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t was the fall of 1968. I had
finished my Ph.D. degree
on speech synthesis at MIT
in May of 1967 and started
working as a member of the

technical staff in Jim Flanagan’s
group at AT&T Bell Laboratories
in May of 1967. My initial assign-
ment was working on problems of
speech analysis and synthesis using a
serial formant speech synthesizer.
Ron Schafer joined Jim Flanagan’s
group at Bell Laboratories in the
spring of 1968, having completed
his Ph.D. at MIT in the area of
homomorphic signal processing and
its applications to speech process-
ing. Ron and I started working
together almost immediately on the
problem of formant estimation
using homomorphic methods. The
goal was to compute a smooth
speech spectrum using homomor-
phic filtering methods and then to
estimate the relevant formant fre-
quencies by peak picking the homo-
morphically smoothed spectrum.
Most of the time this algorithm
worked well; however once in
awhile the formants were either too
close to each other to resolve reli-
ably or had bandwidths that were
just too high to find from simple
peak picking methods. Ron and I
investigated a number of speech
enhancement methods with the
goal of making formant estimation
be more reliable and robust. None
of the proposed methods worked as
well as we would have liked.

Next came the role of serendipity.
I was attending an IEEE conference

in New York City in the fall of 1968
when I ran into Charlie Rader from
MIT Lincoln Laboratory. Charlie
had become a good friend through
our joint association with Ben Gold
of Lincoln Laboratory and through
our joint membership in the IEEE
Signal Processing Group, a subgroup
of IEEE’s group on audio and elec-
troacoustics. Charlie asked me what
problems I was working on, and I
brought up the issue of formant esti-
mation from homomorphically
smoothed spectra and the problems
that Ron and I faced as we tried to
enhance the speech signal by appro-
priate signal weighting to reduce the
formant bandwidth. Charlie asked
me to define what I would consider

to be the ideal solution to this prob-
lem, and after a bit of thought I told
him that what we needed was a sig-
nal enhancement method that
changed the unit circle in the z-plane
(the usual curve for evaluating the
spectrum of a real signal) into a spiral
curve that increased gradually from
the origin of the unit circle to a circle
that curved gradually into the inside
of the unit circle. Charlie told me
that he had just heard a lecture at
Sylvania Labs where Leo Bluestein
had been working with chirp signals
to convert a discrete Fourier trans-
form (DFT) for nonpower of two
signals into an efficient convolution
that could be computed using power
of two DFTs. Charlie realized imme-
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diately that a similar approach could
be used to compute the spectrum of
a signal on a curve that spiraled in
gradually from the unit circle.
Furthermore, with a bit of work, it
became clear that the resulting spec-
tral analysis could be realized on an
arbitrary spiral in the z-plane, i.e.,
one that began at any arbitrary point
(magnitude and phase) and ended at
another arbitrary point, with arbi-
trary resolution between the begin-
ning and ending points of the curve.
Furthermore it also became clear
that such an off-circle spectrum
could be computed efficiently using
DFT convolution techniques.
Charlie and I spent the better part of
the next couple of hours outlining
the main features of what ultimately
became known as the chirp z-trans-
form (CZT) algorithm.

I returned to Bell Laboratories
the next day and spent the better
part of the next several weeks work-
ing with Ron Schafer and developing
a general structure for efficiently
implementing the CZT algorithm
and using it as part of the speech
spectral analysis system that was
developed to estimate formants of
speech. The algorithm turned out to
work flawlessly for the intended
application and ultimately was
extended to a range of applications
in the area of spectrum analysis.
Furthermore, a highly efficient
method for implementing a DFT for
nonpowers of two (the original
Bluestein motivation for using chirp
signals) was created and used widely
in several “pitch-synchronous analy-
sis” methods developed at Bell Labs
and at other research labs.

Being in the right place, at the right
time, with the right person is a great
formula for success in almost any area,
but it proved essential for the creation
of the CZT Algorithm on a quiet fall
day in New York City. Having
serendipity work for you never hurts. 

The CZT

Unlike the discrete Fourier transform (DFT), which computes the z-
transform of a finite duration signal around the unit circle, the chirp

z-transform (CZT) computes the z-transform of the finite duration signal
along a general spiral contour in the z-plane. Such a contour can be
described by the spiral curve:

Zm = AWm, with m = 0, 1, . . . , M – 1

where A is the contour starting point, W determines the rate at
which the contour spirals in (for |W | > 1.0) or out (for |W | < 1.0)
from a circle of radius A0 (where A0 is the magnitude of A), and M
is the length (number of points) of the transform.

Example: For M = 101, A = 0.98 , and W = 1.00625
exp(−0.02 jπ ) the spiral contour shown below is obtained:

More details on the CZT can be found in Theory and Applications
of Digital Signal Processing by  L.R. Rabiner and B. Gold
(Englewood Cliffs, NJ: Prentice-Hall, 1975), pp. 393–399.
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