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Transport Theory #5
Boltzmann Transport in Uniform Electric Field (cont)

We have seen how the solution to the classical Boltzmann transport equation in a uniform

electric field has the form

TV4T(V) f,(1- f,)dv
m 0

3k, T

(1)

<r>= —
Ivz f,(v)dv
0

where f is the equilibrium distribution function, the Fermi-Dirac function in the most general
case. The product fy(1-fp) has deeper meaning than might first appear. From statistical
mechanics we know fj is the mean number of charge carriers (assumed to be fermions), or mean
“occupancy”, of any space-spin state quantum state. So 1-f is the mean “de-occupancy” of that
same state. This reflects an important principle in transport theory at all levels, including fully
quantum mechanical. Which is, transport requires the presence of a particle occupying a state,
and it requires an available state for that particle to transfer into.

In the limit of low carrier concentration (i.e., non-degenerate population) covered in the
previous section, fy approaches zero for most particles in the population so the “de-occupancy”
factor can be assumed to be unity. This is primarily what makes the calculation of (1) tractable
with the Maxwell-Boltzmann function — a very common and useful exercise with
semiconductors. In the intermediate case of moderate carrier concentration, 0 <f, <1 and 0 <1
- fo <1, so that neither factor can be ignored and the calculation of (1) becomes much more
complicated than the low-concentration case.

In the limit of high carrier concentration, f, is approaching 1 for most particles in the
population and the “de-occupancy” factor approaches zero, but clearly can not be ignored.

Fortunately, the calculation of (1) gets simple again in this “degenerate” limit because of the
behavior of the behavior of the Fermi-Dirac function, f(U)= {exp[(U -U.)/k,T]+1}".

Plotted in Fig. 1 are f, 1-fy and the product fj (1 - fy). The only place where f; and 1-f; are not

nonzero is in the region around Ur, which makes the product display a narrow symmetric peak.
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Fig. 1.

To a good approximation that is best in metals, the product looks like a Dirac delta

function: f, (1- ;)= AS(U —U.). We find the coefficient A by definition of f, and its

derivative with respect to U:

0 B oy —k, T "~
Io fo(U)[1-f (U)o ‘Io T = 1+exp[U -Ug ) /ksT1], =l
= A= kBT
So, fo(1—f,) 2 kgTS(U —U; ) « Dirac Delta function  (2)

Aside on Dirac Delta function:

Normalization property: .[jooo S(x—x")dx=1
“Sifting” property J.jooo f(x)s(x—x")dx=f(x')
Derivative sifting property: J f (X)%dx = —% »

1
Symmetry and factor properties:  &(—X)=5(X), 5 (xax) = 55(X) a>0

2
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e . . . . 1
To utilize these properties, we go back and re-write (1) in terms of energy using U = ) mv’,

dU = mvdv = vaUmdv:  vidy=v? QU - Y gy 2 Y2UM 4y N2U

My m m m3/2
‘dv 2{u¥du
mj vidv = 2IUV2dV 2JUJ§2U U’ and r}{;dv\/: j'.Ul/sz

2[UPz(U) f,(U)[1-1,(U)]dU
3k, T [UY*1,(U)dU

This leadsto <7 >=

Given the expression for< 7(U) >, we can now apply the delta function approximation

of (2) in the numerator and the following Heaviside unit step function approximation in the
denominator

1
f(U)_eXp[(U —U_)/KT]+1 ~6()-6U:-U)

This leads to
fo U z(U)k, TS (U -U,)du

3kBT J'UF 1/2
U’“du
0

<T>~

2Ue7(Ue) 2V (Ue)

Ue — 3 2y =2-(UF)
3V

This is a very important result: the non-equilibrium ensemble average <t(U)> can be taken as
value at Fermi energy. This leads to the adage often use in the transport theory of metals: “all

the action is a the Fermi energy” (or more accurately, the Fermi surface).
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Boltzmann Equation with Concentration Gradient

Going back to the time-dependent Boltzmann equation, we can establish another solution
that is essentially opposite to transport in a uniform electric field. We suppose that of/0v is zero
for all velocity components, but 0f/0z is nonzero. This represents the case of a concentration
gradient that, as in the case of kinetic theory, can be created by injection of carriers at one point
of an otherwise homogeneous semiconductor. To simplify the analysis we assume the
concentration gradient occurs only along one direction of space, z. Then the time-dependent

Boltzmann equation (in the relaxation approximation) can be written

df  dzof f-f,

—E G
dt dt oz Z'(V)
As in the case of electrical drift, we assume P 8_ And then we expand by the chain rule,
Z A
of, of, dn
82 an d , so that in the steady state (3) becomes
of, dn
= f = fO—VZT(V)—O—I f,+ ' 4)
on dz
The particle current J, = nv, , which has a (transport) ensemble average,
n[v,fdv nfv,ftv
<J >=n<v,>= =
[fav  [fdv
Substitution of (4) yields
8f e 6f
—0 cos® @sin Advd Od ¢ I vir(v)—=2dv

dn I viz(v) 0 cos ndn dn
<] >=-n— 5”2 _ —_——2 ‘on . _p=—

dz j f,v"sin 8dvdd ¢ 3 dz jo v dv dz

o of
_[ vir(v)—Ldv
D= nJo on
where the diffusivity is defined by: - E w
IO v-f,dv
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For special case of the Maxwell Boltzmann distribution

f =nC (T ) e VT =nC (T)efmv2/2kBT

Lo,

on n

“v (V) f dv

1 IO vz 0 1,
and ng © :_<VT(V)> (5)
jo v f,dv
Now we recall that for the Maxwell-Boltzmann statistics,

<T>=<V'r>/<Vv >=<vr>m/3K,T (©6)

Substitution of (6) into (5) results in the expression:

_13kgT <> kgT <z> kT -
3 m m e

D

H> (7)

which is Einstein’s relation yet again. It turns out that there is a similar Einstein’s relation valid
in the opposite limit of high particle concentration, and everywhere in between. This makes the

Einstein relation one of the most universal results in all of transport theory.

Importance of Diffusion in Semiconductors

e Diffusion is a process that tends to drive the solid back to equilibrium after excitation by non-
uniform external forces. By contrast, drift in an electric field is a process that tends to drive the
solid away from equilibrium. So naturally, the two are often co-operating in semiconductor

devices, leading to the drift-diffusion formalism developed after semiclassical transport.
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Boltzmann Equation with Temperature Gradient (Optional Material for ECE215B. 2008)
The last topic we address on the classical Boltzmann equation is transport in a
temperature gradient, assumed to occur along the z axis. And as in kinetic theory, we must
consider two difference electrical conditions: open circuit, and short circuit, to fully describe the
subtle coupling between temperature and electrical effects. We will limit the analysis to thermal

transport by charge carriers, assumed to be Fermions having well-defined Fermi energy U (T).

Open-Circuit Conditions

We allow for a nonzero electric field along the same axis to accommodate the Seebeck or

other possible thermoelectric effects. The Boltzmann equation can be written

df  dzof dv, of f-f
dt  dtoz dt ov, 7(v)

of _ of, of  of,
and we assume — = —_——

oz’ v, ov,

as before.

So we get in steady state:

o, qeof, f-1
‘oz mov, t(v)

qE of, of
= f=f-7lv)] ———+—v
o=l ){ mov, oz ° ®

0=-v

As with electrical drift, by operating on the Fermi-Dirac function for fy, we get

of, -mv,

0 _ f(1-f
ov, kT o(1-)

We expand the spatially-dependent term as
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of, (of, (aTj
0z oT \ oz

(U-UE ) /kgT _ _
of, @ a(u UFJaT_f(l_fo){ 1 oU. U UF}

= — —= +
o e ( e(uuF>/kBT+1)2 oTl kT Joz ° keT 0T  k,T?
of oT f,(1-f)[ou. U-U.TaT
Therefore, T O(k T 0)[ o T F} e ®)
B

Finally we recall that

of, —mv,f,(1-1))
ov, kT

z

q and v, = vcos0

Substitution of these into (8) along with (9) yields

7(v)vcoséd
KT

f="f+ (10)

oT T Joz

f (- fo){qE_(auF LU —UF](?T}

The most useful quantity to average over this nonequilibrium distribution function is the

J.VZ fdv

z component of the velocity <v,> = J‘ fdv
\%

By substitution of (10), this becomes

| J‘J‘J‘z'(v)v2 cos@f,(1- fo)[qE—(a(;JTF +U Tl_UF j(g} *sin dvd Od ¢

FT kT [[[ (f,+ £ v’ sin6dvdodg

(1D

T

It is easy to see that the denominator integral over > vanishes since J.COSQ sin@dg =0
0
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3 T
cos’ @

cos’ @sinfdO = — =2/3

We can also integrate the numerator over 0 and ¢ to get I
0 0

2

and I d¢ =27 , and do the same integrals in the denominator to get ISin 0dO =2 5nq

0 0

2z

,[ d¢:2”. So in total, (11) becomes
0

jf(v) f(1- fo){qE —(aaUTF Y _TUFjaT }V“dv

3kgT I f,vidv

<v, >=

The only terms that depend on velocity are T and U (to first order, Ur is independent of v). So if

we assume a Maxwell-Boltzmann distribution,

1 oU. U \oT 10T
<v,>—3|0E- — <r>———<Ur> (12)
m or T )oz T oz

oom J.V4fo(v)dv_ m
3kgT Ivzfo(v)dv 3kgT

<vr(v)>

<vr(v)>= 5
<v' >

where <7T>

Eqn (12) is very useful in describing various thermal effects such as the thermopower, Z,
i.e., Seebeck coefficient. This is obtained by setting <v,> equal to zero in (12), consistent with

zero electrical current under open-circuit conditions. Then solving for E, we get

e L (aUF_UFj _<Ur>|oT _zaT
Tqll\ar T )| T<e>|az qa (13)

ou. U <Ur>
X = E——F |+
H or T ﬂ T<r> (19

which means that
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With an electrical field and the thermal gradient present, there will be a heat flux

(15)

<Jo> = n<Ugv,>

From (12), we can write

<UVZ>=l qE - Ve Ye ) yrs- L yogs (16)
or T )oz T oz

m

But we know the open-circuit E from (13), and substitution leads to

1 {KGUF U, +<Ur>j6T _(8UF _UFJGT}<UT>—TL2—T<U27>}

<Uyv, >=—
m oT T T<r>)oz oT T )oz Z
2
or <UVZ>:i <LJ—T>_l<U22-> ﬂz g
mi\ T<z> T 0z 0z

Therefore, the thermal current has the form

2
{[_U J_iwzw}ﬂzlﬁ

<Jg>=n<Uyv, >=—
m\T<z>) T 0z 0z

and the thermal conductivity is given by the rather elegant expression:

K:L(<Ur>2—<uzr><r>)
mT <7 >

Short-Circuit Conditions

When the ends of the sample are connected by a metal wire so the internal electric field

of (13) is zero, then (11) becomes

1 {KGUF —UFjaT}<r>—Tl£<Ur>}

<V, >=—
m oT T )oz 0z

and an electrical current will flow:
<]J ¢ = Nnq<v,> .



