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We propose a probabilistic distance measure for measuring the dissimilarity
between pairs of hidden Markov models with arbitrary observation densities.
The measure is based on the Kullback-Leibler number and is consistent with
the reestimation technique for hidden Markov models. Numerical examples
that demonstrate the utility of the proposed distance measure are given for
hidden Markov models with discrete densities. We also discuss the effects of
various parameter deviations in the Markov models on the resulting distance,
and study the relationships among parameter estimates (obtained from rees-
timation), initial guesses of parameter values, and observation duration
through the use of the measure.

. INTRODUCTION

Consider two N-state first-order hidden Markov models specified
by the parameter sets \; = (u®”, A, B®), i =1, 2, where u" is the
initial state probability vector, A® is the state transition probability
matrix, and B? is either an N X M stochastic matrix (if the observa-
tions are discrete) or a set of N continuous density functions (if the
observations are continuous).! Our interest in this paper is to define a
distance for every such pair of hidden Markov models (A, A;) so we
can measure the dissimilarity between them. Another goal is to study
the properties of hidden Markov models, using the distance measure,
in order to understand the model sensitivities.
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The need of such a distance measure arises mainly in estimation
and classification problems involving Hidden Markov Models
(HMMs). For example, in using a reestimation algorithm to iteratively
estimate the model vmntmg_.mw a distance measure is necessary not
only to monitor the behavior of the reestimation procedure, but to
indicate the expected performance of the resulting HMM. In classifi-
cation, a good distance measure would greatly facilitate the nearest-
neighbor search, defining Voronoi regions® or applying the generalized
Lloyd algorithm* for hidden Markov model clustering.

The only measure for comparing pairs of HMMs that has appeared
previously in the literature is the one proposed by Levinson et al. for
discrete-observation density hidden Markov models.! The distance,
which is a Euclidean distance on the state-observation probability
matrices, is defined as

N M
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where B® = [b{)] is the state-observation probability matrix in model
\; and p(j) is the state permutation that minimizes the measure of eq.
(1). The metric of eq. (1) was called a “measure of estimation error”
in Ref. 1 and was used to characterize the estimation error occurring
in the reestimation process. Minimum bipartite matching was used to
determine the optimum state permutation for aligning the states of
the two models. The measure of eq. (1) did not depend at all on
estimates of u or A, since it is generally agreed that the B matrix is,
in most cases, a more sensitive set of parameters related to the
closeness of HMMs than the u vector or the A matrix.

The distance measure of eq. (1) is inadequate for the following

- reasons: (1) it does not take into account the deviations in all the
parameters of the HMM; (2) its evaluation requires a great deal of
computation in the discrete case and probably would become intract-
able when dealing with continuous-observation hidden Markov
models; and (3) it is unreliable when comparing HMMs with highly
skewed densities. Hence, our aim is to find a distance measure that
truly measures the dissimilarity between pairs of hidden Markov
models, can be easily evaluated, is reliable for any pair of Markov
models, and is meaningful in the probabilistic framework of the HMM
itself.

In this paper, we propose such a distance measure for comparing
pairs of HMMs that follows the concept of divergence,’ cross entropy,
or discrimination information.® The distance measure, denoted by
D (A, A2), has the form

log Pr (Or|\) — log Pr (Or| A2),
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where Or symbolizes an observation sequence of T observations.
Because the distance measure is the difference in log probabilities of
the observation sequence conditioned on the models being compared,
it will sometimes be referred to as “divergence distance” or “directed
divergence measure.” In the next section, we formally define the
distance measure, and we discuss Petrie’s results’ that further give the
distance measure theoretical justification. In Section III, numerical
examples related to discrete-observation hidden Markov models are
given. We show the effects of individual parameter deviations upon
the distance measure and demonstrate several interesting properties
of discrete-observation models that are made explicit through the use
of the proposed distance measure. A discussion of the use of such a
distance measure in continuous-observation models is given in Ref. 8,
where hidden Markov models with continuous mixture densities are
discussed.

Il. DEFINITION OF THE PROPOSED HMM DISTANCE MEASURE

In this section, we define the distance measure for any pair of
Markov models, discuss Petrie’s Limit Theorem and statistical anal-
ysis of probabilistic functions of Markov chains,” and then give the
proposed distance measure an interpretation from the Kullback-
Liebler statistic point of view. The presentation is explicit for discrete-
observation models but can easily be extended to continuous-obser-
vation cases.

Let o7, = {1, 2, ---, N} be a state alphabet, and let 9% = {y1, Y2,
..+, yu) be an observation alphabet. The Cartesian product £ =
e o, Ko = b, for all ¢, forms an observation space in which
every point O has coordinate o, € 9 = 7,. We are concerned about
a class of stochastic processes generated by a hidden Markov source
defined by an N X N ergodic stochastic matrix A = [a;] and by an
N X M stochastic matrix B = [b;x]. Matrix A, the state transition
probability matrix, generates a stationary Markov process S= .--
S:_18:8.41 - - - according to a; = Pr {Se+1 = j| 8¢ = i}. Based upon S, B
generates o according to b = Pr {0, = yils. = j}. Let a* = [ay, as,
..., an] be the stationary absolute distribution vector for A, i.e.,
a* A = a*, where * denotes the transpose. Then, matrices A and B
define a meastre, denoted by (- | A), where A = (A, B), on Z. by

T .
u(O7|A) = M Qs = a-l-.@u,:o,r (2)
allSy =1
s.&.wa Or = (04, 0z, -+, Or) is the observed mme,.mnnm up to time T
(ie., a truncated O), Sy = (s, 81, *--, s7) is the corresponding

unobserved state sequence, and I(-) is the index function
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NAOsv =k if O = Yk.

Let A, be the space of N X N ergodic stochastic matrices, A; be the
space of N X M stochastic matrices, and A = A, X A;. Clearly, A€ A,
and for every point in A there is a stationary measure u(- | \) associated
with it.

Now consider a probability space (Z., u(-|Ao)), which will be
abbreviated as (.&», Ao) in the following without ambiguity. Let an
observation sequence Or be generated according to the distribution
12| Ro)-

For each T and each O € _&., define the function H7(O, A) on Aby

1

S_om w(Or| ). 3)

Hr (O, A\) =
Each Hz(-, ) is thus a random variable on the probability space (.,
o). Also, for a given fixed observation Or, Hr(O, A) is a function on
A. Petrie” proved (limit theorem) that for each A in 4,

lim Hr(O, \) = lim W_om u(Or|N)
T |

T Qa
= H(Xo, N (4)
exists almost everywhere u(: | Ao). Furthermore,
H(Xo, M) = H(Ao, M) (5)

with equality if and only if A € G(Ao) = (A € Al u(- |N) = u(- | o) a8
measures on Z.}. Define Ar(0) = (A’ € A| Hr(O, \) is maximized at
A’}. Then, Ar(0) — G(Xo) almost everywhere u(- | Xo) (see Ref. 7,
Theorem 2.8). The results give further justification to the well-known
reestimation procedure® for Markov modeling.

With the above background, we define a distance measure D (A, A)
between two Markov sources Ao and A by

D0, N) = HO, \o) = HOoy N)
lim 1 log u(0r|\) = log w(Or[ VL. (©

The aforementioned limit theorem guarantees the existence of such a
distance measure and eq. (5) ensures that D(Xo, A) is nonnegative.
D(\, M) = 0 if and only if X € G(\o), a point that is indistinguishable
by the associated probability measure.

By invoking ergodicity,'® we see that the distance is in fact the
Kullback-Leibler number® between measures u(- | Xo) and u(- |A). If
&, and &; are the hypotheses that Or is from the statistical population
with measure u(- | Ao) and (- | A1), respectively, D(Xo, M) is then the
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average information per observation sample in Or for discrimination
in favor of &, against &;. Since Or is generated according to u(- | Ao),
limr_=(1/T)log u(Or| Xo) should be a maximum over A, and D(X, A)
is a measure of directed divergence, from Ao to A, manifested by the
observation Or.

The distance measure of eq. (6) is clearly nonsymmetric. A natural
extension of this measure is the symmetrized version of eq. (6), i.e.,

D, N = 51D0w, N) + DO, M), )

which is the average of the two nonsymmetric distances. D,(Xo, A) is
symmetric with respect to Ao and A and represents a measure of the
difficulty (or ease) of discriminating between u(- | Ao) and u(- |A), or
equivalently, A and . For our purpose, however, there is no particular
requirement that the distance be symmetric, and our study will mainly
concentrate on the definition of eq. (6).

ill. DISCRETE-OBSERVATION HIDDEN MARKOV MODELS

Using the distance measure of eq. (6), we have studied the behavior
of several discrete-observation hidden Markov models. In this section,
we present some results on the sensitivities of the reestimation pro-
cedure to observation sequence length, initial parameter estimates,
etc. We begin with a discussion of the evaluation of such a distance
measure.

3.1 Evaluation of the distance measure

Evaluation of the distance of eq. (6) is rather straightforward. A
standard Monte Carlo simulation procedure based upon a good random
number generator is used to generate the required observation se-
quence Or according to the given distribution u(- | Ao). The probabili-
ties of observing the generated sequence from models Ay and A\ are
then calculated respectively. By way of example, Fig. 1a shows the
logarithm of u(Or| o) and x(Or|A), respectively, as a function of the
observation duration T. The resulting distance D (), A) is then plotted
in Fig. 1b. For this example, Ay = (Ao, Bo), A = (A, B), N =M = 4,
where

08 015 005 0 0.3 04 02 0.1
A, = 007 075 012 006 p _ 105 03 0.1 01
005 014 08 001| ° |01 02 04 03

0.001 0.089 0.11 0.8 0403 01 0.2

and

DISTANCE MEASURE FOR MARKOV MODELS 395



—140

175

LOG PROBABILITY

(b

031

0.2§—

DISTANCE

0.1f

1 1 ! | 1 |
g 220

NUMBER OF OBSERVATIONS, T
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for a pair of models that are close in distance. (b) Distance D(X, A) versus the number
of observations for the same pair of models.

0.4 025 015 0.2 0.1 015 065 0.1

A= 027 045 0.22 0.06 B = 02 03 04 0.1
~ 1035 014 04 011 03 03 01 03
0.111 0.119 0.23 0.54 0.15 025 04 0.2

We can see from Fig. 1 that, for this example, it takes around 150
observation samples to converge to a distance of 0.14 (to within
statistical fluctuations). It is readily shown that the number of obser-
vations needed for convergence of the distance to a fixed value is
dependent on N and M.
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Although the definition of the distance of eq. (6) requires that the
pair of models being compared both be ergodic and that there exist a
stationary absolute distribution vector a such that a* A = a*, practical
evaluation of the distance can still be performed for other types of
Markov models. We often define the distance measure by replacing
the stationary equilibrium distribution vector with the initial state
probability vector. In the case of left-to-right models,’ we use a series
of restarted sequences as the generated sequence for distance evalua-
tion, because of the trap state in left-to-right models. In fact, except
for some possible minor theoretical discrepancies (which might be
traced back ito the problem of nonergodic model estimation), the
proposed distance measure appears to work quite reliably for any
pair of such HMMs. Particularly, in the previous example, the initial
state probability vectors associated with models Ao and A\ were
u? = [0.75 0.15 0.05 0.05] and u* = (0.4 0.25 0.15 0.2], respectively.

3.2 Effects of parameter deviations on the distance

We are interested in studying the relationship between parameter
deviation and model distance, as well as the relative sensitivity of the
distance to different parameter sets that define the HMMs. To illus-
trate such parameter sensitivities, we have studied HMMs whose
parameters are related to the matrices W, and Wy,

03 04 02 0.1 0.05 0.1 065 025
W = 05 03 01 01} o _ |01 0.05 0.75 0.1
! 01 02 04 03| "2 0.45 045 0.05 0.05|°

04 03 01 0.2 005 01 065 0.2

and to the vector v* = [0.75 0.15 0.05 0.05]. In particular, model Ao
is defined by (uo, Ao, Bo), where uo = v and A, = Bo = W,. We chose
A, = B, to avoid a priori numerical difference in different parameter
sets. The alternate model, A = (u, A, B), is varied from A\, by modifying,
in turn, either A or B.

We first study the effect of changes in only the state transition
probability matrix on the computed distance. We form a sequence of
models A = (u, A, B), where u = u, = v, B = By = W, and

(1 _5
>|AH+QVSH+AH+QV§. ®

with & varying from 0.001 to 0.991 in 99 equal steps. For each pair
(Ao, A), D(Xo, N) is then evaluated. The bottom curve in Fig. 2a shows
a plot of D(), N) as a function of the deviation factor . Furthermore,
for potential geometric interpretations, we calculate the signal-to-
noise ratio va, defined by ‘
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Fig. 2—(a) Relationship between the probabilistic distance and the model deviation

factor 6 of the A and B parameters for a pair of HMMs. ( b) Relationship between the

probability distance and measured parameter deviations of the A and B parameters for
a pair of HMMs.

[ Aoll®
1A — A|I*

where || - || denotes matrix norm (|| A||* = X %; af for A = [ay]).
For small 8, A is very close to A, and v, is large. Accordingly, the
distance D(Xo, \) as a function of va is plotted in Fig. 2b. (Note that
small values of & in Fig. 2a correspond to large values of va in Fig.
9b—i.e., the direction of the curves is reversed.)

Similarly, we study the effect of changes in only the observation
probability matrix B. The sequence of models A = (u, A, B) for
comparison is formed by settingu=w, =V, A=A,=W,and

va = 10 logwo 9

398 TECHNICAL JOURNAL, FEBRUARY 1985

1 é
B= Aav W, + Aav W, (10)

again, with & varying from 0.001 to 0.991. The relationships, D(Ao, A)
versus 6 and D(Xq, A) versus vg,

|| Boli®

=10 logy —/m/m =,
YB ms__wolw__u

(11)

are shown as the upper curves in Figs. 2a and b, respectively.

Both curves of Fig. 2b show a simple monotonic exponential trend
for the example studied. This exponential trend may be intuitively
anticipated from eq. (2), which shows that y is in the form of a product.
This monotonic relationship is, in general, true when the signal-to-
noise ratio is adequately high, i.e., models are close enough in the
Euclidean distance sense. This result is consistent with Theorem 3.19
in Ref. 7, which gives the set G(A) a geometric interpretation. For
more complicated models or other types of deviations than those of
egs. (8) and (10), however, the simple monotonic exponential relation-
ship of the type shown in Fig. 2b may not be observed in low signal-
to-noise ratio regions.

Another important property of the distance measure, as seen in Fig.
2, is that deviations in the observation probability matrix B give, in
general, larger distance scores than similar deviations in the state-
transition matrix A. Thus, the B matrix appears to be numerically
more important than the A malrix in specifying a hidden Markov
model. It is our opinion that this may be a desirable inherent property
of hidden Markov models for speech recognition applications.

3.3 Examples of the use of the distance in model estimation
3.3.1 Ergodic models
Consider the following models:
1. A;: N = M = 4, balanced model

0O 0 05 05
05 0 0 05

A=los 050 o |
0 05 050
05 05 0 0 0.25
B0 05050 | |05
0 0 05 05| 0.25 |’
05 0 0 05 0.25

2. A\p: N = M = 4, skewed model
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0 0 02 075
A_|018 0 0 08
=lo2 08 0o o0 |’

0 022 078 0

025 075 0 0 0.25

B |0 015 085 0 w02,
0 0 01 09/ 0.25 |’
02 0 0 08 0.25

3. \: N = M = 5, deterministic observation

0 08 01 01 0

0 05 050 0
A=|04 0 02 0 04},

03 02 01 04 O

02 01 02 04 0.1

=

]
(=i =
OO HHO
OO OO
O~ OO
_ OO0 Q0

e

Il
oo O

It should be pointed out that A, is a balanced model in which transi-
tions as well as observations are equiprobable within the structural
constraints, while X, is a skewed model with the same Markov chain
structure as A,. Model A, has a unique observation probability matrix,
namely the identity matrix, which links observations to distinct model
states. .

A number of observation sequences, Or, of different duration were
generated from these models. Then, for each Or sequence, a model
estimate, generically denoted as A, Aj, or A, was obtained using the
reestimation algorithm, which, starting from an arbitrary guess, iter-
ated until a certain convergence criterion was met.!

Each sequence Or of duration T thus corresponds to a model
estimate for which the divergence distance can be evaluated from the
generating model. Figures 3a, b, and c are plots of D(Aa, A2), D(Ns, N),
and D(\., ) respectively, as a function of the duration T. These
figures display typical simulation results of the statistical reestimation
technique. Important considerations behind the simulation process
include: (1) characteristics of the generating source, such as A being a
balanced or skewed model; (2) effectiveness of the estimation tech-
nique; and (3) the number of observations needed for a good estimate.
Here we provide qualitative discussions of the plotted results.
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Figure 3a indicates that the distance between A, and \; stabilizes
after T grows beyond about five hundred samples. The distance for
T> 500 is small (about 0.085), with a range of statistical variation
between +0.025. The distance scores of Fig. 3b do not seem to be as
well behaved as those of Fig. 3a. Although the estimate A] for A, may
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be as good as A, judging from the distance, A; appears to be more data
dependent. A slow drifting from D = 0.04 at T = 1000 ~ 2000 region
to D = 0.07 at T’ = 3000 ~ 4000 region is seen. This can be attributed
to the fact that A, is a skewed model and the associated measure
(- | Ao) has a slightly wider dynamic range than u(- | A.); hence devia-
tions in D are manifested over a broad range of values of T. Those
generated sequences, Or, of high u(Or|Xs) will result in a close
estimate A], and the wide dynamic range in (- |As) will directly
translate into the observed variations in D(\s, A¢) for long observation
sequences. This long-term drifting of D is reminiscent of the residual
difference between uncorrelated and highly correlated sources in sta-
tistical data analysis.

The results of Fig. 3c indicate that when the generating source
involves only a Markov chain and does not have variations in the
observation density, very good estimates can be obtained with a small
amount of data. Also, the B matrix, because it is an identity matrix,
greatly narrows the range of u(- | ), resulting in negligible variations
in D(\,, \)) when Or is sufficiently long.

3.3.2 Left-to-right models

Another series of simulations dealt with nonergodic models of the
types shown in Fig. 4. These models are identical to the three models
SRC195, SRC295, and SRC395 studied in Ref. 1. We denote these
models by Ass, Azes, and Ases 8s in Fig. 4. For these models, N = 5,
M=9,u*=[{10000],and

07 03 0 0 00 0 0 O
0O 0 080200 0 0 0
B=|{0 0o o 0 10 0 O O
0o 0 0O o0 002080 O
0o 0 0 o0 00 0 0307

An additional model, Asgs, which had the same state transition proba-
bility and initial state probability as Aces but with the following B
matrix

08 01 01 0 0 O
0 0108 010 O
wuooopo.mobo
o
o

[ =R e

0 0 01 08 01
0 0 0 01 08 01

was also studied.

The observation matrix B for Ajes through Asss is non-overlapping,
observations generated during one state cannot appear during another
state. As was the case for model X. in the previous section, these
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Fig. 4—Left-to-right hidden Markov models: (a) s, (b) Azos and Asgs, and () Asgs,
used in the study of model parameter estimation sensitivity.

models show a rigid correspondence between states and observations.
In this case, we can observe some particular effects of the coupling
between matrices A and B upon model estimates as well as the
distance.

The same simulation procedure as above was followed: (1) observa-
tion sequences were first generated; (2) model estimates were then
obtained using the reestimation algorithm with different initial
guesses; and (3) distances between the generating model and the
estimated model were calculated and plotted as a function of T, the
total sequence duration. (Note that because of the trap state in these
models, the measurement sequence is a series of restarted sequences
and T is the total duration.) Four kinds of initial guesses of model
parameters were used. Type 1 is a totally random guess (except for
the necessary stochastic constraints). Type 2 is a random guess with
known state-transition constraints; that is, elements in A correspond-
ing to prohibited transitions are initially set to null, while others are
randomly chosen with stochastic constraints. Type 3isa random guess
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Fig. 5—Computed model distance versus number of observations, for the four types
of parameter initial guesses, for model As.

with both known state-transition constraints and known state-obser-
vation constraints, so in the initial matrices A and B, those elements
corresponding to prohibited transitions and impossible observations
are set to null. Type 4 is the generating model itself. Type 4 is useful
for studying the convergence properties of the reestimate algorithm
itself, since the sequence is unlikely to display complications often
observed in sequences that converge to a local optimum.

A set of curves showing the measured distances versus the number
of observations, for the four types of initial guess, are plotted in Figs.
5, 6, 7, and 8, corresponding t0 Aiss, Azos, Asss, and Asgs, respectively.
Figure 5 shows that for model A5, the model estimates with Type 1,
3, and 4 initial guesses quickly converge to the generating model Aqgs,
i.e., the distances became essentially 0. Note that Aes has a highly
constrained structure with high probability of staying in the current
state. This, combined with the fact that B is non-overlapping, says
that this source would most probably produce observation sequences
in which the corresponding state sequence is well defined, and the
duration of each state (as determined from the A matrix) is unlikely
to differ from one another dramatically. Type 2 initial guesses main-
tain the same Markov chain structure, but with random transition
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Fig. 6—Computed model distance versus number of observations, for the four types
of parameter initial guesses, for mode] Aggs.

probabilities different from the generating source. In fitting the obser-
vation sequence to a Type 2 initial estimate, the constrained A matrix
is changed very little in the reestimation process, which instead mainly
extends and modifies the B matrix to include, in one state, different
observations that originally occurred in different states. Depending on
the initial guess values, the resultant B matrix may be significantly
overlapped, thereby leading to a significant distance from the gener-
ating source. Figure 5 shows that this analysis is indeed the case for
model Ajss. With Type 3 initial guesses, the initial constraints in
matrices A and B are retained through the reestimation process, and
optimization of the A matrix is independent of that of the B matrix.
Furthermore, optimization of the B matrix, in the current case, is
carried out independently for each state, because with the initial
constrained B matrix, the underlying state sequence is immediately
known. Therefore, the results from using Type 4 initial guesses are
virtually identical to the results from using Type 3 initial guesses, as
shown in Figs. 5 through 8, for all models that were studied.

For Ags, trends similar to those of Fig. 5 are observed and shown in
Fig. 6, but some problems due to the allowed state-skipping transitions
are observed for Type 1 initial parameter estimates. As explained
above, estimated models based upon Type 2 initial guesses are at a
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Fig. 7—Computed model distance versus number of observations, for the four types
of parameter initial guesses, for model Agos.

significant distance from the generating source. With Type 1 initial
guesses, the converged results are only slightly better than those with
Type 2 guesses. Type 3 and 4 initial guesses lead to virtually the
optimal estimate, i.e., models with essentially zero distance from the
generator.

The results using model Asqs are shown in Fig. 7. Model Asgs has a
state-transition structure similar to that of A5, but with different
transition probabilities. The fact that az; = 0.2 and a4 = 0.1 in Ages
makes it essentially a three-state model (i.e., two of the states are
highly transient). Again, the dependence of model estimates upon the
type of initial guess is similar to what is mentioned above, except the
distances now are smaller than those obtained using A205. However, as
seen in Fig. 7, when the total duration is small (i.e., 244 samples), the
estimated models are at a significant distance from the generating
source, regardless of the initial guess. This is because states 2 and 4
are not well represented in the observation sequences. The sudden
drop of distance for Type 3 and 4 initial guesses at T = 1150 samples
indicates that the transient states of the generating model are suffi-
ciently well represented for T = 1150, and with proper initial guesses,
an estimate virtually identical to the generating source can be ob-
tained.
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The results for model Asgs are given in Fig. 8. Since source Asgs has
an overlapping observation matrix B, many of the phenomena that
occurred in Aqgs, Aoss, and Ases no longer appear. Indeed, as shown in
Fig. 8, estimated models of nearly zero distance from the generating
source have been obtained regardless of the initial guess, provided the
observation sequences are sufficient in duration. The effects of initial
guess are manifested only in the way the estimate converges as T
grows.

Figures 5, 6, 7, and 8 not only provide results pertaining to the
performance of model estimates and its relationship to model initial-
ization as well as observation length, but also show the effectiveness
of the distance measure of eq. (6) in measuring the dissimilarity
between any pair of hidden Markov models.

IV. CONCLUSION

We have defined a probabilistic distance measure for hidden Markov
models. The measure is consistent with the probabilistic modeling
technique and can be efficiently evaluated through Mente Carlo pro-
cedures. The distance measure was employed in the study of relative
parameter sensitivities as well as the relationship among model esti-
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mate, initial guess for the reestimation algorithm, and the observation
sequence duration for discrete density hidden Markov models. Much
of the behavior of hidden Markov models and the reestimated results
have been observed through the use of such a distance measure. The
study in turn confirms the effectiveness and reliability of the distance
measure. Potential applications of the distance measure may include
hidden Markov model selection as well as clustering.
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