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Solution to SE in Spherical 
C diCoordinates
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Separate φ dependenceSeparate φ dependence

:Rearrange
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Solution of ΦSolution of Φ
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Separation of r and θSeparation of r and θ
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Solution of ΘSolution of Θ
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Solution of R
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Quantum numbers
•N,l,ml are called quantum numbers
•The energy eigenvalue depends only on n, soThe energy eigenvalue depends only on n, so 
N is called the principle quantum number.

•The angular momentum depends on l, so
l is called the azimuthal quantum number.

•The energy in a magnetic field depends on ml, so
ml is called the magnetic quantum number

0EE

ml is called the magnetic quantum number.
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The first convincing verification of Schrodinger’s theory was this calculations of 
eigenvalues, in agreement with experiment, just as Bohr’s model.

0EE = 2n
En −=
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Fine structure splitting
When the spectral lines of the hydrogen 
spectrum are examined at very high 
resolution, they are found to be closely-
spaced doublets This splitting is called fine

How to explain with Boh
theory?spaced doublets. This splitting is called fine 

structure (and was one of the first 
experimental evidences for electron spin). 

theory?
Sommerfeld’s model:
Attempt to explain using
elliptical orbits. . Treat 
relativistically. 

However, dashed lines 

How to explain with Schrodinger’s theory?
(Soon…)

don’t appear 
experimentally.  Why?
Selection rules….
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Comparison of Solutions
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Examination of the solutionExamination of the solution

• The solution of the spherical potential hasThe solution of the spherical potential has 
solutions for particular quantum numbers ml,l,n,E 
where
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Examination of the solutionExamination of the solution

• The solution of the spherical potential hasThe solution of the spherical potential has 
solutions for particular quantum numbers m,l,n,E 
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Degeneracy of the solutionDegeneracy of the solution
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• For each value of n,

llllml ,1...0,...1, −+−−=

,
– There are n possible values of l

• For each value of l
– There are 2l+1 values of m

• For each value of n,

ECE/Mat 162A
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Actual hydrogen atomActual hydrogen atom

• 6 spatial coordinates:6 spatial coordinates: 
– xe,ye,ze

x y z– xp,yp,zp

.

– What to do?
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Actual hydrogen atomActual hydrogen atom
• 6 spatial coordinates: p

– xe,ye,ze
– xp,yp,zp

. M

• Switch to center of mass 
coordinates

• The electron moves

m

The electron moves 
about a stationary, infinite 
mass nucleus.  The 
problem reduces to 3problem reduces to 3 
spatial coordinates
– xre,yre,zre
– With reduced mass μ M

.

μ
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3 spatial variables, 3 quantum 
bnumbers
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Lowest energy solutionLowest energy solution
• n=1
• l=0
• ml=0l
• E=-13.6 eV
• There is only one solution (no degeneracy)

0/2/3
100 )(1 aZreZ −=ψ

• The solution is spherically symmetric.
0

100 )( e
aπ

ψ
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Lowest energy solutionLowest energy solution
• n=1
• l=0
• ml=0l
• E=-13.6 eV
• There is only one solution (no degeneracy)
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• The solution is spherically symmetric.
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ECE/Mat 162A What is the probability of finding the electron at a distance r?



Second lowest energy solutionsSecond lowest energy solutions
• n=2
• E= 13 6/4= 3 4 eV• E=-13.6/4=-3.4 eV
• There are four degenerate solutions
• One solution is spherically symmetric.One solution is spherically symmetric.
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Radial Dependence



Radial Dependence



Polar Dependence
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L=0 L=1 L=2

N 1N=1

N=2

N=3



Classical Angular MomentumClassical Angular Momentum
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Angular momentum
(C i di )(Cartesian coordinates)

Classical Quantum Mechanical
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Angular Momentum in Spherical 
C diCoordinates
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What is the z component of angular momentum?

• Calculate the 
expectation value zz LdddrrL = ∫∫∫
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So, the z component of angular momentum has the average value  given above.



What is the total (squared) angular momentum?

• Calculate the 
expectation value
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Vector picture of angular momentum

The arrow has length 
While the vertical component has length 2,1,0,-1,-2

Th l f L L i

)12(2 +

ECE/Mat 162A

The average value of LxLy is zero.
The energy of the atom does not depend on ml (i.e. orientation 
of ang. Momentum).



QuantizationQuantization
• We showed that the average value of Lz is mh.  

That doesn’t mean that L is quantizedThat doesn t mean that Lz is quantized.
• However, since
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• The average of a set can only equal the 
average of the square of the set if all values 
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are equal. Hence, Lz is quantized.



• In general, if the quantity f has the value F in theIn general, if the quantity f has the value F in the 
quantum state described by ψ, then

ψψ Ff =ˆ

• Where is the operator corresponding to ff̂• Where    is the operator corresponding to f.f

ECE/Mat 162A



• Note:Note:

ψψ xx lL ≠ˆ

ψψ
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• So Lx and Ly are not quantized.

ψψ yy
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• Under what conditions can two or moreUnder what conditions can two or more 
observable properties of a quantum 
system have unique eigenvalues for asystem have unique eigenvalues for a 
given quantum state?
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• If two operators commute then theIf two operators commute, then the 
eigenvalues associated with those 
operators are simultaneous eigenvaluesoperators are simultaneous eigenvalues.

If t t d t t th th• If two operators do not commute, then the 
eigenvalues associated with those two 

t t i ll hibit t i toperators typically exhibit an uncertainty 
relation.
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• If two operators do not commute, then theIf two operators do not commute, then the 
eigenvalues associated with those two 
operators typically exhibit an uncertainty p yp y y
relation.

• Exception:
• Sometimes the values are zero. ForSometimes the values are zero.  For 

example for zero total angular momentum, 
Lx=Ly=Lz=0
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