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Homework 4 Solutions

1) Hall Effect

(a) Newton’s equation with scattering (relaxation time approximation)

mo + ma/rzlf:q(E+5+l§)

In steady state, m(dV/dt) =0 | so that

v, = ?;(Ex"‘Usz_Usz); v, = ?]:(Ey-l-l)sz—UXBZ)

2

v, = q—r;(EﬁuxBy—uyBx)

z

In the special geometry of the Hall sample, B, = B;: B, = By = 0. In kinetic theory

Jy =nqu,,J y = Nquy, J, =Nqu, (current density components) where n is the carrier density.

Therefore, in the Hall geometry, Jy, =0=wv, =0,J, =0= 0, =0, and we get

v, = L (E,)
O:?nT(Ey—uXBO)
- (g,
(2)=E, =vB="EB =V, =L, qT\L/XX B,
E - Mo, — MJy
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qr m,B 1,8,

“v=bym grng -~ L,NQ-

So we can write

(©) For the specific geometry Ly =1cm, Ly =L, =1 mm, and V, =+5 mV, as defined in the
figure so that the electric potential decreases in going from small y to larger y = Ey = -d¢/dy is
positive. Since Ey and Ey are both positive, we must take positive sign in equation (4), so that

the carriers must have a positive charge (e.g., holes). For the geometry at hand and assuming

uniform fields,
V,=EL orE =1V/jem V, =ELorE =005 V/em

ec  Ey/Ex 0.5
ful %: yé L= =05 mV-s = 5000 cmA—s

2. Magnetoconductivity in Three Dimensions

In class we derived the following set of equations for kinetic motion of charge carriers in
magnetic and electric field along z axis.

L, = (/UEX +C()CTUy)% (1); Uy :(,UEy —CI)CTUX)% Q2); L, :(IUEZ)% 3)

aqb | :
where @, = H is the cyclotron resonance (circular) frequency.

We use (1) and (2) to solve uniquely for vk and vy.

2Q)->D=v, = q(,uEX)+a)cr[,uEy —cocwx]ﬁe%

e

or v, [1+(a)c7)2J:gyEx + o TuE,
n}&EX +w.rnquE,
J, =nqu, =

e l1+(or)

but 0, =N€L (dc conductivity) so

JX:LZ(Eﬁ E (QD
1+(w,7) (e ®)
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2
DH->Q2)=v, = %yEy —a)cr[yEx +a)cwy]§§
1

or v, = [1 +(a)cr)2} = %,uEy -, 7uE,
Jy =Nqu, = - Oy — (—a)cz'EXg-l- Eyj (5)
1+(o,7) e
1 2
13, = Vs o 0T
e 1+(o,7)

We can combine (4), (5), and (6) in matrix form as

1 %a)cr 0
J, ~ E,
3, [=—22—der 1 0 E
e y

1+ (o,7)
J 2 |\ E
z 0 0 1+(mr) |\
In the high magnetic-field limit O .7 >> 1,
q g
:_Eo-oa)cf_)_go-o _—gmne’z _ —ng e
yX 14 (a)cz_)z .1 emeBr B B for electrons

(q/e)oc,w.r (q/€)c, ng _ —ne
Xy 1+ (a)cr)2 0.t B B for electrons

In the same limit:

o, ne’rm?’
2 7 2 5
1+(or)  (o7) (eB) ’m
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nm _ gn
or "% " 7B’ @B 0" in high B-field limit

3. Joule Heating

(a) From basic assumptions of kinetic theory, collisions are randomizing and leave the scattered
particle with a mean velocity appropriate to the temperature around the scattering center.
Hence if consecutive scattering events occur close enough that the temperature is the same,
then all of the kinetic energy gained between collisions is transferred to the ions upon the
second collision. In the absence of an electric field, the velocity vector emerging from first
collision can be written as the isotropic velocity

0 =0,f, = v, (Xsinfcos g+ ¥sinPsin g+ 2cosH)
where 0,¢ are the polar and azimuthal angles in spherical coordinates..

In the presence of an electric field along the z axis, the z component of velocity has a term that
increases linearly with time (solution to Newton’s equation).

E
o N X A —
—> > Sl
// \\ @ - 4_//*\\ >
Kooon ¥ Tu
Fig. 1.
qE t =
v,=v,+——: E=E,2Z
So, U =v,sinfcos@-X+v,sinfsing- y+(uocost9+ j Z (1)

To calculate how much energy is gained between collisions, we first have to spatially average
over all possible angles (overbar denotes spatial average):

U=

I* Q ﬁﬁsinededqﬁ
fdo 33
The first (zero field term) from (1) yields

2r

_H D, sin@cos¢- X+, sinfsing- §+v, cosd-2)sinfdddg = 0

The second term (electric field term) is
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T
— 1 F(EL). . 2 QE,t , QE,t
0, =~ .([_([(qmo j251n¢9d6’d¢:5qm° (—cos0) O :quO
o 1 = m(gEtY  1(gEgt)
=g =3 =5

where U*x denotes the average single-particle kinetic energy and the | | denotes the vector
magnitude operation.

(b) We can combine this space-averaged kinetic energy with the normalized probability, P (t + dt)

that a collision occurs between t and t + dt : eV dt/r :

* O @ 1 qE t2 e_t/Tdt
<Uy >= [ UgP(t,dt)dt=| R a—

2
<Uq >:(qE°t] L_[wtze‘t/fdt
m ) 270

We integrate J.o t’e " dt by parts twice (or look in integral tables) and we find

j:tze—t/fdt 27 <o

U >:(qEO T 20 _ (gEyr)’
K

m 27 m
which is the energy loss per electron per collision. It is useful to do a dimensional analysis:
Energy loss ~ Energy loss electrons collisions
cm’—sec  electron—collision  cm’ sec
2
qgE,r |
113 13 — M n . —
m T
_ng’r

13 (13

2 2
m : Eo =0E" Joule Heat

To calculate the power loss in a wire length L and cross section A, we integrate over the volume

P = IGEZdV = GEZIdV =0oE’L- A (assuming E is uniform in wire)

2 2 L L
We can rewrite this as P, = % Esz = (O'EA)2 (ﬁ) = (J ZAZ)(%j

or

P =I"R



