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Comments on
“High-Speed Area-Efficient Multiplier
Design Using Multiple-Valued
Current-Mode Circuits”

Behrooz Parhami

Abstract—Kawahito et al present muiltiplier designs using the binary-
tree reduction feature of certain highly redundant radix-2
representations, along with multiple-valued current-mode circuit
techniques, and show them to compare favorably to those based on
less redundant binary signed-digit and carry-save numbers. We point
out that these representation schemes, and their potential advantages,
have been discussed in earlier publications and that a more general
view of the parallel-carries addition process exploited in these
multipliers leads to other potentially useful representations.

Index Terms—Binary signed-digit, carry-save, redundant number
systems, stored-carry, stored-double-carry, stored-iriple-carry, tree
multipliers.
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1 INTRODUCTION

A class of area-efficient parallel tree multipliers based on unsigned-
digit redundant radix-» number representations having digit sets of
the form [0, ], with g > r, have recently been presented by Kawahito
et al [1]. (Notation: [a, b] = {a, 2 + 1, ..., b}). The digit sets {0, 3] and [0,
4] for r = 2 were given special attention and the resulting 24 x 24-bit
multiplier designs were shown to compare favorably to known im-
plementations based on binary signed-digit and binary stored-carry
(carry-save) representations using the digit sets [-1, 1] and [0, 2],
respectively, with regard to delay, transistor count, and number of
interconnections. These advantages are gained primarily due to the
fact that computation of digit sums and incorporation of transfers
are performed by relatively simple current-summing logic associ-
ated with multiple-valued current-mode circuits.
The purpose of this comment is to point out that:

1) These number systems are instances of generalized signed-
digit (GSD) representations introduced in [3], and further
developed in [5], [6]. Discussions in these papers include the
special GSD subclass with unsigned digits.

2) Both of the “new” radix-2 redundant representations corre-

1. One of the reviewers of this comment pointed out that Kawahito et
al. Did not claim novelty for the number representation schemes used
and that their primary contribution was the use of current-summing
technique. Reviewers also pointed out that Kawahito et al. had presented
their multiplication algorithm in an IEICE technical report, dated June
1988. However, in Section II of the paper under discussion, where the
number systems and their associated carry-free and limited-carry addi-
tion processes are presented, there is no reference to earlier work on
unsigned-digit redundant numbers or their use in designing high-speed
multipliers; even the authors’ own technical report is neither cired not
listed among the references. Such a detailed discussion, along with lack
of reference citations, is normally understood to cover original work
being reported for the first time. This interpretation is reinforced by the
claim in the second sentence of the paper’s “Concluding Remarks.”
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sponding to 4 = 3 and g = 4, and their advantages in de-
signing regular binary-tree multipliers, have been previ-
ously published by this author [4].!

Taking a more general view of the GSD addition process
exploited in these multipliers leads to other potentially use-
ful representation systems that may offer certain advantages
(though not necessarily with multiple-valued current-mode
circuits).
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2 GSD NUMBERS AND THEIR ADDITION

A radix-r GSD number system having the digit set [-¢, B}, with the
redundancy index p= a+ 8+ 1 -1 > 0, is a positional number
system in which the digit vector Xg_1Xjp .- X1X( Tepresents the

k=1
integer zr’xi. Any GSD system with r > 2 and p > 2, or with r
=0
> 2 and p = 2 provided that a# 1 and f # 1, supports “carry-free”
addition in which the transfer digit ¢; goes from position i to posi-
tion i + 1 and is absorbed there [3], [5]. Thus the sum digit s; is a
function of four operand digits x;, y;, x;_1, and y;_1 as shown in

Fig. 1b.
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Fig. 1. The ideal carry-free scheme and some practical implementation
alternatives for GSD addition.

In all other cases, namely whenr=2,p=1,0orp=2with =1
or B =1, a three-stage process, dubbed “limited-carry” addition,
must be used [3], [5]. One implementation alternative is to send a
two-valued “estimate” e; from position i - 1 to position / informing

this latter position whether the transfer t; will be in the “high” or

in the “low” subrange and enabling it to generate a suitable out-
going transfer #;, 1 in 2 manner that would guarantee its own abil-

ity to absorb the incoming ¢;. Thus, in these cases the sum digit s; is
a function of x;, y;, x;_1, ¥;_1, X;_p, and y;_» as shown in Fig. 1c. A
related alternative, which is practical only for small r, is to replace
e; with t/, which has the same range as t; and allows the sharing of

hardware between two of the stages or, alternatively, a more
regular design with non-shared hardware.
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Another approach, depicted in Fig. 1d, is to feed some infor-

t(Z)

mation directly from position i - 2 to position {. In this scheme,

2
each position 7 sends two transfers £ and £7)

to positions i + 1
and i + 2, respectively.

The above summary shows that the new number systems pro-
posed in [1] are instances of GSD numbers discussed in [3], [5], [6],
where unsigned-digit redundant representations with digit set
[0, Bl, and their special case of stored-double-carry numbers
with 8 =7 + 1, leading to the digit set [0, 3] for r = 2, have been
explicitly defined.

Two-stage carry-free addition of radix-2 numbers using the
digit set [0, 3] (stored-double-carry numbers) or [0, 4] (stored-
triple-carry numbers) was first discussed in [4]. It was shown that

with transfers 12} and tfi)l from Stage i restricted to [0, 1], the basic
addition equation
by a2

dictates that the parameter f of the digit set [0, 5] satisfy B=3and
B < 4. Thus the conclusion that only the digit sets [0, 3] and [0, 4]
are feasible for r = 2.

Advantages of these two new number representations and their
associated two-stage, parallel-carries addition process, with different
encodings for the digit set, were discussed in detail, with no as-
sumption about the implementation technology. Fig. 3 in [4], de-
picting a 24-bit binary-tree multiplier, is quite similar to Fig. 7 in [1].

3 A More GENERAL VIEW

The us= of parallel carries can be generalized to include more than
two receiving positions, non-binary transfers, and nonuniform
transfer digit sets. A complete presentation of the analyses per-
taining to such a generalization is beyond the scope of this com-
ment. Denoting the transfer going from position i — j to position
by t/ with 1 <j<hand £ €[-A, 4], one can derive, from the

basic addition equation

5 h
G _ )
Xty +2ti = 21’ L TS
j=1 j=1
and the various ranges assumed, -the relevant constraints to be
met. In the special case of uniform transfers, ie., 4; = A and u =u

(1 <j < h), the following constraints can be ob‘famec{

N afr - 1)
§ (r 7r+1)
| B
H (r —r+1)
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Extensive experimentation with the values of the different pa-
rameters involved have shown that such uniform transfer digit
sets are unlikely to lead to practically viable number representa-
tions for r > 2. For r = 2, the above conditions become:

o
Az [311 4‘2]

B
p= {373]

-1
12 aeus|

These conditions clearly show the impossibility of two-stage carry-
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free addition (h = 1) as in Fig. 1b for radix 2, lead to the two num-
ber systems discussed earlier for o = 0 and 1 = 2 allowing two-
stage parallel-carries addition as in Fig. 1d, and suggest that the
scheme is likely to be impractical for & > 2.

However, there is no compelling reason for uniformity in trans-
fer digit sets (see [2] for an illuminating discussion of digit sets).
One possibility is to have transfers that alternate in sign. For the sake
of simplicity, assume ZiL yx (G mod 2) and p; = yx (1 - j mod 2),
leading to A; + Hj= . hen, each position i receives Lh/2] positive
and [h/2] negatlve transfers, each up to yin magnitude. Hence the
interim sum must satisfy ~o + y[h/21<w; < B—yLh/2]if all trans-
fers are to be absorbed without exceedmg the allowed digit range
[~a, Pl. Since w; should assume at least r different values, a neces-
sary condition is:

B+a-hy+12r or p=hy

Radices r > 2 impose additional restrictions, but for r =2 and y=1,
digit sets such [-1, 2] with & = 2 (corresponding to the stored-carry-
or-borrow representation [3]) and [-3, 1] with & = 3, as well as their
mirror images [-2, 1], [-1, 3] obtained by letting uj = yx (jmod 2),
are quite practical. Such digit sets involve smaller maximum mag-
nitudes than the unsigned versions, thus leading to potential sim-
plifications in various arithmetic operations such as multiplication,
division, and square-rooting.
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