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Background / Intent

Noise isa complex subject

Math

Physics

Device noise models

Circuit noise analysis

2 - port noise representations

Systems noise analysis

System sensitivity calculations
We can only touch upon a very few points here.
More details in other classes.



Probability Distribution Function: 1 Random Variabl

During an experiment,a random variable X takes ona particular value x.
The probability that x lies between x, and x, Is

P{Xx, < x<X}= j f, (X)dx

f. (X) Is the probability distribution function.

i, (x)

A
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Mean value, Variance, Standard Deviation

Mean Value of X: (X)=X =E[X]= Ixfx(x)dx

Expected value of X*: <X2> = E[X2]= sz f, (x)dx

The variance o of X is its root - mean - square deviation
from its average value

ot = (X = XP) = E[(X —xF]= [(x= %P t, (e
o2 =(X?)~(x). -

The standard deviation o, of X issimply the square root of the variance



The Gaussian Distribution

The Gaussian distribution :

1 —(x=x)
f —
0 ﬂ‘{ 257 j

The mean (X) and the standard deviation (o) are as defined previously.

Because of the * central limit theorem™*, physical random processes arising
from the sum of many small effects have probability distributions close to

that of the Gaussian.
f, (X)

| 1—
>
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Pair of Random Variables

In an experiment, a pair of random variables X and Y
takes on specific particular values x and .

Their joint behavior is described by the joint distribution f,. (X, Y)

DB
P{A<x<BandC<y< D}=H £, (X, y)dxdy
CA



Correlation and Covariance

The correlation of Xand Y Is

400400

Ryy = E[XY]: j jXY° fyy (X, y)dxdy

—00—00

The covariance of X and Y Is
va — E[(X _Y)(Y - 7)]2 va -X-y

Note that correlation and covariance are the same
If either X or Y have zero mean values.

If we are dealing with AC noise signals (subtracting off DC bias),
the mean values are zero.
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Random Processes

A voltageV(t) varying (in some sense) randomly with time.

Measured at times t, and t, , V (t) has valuesV (t,) and V (t,).

v(t) ,

(t,) <
z(;)« \\
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Autocorrelation Function of ARandom Process

Write for simplicityV, =V (t,),V, =V (t,)
va (t11t2) — E[vl’VZ]

If the process is stationary, the time origin does not matter,
and E[V (t,),V (,)] = EV (). V(; +t, 1) = E[V (1).V (t+ 7)]

Then R, (z) = E[V(1),V(t+7)]
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Power Spectral Density of a Random Process

Power spectral density = Fourier transform of R, (7):

Syv (w) = J Rov (T)eXp(— Jor)dr

R, (r)and S, (@)are a transform pair,so R, (z j Sy (@)exp(jor)dw

The power delivered toa load isV? /R, ,,
so the average value of the noise power is E[V°]/R,

BULEV ] =R,/ (0) = [ S (@Ko

So, integrating the power spectral density (& dividingby R, .., )
gives us the noise power.
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Single-Sided Hz-based Spectral Densities

Double - Sided Spectral Densities

R (7)=EV (t)V (t+7)]= %j Sw (jo)exp(jwr)dew
SVY (Ja)) = j Ry (r)exp(— Jot)dr

Single - Sided Hz - based Spectral Densities

R (7) = ENV OV (t+ 9)]=2 [ & (if Jexp( j2f o)

—~

Sw (if)=2 [ Ry (r)exp(- j2Afr)d<
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Single-Sided Hz-based Spectral Densities- Why ?

Why this notation ?
The signal power in the bandwidth {flow’ fhigh}

~ flow Fhigh i igh_

[ S+ [ S (i ) == [ S (if

Load —fp; igh Load frow RLoad fiow

Power =

— S, (jf JR,.., is directly the Watts of signal power
per Hz of signal bandwidth at frequencies near to f.
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Thermal Noise: Resistances

For hf << KT , resistors produce noise voltage.
Sw (Jf )= 4KTR

By a Thevenin - Norton transformation, the noise current is

§||(jf):£ ‘
" % R d&”) In
En , ‘ |

R
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Avalilable Thermal Noise Power

Maximum power transfer : load R matched to generator R.
With matched load, voltage across load IsE,, / 2
With matched load, current through load is I, /2 R

En
Given that

§Vv(jf):‘]-k-rl:\) or §I|(Jf):% — d<?;>ad> _

"?R

—AW
A
e

P..q 1S the maximum (the available) noise power, hence
ina bandwidth AT, P, o = KT - Af |

All resistors have equal available noise power.
Any compononent under thermal equilibrium (no bias) follows this law.
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Noise from an Antenna

d<I:)available,noise> _ o TAN
- KT = S, (jf) =4KT Re(2)

The antenna has both Ohmic and radiation resistances. p—

The Ohmic resistance has a noise voltage of spectral density T

En,rad
4KT,, e Ronmic » Where T . 1S the physical antenna temperature @

Rloss
The radiation resistance has a noise voltage of spectral () En,joss

density 4kT ., R

of the region from which the antenna receives signal power

, Where T, IS the average temperature

rad

Inter - galactic space isat 2.7 Kelvin (Big Bang)
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Shot noise: PN junctions

*|f *,givena DCcurrent |-, thearrival of each electron is statistically
Independent of every other electron,

*then* the DC current has a noise fluctuation | of power spectral density

§|| (Jf) — 2qIDC

DC currents in resistors are * not * a statistically independent flow of electrons,
and * do not * generate short noise.

Currents in PN junctions* DO * exhibit shot noise.
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Device Noise Models: Descriptive, No Explanation

C
I( chx
C E R
B R L. R o Iy, o5 ¢ o
+§. bb_Nb_"be [ ®_»W.
@é(TTV’” ™
Cbej iff gmrf gm I/bee 7
Rex
Bipolar Transistor Er@ex thermal noise
— SOt NOISE
R, By ri Co Iy Evra R,
a1 DM
E
NRg [Ng@ \
Ri
SV R,
T-" N
FET & 8nlwe™
ENRs‘
N‘
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Two-Port Noise Description

Through the methods of circuit analysis, k),
the internal noise generators of a circuit
can be summed and represented by

two noise generators E. and | .

Two-port |—o

The spectral densitiesof E, and | must be calculated and specified.
The cross spectral density * must also be calculated and specified.

*Cross spectral density : SV, jf =2 j RV, exp( 1244 7)dr

Where R, ()= E[V (t)1(t + 7)]is the * cross - correllation function of V and 1.



Calculating Total Noise
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If the generator just has thermal noise,

Se  =4KTR, —

EN,gen

Represent the combination of amplifier
voltage and current noise by a single source
E

Total

We can now calculate the spectral density of this total noise:

S =11z, IF S, +2RefS,, Z;}

n,total ,amplifier

:” Zg ”2 §|n +2 Re{gEnln(Rgen o jxgen)}

Iwo-port |—o

|

amplifier ———>

_— . N, gen
=By + 1y Ly

Two-port ——o

!




Signal / Noise Ratio of Generator

|
E, o aNd E, .., are inseries and see the same load impedance.

The ratios of powers delivered by these will not depend upon the load.
Therefore consider the aviable noise powers.

vV

signal ? n,gen

The signal power available from the generator is Py, . auaitaie —Vsizgna,,RMS [4R .,

If we consider a narrow bandwidth between( fognar — AT 12) and (T, + AT /2),

signal

then the available noise power from E
P = E[E

noise,available,generator ~—

N gen

ngen] S(Jf)Af /4Rgen

The signal/noise ratio of the generator is then

VS|2gnaI RMS /4Rgen VsizgnaI,RMS /4R
(jf)-Af 14R KT - Af

gen

SNR _ F)signal,available _

noise,available,generator En gen




Signal / Noise Ratio of Generator+Amplifier

Signal power available from the generator : Py ... avaitane = Veigna rus / 4R

gen

Noise power available from generator : P, . .y gen = = S(jf)- Af [4R o, =KT - Af
Noise power available from amplifier: P ;. ., amo §En vt o T ) - AT TAR

Signal/noise ratio including amplifier noise:
VS|2gnaI RMS /4R

SNR _ I:)signal available _
P +P (jf)-Af /4R, + S, (jf) -Af /4R,

noise,avail ,gen noise,avail ,amp Eiotal En,gen
_ Vsizgnal RMS /4Rgen
Se (jf)-Af /4R, +KT - Af

total
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Noise Figure: Signal / Noise Ratio Degradation

signal/noise ratio before adding amplifier

Noise figure = — : : : e
signal/noise ratio before adding amplifier

Vsizgnal ,RMS / 4 R
KT - Af

gen

Signal/noise ratio before adding amplifier : SNR =

VS|2gnaI RMS /4Rgen
(jf)-Af 14R,, +KT - Af

Signal/noise ratio after adding amplifier : SNR = <

total

(jf)-Af /4R, +KT - Af

Noise figure= f = Etota.
KT - Af

(If)/4R, _ 1, amplifier available input noise power

Noise figure = 1+ oo
T T
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Calculating Noise Figure

(JF)/4R,
N OISG fl g ure = 1 + Etotal kT Iwo-port |—o
We aISO knOW that : ~—— generator < amplifier —————
~ B 2 ~ ~ %
SEn,total,amplifier _”Zg || SIn +2Re{SEn|nZg} R(, J'XL Ez';z l
Two-port ——o
Epygen () T -
o § 1

We can calculate from this an expression for noise figure :

S, +|z,['s, +2-Re(zs,, )
4KTR

F=1+



Minimum Noise Figure

Noise figure variesas a functionof Z ., =R, + JX 4,

gen

S +|Z,['s, +2-Re(zs,, )
AKTR .

F=1+

After some calculus, we can find a mimimum noise figure
and a generator impedance which gives us this minimum :

. 1+%[2\/5Ens,n —(im[s., JF +2Re[s, , }

2
ZOIOt = Ropt + jxopt = \/SEn _[Im[SEnln]} — J Im[SEnln]

S) S) S)

n n n

Points to remember are (1) F varieswith Z___, hence there is

gen?

an optimum Z__ (2) which givesa minimum F (3).

gen
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Noise Figure in Wave Notation

Written instead in terms of wave parametere

4 opt

P—HF [ J [1 Fo ]

F=F., +7

Moise circles

These describe contous in the I, — plane of
constant noise figure : " noise figure circles",

I.e. a description of the variation of noise figure
with source reflection coefficient.
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Low-Noise Amplifier Design

Design steps are

1) in-band stabilization: this is best done at output port to avoid degrading noise
2) input tuning for F;,

3) output tuning (match)

4) out-of-band stabilization

Note that tuning for minimum noise figure requires a *mismatch* on the amplifier input;
amplifier gain therefore must lie below the transistor MAG/MSG.

Note that tuning for minimum noise figure implies that amplifier
iInput is mismatched: input reflection coefficient is therefore not zero !
Noise and Available
Gain Circles

Discrepancy in input noise-match & gain-match
can be reduced by adding source inductance

7,

O

NW

Z

Noise_circles
GAcIrcles

Vgen
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Example LNA Design: 60 GHz, 130 nm SiGe BJT

] ‘
8 m9
T freq=60.00GHZz
c4 i nf(2)=5.374
C=1pF 10
_ \ee ) | T
—A\\ | E—=lI |
+_L R b i i
= R17 oty
- - TL3 — ey i
_ R=175 Ohm Subst=" ,-fg : m_,__ i
W=5.0 um Port E}I, ST
L=180 um P2 ‘EL.IQ'@ 232} 0 m10
o = o 1 freq=60.00GHz
L - Mod=Kirschning hurT=2 ﬁ% o3 quS > 1 5 o14
— MU A 7 =
.'-_3': TL5S —L | D | ( ( 1 )) -
SRG1 Subst="T c o _
Vde=2 V W=5.0 um c2 e DC -10 —
L=380 um C=1pF SRC2 |
Mod=Kirschning ¥ ) dc=1.7 mA |
Port 53 B
P1 [ |
_ ; C=1pF a
Num=1 =5 |||_.._|. ] :

' ! -20 T T T T T ] \ T T T T T
20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
Il freq, GHz

=

oo
3
N—

MLIN R15
TL4 -
Subst= § R=175 Ohm
W=5.0
L=775 um 1
Mod=Kirschning =
I w
— L T
— = - '—"E‘
c 5 —=0
&3 R16 -
C=1pF R=175 Ohm N ﬁ ..I
E I._r\:l
=

gain & noise circles after input matching
note compromise between gain & noise tuning




Noise Figure of Cascaded Stages

2 3 4
GA[ GAZ GA3 GA4

F,-1 F-1  F,-1

F + +
G Al G A1(3 A2 G AlG AZG A3

cascade

=F + +...

This is the Friis noise figure formula.
G, are the available power gains.

The relationship applies whether or not inter - stages are matched.



