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Transmission Line Analysis
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Geometries

Characteristic Impedances
Time Domain Analysis

Lattice Diagrams

Frequency Domain analysis
Reflection coefficients
Movement of Refernece Plane
Impedance vs Position

Smith Chart

Standing Waves

Solving wave equations quickly



types of
transmission lines
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Transmission Lines for On-Wafer Wiring

geometry voltages currents
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Transmission Lines for On-Wafer Wiring

geometry voltages currents

coplanar W+2S
strips +—> | |
‘.| . | .

slotline
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Substrate Microstrip Line

_>W4_

Dominant Transmission medium in
I1I-V microwave & mm-wave ICs

Key advantage: IC interconnects
have very low ground-lead
inductance

Ground-lead inductance:
-leads to ground-bounce
-is Miller-multiplied by IC gain

Key problems:
through-wafer grounding holes (vias)
coupling to TM modes in substrate

Via inductance forces progressively
thinner wafers at higher frequencies.




basic theory
L, C, Zo, velocity, Gamma



class notes, M. Rodwell, copyrighted 2009

Transmission Lines

A pair of wires with regular spacing, dielectric loading along the length.
These have inductance per unit length and capacitance per unit length.

Forward and reverse waves propagate.

Reflections will occur if lines are not correctly terminated
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Transmission Lines: Basic Theory

Z, Ldz
W /00017000
= Vgen = = = =
Cdz

From basic nodal analysis of line :
(dV /dz) =-L(dl /dt) and
(dl /dz) =-C(dV /dt) from which we find
Viz,t)=V"(t-z/v)+V (t+z/V)
Vit—-z/v) V (t+z/v)

z, Z

o o

1(z,t) =

where

Z,=-L/C and v=1/+LC
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000 77000

V*(t—z/v) voltage in forward wave

+V ~(t+z/v) voltage in reverse wave

Viit—z/v)
Z

Vo(t+z/v)
Z

0]

current in forward wave

current In reverse wave
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Z,=~L/C and v=1/+LC

L and C are here quantities per unit length.
V= C/ 8r,eff

where c Is thespeed of light and
e, o IS theeffective dielectric constant of theline
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= Vgen —_
Atend of line:
V- =T\V" wherel, = (2,/2,)-1
(Zl/ZO)+1
At beginning of line :
V*=LV +TV,,, wherel, = (2,/2,)-1
(Z,/Z,)+1
and T, = Zo
L, +Z,

Need good terminations to prevent line reflections and ringing
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Total inductance & capacitance in a length of line

If totalline length is |
Then total capacitance in that length is

length

T

length = Z
0

and total inductance in that length is
L (V4

C

length — 0

wherez =1 /v ="speed of light delay" on theline

length
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Lumped models of very short transmission line:

T-model Pi-mcL)deI

L/2 L/2

_KU\J_KU\ CI2 I m I C/I2

If totalline length |, Is much less than a wavelength
or totalline delay = =1,,,,,/v 1s much less thanl/ f .,

or totalline delay = is much less than pulserisetime
then theline can be approximated as a T or  section

T

CIength P
Z

0

I—Iength = TZO
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Ladder models of moderately short transmission lines

Pi-model synthesis
L

ﬂﬂ_ |m | |r6“ | |rp s i
TC/Z TC/Z TC/Z TC/Z TC/Z TC/Z TC/Z TC/Z TC/Z TC/Z

T-model synthesis

L/2 \—_I_—, L/2 L/2 \—_I_—, L/2 L/2 \—_I_—/ L/2 L/2 \—_I_—, L/2 L/2 \—_I_—/ L/2
! C ! C ! C ! C ! C

Clearly, we can break a line of any length into sections of length
l...such thatz, =1, . /vis much less thana signal period.

line line

In this fashion a transmission - line can be modelled by an LC filter.

This s a frequent substituton in circuit simulations



Microstrip Lines
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Microstrip Line: Approximate Properties (1)

_>W —

!

Wide line — field mostly in dielectric. This gives :
v=c/e'? wherec =1/, ue is thespeed of light

Z,=n,H /&' W ,wheren, = \/Z Is the free space wave impedance
&

(note: wide lines have problems)
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Microstrip Line: Approximate Properties (2]

_>W<_

—  ~W +2H «—I

If the line is narrower, hand analysisonly approximate
Effective width =W + 2H

Z,=n,H/&'*(W +2H) only veryappoximately

1/2
r,eff

& o 11€S somewhere between that of air and of the dielectric,

v=cl/e¢

depending upon what proportionof thefield is in air.



Lines In
Time Domain
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Lattice Diagrams = Echo Diagrams

R Z, lenght=/, Z, lenght=/,

Vgeﬂ(t) A T =l l/v T, =L R

2

First:
Analyzefor impulse response
Then:
Use convolution tofind
general reponse.

Recall : Atend of line:

V- =TV*" whereT| = (R/Z,)-1

e
(R./Z,)+1 | D
At beginning of line :
V' =TV +TV,, wherel; = (R,/Z,)-1 and T, = Zo
(R,/Z,)+1 Z,+R,
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Lattice Diagrams = Echo Diagrams

l

Z, lenght

=l, V,

Z, lenght

Ve

S

R

oT (14T,)*3(1)
aT [T (14T,)*5(1)

s( L

i\ ,

time
ol *3(1)
ol I, *3(1) al I',I' *d(1)

(I S S

VCI

>

time

oTxs) ~— OTT(+T)*S()  of T,I (14T )3 ()

1 A

Y




Lattice Diagrams = Echo Diagrams
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R V, Z,lenght=l, V, Z lenght=l, V

¢

-
T =L 5 e 5 R,

a Vh I/c
PR— A i ) s
Vgen(t) T J : Q
— ; ol Q
=0*9(1) T.\‘ \ : S M?
2t : = X S
’ =l =
= ; S +
Lly S — e
. "y Z ¥
: — (oY)
L, 21, 5 > S =
: +
= 4 ' = % Q
FT.T = z g S
sT LT s 2‘[ i o2 ~ i3
2 i O, = - >
— E Q 2 %
; TTIT, 5 > T
; e [ ]
Iq : = ! ¥
“ s oy =
— ) —
! — L
' = T = =
LR D P = 45 =3 3
y C‘)}ﬁ) oy y
S

Now please consider how thewaveforms would change

If the generator were astep-function.
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class not

If [ T IS positive,
pulseresponsesdecay
geometrically (exponentially)

If [ T Is negative,
pulseresponsesalso
alternate in sign - -ringing.

Behavior appears very
close to RLC ringing.
Why ?

A "
volts T
T A S SR
time
/ ~"~
volts T ey
f T

volts

l __________ Ko time

.
-
-
-

~ o~
S -
~




class notes, M. Rodwell, copyrighted 2009

Time-Domain Analysis

600
ViStep Y i
SRC4 + R |§1 E 400—
Viow=0 V - .
L (E— R3 R=500 Ohm g
Vhigh=1V D R=500 Ohm S 00—
Delay=1 psec
Rise=1 fsec
0 T T ‘ T | T ‘ T ‘ T ‘ T ‘ T | T ‘ T | T
— 02 00 02 04 06 08 10 12 14 16 18 20
600 time, nsec
> 400 _’_‘—l_'
£
*5;' N .
— — o —
L=2,-,C=17/2, £
0 T ‘ ‘ T | T ‘ T | T ‘ T ‘ T ‘ T ‘ T | T
02 00 02 04 06 08 10 12 14 16 1.8 20
time, nsec
R Zy =y . t d |
Vﬁ)@" | "% App
gen R
L

R C
g V(1 1L
V(0 % c '_% o cenlV) Q\;,v\/_‘ T .% 3

R L L/(R, +R,) << (R, |IR,)C
) .
ol f 2 f 2 ’% R, —> neglect inductor
RC circuit — charging.

N



Time-Domain Analysis
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VitStep —e— AN Vig
SRC4 1R TLIN
quw=0V R3 TL1
Vhigh=1V @ R=5 Ohm Z=50.0 Ohm
Delay=1 psec _ S
Rise=1 fsec E:’fg%Hz
L:ZOT,CZT/ZO
R_\. Z 0o Y :ll/v
Vgen(t)é\/\/_‘_‘ | % RI
R L2 L2
Vgen(l) % C R
L

R L
H
Veenl® @W_‘ % /2 "TL C/2 ’% R,

R=5 Ohm

@'\/\/—‘ 0
Vgen (l)

1.0

0.8

0.6

Vin, V

0.4—

0.2

0.0 T T ‘ T | T ‘ T ‘ T ‘ T ‘ T | T ‘ T | T
02 00 02 04 06 08 10 12 14 16 18 20

600 time, nsec
> 400—
=
—
= .
2 200
R L L S NN NN DL L RN IR B

T
02 00 02 04 06 08 10 12 14 16 18 20

time, nsec

Approximate model

R L
;Rl

L/(RL + Rs) >> (RL ” RS)C
— neglect capacitor
RL circuit — charging.
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Time-Domain Analysis

100
. 50—
gtséip 3 A AAN Vin Vout . E |
T R TLIN R1 c 0 _,_l
o (E—> R3 TL1 R=0.5 Ohm S
Vhigh=1V t _ : 50
R=500 Ohm Z=50.0 Ohm 50
Delay=1 psec _ E-SBb
Rise=1 fsec B -100
F=1DGHZ T ‘ T | T ‘ T ‘ T ‘ T ‘ T ‘ T ‘ T | T ‘ T
L 02 00 02 04 06 08 10 12 14 16 18 20
— 20 time, nsec
1.5
£
5 Mgt
L:ZOT,C:T/ZO ~ o5
0.0 U

02 00 02 04 06 08 10 12 14 16 18 20

R_\- Z() T[:Z[/V - time, nsec
V) @W_H e % Approximate model
B R, R 7
R L2 L2

W%rg\ '% v V eenV @\/\/—0 ff 2 ._% R
X P R C/2<<R,C/2
)

o) f C”f o ’% . — neglect 2nd capacitor
| RLC circuit — ringing

o
2
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L=Zz,C=1/Z, Zy Tl

R
] ] Vgen(t) R
High - Z, line : &
R

large L,small C.

| A—e—T—/T o
—> approximately V genl¥ @M =g % R
an inductor T L
R L
Low - Z, line : P ¢ 0 °

— approximately
a capacitor.

dwell, copyrighted 2009



Lines In
Frequency Domain
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Time - domain analysis:
Intuititive and clear : pulses bouncing back and forth.

very difficult withreactive (L, C) load or generator impedances

Frequency - domain analysis :
less Intuititive.
easy withreactive (L, C) load or generator impedances
— (1) standing waves
— (2) Smith chart



lllllllllllllllllllllllllllllllll

Line Analysis in Frequency Domain: Phase cnnstant B

z=0

z

Z, Z, lenght=/ —

Phasor notation:V,(t) = Reﬁ/oe"‘“‘], where isV, =||V. ||e'% is complex.
—>V,(t) =V, cos(at + 6,)

On a transmission line, waves travel asV " (t—z/v),V (t+z/v).
For a cosinusoidal wave traveling at velocity v,
cos(a(txz/v)+80)=cos(at £ az/v+60)=cos(ak £ 5z + 6).

LB =wlv=2x/A Isthephasepropagation constant.
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Line Analysis: Exponential Waves

z=0

Z, Z, lenght=/ —
VS @ C» Fs rl« D ZL

Because V, cos(at + 6,) = Reﬁ/oej‘“‘], sinusiodal waves are

writtenimplicitly asV,e'.

Exponential waves propagating in the positivez - direction :
V+eja)(t—z/v) :V+eja)t—ja)z/v :V+eja)te—jﬁz

Exponential waves propagating in the negative z - direction :
V—eja)(t+z/v) :V—eja)t+ja)z/v :V—eja)te+jﬂz
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Voltages on a Transmission Line

z=0

Z, Z, lenght=/ —
VS @ C» Fs rl« D ZL

Voltage on line :V (z,t) = Re[V (z)e'*]
Working with the phasorV (z) makes e’* time dependence implicit.

Phasor voltage on theline :
V(z2)=V7(2)+V (2)
=V *(0)e " +V~(0)e"
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Voltages and Currents on a Transmission Line

z=0

Z, Z, lenght=/ —
ngg -ty r, D ZJ:

Phasor voltage on theline :
V(2) =V (2)+V (2) =V " (0)e " +V~(0)e"

Phasor current on theline :
Z,1(z)=V*(2)-V (2) =V*(0)e * -V~ (0)e"”
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Z, Z, lenght=/ —
Vs é :’ L L D .

Define wave amplitude a such that if || a |= 1, then wave power =1 Watt.

Voltage in forward wave :V " (2)
Current in forward wave : 1°(z) =V "(2)/ Z,
Power in forward wave =V *(1")" =|V*(2) |} / Z,

Foward wave amplitude:a(z) =V *(z)//Z,

Reverse wave amplitude:b(z) =V (z)/ \/Z
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Z, Z, lenght=/ —
VS @ C» Fs rl« D ZL

Power in forward wave =V *(1°)" =|V*(2) | / Z, = a(z)a (2)
Power in reverse wave =V~ (17) =V (2) | / Z, =b(z)b"(2)

Throughout the notes, we use R.M.S. quantities.



class notes, M. Rodwell, copyrighted 2009

Relfections from the Load

z=()
> Z
Z, Z, lenght=/ .
v “AAAAAAN—> ZL
A e,
V- (0)=T,V7(0)
where I} = 71 Is the load reflection coefficient.
2 +1

and g, = % Is the* normalized * load impedance.
0



Relfections from the Generator

ss notes, M. Rodwell, copyrighted 2009

z=0
Z, Z, lenght=/ —
VS@ I, C anpaana— ZJ:
V7(0)=TV (0)+TV,
Z, . . .
where T = Is the source transmission coefficien t

L, + 2

-1. : .
where I, = Zs Is the source reflection coefficient.

2, +1

Zs . : .
and g, = Z—S Is the* normalized * source impedance.
0

Notethat the reference plane (z =0) has been moved.
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z=!-l Z=0'Z
Z [ 1
V(z)=V*'(2)+V (2)=V*(2)-(1+T(2))
V7(2). .. : .
where I'(z) EV*( ) IS the position- dependent reflection coefficien t
Z

V(2) =V (0)e ¥ - (1+ (0)e*2)

V7(z) V(0

+2 |z
V*(z) V*(0)e #* F(Oe

because I'(z) =
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Position-Dependent Reflection Coefficient

]
Reflection coefficient at a distance | from load.

(1) =T (0)e ¥

The reflection coefficient has gone through a phaseshift of

negative L-2-27z radians. z=-1 z=0)
ﬂ/ ! > Z
or | | 3 -
negative 2- /-1 radians. -%VW%%%—»D Z
“—AAAAAAS- :
or
) e L0 4

negative % -2-360 degrees.

...simply because V "and V ~ undergo 360 degree phaseshifts
every wavelength of distance.
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Impedance vs. Position

«——ARAAARR D
) T  TO)

Impedance at any point

Z(2)=V @)/ 1(2) =V @) +V @)@ -1 (2)
-7,V @+v @)V @ -v (@)

1+T°(2)

Z(z) =1, 1-T(2)

Normalized impedance at any point

B 1+1(2)
2(2)=2(2)1Z, = 1-T(2)
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z=-] z=0

Z, Z, lenght=/ )
<%1 ; —aAAAAAA- D Z[‘
V\‘ AR A A AAY 1—‘(0) i

Inputimpedance at z = —|

V(=) 1+T(-)
-1 = 1(-1)  1-T(-)
_V(ED _, 10
N T ) I iy o

normalized.

unnormaliz ed.

Z(-1)
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Impedance and Reflection Coefficient vs Postion

z=-1 z=0

Z, Z, lenght=/ ,
V</§ ~—AAAAAAA- D ZL
" ren ro T
V(2) =V (2)+V (2) =V (0)e " +V (2)e"
Z(2)=V*(2)-V (2)=V*(0)e * -V~ (2)e* "

} WaVeSs

Hz) =V @)V | (2) reflection coefficien ts
['(z) =T'(0) e*”

1V(z) 1+TI(z)

Z, 1(z) 1-T(z)

Conceptually simple, but tedious math. — Work witha graphical tool.

2(2) =

} normalized impedance
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['-plane

I'=-1+j0 =140

Re[T']

The relationship 5_?—14—)1“ Z’_lls key .
_I_

Therelationship isal-1mappingbetween the complex #s 2 and T;
a conformal transformation. This relationship can be graphed.

In the 2 - dimensional plane of I"-the I" plane -
a reflection coefficien t is represented by a point
(here, a red dot).
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Moving Refernce Planes---on the Smith Chart

Im[1']
I"-plane

As we move a distance | away from theload, RelT]
the vector I' rotates by an angle A&

AO =27l

_-360°- 1.2
A

= one whole rotationin theI" plane
for each half - wavelength movement
on the transmission line.
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Finding Impedances T

1 V(z) 1+I(z

5(2) = Z, I((z)) N 1—F§z;

Thisisal:1relationship \/
between reflection coefficient I" (magnitude and phase)

and normalized impedance 7z (real and imaginary parts).

Plot theunitsof 2 ontheI plane!
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Finding Impedances x=1

T . X:]_/S,/ ’)\ X =23

5_1—F_zo
Z =R+ jX
2=1I+ JX
X=0
/Q
r=1/3 =1

Real and imaginary
partsof impedance x=-1/3
can be read from \\-

the curved impedance y /

axes on the chart. X=-1
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Finding Reflection Coefficient

[-pl
The magnitude and angle / \p e

of I"are simply read from
thechart (radiusand angle) /  ~_~ _____|

- ,/,I \\\\
this measurement can i \

be done using a ruler
and a protractor™.

-------

*though today theCAD softaware does the measurement from a cursor.
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Zin, line ZI )
L. L.
Z Z, lenght=/ —
V@ —AAAAAAA D ZL
“ r-) o
Starting with the load impedance Z ,
we compute g, =Z, /Z,. /;\F .
LY~ L
We then find this pointon the Smith chart. ,// /‘ \‘
This determines the load reflection A i

______

coefficient I, .
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Zin,/ine Zl,
L, L.
Z, Z, lenght=/ —
—AAAAAAA ZL
V‘Cf}g ) ARAAAASA—> ‘?(O)
We then rotate the vector T r-) !
through an angle 360° - (21 / A).
TN
This locates the input reflection Lemmmas <

coefficient.

/4 Y

1 )

i !
We can now read off M. ‘

the input imp edance. in —
P P \__F _
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D L0 )
NEachasmphssi:

Impedance Z = R+ jX

Normalized impedance 2=2/Z,=r + JX
AdmittanceY =1/2=G+ |B

Normalized impedance Z =YZ, =Y /Y, =g+ Jb
Smith charts can have axes for 2, %, or both.



Solving Wave
Equations Quickly
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Waves and Fourier Transforms (1)

M axwell's equations give us a wave equation :

= i
V°E = us- aatE +y2—‘z+g‘1Vp If 12and ¢ are uniform
Assume nonzero conductivity,J = oE, assume charge neutrality o = 0.
- O°E oE
V°E = +
Mo TR

Tosolve this easily, assume
E.(X,y,2,t) = E el”e g ¥YgIz (and the same for E,. E,)

Sometimes, thek's are complex:writingy = jk=a + |

E.(x,y,2,1)=Eee!”e e g7’
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Waves and Fourier Transforms (2)

So we have:
0°E,  O°E, O°E O°E oF

x 1 Ex Y x Y X (and thesame for E , E,
oyt a2 T MTa ( =)
Given

E,(x,y,2,t) = E,g'”e e "Ye " (and thesame for E , E,),

This becomes simply

ki +k; +k; =k* wherek® = (jou)(joe + o)

This is the wave equation in the sinusiodal steady state
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Waves and Fourier Transforms (3]

I(z+0
Viz) 1) V(z+0z) (Z_Z),
ee - | | Zseries [ Zseries | ee
parallel Ypara/lel Yparal/el
v v v

Now consider a 1-dimensional system(transmission - line)
oV ol
~ _Zseriesl and — = _YparaIIeIV
0z oz

Tosolve this easily,assume
V7 (z,t) =V el and 1 7 (z,t) = 1 ' el”e”

Then
7/\/ — ZseriesI and 7' :Yparallelv




notes, M. Rodwell, copyrighted 2009

Waves and Fourier Transforms (4)

[(z+0
ve) 10 peesy 1YY
ee — Zsel’ies | Zseries | *e
parallel Yparal!e/ Ypara/lel
v v v
7/\/ — ZseriesI and 7' :Yparallelv

Multiply bese:
7/2V| = serles paraIIeIVI _)y:i\/zseriesYparallel

Divide these:
V1T = Zseriesl B /Yparallel — Zo = (\/ A lL) — i\/Zseries /Yparallel

The = before the root indicates that theforward current has the same sign as the
forward voltage, while the reverse current has sign oppositethat of the reverse voltage.
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Waves and Fourier Transforms (o)

Loz ROz Ldz ROz

- TN TN
v % T % v %
Coz Goz Coz Goz Coz Goz
Line has series inductance L and series R resistrance per unit lengnt.

Line has parallel capacitance C and parallel conductance
G perunit lenght.

Then

Zseries
So:
y=%J(R+ joL)(G + joC) Z,=+/(R+ jolL)/(G+ jaC)

=R+joL Y. .. =G+ jaC

parallel —
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Waves and Fourier Transforms (6]

Loz ROz Ldz ROz

FiT T

- - Coz Goz Coz Goz Coz Goz
7y =2J(R+ joL)(G + joC) £, ==K+ JoOL)I(G+ JoL)

Suppose R <<wlL and G << jaC .Use(1+&)" =1+ Ng+0(g?)
Z,=+JjoL! joC/@+R/ jolL)/(1+G/ joC)

Zy

|12

+\/T.1+R/j2a)L
IVC 1+G/ j2aC

Notethat Z, becomes slightly complex.
Importantsometimes in S - parameter calibration



Waves and Fourier Transforms (7]
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Loz ROz

Ldz ROz

3T

T

V= i\/(R + JoL)(G + JoC) Coz GSz Csz Gz Coz Gz

Suppose R<<wlL and G << JjoC .Use(1+¢)

7 =2(joL)(joC) 1+ R/ joL 1+ G/ jaC
~+jwLC -1+ R/ j20L)1+G/ j20C)

&

|12

I+

R

+ GVL/C + Ja)\/ﬁ}

2JLIC 2

R

|12

I+

R

27,

GZ 0 4 ja)\/E}—+[a+ il

=1+ Ne+0(g?)



