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Goals of this note set:

Remember how torepresentsine waves as phasors<> e’
Understandwhat a Fourier series *1s *.
Understandwhat a Fourier transform*1is *.

...wherethey come from

...and how they work

Review how touse Fourier transforms to find circuit transient resp onse.
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Fourier Transforms and Fourier Series

Why ?

We must often solve ordinary and p artialdifferential equations.

We need efficient toolstodo this.

We want betterunderstanding and intuition.
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Solving Simple Differential Equations
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Solving Simple Differential Equations
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Phasors
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Differential Equations: Easy to Solve with Sinewaves

'Z?'/’é:'fﬁf‘:"*/ﬁ?‘é?ﬁééw e Zicy o0 Splve L
= i —

S ess s
e ———

~wé Sl
lle 7 = o }
€ i fhe 2igra Fanibion of bhe olivrseéa

Q/p-ﬁ-.-"-: fdf'-ﬂr

T I 7% + To@W= U (£)
L

Se ﬂ_‘u:z;,
Ghact ﬁ'm" 2L (LA = 7R e

=> -J-;,J“?"[ﬁj""% =“‘5‘¢-,-

-.f"-/-"-"'-’i{
Gusl TR = U E

S
: 2N

/o JIT




ECE137A class notes, UCSB, Mark Rodwell, copyright 2019

Sinewaves and Complex Exponentials

Why work with e’” ? Whatis it ?

Euler identity: e’ = cos(wt) + j sin(wt)
e’” =cos(wt)+ jsin(awt) e’

— jt

= cos(wt)+ jsin(wt)

e’ =cos(wt)— jsin(awt) e’ =cos(wt)— jsin(wt)

e’” +e’” =2cos(wt) e!” —e /" =

cos(at) = (e’ +e ™) /2 sin(at) = (e’ —e ™) /2

=2 jsin(wt)
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Sinewaves and Complex Exponentials

cos(at) = (e’ +e /) /2 and sin(wt) = (e’ —e*)/2
Driving a circuit with a cosine or sine wave 1s thesame as

driving it witha pairof exp onentials.

—\ o M —\N o
I/m e Vout —)% I/i”] vy Vout
VinZ
v
A\

Vie =V, cos(et +0) Vin = (Vo /2)exp(jor + jO)
Vie = (Vo /2)exp(—jort — jO)

Solve the problemby sup erp ositon, sep arately

solvingforV, ~withl, appliedand V, with)] applied.

ut
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Complex Exponentials: Ignoring the Real Part

Real part of e’ =Re{e’”} =Re{cos( wt)+ jsin(wt)} = cos(wt)

FO—AN o FO—AN o
= OUl ey pu— out
" complex " real
complex ! real !

V@)=V, exp(jor)

=V, lexp(j 6, )exp(jor)
Vi) =V, exp(jor)

=| V., | exp(j6, )exp(jar)

V(@) =Re{l, exp(jor)}
=V, Il cos(arx + j 6, )

Voul) =ReV,, exp(jer);
=V,

ut |

| cos(axt + jO, )

Apply theomplexinput, ignore theimaginary partof theoutput.
Proof 1: Principleof superp ositon.

Proof 2 : Working though step sfrom previouspage of notes.



ECE137A class notes, UCSB, Mark Rodwell, copyright 2019

Representing signals as sets of sinewaves

voice waveform example

— Vout
)V, T

://en.wikipedia.orq/wiki/IiIe:Voice waveform and_spectrum.png

0aF | | | | | |
9 £l 10 10.5 1 1.5
sssss ds
Thisinputsignal is not a sinewave...
...but wecan representit as a sum of sinewaves.
Spectrurm of a voice signal (15 secon ds)
70 7 7 T T T T =
ol _ How do wedo this?

0 500 1000 1500 2000 2500 3000 3500 4000
hertz


http://en.wikipedia.org/wiki/File:Voice_waveform_and_spectrum.png
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Understanding Fourier Transforms and Series

Studentsoften have the Fourier Transformmemorized,

while having littlesense of whatit is or whyit is done.

Fourier series and transform: writinga signal as a sum

of sinewaves (or comp lex exp onentials).

How do wedo this?
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Understanding Fourier: Signals are Vectors

Takean mputsignal Vull)

-l

Approximae byaset V|

Y

-

of discretesteps.

(same methodas integration : we can make A¢ very small)

Y

i
V. becomes a list V(0 g AR
of numbers B
V. (t).V, (8,),....V, (ty). |'||' || ! I B -
4 t, L,
V() ]

A vectoris a list of numbers. So, V, (¢) is a vector. 171 =

> " in

n
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Writing Vectors as Sums of Basis Vectors

ThevectorV 1s a sumof thebasis vectorsx,, x,, X,

V=V_X+V. % +V. X,

V_issimply theprojectionof V in the X, - direction. .
/ég\ 5

—

Tofind V,, take thedot product X,
<V ‘xl> <xl\x1>+Vx3<x2\xl>+Vx3<x3‘xl>

but (% |%)=1, (%,[%)=0 ,and (% |%)=0,s0 (V' |%) ="V’

x1

—>I7=<I7 \a}xl +<I7 \x2>xz +<I7 \3@})@
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Vector Projection

Y

— A

1s made up of a sumof basis vectorsx,, X, , X,

V=V,x +Vix, +V X,

V., 1s"how much V' is made from x, ".

X

Tofind this, project? onto X, (dot product)
Va=(V|%)
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Change of Basis Vectors

The vectorV is a sum of thebasis vectors XisXys X, J;
7= (7 |5)%+ (7 )%+ (7 |5)% /gv\\
=9 T~
ThevectorV is also a sumof thebasis vectors VisVas Vs
V=V |33+ (7 |5,)5, + (7 | 5,)7; v,
V —
Vi

We can representa vector using more

than one set of basis vectors.
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Understanding Fourier: Continuous time

Vil 4

Rdied

x,(t) \

[|  —

0 t=T

Whatis (V |%)? f

<T7 \?q} =V (t)x,(t,)+V(t,)x,(t,) + ...+ V(t,)x (L)

If wemake At — 0, this becomes an integral.

(V) | x,(0)) = j V() (1,)dt



ECE137A class notes, UCSB, Mark Rodwell, copyright 2019

Understanding Fourier: Our Set of Basis Vectors

a,t)

a,) _-—— a b,(1) — |

at) b,(1)

a,(t) - b,() g t
L S N Ve S "
: i B LW T T L Mol \/T
=0 =T =0 =T

a,(t)=1
27 27
al(t)zx/i-cos 1-—-tj b (1) = V2 sm(l — tj
T T
(27 ) (2 )
az(t):\/z-cos 2.7 4 bz(t)zx/z-sin .22
N A N A
(2 A (9 A
an(z‘)zx/z-cos n-=7 ¢ bn(t)zx/z-sin n-=7 4
N A NI A
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Understanding Fourier: Our Set of Basis Vectors

a,t)
a,n):—\ Y b (1) |
at) b,(1)
e et LT L » L e o |
iy, S g % N N
T\/ N \/1 1 N Rl \/r
Aretheyof unit length ?
lT
<a0(z)\ao(z)>=—j1-dt=1
TO

(ay(®)|ay(®) Z%'([Zcosz(n-z%-tjdt =...=1

1 27

(by (D)|by (D)) 2?12-sin2(n-7-tjdt =..=1
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Understanding Fourier: Our Set of Basis Vectors

bl.(f)l

b,(1) 4 /\ /\

b U *b,(1)

Arethesefunctionsperpendicuar toeach other?
Hereis sketched theproduct b,(¢)b,(?).
Itsintegral betweent = 0and ¢ =T 1s clearly zero.

Sketch out other combinations y ourself.

<a2 (1) ‘ a, (t)> = <b1 (t)‘a3 (t)> =etc =0.

Theset of functions a,(?),a,(t),b, (¢) are a set of basis vectors.
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We Have Just Derived the Fourier Series

ao (t) 1 [ i

a,(t)=2"¢ ( 27” t bl(t)zx/i-sin(l-z%-tj e i~ T .
27 ) 27 Hjmﬁ\ 2N
a,(1)=~/2-co (2-74) b2(t)_\/§-sm(2~7~zj 2N % =
a,(f)=~2-co ( 27 tj bn(t)zﬁ-sin(n-z—”-tj s A !
T T

V(1) = <V(t)‘ao(t)>ao(t) + <V(t)‘a1(t)>a1 (1) + <V(t)‘a2(t)>a2(t) T
A+ <V(t)‘b1 (l‘)>b1 (1) + <V(t)‘b2(t)>b2(t) +...

(V(t)|ay(@®) = %EV(t)aN (1)dt

(V(8)| by (1)) = %zm)bN (0)dt
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We Have Just Derived the Fourier Series

2 2 2
V(t):a0+a1\/2~cos(1-7ﬂotj+a2\/2-008(2-7”0tj+a3\/2-cos£3o7ﬂ-tj+...
: 2 : 2 : 2
et b2 -sIn 1-7-t +b,+/2 -sin Z-T-t +b,+/2 -sin 3-74 +...

1 T
ay =" j V(t)dt
; UT—\ a h,.m?//—\
a, = 1 [V ()2 -cos(n-z—ﬂ-tjdt et N .
T .O T a ‘R ! by I/\ !
1 7: . 2 :Tn ’T'f' ;Tu fT""
b, =— V(t)\/g-sm(n-—ﬂ-tjdt
T T

Warning: the form of these equations, though correct, is different from those in many textbooks.
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Fourier Series: What does it mean ?

V(t)=a, +a1\/5-cos(1-27ﬂ-tj+a2\/§-cos[2-27ﬂ-tj+a3\/§-005(3-277[-tj+...

...+b1\/§-sin[l-%-t}+b2\/§-sin(2-27ﬁ-tj+b3\/§-sin(3-27ﬁ-tj+...

1 T
a=— _|' V(t)dt
0

1 27 )
a, = ?'([V(t)\/i . COS(I’Z : 7 : tjdt a, I‘:—\ - byt ¥/_\
T a,m b,(1)
b = lj V(W2 - sin(n 2z tjdt = Iz
T 0 T a,fn R byt T/\
[
!

We writea signal as a sumof DC,smewaves and cosine waves.

Themagnitude of thesignal's componentat any frequency
(sine or cosine) 1s simply thedot product(projection integral) of

thesignal and thesine waveor cosine waveat thatfrequency.



ECE137A class notes, UCSB, Mark Rodwell, copyright 2019

Complex Exponential Fourier Series

!
a,f) T\ b, I/\
|
i |

,TU I?T ’1“ !TT
1 T
Dot productfor comp lex functions: <a(t) ‘ b(t)> = P j a(t)b (¢)dt
0
Euler identity:e’” = cos(awt) + sin(wt)

Basis functions: ¢, (¢) =exp(jnw,t) wherew, =27z/T

Nn=—o0 Nn=—ao0

V)= (V(®)|c,®)c, ()= ¢, exp(jnayt)

Nn=—oo0 Nn=—ao0

1 T
wherec, = P j V(t)exp(—jnw,t)dt
0
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Fourier Integrals / Fourier Transforms

L.
>

3

If wetakethe time limit T of thefunction to infinity,
T

thesum of frequencies becomes an integral. <a(t) ‘ b(t)> = % I a(t)b (t)dt

0

V(t) = i I<V(t)‘exp (jor))exp(jor)dw = i jF(jco) exp(jot)dw

where F'(jw) = <V(t) ‘ exp(Jj a)t)> = T V(t)exp(—jwt)dt
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Solving Circuits Using Fourier Transforms
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Solving Circuits Using Fourier Transforms
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Solving Circuits Using Fourier Transforms
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Solving Circuits Using Fourier Transforms
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Solving Circuits Using Fourier Transforms

3) ,-afﬁ/d‘;‘:a//j he Guplitaoe Gucl phose o ¥ ezcf
Semean  colitd o des ap 2 ()
/@ Ebs  Lras .-’;é }2:::,6;.:.:.
%) Aotd EoaSE 52 S 0 “= 7/4::/
2t (E) “lake e ,mverse ,4»:@-— f’/‘:}df/éfi &



ECE137A class notes, UCSB, Mark Rodwell, copyright 2019

Solving Circuits Using Fourier Transforms

/P
Mp——
é & [ — T = e
L (F) —

_ Vit ()
I .

2ECE) o TIE) ¢ v L)€

foa —
A c.’:,rni) = /-'5-’7(’:‘)&’ o/ﬁ y
—c
Yoo _
—r Cat &
v () = s &) e S i s

|—.=#



ECE137A class notes, UCSB, Mark Rodwell, copyright 2019

Solving Circuits Using Fourier Transforms
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