

4p@) 010101 00 Fig. 10.3 Example of
2) 0101 0100 radix-4 multiplication

Apr. 2020 |
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A Second Design for a Radix-4 Multiplier

Fig. 10.4 The multiple generation

Multiplier part of a radix-4 multiplier based on
replacing 3a with 4a (carry into next
2-bit shifts —p» higher radix-4 multiplier digit) and —a.
Xit1| |Xij
0 a 2a -a =1 ¢ Carry
| | mod 4/ {FE[€— X, (x; v ©)
00 o1 10 17 Yt @ Xi¢ T &
Mux 4~ i€
i1 X; c Mux control Set carry
To the adder 0 0 0 o o 0
0 0 1 0 1 0
0 1 0 0 1 0
0 1 1 1 0 0
1 0 0 1 0 0
1 0 1 1 1 1
1 1 0 1 1 1
1 1 1 0 0 1
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10.2 Modified Booth's Recoding

Table 10.1 Radix-4 Booth's recoding yielding (z,, - . . Z1Zp)iour

Xj+1 X Xi1 [ Vir Yi Zir2 Explanation
0 0 0 0 0 0 No string of 1s in sight
0 0 1 0 1 1 End of string of 1s
0 1 0 0 1 1 |solated 1
0 1 1 1 0 2 End of string of 1s
1 0 0 1 0 2 Beginning of string of 1s
1 0 1 1 1 1 End a string, begin new one
1 1 0 0 1 1 Beginning of string of 1s
1 1 1 \ 0 0 ) 0 Continuation of string of 1s
| Recoded
context  adix-2 digits
Example
1001 1101 1010 1110 Operand x
1M)1010 0110 1111 0010 Recoded version y
1) =2 2 1 2 1 1 0 2 Radix-4 version z

Apr. 2020 L 14 5 2 Computer Arithmetic, Multiplication D v Slide 36
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Example Multiplication via Modified Booth’s Recoding

________________________________ 09000

: 0110 x_[@e[0®

X 1010

z 1 2 Radx4 gseeeee

p© 000000 00000000

+z,a 110100

4pM) 110100

p) 111101 00

+z,a 111010 Fig. 10.5 Example of
radix-4 multiplication

4p) 110111 00 with modified Booth’s

p®) 1101 1100 recoding of the 2’s-

- ——————=— Complement mu|t|pl|er
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Multiple Generation with Radix-4 Booth’s Recoding

Multiplier Init. 0 Multiplicand

[}

—>
2-bit shift ——_— Encoding —
Xitl | [ X1 [Xi-1 Tk Digit neg two non0

Sign -2 1 1 1

Recoding Logic | °f@ -1 1 0 1

0 0 0 0

neg $WO non( 0 1 0 0 1

Could have named 2 0 1 1

this signal one/two

0, a, or 2a
\
Add/subtract |z, 2l
control To adder input

Fig. 10.6 The multiple generation part of a radix-4
multiplier based on Booth's recoding.
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10.3 Using Carry-Save Adders

Multiplier
0 2a
ll\_\ Mu;/l-
0 a Xi+1 | Xi
Old Cumulative Mux,
Partial Product
CSA

\ Adder

New Cumulatlve Partial Product

Fig. 10.7 Radix-4 multiplication with a carry-save adder used to
combine the cumulative partial product, x;a, and 2x;,,a into two numbers.

aw 93

o e
— —
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Keeping the Partial Product in Carry-Save Form

___________________________________________________

W —> Sum ‘o e e e 6 e e
wy” Multiplier Caty o @ @ @ @
_.> —————————————————————————
Partial || Product © 600090
|
=k S" 9 00000 e
cave’ o o o o Right
Multiplicand 6060006 }Sh'ft
r'd
o I N N Y o 0606 060 0060
ux/” :
0.0 0 6
. Upper half of PP Lower half of PP
KBItCSA | (a) Multiplier o |
Carry 1k 1k block diagram (b) Operation in a typical cycle

Apr. 2020 Bl

-
- -

Sum
\ k-Bit Adder
|

i
y a9

Fig. 10.8 Radix-2 multiplication with
the upper half of the cumulative partial
product kept in stored-carry form.
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Carry-Save Multiplier with Radix-4 Booth’s Recoding

a Multiplier

l il %0 | X

Booth recoder
and selector

Old cumulative

partial product | Zif2 eo0o0000
o000 00
CSA e00000
Nev;/t_clumulc?ti\;e 000000
partial proauc \ %\dbéter e0000
‘ % i
Adder FFA /?tra ot EXXX XX
e0oc0oo0oo0

To the Iower hal f
of partial product

Fig. 10.9 Radix-4 multiplication with a CSA used to combine the
stored-carry cumulative partial product and z,,a into two numbers.
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Radix-4 Booth’s Recoding for Parallel Multiplication

Xit2 Xit1 X X1 X

| I — |

— Recoding Logic
t 0
neg| twag non ? 2|a
Fig. 10.10 Booth T ., !
. : Mux
recoding and multiple Selec
selection logic for . 0,2, or 2a
+

high-radix or parallel
multiplication.

—®| Seclective Complement

i 0, a,—a, 2a, or —2a
k+2
v

Extra "Dot" Z4i2 4
for Column 1
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Yet Another Design for Radix-4 Multiplication

Multiplier
0 2a
J\_ Mu;/l-
0 | a Xi+1 | Xy
Old Cumulative Mux,
Partial Product

(4: 2)-counter -~ 1’ " |7 7-4_. Fig.10.11 Radix-4 multiplication,
’ . with the cumulative partial product,

/

CSA _ .
(I "x,-a, and 2x;,,a combined into two
\ snumbers by two CSAs.
N CSA I
New Cumulative =3 E—
Partial Product \/
-
‘ N 2-Bit
\ Adder FFA\_FF/ Adder
To the Lower Half
of Partial Product

)
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10.4 Radix-8 and Radix-16 Multipliers

eo0eo0o0o00
eo0o0o0o00
00000 i
o000 o00 .
e0o00o00 right
o000 0 :\f‘h'ﬁ
o000000000
ooooooiooo

Fig. 10.12 Radix-16
multiplication with the
upper half of the
cumulative partial
product in carry-save
form.

Apr.2020 | | [ J 5j

o e
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Multiplier
0 ! | 8a
M
IE/ 0 4a Xi+3
;Mux /
—/ :
4-Bit 0 |2a T
Shift Mux / Xirl
> 0 |a
Muﬁ/ .
_| X
CSA CSA
|
CSA
CSA
l 4
Sum g | :I\/_ 4-Bit
Carry 3, FF & r Adder
. 4
Partial Product To the Lower Half
(Upper Half) of Partial Product
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Other High-Radix Multipliers

Multiplier
| 701 |8
Remove this mux & CSA and L \Mux
. : TN M0 | 4a Xi+3
replace the 4-bit shift (adder) -~ {M_g
. . . ux
with a 3-bit shift (adder) to get . Bt ~10 122 Xit2
. T . AN -Dl1
a radix-8 multiplier (cycle time . ghift Mux / =
. . \\\ O a 1+1
will remain the same, though) —»
/\‘,_-— ————— MIE/ X;
( CSA [}| CsA
[l [} [] Y Y Y I /// A
A radix-16 multiplier design _
becomes a radix-256 CSA Fig. 10.12
multiplier if radix-4 Booth’s
recoding is applied first CSA
(the muxes are replaced by | 4
Booth recoding and multiple Sum 3 | FFS\:'\/‘ 4-Bit
. . A er
selection logic) Carty Fa
Partial Product To the Lower Half
(Upper Half) of Partial Product
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A Spectrum of Multiplier Design Choices

Several
Next multiples All multiples
m“f“ple I T

&nall CSV

tree
\ Adder Fuge(éSA
Partial [product " Partial Iproduct

\ Adder / \ Adder

ngh radix

B.asic _’ or . Full

binary Speed up partial tree Economize tree

Fig. 10.13  High-radix multipliers as intermediate
between sequential radix-2 and full-tree multipliers.

y a9

o e
-

Apr. 2020 14 (3 Computer Arithmetic, Multiplication D v Slide 46
0 0



10.5 Multibeat Multipliers

Inputs Next-state Inputs PH1] |Stt?1te
Next-state |excitation Next-state > atches
Present—» logic N logic
state —
» < Next-state
State State logic ——
fip-flops 1CLK latches 1PH2 Inputs
(@) Sequential machine with FFs (b) Sequential machine with latches and 2-phase clock

Fig. 10.15 Two-phase clocking for sequential logic.

Begin changing FF contents
17 Change becomes visible at FF output

Observation: Half of the
clock cycle goes to waste

Once cycle
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Twin-Beat and Three-Beat Multipliers

| T | v T Vesisern< This radix-64 multiplier
A T 1 runs at the clock rate of a
3a  a 32 a radix-8 design (2X speed)
L T 1
Pipelined Pipelined
Radix-8 Radix-8
Booth Booth
Recoder Recoder
& Selector & Selector
| |
CSA CSA
I I
| Sum I I Sum —
| |
| Carry ! | Carry | t2
15 e o=
N 6-Bit =
V Adder Node 2 g Beat-3
Adder 6 @—
To the Lower Half E Input
of Partial Product

Fig. 10.14 Twin-beat multiplier
with radix-8 Booth's recoding.

Apr. 2020

r
l .
!

Computer Arithmetic, Multiplication

Fig. 10.16 Conceptual view
of a three-beat multiplier.
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10.6 VLSI Complexity Issues

A radix-2° multiplier requires:

bk two-input AND gates to form the partial products bit-matrix
O(bk) area for the CSA tree
At least ®(k) area for the final carry-propagate adder

O(bk)
O((k/b) log b + log k)

Total area: A
Latency: T

Any VLSI circuit computing the product of two k-bit integers must
satisfy the following constraints:

AT  grows at least as fast as k3/2
AT? s at least proportional to k2

The preceding radix-2° implementations are suboptimal, because:

AT O(k2 log b + bk log k)
AT? O((k3/b) log2b)
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Comparing High- and Low-Radix Multipliers

AT = O(k? log b + bk log k) AT?2 = O((k3/b) log?b)
Low-Cost High Speed AT- or AT?-
b=0(1) b = O(k) Optimal

AT O(kz) O(k2 |og k) O(k3/2)
AT? O(k3) O(k? log?k) O(k?)

Intermediate designs do not yield better AT or AT? values;
The multipliers remain asymptotically suboptimal for any b

By the AT measure (indicator of cost-effectiveness), slower radix-2
multipliers are better than high-radix or tree multipliers

Thus, when an application requires many independent multiplications,
it is more cost-effective to use a large number of slower multipliers

High-radix multiplier latency can be reduced from O((k/b) log b + log k)
to O(k/b + log k) through more effective pipelining (Chapter 11)
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11 Tree and Array Multipliers

Chapter Goals

Study the design of multipliers for highest
possible performance (speed, throughput)

Chapter Highlights

Tree multiplier = reduction tree
+ redundant-to-binary converter

Avoiding full sign extension in multiplying
sighed numbers

Array multiplier = one-sided reduction tree
+ ripple-carry adder
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Tree and Array Multipliers: Topics

Topics in This Chapter

11.1. Full-Tree Multipliers

11.2. Alternative Reduction Trees

11.3. Tree Multipliers for Signed Numbers

11.4. Partial-Tree and Truncated Multipliers

11.5. Array Multipliers

11.6. Pipelined Tree and Array Multipliers
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11.1 Full-Tree Multipliers

0000 Multiplier
x o006 O REEERAN
eocoo0 —
000000 Multlple— a
Forming |
00000000 Circuits a
S 1 |
Nclet)gtl mﬁﬁ?ﬁes All multiples — a
mu‘ pie H |H
Small CSA
vV :“ee Full CSA
. | tree Partial-Products
| Partial Iproduct Reduction Tree
(Multi-Operand
N\ VvV Y. Addition Tree)
Adder Adder
Basic High-radix Full
binary  Speed up part(i)afl tree Economize tree Redundant result
. . . T Redundant-to-Bina
Fig. 10.13  High-radix multipliers Converter 7
as intermediate between sequential | Some lower-order
o _ T Higher-order product bits are
radix-2 and full-tree multipliers. product bits cenrated directly

Fig. 11.1 General structure of a full-tree multiplier.
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Full-Tree versus Partial-Tree Multiplier

All partlal products Several partial products
[T
N
Small tree of
Large tree of carry-save
adders depth
\V f
N Log—
Adder depth Adder
\%
| |
Product Product

Schematic diagrams for full-tree and partial-tree multipliers.
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-

Apr. 2020 14 (3 Computer Arithmetic, Multiplication D v Slide 54
0 0



Variations in Full-Tree Multiplier Design

[ N Multiplier
Designs are distinguished by o “‘\\Ill - [ ]]
variations in three elements: P m—

Multiple- a

Forming |

Circuits a
1. Multiple-forming circuits [ 1

\ Bl

Partial-Products

Reduction Tree
2. Partial products reduction tree (Multi-Operand
Addition Tree)
_:111=*<::_‘: Nl P ‘-’-f_‘_’:’ Flg . 1 1 . 1
__.-Redundant result
3. Redundant-to-binary converter ¢ Redundant-to-Binary
Converter )
________ | -1 Some lower-order
Higher-order product bits are
product bits generated directly
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Example of Variations in CSA Tree Design

Corrections
shown in red

eoee Wallace Tree Dadda Tree
~ 000® (5 FAs + 3 HAs + 4-Bit Adder) (4 FAs + 2 HAs + 6-Bit Adder)
0000
0000
0000 1 2 3 4 3 2 1 1 2 3 4 3 2 1
eooo FA FA FA HA HA HA
o000 OGOGOO @ 30 0O 0@
1 3 2 3 2 1 1 1 3 3 3 3 2 1
FA HA FA HA FA FA FA HA
O O O O O O O e e e e e e e e e o o
0000
X X 2 2 2 2 1 1 1 2 2 2 2 2 2 1
¢ 4-Bit Adder 6-Bit Adder
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

Fig. 11.2 Two different binary 4 x 4 tree multipliers.
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Details of a CSA Tree " o 5% Blag 5 12

1, 6] .
Fig. 11.3 Possible ( 7-bit CSA | [ 7-bitCsa
CSAtreefora7 x 7 \\\[2, 8] s 1] 13, 11]
tree multiplier. e ) \
ceee 7-bit CSA
S353% B WNE

\12 8]

CSA trees are quite oo e e 7-bit CSA
irregular, causing BON [212]
some difficulties in \ [3,12] \
VLSI realization .

The index pair 10-bit CSA

. . 1, ] that
Thus, our motivation Eigg,;l;;‘;fﬁs ) . [j’i]
to examine alternate from i up to j gl BENEAC
methods for partial are mvolved. 10-bit CPA
products reduction r '
Ignore ‘ [4, 13] 31211
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11.2 Alternative Reduction Trees

| ]| | ]| | ]| Inputs
FA FA FA
— Level-1
| carries
M+ vy, =2y, +3 FA FA
| LengZ
Therefore, y, =8 | carries
carries are needed A A
| Level-3
————— carries
Fig. 11.4
. FA
A slice of a
| Level-4
balanced-delay carry
tree for 11 |
inputs. FA
I
| Outputs
Apr. 2020 Bl s Computer Arithmetic, Multiplication
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Binary Tree of 4-to-2 Reduction Modules

by L L 4-t0-2 compressor

_________________________________

4-to-2 4-to-2 4-to-2 4-to-2
| | | T i H

4-t0-2 4-t0-2 | N

VVYVYY

4-t0-2

o

(a) Binary tree of (4; 2)-counters  (b) Realization with FAs  (c) A faster realization

Fig. 11.5 Tree multiplier with a more regular
structure based on 4-to-2 reduction modules.

Due to its recursive structure, a binary tree is more regular
than a 3-to-2 reduction tree when laid out in VLSI
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Example Multiplier with 4-to-2 Reduction Tree

Even if 4-to-2 reduction gé\f]‘;':;ﬁ:gn o Multiplicand
is implemented using circuits 7 /;575‘
two CSA levels, design L{—/Cf T Al
regularity potentially | a4 / /
makes up for the larger |_ O—& A
number of logic levels L#/g/ i
. /S /S /;5/—/a
Similarly, o f o—
using Booth's ;f—/,d/ T i
recoding may _ 77 /)6/_/C
not yield any I_ Jeme,; £ ;57G
advantage, /S A
because it G O 'C
!ntrOduc.eS Redundant-to-binary converter
irregularity

Fig. 11.6 Layout of a partial-products reduction tree composed of
4-to-2 reduction modules. Each solid arrow represents two numbers.
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11.3 Tree Multipliers for Signed Numbers

---------- Extended positions ---------- Sign  Magnitude positions ---------
X1 X1 X1 X1 X1 X1 X2 Xk_3 Xk—4
= = = = = = Y2 V-3 V-4
Zy_1 Zy_1 Zy_1 Zy_1 Zy_1 Zy_1 Zi o Zy 3 Zy 4

From Fig. 8.19a Sign extension in multioperand addition.

Signs

Sign extensions /
@ a o o O‘}/ X X X X X X X The difference in
BB BB P &B X X X X X X X X  multplication is the
Y oy Yy VY/X X X X X X X X X shifting sign positions

/

Five redundant copies  afy

removed |||
FAJ[FA][FA][FAJ[FAJ]FA Fig. 11.7 Sharing of full adders to reduce

T T T 1 the CSA width in a signed tree multiplier.
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Using the Negative-Weight
Property of the Sign Bit

Sign extension is a way of
converting negatively weighted bits
(negabits) to positively weighted
bits (posibits) to facilitate reduction,
but there are other methods of
accomplishing the same without
introducing a lot of extra bits

Baugh and Wooley have
contributed two such methods

Fig. 11.8 Baugh-Wooley
2's-complement multiplication.

Apr. 2020 B (2 Computer Arithmetic,
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a. Unsigned X xy x5 %, %

agxp 43Xy axXy 21X dpXp
44%3 a3z  ax3  a1X3  apx3
a4 X4 a3 X4 a2 X4 al X4 ao X4

Py Pg P, Pg Py Py Py P, Py
24 %3 %29
b. 2's-complement X xg o oxy %, ox

azxg ap¥Xg a1x
a3 X1 a2 X1 al X1 aO X1
azxy apXpy ajxy agxXp

Cagxsy D agxy  apxy  a1x ag X3
2y %4 (Ca3%4 (Y 3 %403 21 %4 83
Pqy Pg P, Pg Py P, Py o )
9 @3 42 !
c. Baugh-Wooley X xq  x3  x, %

g%y 33 2% 1% %%y
24 2!
1 %4
Py Py Py Pe Pg Py P3 ) Py
a a a a
vpn 4 3 2 1
d. Modified B-W x  ox x x x
I S~ 2 1
. 84 XO a3 XO a2 XO al XO
a X a_ X a X a X a X
41 31 21 11 %h
a X a_ X a X a X a X
a x a4 x2 a3 x2 a2 x2 al x2 02
3 273 173 073
a X a X a X a X a X
474 374 T4 1Ta “07a
1 1
Py Pg Py P Py by Py Py P

Multiplication D 5 d  Slide 62
¢ L



The Baugh-Wooley Method and Its Modified Form

a a a a a
: _ 4 3 2 1 0
Fig. 11.8 c. Baugh-Wooley X xy  x3 xs  x1 oxg
a~ X a~ X a, X ad~ X
_ _ 3% 2% “1%0 %00
—a,Xo= a4(1—Xo) — ay _ o ax 33Foax arx apX
= auXy'— ay %Xy a3Xy Xy a1X 3
dg¥3  d3X3 X3z X3 9pX3
a, X a~ X a~ X a, X a~ X
, 1 %g 93%4 9%y 4 20%y
In next column
P, Py P, P, P P, P, P, P, P,
a a a a a
. 4 3 2 1 0
d. Modified B-W I T
—a,Xo= (1 —a,x,)—1 — 30 20 0 %o
- (a4XO) '—1 a x a4 xl a3 x1 a2 x1 al xl 01
a x a4 x2 a3 x2 a2 x2 a1 x2 02
/ a X aA X’% a’% X3 a7 X3 a1 X3 03
—1 (34Xo) 474 374 2%
[ 1
In next column pg pg p7 p6 p5 p4 p3 p2 pl po
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Alternate Views of the & ursined Conon oo
Baugh-Wooley Methods o T

ag X3 azx3 an X3 a] x3 ag x3
ag X4 a3 X4 CRY a1 Xy ao 29)

Py  Pg P, Pg Py P, P3 o P o
+ 0 0 —ayxg —aux, —a,Xx, —a,x, o 2scomplement  x 2 D % o om
+ 0 0 —a3x4 —82X4 —a1x4 —80X4 ' e - SRR —
____________________________________________ .@E azXp 2%y 241% 20Xp
0 0 auXs auX, auX; ax T gl e oo
_ 413 412 471 410 LE3 2 2073 F 073
2y x4 (a3 %4 Fap#4 (T a1 %4 §
m9. 0 FK &N Ak 8% T w o n m A e
—_— _ a4 a3 a2 al ao
+ 1 1 a,Xs AuXo ayX; aiX, c. Baugh-Wooley x  xy %3 x om %
+ 1 1 a3X4 32X4 a1X4 80X4 _ ay % a;lx(l) agxg aixg a[l)x(l) 00
1 y% B D2 22 an
1 ¥y A3Fy ¥y ¥y 9%y
4 9
1 %y
------------------ ; --------_-------:-------_- P9 P8 Py P6 P5 P, P3 P, B, pO
i e e d. Modified B-W O
AsXy AyXy aXy dpXy | R
. a4 XO a3 XO a2 XO al XO ao XO
dy — A Bh 2 Ah %A
N 4 2 3 2 2 2 1 2 0 2
X4 vk AP TR 2 2 00
4 4 3 4 2 4 14 0 4
-------------------------------------------- 1 1
Py  Pg P, P, Py P, Py p, P P
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11.4 Partial-Tree and Truncated Multipliers

h inputs
High-radix versus partial-tree | . ‘ ‘ tL:]pper pa:'ttc,’f
T ] . . [ e cumulative
multlp_ller_s. The dn‘fergnc;e IS q D partial product
quantitative, not qualitative (stored-carry)
CSA Tree

For small h, say < 8 bits,
we view the multiplier of
Fig. 11.9 as high-radix

Sum

When h is a significant
fraction of k, say k/2 or k/4,  Ca™ | |
Lower part of

then we tend to view it as V FEC~/—0  the cumulative
a partial-tree multiplier Adder o partial product
-Dl
Adder

Better design through pipelining
to be covered in Section 11.6

Fig. 11.9 General structure
of a partial-tree multiplier.

- ~ {
— —
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Why Truncated Multipliers?

Nearly half of the hardware in array/tree multipliers is there to get the
last bit right (1 dot = one FPGA cell)

ulp
® 6 06 06 06 0 00O k-by-k fractional
X ® 6 6 06 06 0 00O multiplication
© 06000 0 00 Max error = 8/2 + 7/4
‘:::::I::. +6/8 + 5/16 + 4/32
000000 e + 3/64 + 2/128
® 6/ 06 006 0 O

oo e 000 0 0 Mean error =
o © © © 6 © @ © 1.751 ulp

®© 6 06 06 00 0 00000 0 0 0 0 0

Fig. 11.10 The idea of a truncated multiplier with 8-bit fractional operands.

~ ~ 0
— —
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Truncated Multipliers with Error Compensation

We can introduce additional “dots” on the left-hand side to compensate
for the removal of dots from the right-hand side

Constant compensation Variable compensation

O O O | . O O
O O

O O O

O OO0OO0
RO OOOO
O O O

O O OO

O OO0OO0O0

O00O0O0O0
< X000000

1

Constant and variable error compensation for truncated multipliers.

Max error = +4 ulp Max error = +? ulp
Max error = -3 ulp Max error = —? ulp
Mean error = ? ulp Mean error = ? ulp

T

" e
— R
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11.5 Array Multipliers

i A WL T A S NG

X3a CSA asxi 21_2>X1 2-1:1 a_O,X Po

C/SA a4x1\+ + + * p

X4a a3 x2 P > > > !
/CSA “NG Y MY 4 e ¥

/ a3 x3 P > > > Ps
CSA a4x3\* 32X3+ a1\x3 + a0 x +

/ a3 x4 - | ag a_lz _z P3
Ripple-Carry Adder am\ * \ + * 0 +

N 4

< <+ <+ <« P
ax \ \ 0
Fig. 11.11 A basic array Py TPy TPy TRPe TP
multiplier uses a one-sided CSA Fig. 11.12 Details ofa 5x5
tree and a ripple-carry adder. array multiplier using FA blocks.
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Signed (2's-complement) Array Multiplier

Fig. 11.13 a4Xo 0 azxo 0 axo 0 a1X0£ ao Xo
Modifications in a 5x5 * \(
array multiplier to deal azxi > > > Po
with 2’'s-complement a4 ;a\ 42 X}——-al XI a0 X1
inputs using the D
Baugh-Wooley azx2 4 —2% > afo'xz
method or to shorten a47<2\‘
the critical path. P,
>
a4 X4 a3i(3 g al X3
\ a4 X3\ \
3y —p P3
S < o B o B s .
1
J« .

- e
N4, W, ay, an
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Array Multiplier Built of Modified Full-Adder Cells

. : a, as a, ay )
Fig. 11.14 Design of
a 5 x 5 array multiplier l l l l l
with two additive
inputs and full-adder | | | | [ \p
blocks that include l l l L l ° X
AND gates.
A 4 \ 4 A 4 A 4 v ,01
|
\ 4 \ 4 \ 4 \ 4 A 4 ,02
l \ 4 \ 4 \ 4 A 4 ,03
v X
FA \ 4 \ 4 \ 4 A 4 ,04
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Array Multiplier without a Final Carry-Propagate Adder

Fig. 11.15 Conceptual
view of a modified
array multiplier that
does not need a final

carry-propagate adder. i\ Mux /-

14 41

1 [

Fig. 11.16 Carry-save i\ " Mux
addition, performed in P
level i, extends the g it
conditionally computed i\ | Mux
bits of the final product.

i Level i

0000000 0 \ Mux /L
®© © 00 006 0@ 0 0 Dotsinrowi
® o0 O kT ‘
: : : : : : : : :'\) Dots in row i + 1 [k, 2k—1] k-1 411 il 1
j+1 Conditional bits @ @ @ All remaining bits of the final product
of the final product ~ Bjsq ' produced only 2 gate levels after p,_,
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11.6 Pipelined Tree and Array Multipliers

h inputs

H

h inputs
Upper part of
| | | [ || the cumulative Pipelined Latches |
d P partial product CSA Tree Latches | (h+ 2)input
(stored-carry) CSA tree
Latches
CSA Tree
Lg
CSA ’Tach\—

Sum | |7 CSA

Carry | I
Lower part of Sum | I

\/ FF<V the cumulative : :
Adder partial product Carry | 1 i ,
h-Bit Lower part of
Adder v \/ L 4 FF the cumulative
Adder hBit partial product
Adder

Fig. 11.9 General structure Fig. 11.17  Efficiently pipelined
of a partial-tree multiplier. partial-tree multiplier.
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Pipelined Array Multipliers
With latches after every 1 :1 Zl 1 Ol L

FA level, the maximum
throughput is achieved ; ‘ :

Latches may be inserted
after every h FA levels for
an intermediate design

Example: 3-stage pipeline ‘ ‘ EK'%'J\EK

Latched FA
Fig. 11.18 Pipelined 5x5 ~ FAwith —7= == = [~ — F —F == —[— =~ -
A . AND gate FA
array multiplier using
latched FA blocks. Latch s
The small shaded boxes FA
are latches. I

Pg  Pg b7 Pg Ps Py Pz Py Py Py
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12 Variations in Multipliers

Chapter Goals

Learn additional methods for synthesizing
fast multipliers as well as other types
of multipliers (bit-serial, modular, etc.)

Chapter Highlights

Building a multiplier from smaller units
Performing multiply-add as one operation
Bit-serial and (semi)systolic multipliers
Using a multiplier for squaring is wasteful
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Variations in Multipliers: Topics

Topics in This Chapter

12.1 Divide-and-Conquer Designs

12.2 Additive Multiply Modules

12.3 Bit-Serial Multipliers

12.4 Modular Multipliers

12.5 The Special Case of Squaring

12.6 Combined Multiply-Add Units

=5
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12.1 Divide-and-Conquer Designs

Building wide multiplier from narrower ones

Rearranged partial products
in 2b-by-2b multiplication

2b bits b bits

aH aL
X XH XL
aLXL
AL XH
aH XL
AaHXH
p
Fig. 12.1

4 > 4P
aHg XL
dHXH adl XL
d1L.XH
. >
3b bits

Divide-and-conquer (recursive) strategy for

synthesizing a 2b x 2b multiplier from b x b multipliers.
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General Structure of a Recursive Multiplier

2b x 2b use (3; 2)-counters
3bx 3b use (5; 2)-counters 4b x 4b

4b x 4b use (7; 2)-counters — 3b x 3b
|
| 2b x 2b
I
|_ I_ bxb
[ il [ |
L

Fig. 12.2 Using b x b multipliers to synthesize
2b x 2b, 3b x 3b, and 4b x 4b multipliers.
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Using b x ¢, rather than b x b Building Blocks

4b x 4b

— . 3bx3b

L
| T . 2bx2b

| |

i i R
| ] 1 ]
I ! I ! I \\\ _

~ -
| ] N ) ol
A -
N -
~ -
|| | \\ _ ""

| |1 | s

] N .

. )
_\ _”_
N
~ -
~ ’—’
_ _‘_ _
N
’f‘ ~
f’ N
_”_\ _
N
,—’ ~

2b x 2¢ use b x ¢ multipliers and (3; 2)-counters
2b x 4c use b x ¢ multipliers and (57; 2)-counters
gb x hc use b x ¢ multipliers and (?; 2)-counters
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Wide Multiplier Built of Narrow Multipliers and Adders
Fig. 12.3 Using4 x4 HO 9L Xy 4n XL 4L XL
multipliers and 4-bit |[4 7l |[4 7] |[0 3] |[4 7] ‘[4 7] ‘[0 3] ‘[O 3] ‘[0 3]
adders to synthesize
an 8 x 8 multiplier.

oooooooq
........b..‘....

Multiply Multiply Multiply Multiply

[12,15] [ [8,11] |[8,11] | 4,71 |4, 71 |0, 3]

Add

[4. 7]

_________________

. dpooooooo
oooo
oooobood

..........

Add <. Add
B.11] : 4, 7]

_________

_________

Add |-

000

_________

bood 00000000 Add =
' XXX ‘[12’15]

_________

Pr12,15] Prs,11] P4, 71 P, 3
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Karatsuba Multiplication

2b x 2b multiplication requires four b x b multiplications:

(2Pay + @) x (2% + x) = 2%Pauxy + 28 (apx, + axy) + apx

Karatsuba noted that one of the four multiplications can be removed
at the expense of introducing a few additions:

b bits
22"6 XH +2b [(éﬁ_—"_' ap) x (Xy "'XL)‘ apXy — apx| +%’:éLX\L\L ay | a_
Xy | X,

Mult 1 Mult 3 Mult 2

Benefit is quite significant for extremely wide operands
(4/3)° =4.2 (4/3)10=17.8 (4/3)20=315.3  (4/3)°°=1,765,781
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Computational Complexity of Multiplication

Arnold Schonhage and Volker Strassen (via FFT); best until 2007

O(log k) time
O(k log k log log k) complexity

In 2007, Martin Furer managed to replace the log log k term with
an asymptotically smaller term (for astronomically large numbers)

It is an open problem whether there exist logarithmic-delay
multipliers with linear cost
(it is widely believed that there are not)

In the absence of a linear cost multiplication circuit, multiplication
must be viewed as a more difficult problem than addition

In 2019, David Harvey and Joris van der Hoeven developed an
O(k log k) multiplication algorithm, which is believed to be the best
possible theoretically (but not practical at present)

y a9 Jﬁ

o e
-
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12.2 Additive Multiply Modules

Z

LU L

T LCCS N

p=ax+y+z ® o000 0 )

o oo
—
N O <
>

(a) Block diagram (b) Dot notation

Fig. 12.4 Additive multiply module with 2 x 4 multiplier (ax)
plus 4-bit and 2-bit additive inputs (y and z).

b-bit and c-bit multiplicative inputs
b x ¢c AMM { b-bit and c-bit additive inputs
(b + ¢)-bit output

(26— 1) x (2= 1) + (26— 1) + (20— 1) = 2b*c — 1
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cocinss
1 1 ' XXX
Multiplier Built of AMMs
00000000
90000000
Legend: L esooseset
2 bits —— ] :
s a3 "0 Understanding ©ecccecce
as 2 an 8 x 8 multiplier =
B I S * built of 4 x 2
ap 7] (a—— X3 AMMSs using dot eosce
’ o3 tation cecccces
6,91 4,511 (23] no a2
*| X [2,3] [4,7] YXXXXxXxx
- — X oo
17| 6.7l [ [45]
[6, 9] 'YX X)
0000
X 16,7] e00eo00oco0o0
00000000
ap T o000
(I
[10.13] o000
a — Pro, 1] . . . .
4.7 ‘ P2, 3 XXX
| | Pras) 00000 oo
Pri12,151 Prio,11] Pys, 9] Pie, 71 eeo
Fig. 12.5 An 8 x 8 multiplier built of 4 x2 AMMs. .

Inputs marked with an asterisk carry Os.
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Multiplier Built of AMMSs: Alternate Design

4,7 a10,3] .
| | | | This design is more regular
| | [ *0.11  than that in Fig. 12.5 and is
| | easily expandable to larger
— I* configurations; its latency,
|| [ X3  however, is greater
| C___
' ' - o000
» o0
T L 4 o000
- XXX
L] | XXX XX
X 16,7]
I :
Plo. 1 Fig. 12.6 Alternate 8 x 8
Legend: P 3 multiplier design based on
igg: Pasy 4 x 2 AMMs. Inputs marked
P16, 7) with an asterisk carry Os.
Pri2,151 Prio,11] P8, 9]

D ED J&

= e
— —
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12.3 Bit-Serial Multipliers

Bit-serial adder

' i »FF |
(LSB first) XpX1Xo | L i -+ 8,88,
: - FA T >
" YaYYo
Bit-serial multiplier
(MUSt follow the k-bit U aza»]ao :i E - p2p1p0
inputs with k Os: P, | :
alternatively, view e XoXqXp | .
the product as being
only k bits wide) s

What goes inside the box to make a bit-serial multiplier?
Can the circuit be designed to support a high clock rate?
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Semisystolic Serial-Parallel Multiplier

Multiplicand (parallel in) Xo X1 X9 X3
aj an adq ago
Multiplier
(serial in)

q e U

Sum
- # FA -
Product

FA !
CarryLl_l Ll_l Ll_l |_1_| (serial out)

Fig. 12.7 Semi-systolic circuit for 4 x 4 multiplication in 8 clock cycles.

t[) LSB-first
FA

This is called “semisystolic” because it has a large signal fan-out of k
(k-way broadcasting) and a long wire spanning all k positions

y B 93

- -
-
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Systolic Retiming as a Design Tool

A semisystolic circuit can be converted to a systolic circuit
via retiming, which involves advancing and retarding signals
by means of delay removal and delay insertion in such a
way that the relative timings of various parts are unaffected

Cut +d —d /

/\< o /\
1:2 <+
CL Cr CL C R
Bl [¥<
—d +d\(
Original delays Adjusted delays

Fig. 12.8 Example of retiming by delaying the inputs to C,;
and advancing the outputs from C, by d units

y a9

o e
-
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Alternate Explanation of Systolic Retiming

7y
Q
.
Y
~

t t t+d,

A 4

A 4

A 4

Y
i
v

t+a d, | t+a+d,+d, t+a+d, d, | t+a+d,+d,

Transferring delay from the outputs of a subsystem to its
inputs does not change the behavior of the overall system
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Mult1pl1cand (parallel n) Xo X1 X, X3

. ao
A First Attempt | Muliplier
. . (serial in)
at Retiming ﬁl ﬁl ﬁl LSB-first
v Sum V_ \A v
FA FA H{ }»{ FA
. Product
CarryLi_I Ll_l Ll_l L1_| (serial out)
Fig. 12.7
Multiplicand (parallel in) Xo X1 X5 X3
as ar aj ao
L il M i M Multiplier
LU | 11 11 (serial in)
L( T L( L‘/ LSB-first
Sum
FA > 1 FA
, Product
Carry|_1_| |_1_| |_1_| |_1_| (serial out)
Fig. 12.9 Aretimed version
of our semi-systolic multiplier.
Cut 3 Cut 2 Cut 1
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Multiplicand (parallel in)
aj ai

Xog X1 Xp X3

Deriving d FU”y i a | M Mulplir
Systolic Multiplier 0 iU :ﬁi S
4 P LANNIER 20y LY
FA | FA LB Fa 1 M Fa
I ! ! - roduc
Carry'% : % : % : ?serial (gut)
| | IS Fig. 12.7
Multiplicand (parallel in) Xg X X) X3
a3 as a a0 1L
| |‘ Multiplier
| | D‘ (serial in)
ﬁ) 7) LSB-first
¥, [¥] T¥ Iv¥
FA {1 FA 1} FA [ [ FA |
- Product
Carryv v (serial out)
Fig. 12.10 Systolic circuit for
4 x4 multiplication in 15 cycles.
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A Direct Design for a Bit-Serial Multiplier

p(i—l) aj Xi

tom‘Ep C1 CJ | s
- Y Y

(5; 3)-counter
2 1

. B

Fig. 12.11 Building block for a
latency-free bit-serial multiplier.

_ ... aj

P W X

‘— <— tout tin <_LSB
<4 <€—{cout Cinf@— 0
_> _> Sin SOllt_’ P;

¢—

e

Fig. 12.12 The cellular structure
of the bit-serial multiplier based on
the cell in Fig. 12.11.
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a; gli-1)
o o P ® ® ® & a
o0 )
Xj x(i-1)
aj xU-1)_ ©0 00000 0 .
. ® 0.0 0 0 06 0 & . nyated
9.0 ¢ 06 0 0 ® ¥ into three
O 060 0 06 0 ¢ O numbers
\\_. O 0. 06 06 06 0 ©°
® 040 .0 0 00 0 «——----- x,-a(’ 1)
e 6 6 06 0 0 O
e 6 6 06 0 O
e 6 6 06 06 06 0 O
Already output
(@) Structure of the bit-matrix
o000 ,
oo 0 o0 ;i
aj Xj . o o o )
. 00000 gxi-l
o0 0000 i
e 06 06 06 0 0 Shift right ¢
0o 000 (i) =M ngr o
oo 0 o 2p obtain plf)

(b) Reduction after each input bit

Fig. 12.13 Bit-serial multiplier
design in dot notation.
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FAJ_--

12.4 Modular Multipliers

d

FA

|
FAJ

||‘
FAJ

Divide by 16

Fig. 12.15 Design of a
4 x 4 modulo-15 multiplier.

Apr. 2020 |

Fig. 12.14 Modulo-(2° - 1)
carry-save adder.
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Other Examples of Modular Multiplication

e 6 o ©° e 6 o ©o
o 6 o ©o ® © o0 ©
®e 6 o o i‘> ® © o0 ©
® & ©o e 6 o ©o
® o e o ©°
® o o o
® O o
o o .
e o Address n inputs
= o 1]
Fig. 12.16 One way
to designofa 4 x4
modulo-13 multiplier. Table CSA Tree
Data
3-input
: Modulo-m
Fig. 12.17 A method for e

modular multioperand addition. |

sum mod m
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12.5 The Special Case of Squaring

Multiply x by x X4 X3 X2 X1 X0
X4 X3 X2 X1 X0

XqXo X3Xp Xo2Xp  X1Xp  XoXo
XqX1 X3X1 XoX1 X1Xq1 XgX4
Xq4Xo2 X3X2 XoXo2 Xq1X2 XpoX2
X4X3 X3X3 XoX3 X1X3 XpX3
XaX4 X3X4 XoXq X1X4 XoXg

Po Ps P7 Ps Ps P4 P3 P2 P1 Ko

Simplify,
XqX3 XgXo2 XgX1 XgXo X3Xo X2Xp )ﬁ//(g - X0
X4 X3Xo2 X3X1 X2X4q X1
X3 X2 XiXg —X41Xo

Po  Ps  Pr P Ps  ps p3 p2 O X0
Fig. 12.18 Design of a 5-bit squarer.

i3
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Divide-and-Conquer Squarers

Building wide squarers from narrower ones

XH XL
X XH XTI
XLXL
XLXH

XHIXH

2b bits b bits

p

< >a—b
XHXL
XH, XH XL‘JXL
L XLXH
. >
3b bits

Divide-and-conquer (recursive) strategy for synthesizing a
2b x 2b squarer from b x b squarers and multiplier.
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12.6 Combined Multiply-Add Units

Additive input

o
} CSA tree output

° } Carry-save additive input

o
} CSA tree output

Additive input

Dot matrix for the
4 x 4 multiplication

o
} Carry-save additive input

Dot matrix for the
4 x 4 multiplication

Computer Arithmetic, Multiplication

Multiply-add
Versus
multiply-accumulate

Multiply-accumulate
units often have wider
additive inputs

Fig. 12.19
Dot-notation
representations

of various methods
for performing

a multiply-add
operation

in hardware.
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