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Abstract

A direct design procedure for nonrecursive digital filters, based pri-
marily on the frequency-response characteristic of the desired filters, is
presented. An optimization technique is used to minimize the maximum
deviation of the synthesized filter from the ideal filter over some fre-
quence range. Using this frequency-sampling technique, a wide variety
of low-pass and bandpass filters have been designed, as well as several
wide-band differentiators. Some experimental results on truncation
of the filter coefficients are also presented. A brief discussion of the

technique of nonuniform sampling is also included.
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Introduction

. Nonrecursive digital filters have finite-duration impulse

response and consequently contain no poles (only zeros)
in the finite z-plane. The approximation problem is that
of finding suitable approximations to various idealized
filter transfer functions. A designer may be interested in
approximating either the magnitude, or the phase, or
both magnitude and phase of this ideal filter. A few ex-
amples of typical ideal filters are shown in Fig. 1(A)
through (F). Fig. 1(A) shows an ideal low-pass filter
while Fig. 1(B) through (D) show ideal high-pass, band-
pass, and band-elimination filters. Fig. 1(E) shows the
response of an ideal differentiator while Fig. 1(F) shows
the phase response of an ideal Hilbert transformer which
allows the two outputs to be in phase quadrature.

The approximation problem for recursive digital filters
(having infinite-duration impulse response, and poles as
well as zeros) has been treated extensively [1], [2]. Mathe-
matically, in the recursive case the realizable approxima-
tion can be expressed as the ratio of two trigonometric
polynomials, leading to filter designs based on classical
analog filter theory. This leads, for example, to fairly
sophisticated design techniques for Butterworth,
Chebyshev, and elliptic filters to yield good magnitude
response approximations. For nonrecursive digital filters
the realizable approximations are trigonometric poly-
nomials, Thus, the class of approximations is more con-
strained. The most widely used approach towards ap-
proximating the frequency domain filter characteristic is
based on approximating the infinite-duration impulse
response of the ideal filters by the finite-duration impulse
response of the nonrecursive realization, The most sig-
nificant result in this connection is the Gibbs phe-
nomenon, illustrated in Fig. 2, which shows the resultant
frequency response obtained when the “ideal” (infinite)
impulse response corresponding to Fig. 1(A) is sym-
metrically truncated. As is well known, the amount of
error or “overshoot” in the vicinity of the discontinuity
does not diminish, even as the response is increased in
duration. Recognition of this fact has prompted workers
in the field to seek ways to decrease the ripple by decreas-
ing the severity of the discontinuity. This can be accom-
plished by introducing a time-limited window function
w(n) having a z-transform W(z). From the complex con-
volution theorem the z-transform of the product A(n) w(n)
is given by

F(z) = E%ﬁ H@z/v)W ()rdy (1)

where A(n) is the ideal impulse response and H(z) is its
z-transform. Thus, multiplying A(n) by a window cor-
responds to smoothing the spectrum. Careful choice of a
window can result in a frequency-response function with
appreciably less in-band and out-of-band ripple, as can be
seen by comparing Figs. 2 and 3.

Kaiser [1] has introduced a set of windows (which we

JUNE 1970 83



MAG‘N ITUDE

(4)
LOW-PASS
DESIGN

FREQUENCY

(8)
HIGH-PASS
DESIGN

()
... BAND-PASS
" DESIGN

(o)

BAND-
ELIMINATION
DESIGN

||

{72 T—j— |/ 2T —

]

IMAGINARY

()
DIFFERENTIATOR

PHASE

(F)
HILBERT
TRANSFORMER

Fig. 1. Examples of typical ideal filters.

shall call Kaiser windows) which are very close to opti-
mum. By adjusting a parameter of the window, the
sidelobes can be diminished at the cost of increased transi-
tion bandwidth. Helms [3] recently proposed the Dolph—
Chebyshev window because it has good spectral proper-
ties and because its parameters can be readily determined
directly.

Window functions have also found great use in spectral
analysis of random functions, but this subject will not be
specifically discussed in this paper.

Design of nonrecursive filters from frequency-response
specifications has been considered by Martin [4], who
specified initial values of the frequency response at
selected frequencies, leaving unspecified values of the
frequency response in preselected transition bands. He
then used a minimization procedure to solve for final
values of the frequency response at equally spaced fre-
quencies. The criterion used for the minimization was that
the maximum deviation of the continuous frequency re-
ponse from the ideal frequency response be minimized
for both in-band and out-of-band frequencies. Martin
obtained useful results for small values of N (the num-
ber of impulse-response samples) for the case of low-pass
filters and for wide-band differentiators.

A recent paper by Gold and Jordan [5] introduced a
somewhat different approach to the approximation prob-
lem for nonrecursive digital filters. In this approach the
frequency response is specified exactly at N equispaced
frequencies. If it is assumed that the number of frequency
samples is equal to the number of samples in the impulse
response, then the (continuous) frequency response is
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Fig. 2. An example of the effects of truncating the impulse
response on the frequency response.

Fig. 3. Reduction of overshoot in the frequency
response by windowing the truncated impulse
response,
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exactly determined. A simple example is shown in Fig. 4,
where an ideal rectangular low-pass filter is sampled at
equally spaced frequencies, resulting in a continuous
frequency response with overshoot. (The transition band
in Fig. 4 is the frequency range between the last in-band
sample and the first out-of-band sample.) The impulse
response corresponding to this frequency sampled filter
is now no longer truncated, but rather a/iased or folded.
This fact should be well noted, as it serves to delineate
sharply between this method (the sampling method) and
the window method. It is not clear to us whether trunca-
tion or aliasing of an infinite impulse response is an in-
trinsically better procedure; however, this theoretical
distinction makes it awkward to formulate the sampling
method in terms of the window method. Our reasons for
the rather extensive study of the sampling method to be
presented in this paper are the following.

1) The designer trying to design filters to approximate
a given ideal shape in the frequency domain need never
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Fig. 4. The continuous frequency response of a fllter
derived from its frequency samples.

concern himself with an impulse response. This is intui-
tively appealing for filters with sufficiently long impulse
responses (i.e,, greater than about 30 samples), so that
high-speed convolution using the fast Fourier transform
is used for synthesis since the design results can be applied
directly to yield the synthesis,

2) The sampling procedure is capable of being exploited
to yield an “optimum” filter. As discussed above, the
window technique results in a tradeoff between overshoot
and transition bandwidth, By contrast, in the sampling
technique, once the designer has chosen a transition band-
width, he can, in a practical sense, calculate the best filter
that will have such a transition bandwidth. As will be seen,
this leads to quite efficient designs.

In the Gold and Jordan paper [5], results were obtained
only for a few low-pass filters. Also, the computer opti-
mization technique was semiautomatic, requiring an on-
line interactive display oscilloscope. The computations
needed for optimization were fairly lengthy and somewhat
inaccurate.

In the present paper, the design method and optimiza-
tion are treated more generally, and described in detail.
The procedure has been fully automated and made com-~
putationally efficient. As a result, it has been possible to
generate extensive design data, applicable in many cases
to “cookbook’ design. An analysis of low-pass and band-
pass filters, as well as of wide-band differentiators, is
presented. Numerical comparisons are made between the
window and sampling methods for low-pass filters and
differentiators. The effects of finite register length are
discussed and a few results presented. Finally, the theory
for a nonuniform sampling procedure is presented and a
few numerical results are given.

Synthesis Techniques for Nonrecursive Filters

Before presenting the formalism of our design tech-
nique, it is worth discussing the filter synthesis question
heuristically, We know of three useful ways of synthesiz-
ing a nonrecursive digital filter.

1) Direct Convolution: The impulse response of the
filter is explicitly found and the filter is realized via the
computation
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Fig. 5. Direct convolution realization of nonrecursive digital filter,

Fig. 6. Frequency sampling realization of nonrecursive digital filter.
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where h(m) represents the filter impulse response, x(#) is
the input sequence, and y(n) is the output sequence. The
realization of (2) is shown in Fig. 5. The limits in (2)
imply that A(m) is of duration N, so that A(m)=0 for
m>N,

2) Fast Convolution: Here only values of the frequency
response of the filter need to be explicitly found. First the
discrete Fourier transform of x(n) (suitably augmented
with zero-valued time samples) is computed, then multi-
plied by samples of the filter frequency response, and then
the product is inverse transformed to yield the output.

3) Frequency Sampling: Here the sampling theorem is
specifically realized as a digital network [8]. As seen in
Fig. 6, this network consists of a comb filter in cascade
with a set of parallel complex exponential resonators, the
outputs of which are suitably weighted and added to form
the output.

Formulation of the Frequency Sampling Method of
Filter Design

The sampling technique described in this paper can be
applied to a finite set of samples of the z-transform of a
filter evaluated anywhere in the z-plane. For the most part
we will restrict ourselves to the case where the sample

RABINER ¢f al.; APPROXIMATION PROBLEM FOR NONRECURSIVE DIGITAL FILTERS 85



points are equally spaced around the unit circle, and the
sample values represent values of the continuous fre-
quency response of the filter. Later in this paper we will
consider the more general case and, in particular, will
examine the case of nonuniform frequency spacing of the
samples.

For the case of uniformly spaced frequency samples the
design procedure consists of a sequence of computations
which can be summarized as follows,

1) Choose a set of frequencies at which the sampled
frequency response is specified. The values of the sampled
frequency response at some of these frequencies are gen-
erally left as parameters of the design problem. For the
uniform frequency sampling considered here, the choice
of a set of frequencies is merely the choice of a value for N,
the number of impulse-response samples, and an initial
frequency. Once N has been chosen, the frequency spacing
between samples is Af=1/NT, where T is the sampling
period. The choice of values of the frequency response at
the sample frequencies is dictated by the ideal filter being
approximated.

2) Obtain values of the continuous frequency response
of the filter as a function of the filter parameters. The
continuous frequency response can be determined as a
function of the frequency samples, either as an explicit
equation (i.e., the sampling theorem), or implicitly in
terms of the fact Fourier transform algorithm (FFT) [9]
or the chirp z-transform algorithm (CZT) [10].

3) Once the interpolated frequency response is ob-
tained, a program automatically readjusts the filter
parameters (the unspecified frequency samples) while
searching for a minimum of some filter characteristic.

4) When the minimum has been obtained and verified,
the final values of the free parameters are then used in the
realization along with the fixed frequency samples.

There are a wide variety of filter problems where the
designer requires a sharp cut-off amplitude characteristic
and, preferably, a linear phase characteristic. For this
reason, one of our aims was to obtain an interpolated
frequency response which was pure real except for a
linear phase shift. To achieve this goal requires careful
consideration of the parameter N and the specific fre-
quency positions of the samples. As a result, we found it
useful to formulate the sampling theorem for four cases.

Case A: N even, frequency samples at

k
fk:ﬁ, k=0,1,2,"',j\’7—'1.
Case B: N even, frequency samples at
B+ 3
fo=—=—", k=0,1,2---,N—1L
LNTT
Case C: N odd, frequency samples at
k
T E=0,1,2,--- N —1

T NT
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Fig. 7. The four possible orientatians for uniformly

spaced frequency samples. (A) and (C) show type-1 data
whereas (B) and (D) show type-2 data.

Case D: N odd, frequency samples at

k4%
fk:ﬁfz“’ k=0,1,2 -+, N—1

Fig. 7 illustrates these four cases, the circles represent-
ing the sampling points around the unit circle in the z-
plane. For Cases A and B, N is 8, whereas for Cases C and
D, N is 9. The data of Cases A and C will henceforth be
referred to as type-1 data; whereas the data for Cases B
and D will be referred to as type-2 data. The difference
between the two types reflects the initial frequency at
which the frequency response is sampled.

Derivation of Sampling Theorem for Case A

Given a finite-duration filter impulse response #(0),
h(D), - - -, A(N—1), the z-transform of this filter is

N—1
H() = 2 h(n)e™. (3)°
n=0
Since A(n) is of finite duration, it can be represented in
terms of its discrete Fourier transform (DFT) Hy, k=0,
1, -, N—1, as follows:

1 ¥-1
h(n) = — Z erj%rkn/N (4)
N =
where
Hy, = H(2) |omeiretiv. (5)

Substituting (4) into (3) and interchanging sums, we ob-
serve that the sum over the n index can be evaluated in
closed form so that
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1 — 2N N1 Hy

H(z) = 2 - (6)

N 5 1 — g tenmhiN

Evaluating (6) on the unit circle where z=e®T leads to
the interpolated frequency response

)

N

. . [ oNT (M
. Hye—imIN gin <—2—~>

H(e ij) —

Let us now examine in detail the implications of (4)
through (7). If the initial set of frequency samples H; is
chosen so that H; is a real, symmetric sequence (i.c.,
H;, = Hy_1), then the interpolated frequency response can-
not be pure real. A small oscillatory imaginary component
of amplitude

1 v=1
A =ﬁ]§fh~(‘"1) (8)

will be part of the interpolated frequency response. In
many cases the amplitude A is very small and can be
tolerated. In other cases one is forced to look to other
techniques for designing pure real nonrecursive filters.

One simple way of alleviating the problem of having an
imaginary component (other than a linear phase shift) in
the interpolated frequency response is suggested by (7).
By making the substitution

Hy = GV, ©)

the summation in (7) becomes pure real, and H(e*7) is
real except for the linear phase-shift term outside the sum.
A physical interpretation of the significance of the sub-
stitution of (9) can be obtained by examining the impulse
response corresponding to this set of frequency samples.
If the set Gy is chosen such that Gy =0 and G.= — Gy,
then the impulse response A(n) can be written as

hn) Go i 2=t 26, <7r - 2 k> (10)
n) = — —cos | — —nk ).
N -1 N N N
It is easily shown that A(n) is a real sequence with the
symmetry property

N
hny =h(N—1—n) n=0,1,2, - -,-2-—1. (11)
It should be noted that this is not the usual symmetry
property of an N-point sequence. A typical impulse re-
sponse is shown in Fig. 8 for the case N=16. As seen in
Fig. 8, the origin of symmetry of the impulse response lies
midway between samples representing a delay of a non-
integer number of samples. This half-sample delay can
also be verified from (7) where the linear phase-shift term
has a component equivalent to half a sample delay.
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Fig. 8. A typical impulse respanse far Case A, shawing the
half-sample delay obtalned for this case.

Sampling Theorem for Case C

The derivation of the sampling theorem for N odd is
the same as for N even, leading to (7). However, for ¥
odd, choosing the set of frequency samples H; to be real
and symmetric yields a real and symmetric impulse re-
sponse whose origin of symmetry falls on a sampling
point. Thus a pure real interpolated frequency response
can be attained for this case. It is easy to show that the
continuous frequency response is real by first deriving the
impulse response and then computing the frequency re-
sponse. The impulse response can be written as

H, WZQ122H, <27r

hin) = 5 + —— cos v nk> (12)

k=1

The impulse response is a real and symmetric function
with a unique peak at n=0. By rotating the impulse
response (N—1)/2 samples, i.e., replacing A(n) by
hl{(n—(N—1)/2) mod N], so that the peak occurs at
n=(N—1)/2, and translating the entire impulse response
by (N—1)/2 samples, the frequency response can be
written as

(N—1)/2

HieT) = 3

n=—(N-1)/2

2h{(n) cos (nwT) (13)

which is purely real.

Summary of Computation Procedure for Cases A and C

The continuous frequency response can be computed
directly from (7) for either N odd or even. However, our
method of computation differs in that the FFT algorithm
is used instead. We now present the detailed steps used to
obtain the interpolated frequency response from the set
of N frequency samples.

1) Given N, the designer must determine how fine an
interpolation should be used. For the designs we investi-
gated, where N varied from 15 to 256, we found that 16 ¥
sample values of H(e*7) lead to reliable computations and
results; ie., 16 to 1 interpolation was used.

2) Given the set of N values of H;, the FFT is used to
compute A(n), the inverse DFT of H;. For both N odd and
N even the set Hy, which was used was real and symmetric;
therefore /() is real in all cases and symmetric for N odd.
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Fig. 9. Computational methods for obtaining the interpolated frequency
response,

3) In order to obtain values of the interpolated fre-
quency response one of two procedures is followed.
Either a) A(n) is rotated by N/2 samples (¥ even) or
[(N—1)/2] samples (N odd) to remove the sharp edges of
the impulse response, and then 15 N zero-valued samples
are symmetrically placed around the impulse response [as
illustrated in Fig. 9(A)]; or b) A(n) is split around the
(N/2)nd sample value, and 15 N zero-valued samples are
placed between the two pieces of the impulse response
[as illustrated in Fig. 9(B)]. The zero-augmented sequences
of Fig. 9(A) and (B) are transformed using the FFT to
give the interpolated frequency responses. These two
procedures can easily be shown to yield identical results,
the differences being primarily computational ones.

Sampling Theorem for Case B

If the set of frequency samples is evaluated at f
=(k+1)/NT, k=0, 1, - - -, N—1, and if this set is de-
fined as £y, then following a development similar to (4)
through (7), we obtain

1 ~N N-—1 F’
Hep = Ty : (14)
<—Z\/) k=0 B ]27!’
1 —zlexp v (k-{—%):\

Evaluating (14) on the unit circle gives

- [ ij7’<1 1>]
e#T) =exp| — ——(1— —
P 2 N

. wNT .7.71'
JFL cOos <—§— exp [_ —/\7(76 + %)

. <wT T ]~+1)>
sin 3 N(v 3

To perform the computation of (15) using the FFT re-
quires a somewhat different procedure than for the pre-
vious Cases A and C. This is because in order to compute
an inverse DFT using the FFT, it is assumed that the fre-
quency position of the first sample is 0 Hz, whereas in
Case B it is |/(2NT) Hz. Therefore, the procedure is the
following,.

I

iMr
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1) Shift the F, by an angle of =/N clockwise thereby
aligning the samples as required by the FFT,

2) Perform the FFT, obtaining a complex impulse re-
sponse.

3) Either rotate the impulse response by N/2 samples
and symmetrically augment with zero-valued samples, or
split the impulse response at the center and fill in with
15 N zero-valued samples between the two halves of the
impulse response.

4) Compute the 16 N point FFT to obtain an inter-
polated frequency response.

5) Rotate the frequency response data by an angle of
=/N (8 samples for a 16 to 1 interpolation) counterclock-
wise, thereby compensating the original shift and produc-
ing the desired result.

The importance of data of Case B is that the inter-
polated frequency response, when the frequency samples
form a real and symmetric set, is pure real. This can be
proven from (15), but it is more easily shown to be true by
examining the impulse response. For the conditions of
Case B the symmetry of the frequency samples can be
written

Fy = Fy 1. (16)
Therefore the complex impulse response corresponding
to step 2 above is

(N/2)—1 2Fk
Z = ImIN aog
k=0 4

‘) <27r 1
fln E\“,,n( +§)> (17)

n=012"---,N—1

From (17) we see that the real part of f(n) is symmetric,
the imaginary part is antisymmetric, and f (N/2) is identi-
cally zero. Therefore, the impulse response is technically
of duration (¥N—1) samples, although there are N inde-
pendent frequency samples. It is, therefore, easy to find an
axis of symmetry which coincides with a sample point.
Thus the interpolated frequency response corresponding
to step 4 above is real. For this case alone the original
frequency samples, the true filter impulse response, and
the interpolated frequency-response samples are all real.

Sampling Theorem for Case D

The development for Case D is identical to that for
Case B. For the set F;, real and symmetric, the interpo-
lated frequency response has a small and imaginary com-
ponent similar to that of Case A discussed earlier. By
making the set F;, complex, a real interpolated frequency
response can be obtained as seen previously. Because of
the similarity of this case to Case A no further discussion
is necessary.

Rationale for Minimization Algorithm

There are several reasons why the different Cases A, B,
C, and D are of interest. First, by inspection of (7) and
(15), it is seen that when H(e#*T) is real, it consists of a
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sum of elementary functions of the form

oNT . [T
sin< )/sm(———ﬁ).
2 2

In the design of, for example, a low-pass filter one would
choose the frequency samples which occur in the pass-
band to have value 1.0 and those which occur in the stop-
band to have value 0.0, The values of the frequency sam-
ples which occur in the transition band would be chosen
according to some criterion. It is intuitively appealing to
picture that the transition values found for any given
optimum design produce functions of the form of (18)
with ripples which cancel the ripples caused by the fixed
samples. As the number of transition values is increased,
it is easy to picture ever finer cancellation. Thus it is useful
to obtain a real H(e®T),

Another reason for sampling at different frequencies
(type-1 and type-2 data) arises when the designer chooses
his bandwidth. If the frequency samples are to form an
even function, then for Cases A and C, the bandwidth
must contain an odd number of samples (the sample at
frequency f5 is balanced by a sample at frequency fiv—z,
except for the sample at f=0). Similarly for Cases B and
D the bandwidth must contain an even number of fre-
quency samples. Hence sampling at different frequencies
provides additional flexibility to the designer. It also turns
out that for small bandwidths (in terms of number of in-
band frequency samples) the sidelobe ripple cancellation
is more efficient when the bandwidth is an even number
of samples than when it is an odd number. Furthermore,
as will be explained later, a convenient design for band-
pass filters is based on rotation of low-pass prototypes.
As such, the existence of data from all cases is of great
value. ’

At this point, we now turn to a discussion of the optimi-
zation techniques which we have used.

(18)

The Minimization Algorithm

From (7) and (15) we observe that H(e/T) is a linear
function of the samples H; or F. In all of our problems
most of the H;, or F; will be preset, and the remaining few
(the transition coefficients) will be varied until the maxi-
mum sidelobe is a minimum. Fig. 10 shows the typical
specification for a low-pass filter. In this example, there
are 2 BW—1 samples preset to 1.0, 2 M transition sam-
ples, and the remaining samples are preset to 0.0. Sym-
metry considerations reduce the number of independent
transition samples to M. Let us denote the transition
coefficients by T, Ts, T3, etc. Then Fig. 11 shows how
H(e# i), H(e®T), etc. might vary with any one transition
coefficient. All such variations are linear. It has been
shown [11] that the upper envelope of these straight lines
forms a convex function. (In Fig. 11 the upper envelope
is drawn with heavy lines.) It has also been shown [12]
that a convex function has a unique minimum (a local
‘minimum is a global minimum). From this it follows that
a procedure which searches for the minimum value of a

Ty~ ——— e - -
T p—-————- e o = —— —— -
0.0
0O 1t 2 3 4 5 6 7 8 9 W0 I R 13 4 8 k

Fig. 10. Typical specifications for type-1 low-pass filters.

Fig. 11.
quency response versus transition coefficient at any given
frequency.

Curves showing the linear variation of the fre-
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maximum sidelobe must converge; i.e., the search will not
result in a false minimum.

The above reasoning may be extended to more than
one dimension. H(e*T), H(e*T), etc., can be plotted as
a hyperline of the transition coefficients, T4, T, etc. The
upper envelope of the different hyperlines is a convex
hypersurface and leads to the same result as before,
namely, that a minimax search procedure as a function of
T, T, ete., will converge.

The assurance of ultimate convergence does not neces-
sarily mean that any given search procedure is feasible in
terms of computer running time. Now is a good time to
stress the discrete nature of our interpolation technique.
This discreteness has two important effects. First, it makes
it more or less impossible to locate and measure an exact
minimax of the continuous function H(e’T), Experimen-
tally, this is not bothersome; if a sufficient number of ’s
are used, the computed result is within a fraction of a
decibel of the exact answer. Second, the discreteness helps
us by discretizing, in a sense, the convex hypersurface
into a connected set of hyperlines. This is true because for
small variations in Ty, T, etc., the (discrete) frequency
position of the maximum sidelobe remains fixed. Thus,
over this small variation, the maximum H(e’**T) is a linear
function of T, T,, etc.,, which shows that the convex
surface is really a connected set of hyperlines. When the
frequency position of the maximum sidelobe changes,
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the slope of the resultant hyperline of steepest descent
changes.

The above reasoning suggests the following search pro-
cedure.

1) Always begin with a one-dimensional search. For
example, if it is desired to optimize over three transition
coefficients, T1, Ty, and T, begin by setting T;=T.=1 and
searching for the value of T in the range 0.0 to 1.0 which
yields a minimax. This value is labeled as point 4 in
Fig. 12.

2) Now go to two dimensions. Let T5=1.0 and the
value of T obtained from step 1 define a point on a two-
dimensional line. To find another point, perturb 7 slight-
ly from its preset value of unity (to a slightly smaller
value) and repeat the one-dimensional search, varying T,
as before. This new two-dimensional point (point B in
Fig. 12), along with the previous one, determines the
appropriate straight line (the path of steepest descent)
along which to do the full two-dimensional search.

3) A simple search is now made along the line found in
step 2, yielding a minimum of H(e#*7) (point C in Fig. 12).
A new path of steepest descent is obtained by varying T
and keeping T, fixed at the value of point C, yielding
point D; then perturbing T slightly and again varying T
yielding point E, A simple search is made along the new
line yielding a minimum at point F. If the difference be-
tween the values of H(e?*T) at the minima of the searches
along the lines of steepest descent (points C and F) is less
than some prescribed threshold, the search is ended and
point F is the two-dimensional solution. Otherwise the
procedures of step 3 are iterated to yield refinements of
the path of steepest descent until two consecutive searches
yield minima whose difference satisfies the threshold con-
dition. Practically it has been found that a two-dimen-
sional search has always terminated within three iterations
when the threshold is set to 0.1 dB.

4) Now go to three dimensions. Let T3=1.0 and the
two-dimensional result of step 3 define a point on a three-
dimensional line. To find another point on the line, per-
turb T slightly (to a smaller value) and repeat the two-
dimensional search of steps I through 3. We now have
two points on a three-dimensional line along which we
can search for a minimum. At the minimum a new three-
dimensional line of steepest descent is obtained and a new
search is conducted. The search procedure is terminated
when the difference in minima between two consecutive
three-dimensional searches is less than a prescribed
threshold.

Clearly the search procedure is more time consuming
as the dimensionality increases; in fact, it is reasonable to
expect that the search time is roughly an exponential
function of the dimensionality. We have found experi-
mentally that a four-dimensional search is attainable
(within 300 seconds on a CDC-6600 computer), and that
all searches have indeed converged.

A useful check on the convergence of the search can be
made by examining sidelobes other than the minimax. In
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Fig. 12. lliustration of the path followed in a typical search

for two optimum transition coefficients.

general, for M transition coefficients (M-dimensional
search) there are (M—+1) equal minimax sidelobes. The
proof of this assertion will not be given here, but philo-
sophically it is similar to the proof given by Papoulis [13]
in his discussion of elliptic filters.

Note from (7), (15), and Fig. 10, that there are only M
variable values of Hj or Fi; the remaining values are
preset and remain fixed. This implies that during the
course of a search (which may involve thousands of com-
putations of (7) and (15) before convergence) increased
computational efficiency results from separating (7) and
(15) into two sums, namely, into those terms with the
preset H; or F, and those terms with the variable H; or
F;. The first sum may be evaluated once and stored in a
table. The second sum consists of very few terms {one to
four) and can either be rapidly computed for all values of
the (discrete) interpolation for each step in the search or
else broken into separate terms, each involving one transi-
tion coefficient, and also stored in tables. Using the second
alternative, the (discrete) interpolation function is formed
for the various values of T3, T, etc., by multiplying the
various tables by the appropriate transition coefficients
and adding the results. This procedure is uneconomical of
computer storage but exceedingly economical of com-
puter running time.

Figs. 13 and 14 show typical examples of the results of
a three-dimensional search for type-1 low-pass filters.
Fig. 13(A) shows the entire frequency response with
N=64, BW =16, and transition coefficients 7'; = 0.030957,
T.=0.275570, and T3=0.744348. For this filter, ripple
peaks 1, 2, 5, and 6 are equal within 0.54 dB. Fig. 13(B)
shows an expanded view of the frequency response of
Fig. 13(A). The first plot in Fig. 13(b) shows the nature
of the in-band ripple. The greatly magnified vertical scale
is in thousandths of a decibel. The ripple is very small near
0 frequency and increases steadily until the edge of the
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transition band at which point it reaches about 0.1 dB,
The next three plots of Fig, 13(B) show the transition
band and the out-of-band ripple. It is seen that the peak
height of the out-of-band ripple decreases steadily as the
frequency gets farther away from the edge of the transi-
tion band. This is due to the (sin w/w) type interpolation
falloff from each of the nonzero values of Hj. Finally it
is noted that the minimax solution of Fig. 13 is —85.01
dB.

Fig. 14 shows results for a larger value of N, this case
being identical to the one discussed by Gold and Jordan
[5]. For this set of data BW is 32, N is 256, and the transi-
tion coefficients are T,=0.025779, T.=0.251635, and
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FREQUENCY IN Hz

T,=0.723071. Fig. 14(A) shows the entire frequency
response for this filter while (B) shows expanded hori-
zontal and vertical scales. The minimax solution is —87.89
dB, and ripple peaks 1, 2, 4, and 5 are equal with 0.35 dB.

Results

Using the method explained in the previous sections,
we have designed a large number of low-pass filters,
bandpass filters, and wide-band differentiators. For low-
pass filters we have considered type-1 and type-2 data for
various values of N, BW, and M, as defined earlier in

s

91



TABLE |

Low-Pass Filter Design, One Transition Coefficient (Type-1 Data, N Even)

TABLE I

Low-Pass Filter Design, Two Transition Coefficients (Type-1 Data, N Even}

BW Minimax T, BW Minimax T, T,
N=16 N=16
1 —39.75363827 0.42631836 1 —65.27693653 0.10703125 0.60559357
2 —37.61346340 0.40397949 2 —62.85937929 0.12384644 0.62291631
3 —36. 57721567 0.39454346 3 —62.96594906 0.12827148 0.62855407
4 —35.87249756 0.38916626 4 —66.03942485 0.12130127 0.61952704
5 —35.31695461 0.38840332 5 —71.73997498 0.11066284 0.60979204
6 —35.51951933 0.40155639
N=32
N=32 1 —67.37020397 0.09610596 0.59045212
1 —42.24728918 0.42856445 2 —63.93104696 0.11263428 0.60560235
2 —41.29370594 0.40773926 3 —62.49787903 0.11931763 0.61192546
3 —41.03810358 0.39662476 5 —61.28204536 0.12541504 0.61824023
4 —40.93496323 0.38925171 7 —60.82049131 0.12907715 0.62307031
6 —40.85183477 0.37897949 9 —59.74928617 0,12068481 0.60685586
8 —40.75032616 0.36990356 11 —62.48683357 0.13004150 0.62821502
10 —40.54562140 0.35928955 13 —70.64571857 0.11017914 0.60670943
12 —39.,93450451 0.34487915
14 —38.91993237 0.34407349 N=64
1 —70.26372528 0.09376831 0.58789222
N=64 2 —67.20729542 0.10411987 0.59421778
1 —42.96059322 0.42882080 3 —65.80684280 0.10850220 0.59666158
2 —42.30815172 0.40830689 4 —64.95227051 0.11038818 0.59730067
3 —42.32423735 0.39807129 5 ~64,42742348 0.11113281 0.59698496
4 —42.43565893 0.39177246 9 —63.41714096 0.10936890 0.59088884
5 —42,55461407 0.38742065 13 —62.72142410 0.10828857 0.58738641
6 ~42.66526604 0.38416748 17 —62.37051868 0.11031494 0.58968142
10 —43.01104736 0.37609863 21 —62.04848146 0.11254273 0.59249461
14 —43.28309965 0.37089233 25 —61.88074064 0.11994629 0.60564501
18 —43.56508827 0.36605225 29 —70.05681992 0.10717773 0.59842159
2 —43.96245098 0.35977783
26 —44.60516977 0.34813232 N=128
30 —43.81448936 0.29973144 1 —70.58992958 0.09445190 0. 58900996
Mo 128 2 —68.62421608 0.10349731 0.59379058
= 3 —67.66701698 0.10701294 0.59506081
1 —43.15302420 0. 42889404 4 ~66.93196629 0.10685425 0.59298926
2 —42.59092569 0.40847778 6 —66.32718945 0.10596924 0.58953845
3 —42,67634487 0.39838257 9 —66.01315498 0.10471191 0.58593906
4 —42.84038544 0.39226685 17 —65.89422417 0.10288086 0.58097354
5 —42.99805641 0.38812256 25 —65.92644215 0.10182495 0.57812308
7 —43,25537014 0.38281250 33 —65.95577812 0.10096436 0.57576437
10 —43.52547789 0.37826538 41 —65.97698021 0.10094604 0.57451694
18 —43.93180990 0.37251587 49 —65.67919827 0.09865112 0.56927420
26 —44.18097305 0.36941528 57 —64,61514568 0.09845581 0.56604486
34 —44.40153408 0.36686401 61 —71.76589394 0.10496826 0.59452277
42 —44.67161417 0.36394653
50 —45.17186594 0.35902100 N=256
58 —46.92415667 0.34273681 1 —70.65072060 0.09458618 0.58923281
62 —49.46289873 0.28751221 2 —68.87253571 0.10375977 0.59425391
} hiowe guems s
1 —43.20187807 0.42891235 6 —67.11176777 0.10612793 0.58998313
2 —42.66346216 8-40352051 9 —66.98584080 0.10502319 0.58671387
3 —42,76789284 -39846802 10 —66.96896267 0.10457764 0. 58571956
4 —42.94498634 0.39239502 17 —67.16303158 0.10323486 0.58217779
5 —43.11306858 0.38829956 33 —67.59191895 0.10212250 0.57908094
7 —43.38275146 0.38311157 49 —67.88601303 0.10168457 0.57769495
10 —43.65783644 0.37877197 57 —67.98678684 0.10133057 0.57690264
1 —43.72631788 0.37778931 65 —68.10634232 0.10109253 0.57627586
18 —44.03770208 0.37368774 81 —68.26243591 0.09982910 0.57389784
34 —44.34437370 0.37011490 97 —68.50218678 0.09773560 0.56999568
50 —44.50268936 0.36840210 105 —68.69239998 0.09583130 0.56641188
58 —44.56697893 0.36773071 113 —68.79911518 0.09375000 0.56186695
66 —44.62925625 0.36708985 121 —68.76781750 0.08519897 0. 54300842
82 —44.76955509 0.36568604 122 —68.42778111 0.08584595 0.54292957
98 —44.99645948 0.36352539 123 —68.08275509 0.08768921 0.54538271
106 —45.22021151 0.36150513 124 —68.77609253 0.09545975 0.56272902
114 —43.73309422 0.35722656 125 —72.14476395 0.09437866  0.56816792
122 —47.75400352 0.34083862
123 —48.54518938 0.33485107
124 —50.05162334 0.32495117
125 —53,51222181 0.30643310
126 —55,34463978 0.28125000
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TABLE Il

Low-Pass Filter Design, Three Transition Coefficients {Type-1 Dataq, N Even

BW Minimax T T Ts BW Minimax T T, T;
N=128
1 —94.00015545 0.01566772 0.19122512 0.67492092
N=16 2 —92.48471928 0.01967163 0.22183722 0.70122715
1 —06.63068199 0.01597290 0.19530278 0.67931499 3 —00.42631149 0.02271729 0.23824591 0.71450669
2 —35.47730064 0.01951204 (.22385191 0.70432347 5 ~—88.68881035 0.02398071 0.24430176 0.71859482
3 —08.72853756 0.01724854 0.21873067 0.70148393 8 —87.40693378 0.02510986 0.24892636 0.72166583
4 —114,30107403 0.01259155 0.19831225 0.68572509 16 —86.15447140 0.02633057 0.25347440 0.72460093
24 —85.83375359 0.02739258 0.25816799 0.72843530
32 —85.56298637 0.02763062 0.25894149 0.72886454
40  —84.62227345 0.03014526 0.26996954 0.73824701
48  —85.57633972 0.02913208 0.26652967 0.73584086
e 56  —86.70246506 0.02863769 0.26648645 0.73743919
= —114.79892921 0.01326904 O. .
1 —93.11873436 0.01735230 0.20052231 0.68302930 60 —114.7989 20291216 0.68961047
2 —89.36560249 0.02354126 0.23959557 0.71593525 N=256
4 —86.97191620 0.02770996 0.26135787 0.73350248 1 —92.07104015 0.10647949 0.19387524 0.67664281
6 —86.69376850 0.02871094 0.26670884 0.73796855 2 0363089275 001963501 022197011 070144920
8  —88.41957283 0.02705688 0.26084303 0.73367810 3 g7 43575478 001908569 0 22085960 0. 69990539
10 —92.86338043 0.02340698 0.24691517 0.72345444 5 —89.86021692 0.02305298 0.24117076 0.71635813
12 ~115.13009739 0.01320190 0.20258948 0.68939742 8 —80.21122360 0.02479248 0.24843111 0.72164702
9 —88.34475231 0.02329712 0.24253562 0.71679420
16  —88.42712784 0.02444458 0.24629538 0.71900030
32 —87.89452744 0.02577896 0.25163493 0.72307099
48  —87.84068012 0.02421875 0.24359358 0.71550480
N=64 56  —86.96756554 0.02345581 0.23957232 0.71177494
1 —94.71326447 0.01544800 0.19125221 0.67535861 64  —87.60656548 0.02396851 0.24199281 0.71380179
2 —89.93906212 0.02057495 0.22634942 0.70507613 80  —87.11819744 0.02351685 0.23926844 0.71103085
3 —87.99901295 0.02438354 0.24519492 0.72204262 96  —86.78892708 0.02435913 0.24219392 0.71293931
4 —87.48722935 0.02581177 0.25236063 0.72570913 104  —85.55295181 0.02552490 0.24590992 0.71524908
8  —85.52755356 0.03010864 0.27213724 0.74181077 112 —85.86081982 0.02607422 0.24926456 0.71857490
12 —85.35023785 0.02996826 0.27101526 0.74040381 120  —88.45293331 0.02683105 0.25909273 0.73130690
16  —85.01383400 0.03095703 0.27556998 0.74434815 121 —90.09288883 0.02561035 0.25523207 0.72916388
20  —85.68937778 0.02975464 0.27059980 0.74029023 122 —93.23881817 0.02344360 0.24778644 0.72456966
24 —86.59522438 0.02882080 0.26751875 0.73850916 123 —99.37811375 0.01946106 0.23070314 0.71099759
28  —115.01544189 0.01322021 0.20274639 0.68953717 124 —113.12398720 0.01351929 0.20394843 0.69037794
TABLE IV
Low-Pass Filter Design, Four Transition Coefficients {Type-1 Data, N Even)
BW Minimax T1 Tz T3 T4
N=16
1 —127.30743676 0.00131836 0.03717696 0.25469056 0.71883166
N=128
16 —108. 29668730 0.00606079 0.09324160 0.40820056 0.82096794

Fig. 10. For bandpass filters and differentiators we have
considered type-1 data only.

Before proceeding to a discussion of the data, a few
general remarks can be made about the results for low-
pass filters.

1) For each filter there are three design parameters:
N, M, and BW. A derived parameter, percentage band-
width, defined as the ratio of in-band frequency band-
width to half the sampling frequency, is of great value in
visualizing the results.

2) For most cases the minimax lies between —40 and
—50 dB for a single transition point, between —65 and
—75 dB for two transition points, between —85 and —95
dB for three transition points, and about —105 dB for
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four transition points. To a rough approximation, adding
a transition sample reduces the sidelobes by about 20 dB.

3) If the designer wants parameters that are not tabu-
lated, he can find approximate values of the transition
coefficients by linear interpolation of the tabulated values.
Experimentally, we have found that the deviation of the
result obtained by linear interpolation will be less than
6 dB from the optimum.

Low-Pass Filters

The data for type-1 low-pass filters, for N even, are
tabulated in Tables I through IV. This set of data cor-
responds to Case A discussed previously with the fre-
quency samples H, constituting a real and symmetric set.
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TABLE V TABLE VI
Low-Pass Filter Design, One Transition Coefficient (Type-1 Data, N Odd)  Low-Pass Filter Design, Two Transition Coefficients (Type-1 Data, N Odd)
BW Minimax T, BW Minimax T T,
N=15 N=15
1 —42.30932283 0.43378296 1 —70.60540585 0.09500122 0.58995418
2 —41.26299286 0.41793823 2 —69.26168156 0.10319824 0.59357118
3 —41.25333786 0.41047363 3 —69.91973495 0.10083618 0.58594327
4 ~41.94907713 0.40405884 4 —75.51172256 0.08407593 0.55715312
5 —44.,37124538 0.39268189 5 —103.46078300 0.05180206 0.49917424
6 —56.01416588 0.35766525
N=33 N=33
1 —43.03163004 0.42994995 1 —70.60967541 0.09497070 0.58985167
2 —42.42527962 0.41042481 2 —68.16726971 0.10585937 0.59743846
3 —42.40898275 0.40141601 3 ~67.13149548 0.10937500 0.59911696
4 —42.45948601 0.39641724 5 —66.53917217 0.10965576 0.59674101
6 —42,52403450 0.39161377 7 —67.23387909 0. 10902100 0,59417456
8 —42.44085121 0.39039917 9 —67.85412312 0,10502930 0.58771575
10 —42.11079407 0.39192505 11 —69.08597469 0.10219727 0.58216391
12 —41.92705250 0.39420166 13 ~75.86953640 0.08137207 0.54712777
14 —44.69430351 0.38552246 14 —104,04059029 0.05029373 0.49149549
15 —56.18293285 0.35360718
N=65 =65
é - ig ' ;fgfgigf g' jégégg;é 1 —70.66014957 0.09472656 0.58945943
3 — 4270906305 0. 39920654 2 —68.89622307 0.10404663 0.59476127
4 47 86997318 039335037 3 —67.90234470 0.10720215 0.59577449
s — 4301999664 0. 38950806 4 —67.24003792 0.10726929 0.59415763
6 43 14578819 0. 38679800 5 —66.86065960 0.10689087 0.59253047
10 43 44808340 0. 38129272 9 —66.27561188 0.10548706 0.58845983
14 _43 54684496 0 37946167 13 —65.96417046 0. 10466309 0. 58660485
18 43 48173618 037955322 17 —66.16404629 0.10649414 0.58862042
2 4319538212 0 38162842 21 —66.76456833 0.10701904 0.58894575
% 42 44725609 0. 38746948 25 —68.13407993 0.10327148 0.58320831
30 44 76228619 038417358 29 —75.98313046 0.08069458 0.54500379
3 — 59 21673775 035282745 30 —104.92083740 0.04978485 0.48965181
N=125
1 —43.20501566 0.42899170 N=125
2 —42.66971111 0.40867310 1 —70.68010235 0.09464722 0.58933268
3 —42.77438974 0.39868774 2 —68.94157696 0.10390015 0.59450024
4 —42.95051050 0.39268189 3 —68.19352627 0.10682373 0.59508549
6 —43.25854683 0.38579101 5 —67.34261131 0.10668945 0.59187505
8 —43.47917461 0.38195801 7 —67.09767151 0.10587158 0.58921869
10 —43,63750410 0.37954102 9 —67.05801296 0.10523682 0.58738706
18 —43.,95589399 0.37518311 17 —67.17504501 0.10372925 0.58358265
26 —44.05913115 0.37384033 25 —67.22918987 0.10316772 0.58224835
34 —44.05672455 0.37371826 33 —67.11609936 0.10303955 0.58198956
42 —43.94708776 0.37470093 41 —66.71271324 0.10313721 0.58245499
50 —43.58473492 0.37797851 49 —66.62364197 0.10561523 0.58629534
58 —42.14925432 0.39086304 57 —69.28378487 0.10061646 0.57812192
59 —42.60623264 0.39063110 58 —70.35782337 0.09663696 0.57121235
60 —44.78062010 0.38383713 59 —75.94700718 0.08054886 0.54451285
61 —56.22547865 0.35263062 60  —104.09012318 0.04991760 0.48963264
Values of minimax and transition coefficients are tabu- bandwidth defined (for type-2 data) as
lated as functions of N and M. 2BW — 1
The data for type-1 low-pass filters, for N odd, are tab- percentage bandwidth = N (19)
Fa

ulated in Tables V through VII. This set of data corre-
sponds to Case C discussed previously.

The data for type-2 low-pass filters, for N even, are
tabulated in Tables VIII through X. This set of data cor-
responds to Case B discussed previously. The data of these
tables are shown graphically in Figs. 15 through 20. The
horizontal axis for each of these figures is the percentage

94

Figs. 15, 17, and 19 show the one-, two-, and three-
dimensional minimax; Figs. 16, 18, and 20 show values of
transition coefficients for one, two, and three transition
coeflicients.

The curves of minimax all show sharp drops for both
large and small values of percentage bandwidth. The drop
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TABLE VIl
Low-Pass Filter Design, Three Transition Coefficients (Type-1 Data, N Odd)

TABLE Vil

Low-Pass Filter Design, One Transition Coefficient ({Type-2 Data, N Even)

BW Minimax T, T, T BW Minimax T
N=15 N=16
1 —94.61166191 0.01455078 0.18457882 0.66897613 1 —51.60668707 0.26674805
2 —104.99813080 0.01000977 0.17360713 0.65951526 2 —47.48000240 0.32149048
3 —114.90719318 0.00873413 0.16397310 0.64711264 3 —45,19746828 0.34810181
4 —157.29257584 0.00378799 0.12393963 0.60181154 4 —44,32862616 0.36308594
5 —45.68347692 0.36661987
N=33 . 6 —56.63700199 0.34327393
1 —96.03734779 0.01373291 0.18448586 0.67025933
2 —86.96916771 0.01668701 0.20723432 0.68914992 ) N=32
4 —87.86485004 0.01990967 0.22577646 0.70374222 1 —52.64991188 0.26073609
6 —093,33241367 0.02140503 0.23353566 0.70954533 2 —49.39390278 0.30878296
8 —902.88408661 0.02062988 0.22815933 0.70362590 3 —47.72596645 0.32984619
10 —99.76651382 0.01605835 0.20567451 0.68306885 4 —46.68811989 0.34217529
12 —115.53731537 0.00855103 0.16082642 0.63829710 6 —45,33436489 0.35704956
13 —160.64276695 0.00366821 0.12056040 0.59255887 8 —44,30730963 0.36750488
10 —43,11168003 0.37810669
N=65 12 —42.97900438 0.38465576
1 —05.01340866 0.01552124 0.19101259 0.67492051 14 —56.32780266 0.35030518
2 —93.53645134 0.01989136 0.22329262 0.70260139
3 —91,72289371 0.02214966- 0.23609223 0.71288030 N=64
4 —89.08071899 0.02115479 0.23418217 0.71154775 1 —52.90375662 0.25923462
8 —88.25607777 0.02576904 0.25203440 0.72436684 2 —49.74046421 0.30603638
12 —88.23531914 0.02576904 0.25178881 0.72372888 3 —48.38088989 0.32510986
16 —89.70906830 0.02368774 0.24385557 0.71742143 4 —47.47863007 0.33595581
20 —84.97463989 0.01913452 0.22072406 0.69678377 5 —46.88655186 0.34287720
24 —87.32207489 0.02396240 0.23899360 0.71008776 6 —46.46230555 0.34774170
28 —115.10305405 0.00938721 0.16513107 0.64142790 10 —45,46141434 0.35859375
29 —142.13555908 0.00352402 0.11881758 0.58955571 14 —44 ,85988188 0.36470337
18 —44.,34302616 0.36983643
N=125 22 —43.69835377 0.37586059
1 —94.76369476 0.01556396 0.19093541 0.67475127 26 —42.45641375 0.38624268
2 —93.68562794 0.01968994 0.22232235 0.70177618 30 —56.25024033 0.35200195
4 —88.66252041 0.02420654 0.24380589 0.71788831
6 —90.23277760 0.02402344 0.24543860 0.71966323 N=128
8 —87.43502617 0.02286987 0.23940384 0.71406829 1 —52.96778202 0.25885620
16 —89.34566116 0.02507324 0.24955546 0.72206742 2 —49.82771969 0.30534668
24 —87.72590733 0.02415771 0.24472233 0.71761565 3 —48.51341629 0.32404785
32 —89.26216030 0.02522583 0.24994760 0.72208238 4 —47.67455149 0.33443604
40 —88.83863926 (.02439575 0.24590832 0.71850440 5 —47.11462021 0.34100952
48 —88.96858311 0.02440186 0.24453094 0.71649557 7 —46.43420267 0.34880371
56 —903,85659409 0.01801758 0.21212543 0.68652023 10 —45,88529110 0.35493774
57 —103.89656162 0.01030884 0.17459164 0.65248157 18 —45.21660566 0.36182251
58 —110.04844761 0.00630951 0.14743829 0.62397790 26 —44.,.87959814 0.36521607
59 —155.93431473 0.00361786 0.11937160 0.58988331 34 —44.61497784 0.36784058
42 —44,32706451 0.37066040
50 —43,87646437 0.37500000
58 —42,30969715 0.38807373
62 —56.23294735 0.35241699
in minimax for the high percentage bandwidth is caused
by the fact that very few ripples need to be canceled in the N=256
1 —52.98314095 0.25876465
small out-of-band frequency range. The drop for the low 5 _ 49 84995031 0.30517578
percentage bandwidth is caused by the fact that there are 3 —48.54066038 0.32379761
very few contributions to the ripple; hence the small 4 —47.72320795 0.33405762
. . . . 5 —47.17156410 0.34054565
amount of ripple in the large out-of-band region is more 7 _46.50723314 0. 34817505
perfectly canceled than for larger values of percentage 11 —45.86754894 0.35531616
i 18 —45,39137316 0.36023559
bandwidth. . 34 —44.99831438 0. 36420288
Before prOCCCdlng to the data on bandpass ﬁlters, two 50 —44.81827116 0.36600342
comments seem worthwhile. 66 —44.68390656 0.36733399
82 —44.,54332495 0.36871338
1) As seen from Tables I through X or from Figs. 15 1?2 —2431- ;;‘51‘7152% 8-;;2{?282
through 20, for a branl range of Valuc?s of perceqtagc 122 — 4227385855 038851929
bandwidth, values of minimax and transition coefficients 123 — 4217442465 0.39050293
do not change much, i.e., the curves tend to be flat topped. 124 ~—42.62321901 0.39036255
2) For small values of bandwidth, ripple cancellation 125 —44.78945160 0.38363478
’ 126 —56.23000479 0.35252228

for type-2 filters is superior to ripple cancellation for
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TABLE IX TABLE X

Low-Pass Filter Design, Two Transition Coefficients {Type-2 Data, N Even)  Low-Pass Filter Design, Three Transition Coefficients {Type-2 Data, N Even)

BW Minimax T1 Tg BW Minimax T1 T, T3
N=16 N=16
1 —77.26126766 0.05309448 0.41784180 1 —101.40284348 0.00737915 0.11050435 0.49920845
2 —73.81026745 0.07175293 0.49369211 2 —104.84970379 0.00474243 0.11504207 0.54899404
3 —73.02352142 0.07862549 0.51966134 3 —109.42771912 0.00368042 0.11363929 0.56198983
4 ~77.95156193 0.07042847 0.51158076 4 -—-129.92168427 0.00327759 0.10690445 0,58824614
5 —105.23953247 0.04587402 0.46967784
N=32
N=32 1 —101.36804008 0.00750122 0.11125334 0.50005367
1 —80.49464130 0.04725342 0.40357383 2 —99.62673664 0.01146851 0.15483406 0.59491490
2 —73.92513466 0.07094727 0.49129255 4 —90.,25220776 0.01828613 0.20058013 0.66114353
3 —72.40863037 0.08012695 0.52153983 6 -—90.54358006 0.01939697 0.21148202 0.67786618
5 —70.95047379 0.08935547 0.54805908 8 —~91.16841984 0.01898193 0.21139913 0.68027127
7 —70.22383976 0.09403687 0.56031410 10 —106.64640045 0.01017456 0.16962101 0.64299580
9 —69.94402790 0.09628906 0.56637987 12 —155.63167953 0.00352173 0.11656092 0.58328406
11 --70.82423878 0.09323731 0.56226952
13 ~104.85642624 0.04882812 0.48479068 N=64
1 —108.25328732 0.00635376 0.10549329 0.49324515
N=64 2 —96.89522362 0.01149292 0.15247338 0.59059079
1 —80.80974960 0.04658203 0.40168723 3 --93.50934601 0.01464844 0.17720349 0.63073228
2 —75.11772251 0.06759644 0.48390015 4 -—-91.45420170 0.01686401 0.19265675 0.65259480
3 —72.66662025 0.07886963 0.51850058 8 —89.21100140 0.02095337 0.22033124 0.68792394
4 —71.85610867 0.08393555 0.53379876 12 —91.85765266 0.02094727 0.22664372 0.69828908
5 —71.34401417 0.08721924 0.54311474 16 —91.86564636 0.02175903 0.23164135 0.70385697
9 —70.32861614 0.09371948 0.56020256 20 —93.00161743 0.02034302 0.22588693 0.69939827
13 —69.34809303 0.09761963 0.56903714 24 —90.38130093 0.02063599 0.22318429 '0.69521828
17 —68.06440258 0.10051880 0.57543691 28  —138.57364845 0.00465088 0.12720165 0.59773274
21 —67.99149132 0.10289307 0.58007699
25 —69.32065105 0.10068359 0.57729656 N=128
29 —105.72862339 0.04923706 0.48767025 1 —109.42113113 0.00633545 0.10540650 0.49310051
2 —99.17228699 0.01088257 0.14983535 0.58804236
N=128 3 —94.,18891430 0.01414185 0.17453122 0.62785978
1 —80.89347839 0.04639893 0.40117195 5 —91.83029461 0.01736450 0.19833205 0.66187917
2 —77.22580583 0.06295776 0.47399521 8 —89.42102623 0.02021484 0.21561932 0.68272648
3 —73.43786240 0.07648926 0.51361278 16 —87.40464020 0.02316284 0.23232431 0.70110354
4 —71.93675232 0.08345947 0.53266251 24 - 88.17846870 0.01965942 0.22132125 0.69493783
6 —71.10850430 0.08880615 0.54769675 32 --90.52461393 0.02318115 0.23939702 0.71174777
9 —70.53600121 0.09255371 0.55752959 40 —90.07130432 0.02406006 0.24375106 0,71589811
17 ~—69.95890045 0.09628906 0.56676912 48 —90.97514629 0.02312622 0.23958630 0,71239267
25 —69.29977322 0.09834595 0.57137301 56 —88.51494217 0.02221069 0.23021766 0.70169053
33 —68.75139713 0.10077515 0.57594641 60 —147.38232040 0.00330200 0.11666346 0.58657999
41 ~—67.89687920 0.10183716 0.57863142
49 —66.76120186 0.10264282 0.58123560 N=256
57 —69.21525860 0.10157471 0.57946395 1 —109.40897179 0.00632324 0.10524188 0.49282388
61 —104.57432938 0.04970703 0.48900685 2 --103.89405537 0.01022339 0.14791087 0.58696792
3 —93.76251125 0.01429443 0.17487576 0.62793383
N=256 5 ~91.26832485 0.01748047 0.19825172 0,66139144
1 —80.73009777 0.04661255 - 0.40166772 9 --88.72007465 0.02074585 0.21817298 0.68543746
2 —77.22607231 0.06292725 0.47389125 16 —88,28249550 0.02236328 0.22890808 0.69809890
3 —73.46642208 0.07637329 0.51333544 32 —91.24586964 0.02164307 0.23139950 0.70409545
4 —71.95929623 0.08333740 0.53236954 48 —91.01594257 0.02251587 0.23625686 0.70892584
6 —71.13770962 0.08861694 0.54725409 64 —90.69410038 0.02330322 0.24007374 0.71251523
10 —70.46772671 0.09299927 0.55873035 80 -89.23360157 0.02214355 0.23625978 0.70987380
17 —70.05028152 0.09572144 0.56546700 96 —89.70531368 0.02456665 0.24640362 0,71851692
33 —69.59198570 0.09783325 0.57040469 112 —90.55468941 0.02351685 0.24150463 0.71425258
49 —69.15290451 0.09915161 0.57313522 120 ~89.99984550 0.02116089 0.22640173 0.69891484
65 —68.87001705 0.10036621 0.57542419 121  —101.17623997 0.01504517 0.19942922 0.67579737
81 —68.56850624 0.10156250 0.57766514 122 —100.22463131 0.00847168 0.16540943 0.64397531
97 —67.91495895 0.10211182 0.57929190 123 —100.61959362 0.00181885 0.12179494 0.59890476
113 —66.49593639 0.10307617 0.58240311 124  —162.43343735 0.00360641 0.11918625 0.58952593
121 —69.16745663 0.10181885 0.58003297
122 —69.47800255 0.10039673 0.57756963
123 —70.38166904 0.09647827 0.57081524
124 —76.36186981 0.08026733 0.54389865
125 —104.06292439 0.04988327 0.48943934
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Fig. 15.
low-pass fllters with one transition coefflcient.
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Fig. 16. 'The value of the transition coefficient as a function of percentage
bandwidth for type-2 low-pass fllters with one transition coefflcient.

Fig. 17. The minimax as a function of percentage bandwidth for type-2

low-pass fllters with two transition coefficients.

~85

-70

-75

-85

MINIMAX IN 4B
o
o

1
©
>

~100

=108

=10

1 ' ¢ 1
[} ol 0.2 0.3 0.4 0.5 0.6
PERCENTAGE BANDWIDTH

%

.l

TRANSITION COEFFICIENTS

0.09

Q.10

/
o.08f //
0.07H

{
0.06
0.08

N

'/7‘
-
N L
] c.2 c.3

0.04 , . . . .

o o. 04 ©5 06 07 08 03 10
PERCENTAGE BANDWIDTH

Fig. 18. The values of the transition coefficients as a function of percen-

tage bandwidth for type-2 low-pass fliters with two transition coefficients.

T T T T T T r T T
— ]
T — ™
p
=115 1
-]
© b -
z
% -izst 4
£
2 [ -
S N6
= oast 4
\
r Nv64 b
-1asf J
F Neizel| d
BEETS J
N =32
N> 256
165 . . . ; . : . )
o o1 0.z 03 04 _ 05 06 07 08 08 0
PERCENTAGE BANDWIDTH
Fig. 19. The minimax as a function of percentage bandwidth for type-2

low-pass fllters with three transition coefficients,

Fig. 20, The values of the transition coefflcients as a function of per-
centage bandwidth for type-2 low-pass filters with three transition co-
efflcients,
THIRD TRANSITION COEFFICIENT
0.73 . . v ; : ,

L " s L

TRANSITION COEFFICIENTS

RABINER ef al.; APPROXIMATION PROBLEM FOR NONRECURSIVE DIGITAL FILTERS

SECOND TRANSITION COEFFICIENT
T T

T

: L s : — L n L L

0.7



(A)

Fig. 21.

The summation aof an even number (2} and an add
number (3} of sin {x)/x curves.

type-1 filters. This can best be explained by referring to
Fig. 21. In Fig. 21(A) the ripple from two (sin w/cs) func-
tions is shown. This case corresponds to a type-2 filter
with no transition samples. The ripple peaks from each of
the functions tend to cancel uniformly, In Fig. 21(B) the
ripple from three (sin w/w) functions is shown. This case
corresponds to a type-1 filter where the odd term comes
from the unpaired frequency sample at zero frequency.
The sidelobes from the additional (sin w/w) function are
seen to add uniformly to all the ripples from Case A.
Thus before trying to cancel the ripple with the transition
coefficients, the ripple of Fig. 21(A) is significantly less
than the ripple of (B). Experimentally it turns out that
ripple cancellation for the data of Fig. 21(A) is also much
better than for the data of (B). The reason all type-2 filters
are not better than all type-1 filters is that as the number
of elementary (sin w/w) functions increase, the difference
in ripple heights between the sum of an even number and
the sum of an odd number of such functions becomes
smaller and smaller and is negligible for larger band-
widths.

Bandpass Filters

The nomenclature for defining a bandpass filter in
terms of its frequency samples is given in Fig. 22; in addi-
tion to the parameters N, BW, and M, there is also the
center frequency of the filter. We have defined the param-
eter M1 as the number of zero-valued samples preceding
the first transition sample. Furthermore, for all cases con-
sidered, the bandpass filter samples were considered to
be symmetrical about the center frequency. This arbitrary
constraint is desirable for computational purposes since
it reduces the number of variables by one half. In general,
nonsymmetric transition samples lead to a somewhat
lower minimax sidelobe, but this advantage seems can-
celed out by the increased computational cost.

We have approached the design problem in two ways.
First, given a version of the optimization program, one
can choose the parameters M, N, BW¥, and M1 and run
the program to give any desired optimum bandpass filter.
We have tabulated the results of a few runs for various
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Fig. 22. Typical specificatians for a type-1 bandpass fllter.

values of N, M1, and BW, for one, two, and three sym-
metric transition coefficients. These data are shown in
Tables XI through XIII. The most striking observation
from these tables is the difference in minimax between odd
and even values of bandwidth for small values of band-
width. This effect is similar to the one discussed earlier
for low-pass filters, and it is worthwhile for the designer
to keep it in mind.

The second approach to the design of bandpass filters
is to define “suboptimum” bandpass filters, which are
derived very simply from the low-pass prototype by ap-
propriately rotating the low-pass frequency samples (in-
cluding the optimized transition coefficients) to the de-
sired center frequency. An example is given in Fig. 23; the
sampled passbands of the derived filter are identical with
those of the low-pass, but at different locations. The re-
sulting interpolated bandpass response can be obtained
by adding the interpolated low-pass response which has
been rotated counterclockwise to the same response ro-
tated clockwise. Therefore, it is clear that the suboptimum
filter minimax can never be more than 6 dB worse than
the low-pass prototype. However, a truly optimum band-
pass filter, as designed by our first approach, may be
better than this low-pass prototype; therefore, there is no
guarantee that suboptimum bandpass filters are within
6 dB of the optimum. Our experimental results show that
a 3-dB loss of suboptimum (relative to optimum) is the
usual case.

By allowing rotations of an integer +4% number of
samples, as well as integer rotations, one can design either
type-1 or type-2 bandpass filters from either type-1 or
type-2 low-pass prototypes. It can be shown that in many
cases one of the possible frequency transformations is
superior to other transformations. A schematized example
is shown in Fig, 24. Fig. 24(A) shows a type-2 low-pass
filter with a double frequency ripple peak pass near the
band edge. (This situation is typical of many type-2 low-
pass filters.) The result of a frequency transformation of
an integer number of rotations is shown in Fig. 24(B).
The sidelobes add almost everywhere in the out-of-band
region. The resulting design is a type-2 bandpass filter.
The result of a frequency transformation of an integer
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TABLE Xl

Bandp ass Filter Designs, Three Transition Coefﬂc!enis'(Type-l Data, N Even)

TABLE XI
Bandpass Filter Designs, One Transition Coefficient (Type-1 Data, N Even) BW Ml Minimax T, T, Ts
BW M1 Minimax T, N=32
1 2 —92.550184 0.01790771 0.20360144 0.68572443
N=16 1 3 —90.696831 0.01699829 0.19934001 0.68240900
3 2 —34.175276 0.45593262 1 4 —90.352082 0.01849976 0.20508501 0.68649875
1 5 —96.630682 0.01597290 0.19530278 0.67931499
N=32 2 2 —113.580111 0.00490723 0.09406196 0.47584767
5 2 —35.767563 0.40270386 2 3 —110.531433 0.00568848 0.10004413 0.48475702
5 3 —35.668758 0.39149780 2 4 —113.033724 0.00422363 0.08800332 0.46619571
5 4 —36.150829 0.39191895 2 5 —113.033724 0.00422363 0.08800332 0.46619571
5 5 —36.577216 0.39454346 3 2 —89.015630 0.02207642 0.23341023 0.71117572
6 2 —47.610400 0.30016480 3 3 —85.383010 0.02587891 0.24743934 0.72135515
6 3 —49.023605 0.30545654 3 4 —95.484849 0.01950073 0.22380012 0.70428223
6 4 —50.470645 0.30634766 3 5 —85,383010 0.02587891 0.24743934 0.72135515
6 5 —50.470645 0.30634766
7 2 —35.624309 0.40203247 N=128
7 3 —35.433974 0.38943481 9 10 —86.703837 0.02807617 0.26306832 0.73460394
7 4 —35.872498 0.38916626 14 20 -—90.302061 0.01867676 (.20640635 0.67233389
7 5 —35.433974 0.38943481 15 20 —84.654966 0.03029785 0.27145008 0.74047619
16 20 —90.789648 0.01875610 0.20830675 0.67549529
N=128 26 8 —91.905838 0.01835937 0.21150551 0.68240265
13 10 —41.259604 0.38093262 31 2 —83.873835 0.02974243 0.27190412 0.74186481
18 20 —46,386827 0.34979248 31 8 —84.547179 0.02946167 0.26787226 0.73722876
19 20 —42.807318 0.37623901 31 16 —85.064596 0.03010254 0.27143276 0.74060358
20 20 —46.300830 0.35097046 31 20 —84.547179 0.02946167 0.26787226 0.73722876
30 8 —45.528528 0.35111694
35 2 —40.743021 0.35415039
35 8 —42.548930 0.36517944
35 16 —43,227605 0.36619873
35 20 —42.548930 0.36517944 y
K
10 LOW PASS FILTER
TYPE | DATA
Tt
° L P N\
TABLE XII o 1 273 475 67 8 9 10 1112 13

Bandpass Filter Designs, Two Transition Coefficients (Type-1

Data, N Even)

BW Ml Minimax T, T,
N=16
1 2 —74.261646 0.09519653 0.59498585
N=32
3 2 —60.824677 0.11812134 0.61574359
3 3 —61.426695 0.11731567 0.61224050
3 4 —62,291398 0.12105713 0.61825728
3 5 —62.859379 0.12384644 0.62291631
4 2 —80.477118 0.05566406 0.45630774
4 3 —76.145997 0.06130981 0.46821324
4 4 —79.328351 0.05487671 0.45372102
4 5 —79.328351 0.05487671 0.45372102
5 2 —59.856571 0.12357788 0.62173523
5 3 —61.337764 0.12523804 0.62286495
5 4 —62.965949 0.12827148 0.62855407
5 5 —61.337764 0.12523804 0.62286495
N=128
11 10 —62.184930 0.11203003 0.59676391
16 20 -—70.834468 0.09031982 0.55215414
17 20 —63.214016 0.10917969 0. 59054608
18 20 —70.729173 0,09111938 0.55425376
28 8 —69,713386 0.09022827 0.55326966
33 2 —62.526547 0.10723877 0.58803040
33 8 —61.611602 0.11864624 0.60405885
33 16 —62,165339 0,11191406 0.59243833
33 20 —61.611602 0.11864624 0.60405885

Fig. 23.

LOW PASS—+BAND PASS
TRANSFORMATION

Hi = Hik-3) * Higaay

10771 12

Fig. 24, Transformation of a type-2
(N even) low-pass filter (A) to both
type-2 (B) and type-1 (C) bandpass
filters. (B) Integer number of rotations,
{C) Integer—+-1/2 number of rotations.
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An illustration of the low-pass to bandpass transformation.
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Fig. 25. The frequency response for a type-2 low-pass filter.

Fig. 26. The frequency response for a type-2 bandpass
filter obtained from a transformation of the type-2 low-
pass filter of Fig. 25 (integer number of rotations),
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-1 number of rotations is shown in Fig, 24(C). The side-
lobes cancel almost everywhere. The resulting design is a
type-1 bandpass filter, the characteristics of which are
superior to the filter in part (B).

A practical demonstration of these ideas is shown in
Figs. 25 through 27. Fig. 25 shows an optimum type-2
low-pass design. The result of an integer number of rota-
tions is shown in Fig. 26; the result of an integer -3 num-
ber of rotations is shown in Fig. 27. The minimax of the
low-pass design is —89.4 dB, and the ripple envelope falls
to —98 dB at high frequency. The peak ripple of Fig. 26
is about —86 dB, and the ripple envelope falls to —87 dB
at high frequency. The peak ripple of Fig. 27 is —89.2 dB,
and the ripple envelope falls rapidly at high frequency to
about — 119 dB. Thus the second frequency transforma-
tion is far superior to the first in this case.
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Fig. 27. The frequency response for a type-1 bandpass
filter obtained from a transformation of the type-2 low-
pass filter of Fig. 25 (integer+-1/2 number of rotations).

Fig. 28. The frequency response for an optimum type-1
bandpass fllter.
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For comparison purposes Fig. 28 shows the optimum
type-1 bandpass filter as designed by our first approach.
The minimax is —90.8 dB, and the ripple envelope drops
off rapidly at high frequencies to about —120 dB. It is
clear that the suboptimum filter of Fig. 27 is quite similar
to the optimum design,

Comparison Between Window and Sampling Design

Direct comparison between the classical window design
technique and the frequency-sampling technique de-~
scribed here is difficult; however, we have enough numeri-
cal design information to present some comparisons for
the low-pass filter case. In addition, since Kaiser [2] in
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his exposition of the window method surveys the work of
himself and others on wide-band differentiators, we
thought it useful to design a few differentiators, using the
sampling method for further comparisons.

Low-Pass Design Comparisons

The window function introduced by Kaiser has proper-
ties very close to those of the prolate spheroidal window
[14] and is thus quite close to optimum, given the con-
straints of a window function design. Kaiser has given an
approximate formula for the number of terms N required
for a 0.01 percent of peak overshoot in the response. (For
the design of a low-pass filter this corresponds to a peak
ripple of —80 dB.) The number of terms required is

11.5

percentage transition band—windowing
11.5
(w2 — w1)/(ws/2)

For the sampling technique the percentage transition
band, assuming three transition points, is

N ~

(20)

gercentage transition 4 8
and—sampling ==
N/2 N

(1)
All of the low-pass designs of the sampling method have
their peak ripple lower than —85 dB, hence somewhat
better than the design constraint of (20). Yet (20) implies
that for a given N, to achieve — 80 dB peak ripple requires
a percentage transition band of about 11.5/N for Kaiser’s
window, or about 50 percent bigger than that required
by the sampling technique. It should be pointed out,
however, that, according to Kaiser, the in-band ripple
characteristics of filters designed using the Kaiser win-
dows are equally as good as the out-of-band characteris-
tics. No such claim can be made for the sampling tech-
nique because no constraint was placed on the in-band
ripple in the design. However, we have found that the
largest value of in-band ripple for any of the filters we have
designed was less than 0.15 dB.

Helms recently proposed another window possessing
certain desirable properties—the Dolph—Chebyshev win-
dow. For this window the number of terms N needed to
achieve a peak ripple of —80 dB is

13.0
(0 — w1)/(ws/2)

where (w,—w1)/(ws/2) is the percentage transition band
of the filter. Equation (22) shows that the window re-
quires slightly more terms (larger ) than the equivalent
Kaiser window and again about 50 percent more terms
than the sampling method to achieve this design con-
straint.

N =

(22)

Wide-Band Differentiators

As mentioned earlier, the sampling technique is amen-
able to filter designs other than standard low-pass or
bandpass filters, To illustrate how to apply this procedure
to a more general frequency-response characteristic,
various wide-band differentiators were designed.

The basic design used data for type-1 filters. Since the
ideal frequency response for a differentiator has charac-

teristic response
H(w) = jo, (23)

the frequency samples Hj, were set to values

i—  k=0,1, -

JIN — k)
-
k=N-L,---,N—1
optimally chosen, all other k.

Hy = H(e#HH¥) = | (24)

A single value of 19 was used for N in order to compare
the resulting differentiators with those described by
Kaiser [1].

The design criterion used was one which sought to
minimize either the maximum absolute deviation or the
maximum absolute relative deviation between the inter-
polated frequency response and the ideal differentiator
frequency response over some specified range. For the
case studied (N=19) there were seven fixed values of H;
and three variable samples. Various normalized in-band
frequency ranges were used for the minimization. These
frequency ranges included:

1) 0to 0.737 full band
2) 0 to 0.789 full band
3) 0to 0.842 full band.

The resulting differentiators are tabulated with respect
to the maximum absolute error and transition coefficients
in Table XIV. A typical interpolated frequency response
and the absolute error for a minimum absolute error dif-
ferentiator in the range 0 to 0.737 full band are shown in
Fig. 29. The peak error in this range is 0.00019 and occurs
at a normalized frequency near the edge of the differen-
tiator band. However, as seen in Fig. 29, the peak error
remains large even for low frequencies. Fig. 30 shows the
frequency response and absolute error for a minimum
relative error differentiator. The peak error here is 0.0003;
however the error is much smaller at low frequencies (on
the order of 10-5 to 10~%) and remains small for most of
the frequency range.

Kaiser [1] has compared six techniques for designing
nonrecursive wide-band differentiators. The best result
among those presented uses a Kaiser window (w.r=6.0)
with differentiation bandwidth of about 0.8 full band and
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TABLE XIV

Differentiator Design (Type-1 Data, N=19)

Percent
Band- Peak Error T, T, T
width
Minimized Absolute In-Band Error
0.737 0.0001891 0.37163696 0.76372207 0.73665305
0.7890 0.0010745 0.42243652 0.80468043 0.73684211
0.842 0.0051854 0.48053589 0.83691982 0.73684211
Minimized Relative In-Band Error
0.737 0.0003032 0.36164551 0.75508157 0.73642816
0.789 0.0017759 0.39659424 0.78972235 0.73752642
0.842 0.0136256 0.43627930 0.82847971  0.73684211

Fig. 29. The frequency response (A] and absolute
error curve (B) for a wide-band differentiator whose
transition coefficients were chosen so as to minimize the
maximum absolute error.
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Fig. 30. The frequency response (A) and relative error
curve (B) for a wide-band differentiator whose transition
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peak error of 0.0016. Both the peak error and the shape
of the error curve are similar to the minimum relative
error design presented in Table XIV for a bandwidth of
0.789 full band. Hence in this case these very different
techniques yield filter designs which are quite similar.

Experimental Results Obtained When Finite Register
Length Is Taken into Account

In performing the search for the optimum filter designs,
a 60-bit word length computer (CDC-6600) was used and
the results checked with a 36-bit word length machine
(GE-635). We can therefore assume no significant trun-
cation errors occurred in this computation. However,
the synthesis of a given filter could conceivably be per-
formed on an 18-, 16-, or even 12-bit machine, or perhaps
with special purpose hardware where the shortest possible
word length is desirable. Much work has been done re-
cently on the subject of the effects of finite register length.
This work can roughly be divided into two parts:

1) truncation of the parameters, which changes the
filter shape;

2) truncation of the variables, which introduces noise
into the output.

In an earlier section we saw that there are three standard
nonrecursive filter realizations$; direct convolution, fre-
quency sampling, and fast convolution. Weinstein [15]
has treated the latter two realizations for case 2, both
theoretically and experimentally. Noise in the direct-
convolution realization is easily computed by assuming
that each multiplication introduces an independent noise
of variance Ey?/12, where E, is a single quantization level.
The total noise variance is Ey2- N/12 where N is the num-
ber of multiplications in the realization, i.e., the length
of the filter impulse response.

For parameter truncation simple models are not readily
available so that theoretical prediction cannot safely be
made. Therefore we performed measurements for the
standard realizations.

I) Direct Convolution: The impulse response of several
of the type-1 designs of low-pass filters was accurately
computed and the coefficients were then truncated.
Values for N of 16 and 32 were used since a direct con-
volution realization would not generally be used for
larger values of . The results of truncation are shown in
Table XV. The maintenance of at least —80 dB rejection
required 17 bits, and the maintenance of —73 dB rejection
required 14 bits for three transition samples.

2) Frequency Sampling: The frequency samples for
several type-1 low-pass filters were truncated. Since most
of the frequency samples for the low-pass case were
either 0 or 1.0, only three coefficients were actually
affected by the truncation. The results of truncation are
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TABLE XV

Truncation of Frequency Samples of Type-1 Low-Pass Filters, Three Transl-
tion Coefflcients

Nugﬁ:r of Minimax Nuxg?t:r of Minimax
N=16, BW=1 N=64, BW =28
36 —96.63 36 —115.24
17 —95.05 17 —112.80
14 —88.60 14 —111.43
11 —92.74 11 —89.84
8 —75.57 8 —70.75
5 —38.86 5 —62.35
N=16, BW=4 N=128, BW=8
36 —114.12 36 —87.41
17 —113.53 17 —87.35
14 —113.33 14 —83.95
11 —76.51 11 -75.71
8 —59.29 8 -72.10
5 —41.81 5 —62.66
N=32, BW=2 N=128, BW=60
36 —89.37 36 —114.44
17 —88.51 17 —110.66
14 —84.75 14 —99.74
11 —88.23 11 —89.86
8 —75.99 8 -70.75
5 —59.03 5 —62.35
N=32, BW=12 N=256, BW=38
36 —112.50 36 —89.21
17 —111.57 17 —88.41
14 ~109.60 14 —87.23
11 —79.18 11 —75.80
8 —62.24 8 -72.10
5 —62.34 5 —62.66
N=64, BW=4 N=256, BW=124
36 —87.48 36 —112.80
17 —87.39 17 —109.22
14 —86.45 14 ~100.43
11 —81.26 11 —82.60
8 —59.53 8 —-64.07
5 —39.72 5 —62.35

presented in Table XVI. Truncation to 17 bits did not
seriously affect the peak ripple. The maintenance of at
least —75 dB rejection required only 11 bits for the coeffi-
cients. It should be noted that the coefficients of the
resonators in the frequency sampling realization (Fig. 6)
were not truncated. Hence the results here are an over-
bound on the actual results of coefficient truncation.

3) Fast Convolution: The effects of truncation are
straightforward. Each of the interpolated frequency re-
sponse coefficients are truncated; hence coefficients fall-
ing below the quantization level are truncated to have 0
value.

Nonuniform Frequency Samples

In this section we will show that a finite-duration im-
pulse-response filter could be designed from frequency
samples placed anywhere in the z-plane. Whereas in the
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