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Partitioning

* Partition the gates between two regions so that
— Capacity (# of gates allowed) on each sideis not exceeded
— Cost (for example, the number) of wires across the cut is minimized

» Classical problem: bi-partitioning

/M inimize the number of crossings

Cut line
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Example

 Circuit has capacity constraint <= 500K gates/partition
/O constraints <= 200 pins (connections on the boundary)

' D .

e
Netlist with
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GRAPH PARTITIONING

G: agraph of n nodes each of size §(i)

P. apositive integer such that Vi 0<s(i) <P

C: (cy) i,j = 1,2,..n be aweighted connectivity matrix

A k-way partition of G: a set of non-empty, digoint subsets of
nodes of G: )

Vi, V,.V, suchthat UV, =V

A partition is admissible, if

Vi|V|| <P

(Ilost = cost of external edges, between partitions.

ECE 256A 5

Exact solutions
Enumerate all partitions.
Suppose V,; s(i) = 1 and kP =n
Thereare:  (») ways to choose the 1-st subset
("?) ways to choose the 2nd subset

The ordering of setsis not important, so the number of
different partitionsis
W(7)(7) *= ()
For n=40
P=10
k=4

# cases > 10
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Heuristics which did not work:

1. Random solutions
Low probability of finding a good solution.
Experiments with 2-way partitions of 32 node graphs
indicate 2-5 optimal partitions one of %2(3) partitions;
probability of successon any trial islessthan 107

2. Max Flow-Min Cut
No way to control the sizes of partitions.

3. Clustering - difficulties in systematic assignments of nodes
that do not obviously belong to any particular set.
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2-way partition

Let c(# of cells) = 2n,

C = (C;) isacost matrix; i,j = 1,2,..2n.

Gi=0V,

We wish to partition S ( the set of 2n cellsand 2-pin
interconnects described by C) into 2 sets. A and B, each
containing n cells. So V; s(i) = 1, |A| = |B| = n. External
cost T=2,5Cyp
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Not
good
yet

Solution approach

Produce initial solution

(maybe random)
N|

s
Swap some gates across cut-line
to improve cost

l

Evaluate stop criterion
I's partition good?

}

Good, done
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One pass
improvement

Outline of the Kernighan-L in method.

1. Start with any partition A, B of S.

2. Try to decrease theinitial external cost T by a series of
interchanges of subsets of A and B.

3. When no further improvement is possible, the resulting
partition A", B” islocally minimum with respect to the

algorithm.

4. The process may be repeated with different starting
partitions.
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Let A*, B* be aminimum cost 2-way partition; A, B isan
arbitrary 2-way partition.

X c A A3Yc B suchthat [X| <|Y|< 5 that

A* = A - X +Y
B*=B-Y +X
A B A* B*

How to identify X and Y?
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A

B

External cost of ac A:
Ea=> Cay

yeB

Internal cost of ac A:
Ia: z Cax

xeA

B, =2 Ciy

XeA

l,=2c¢C
b o by

Let
D,=E,-1, ¥,eS

z

ECE 256A 12




Lemma. Consider any ac A, be B. If aand b are interchanged,
the gain (cost reduction) isD, + D, - 2c,,

A B
Let z be the total cost due to al connections between A and B
that do not involve aor b.
Then:
T=z+E,+E,-c,
exchange aand b:
T=z+I,+1,+cC,
gan=oldcost-newcost=T-T =
D,+ D, - 2c,,
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K&L Improvement Procedure

A B A B
1. Start with any partition 2. Identify al in A and bl in B so that
swapping them will give maximum gain

A-al+bl B-bl+al

[ [

: { 4. Continue identifying a2,b2, ..etc.

@

® o

[ o ®
®

3. Swap al and bl and lock them

in place, so they can’t be swapped again
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K&L Algorithm: critical ideas

 Gain
— Gain isthechangein cost that results from swapping one gate
in the A=sidewith one gatein the B-side

— Computeitas Y o, C”. — D cut C”.
(after swap) (beforeswap)
» Greedy decision
— Makethe best next swap
— Dothisswap even if it’s negative
* Biggest positive gain
* Smallest (closest to zer o) negative gain

e Doall nswaps
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K& L: Picking Swap Sequence

* Facts: K
— Gain from doing k swapsis sequence is Gk = _Z gi
— Gk is not monotonic function of k =1

swap
h1® — @ al Gk Best sequence
b2® — @ /
b3® ® a3
k® @
n® «— @ an

k n
# of swaps
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K&L: Doing the swaps

 Interpretation:
— Wewill do only those k swaps, since they maximize gain

A
@
@
@
@
4
[ ]

B
@
@
%
[ 4
[ ]

9 Improved result
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The exchange algorithm.

1. Compute D valuesfor all elementsof S.

2. Choose ac A and b,e B suchthat g; = D; + Dy, - 2C,y, IS
maximum.

3. Movea to B, b, to A and lock them. Store g;, (a,b)).

4. 1f A,B have any movable (unlocked) elements do

a. Update D values

b. goto step 2
end

else goto5.
5. Choose k to maximize partial sum ; g =0G.
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6. Move thefirst k elements from the sequence
(84,b))(a,,by)..(a,b))...(a,b,) to the other side of the
partitions.

7. Treat the resulting partition as a new partition and repeat
the process until the partitions can not be improved (k = 0)
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A Linear-TimeHeuristic for Improving
Network Partitions

Fiduccia and Mattheyses algorithm.

Problem:

Given a network consisting of a set of modules connected by a
set of nets, the mincut partitioning problemisto find a
partition of the set of modulesinto 2 blocks A and B such that
the number of nets having modulesin both blocksis minimal.
In general, size constraints are imposed on A and B.
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The network consists of ¢ modules (cells) and N nets.

* A net isdefined as a set consisting of at least two cells.

* Each cell is contained in at least one net.

* n(i) denotes the # of cellsin net(i).

* Any 2 cellswhich share anet are called neighbors.

* Each cell is assumed to have size (i).

* p(i) denotes the number of pinsin cell(i)

At input:

nets are presented one at atime, in any order, each net being
completely given before the next oneis started.
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P=72 p(i) = total # pins

P isthe measure of the input and can be interpreted as a
“gsize” of the network.

CisO(P) and N isO(P)

[nput routine
Cellsareidentified by integers 1+C, nets are numbered

sequentially 1,2..N asthey are entered.

CELL

NET
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Net-list input:

For eachnetn=1,..N do
For each (cell, pin) pair (i,j) on net n do
__if net nisnot at the front of the net-list for cell i

then insert call i into the call-list of net n and insert net
n into the net-list of cell i

end for
end for
O(P) will sufficeto do thiswork.
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Cutstate of anet: { i

cut: has at least one cell in each side of the partition;
uncut: al cells of anet are on one side of the partition.

Cutset of a partition = set of nets which are cut.

The size [X| of ablock of cells X isthe sum of the sizes 5(i) of
Its constituent cells.

User can specify 0 <r < 1 and amincut partition with

?ILA} o =" is sought.

gome cells may be pre assigned to a specific side of a
partition.
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Basic Idea: move cells, one at a time from one block to the
other such that the cutset is minimized.

Base cell (cell to be moved) chosen based on balance
condition and cutset.

Gain(i) of cell(i) = #nets by which cutset decreases when
cell(i) moves.

-p(i) < g(i) < +p(i)

After amove, acell islocked inits new block for the

reminder of the pass. Only free cells can move. Stop: no free
cells or balancing criterion. The best partition encountered
during the passis returned.
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Computational effort:
* select the base cell
* move it
* adjust the gains of its free neighbors

Naive approach: O(P?) gain computations per pass.

Cdll gains:

-p(i) <= 9(i) <= p(i)
Pmax = Max { p(i) | cell(i) isinitialy free}
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BUCKET

+ pmax

g:)r: [cell #[efq 2o cell #lefq™ @ o ©

~ Pmax

ceee [ [ [ [¢ [c]
123 see

k-th entry of the BUCKET contains a doubly linked list of
free cells with gains equal k.

One BUCKET for block A, the other one for block B.

Base cell moved = removed from its bucket list and placed
on Free Cell List usedtorenitializethe BUCKET for the
next pass.

MAXGAIN - index to keep track of max gain/BUCKET.
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* The total amount of work required to maintain each
BUCKET array is O(P) per pass.

Initialization: O(Pa) + O(f) = O(P)

free/[;:ells
g - total # of gain adjustments
O(g) - work to move all free cellsto their bucket lists.
Later we will show that g = O(P)
R - sum of al amounts by which MAXGAIN isreset. The
total time/pass used to search down for non-empty bucket and
to remove acell of highest gainis O(R + p,») + O(f) = O(R)
+ O(P).
Later, we will seethat R = O(q).
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Balance
(A, B) is balanced when
r'W - smax < |A| < rW + smax

W=|A|+B]
Y
AT+ [E]

smax = the size of the largest cell whichisinitially free

* Initial pass needed to establish the balance.

* The tolerance of smax allows to maintain the balance.
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The basic idea:
1. Consider thefirst cell (if any) of highest gain from

BUCKET, rgecting it if move causes imbalance. If neither

block has a qualifying cell, no more moves will be
attempted.

2. Choose a cell of highest gain, breaking ties by choosing the

best balance.

3. Thisisthe base cell; remove it from the bucket list; placeit

on the FREE CELL List.

ECE 256A
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Computing and maintaining cell gains.

Given apartition (A,B), the distribution of
n=(A(n), B(n))

#eellsof netnin A #celsinB

It can be computed in O(P) for all nets.

A netiscritical, if thereexistsacell onit, which if moved
would change the net’s cutstate. A(n) or B(n) isO or 1.

A(n)=0

T

B()=1 B(n) =0
ECE 256A
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Useful observations:

* gain of acell depends on its critical nets

* anet which is not critical before or after a move cannot
influence the gains of any of its cells.

g(i) = FS(i) - TE()
cal

#nets which contain cell i astheir only cell in “From”
block

TE(i) = #nets which contain cell i and have empty “To”
block.

ECE 256A
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Compute cell gains:
for each cell i do
9(i): = 0;
F: = the“from” block of cell(i)
T: =the‘to” block of cell(i)
foreachnetnoncell i do
if F(n) = 1 then g(i) ++
if T(n) = 0 then g(i) --
end for
end for

Initialization of all cell gains requires O(P) work.
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Critica nets:
.............. - B
= A() =0
A B
B(n)=0

A net iscritical before the moveif and only if:
F(n)=1,T(n)=0,T(n)=1

A net iscritical after the move if and only if:
Tn)=1,FN)=0orF(n)=1
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F(n) = 1 before the move = F(n) = 0 after
T(n) = 1 after the move= T(n) = 0 before
Move base cell and update neighbor’s gain:
F: “from” block of base cell
T: ="t0” block of base cell
“Move cell” = Lock it and complement its block ;
for each net n on the base cell do
if T(n) = 0 then increment gains of all free cells on net(n)
elseif T(n) = 1 then decrement gain of theonly T cell on
net(i), if itisfree.
decrement F(n) /* change distribution*/
increment T(n)
If F(n) = 0 then decrement gains of all free cells on net(n)

elseif F(n) = 1 then increment gain of the only F cell on
ECE 256A 35

net(n), if itisfree
end for
If anet has n cells — O(n) work/update.

* No more than 4 update operations/net are performed during
1 pass.

LF(n) locked cells on net(n) on the “from” side

FF(n) freecellson net(n) on the “from” side

LT(n) locked cellsof net(n) on the “to” side

FT(n) freecellsof net(n) onthe“to” side

T(n) =0 requiresLT(n) =FT(n)=0

T(n)=1 requiresLT(N)=1AFT(n)=0
orLT(N)=0AFT(n) =1,
the update is performed only if LT(n) =0
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/* check for critical nets before the move*/

if LT(n) =0

then if FT(n) = O then update gains
elseif FT(n) = 1 then update gains
[* change the net distribution to reflect the move*/

decrement FF(n)
increment LT(n)

/* check for critical nets after the move*/

if LF(n) =0

then if FF(n) = 0 then update gains
elseif FF(n) = 1 then update gains
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Example

n
n3

c
e

Initial situation:

g(A)=-1 F(n1)=2, T(n1)=0
g(B)=0 F(n2)=2, T(n2)=1
g(C)=1 F(n3)=2, T(n3)=1
gD)=1 F(n4)=2, T(n4)=0
9(E)=0

g(F)=-1

9(G)=-2

o

nl: T(n1)=0, g(A)=0, F(n1)=1, T(n1)=1
9(G)=-1
9(A)=1
n2: T(n2)=1, g(D)=0, F(n2)=1, T(n2)=2
9(E)=1
n3: T(n3)=1, g(C)=0, F(n3)=1, T(n3)=2
9(B)=1
nd: T(n4)=0, g(G)=0, F(n4)=1, T(n4)=1
g(F)=0
g(P=1
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After both blocks A and B have served as“T” side for anet n,
no further operations will occur for n. All cells of such anet
are locked on both sides.

Consider

net n .

From to
The B side having O or 1 cell can cause an update of only the first

move in the sequence. Afterwards LB(n) > 0. Updates can occur
only for FA(n) = 1 and FA(n) = 0, once. 1 more update for B = F.
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i

So, we have:
total# of gain adjustments/passis O(f)
fis#of initidly free cells.
Thus, g = O(f) = O(P)
Each time a net is updated, the total gain of any cell on that
net can be incremented at most 2x, so during 1 update the
value of MAXGAIN can be reset at most to MAXGAIN +2.
So RisO(N) = O(P).
U

* The total work required to initialize and maintain cell gains

isO(P) per pass.
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After each “pass’, we find k, which maximizes
gmax = ;1 gi
19 G > 0
exchange al,a2,..,ak with bl,..bk

Note, that the partia sum

> g may be<O
in early stages.

e B
ot
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