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Waveforms as Vectors
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Signal energies, orthogonal signals
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0 1 2

In each symbol period 0, ,  2 ,...
we apply message voltages , , ,...

Each of these are multiplied in the transmitter by the symbol waveforms, 
( ) ( ) ( ) ( 2 ) ...
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s s
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Radio transmitter

Simplify:  use orthogonal waveforms between symbol periods:
( ) ( ) ( ) ( 2 ) ... 0

Flat* channel frequency response  zero intersymbol interference  can analyze one symbol period at a time.
s st t t t t tφ φ φ φ− = − = =

→ →

*If the channel response is not flat, we lose orthogonality between symbol periods. Intersymbol interference.  Need equalization. Much more complex to analyze.  Much more complex to design.→
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Transmitted Signal Energy for One Symbol Period
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Radio channel model: orthogonal symbol waveforms

*If the channel response is not flat, we lose orthogonality between symbol periods. Intersymbol interference.  Need equalization. Much more complex.→
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Received Signal Energy for One Symbol Period
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Receiver noise 1
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Receiver noise 2
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Bit error rate vs. SNR: binary modulation
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Error functions

2 2 2

2
1 1 1 1exp ( ) exp

1 2 22 2
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( ) can be related to the more well-known error function*

1( ) 1 erf      ,
2 2

Q x

xQ x
  = −  

  

but ( ) is more directly useful in communications problems.
I will provide a good tabulation of ( ) for small ,  
but there is a very good bound for large :  

Q x
Q x x

x

* https://en.wikipedia.org/wiki/Error_function
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Tabulated values of the Q-function

Q(3.0) = 0.001349898
Q(3.1) = 0.000967603
Q(3.2) = 0.000687138
Q(3.3) = 0.000483424
Q(3.4) = 0.000336929
Q(3.5) = 0.000232629
Q(3.6) = 0.000159109
Q(3.7) = 0.000107800
Q(3.8) = 0.000072348
Q(3.9) = 0.000048096
Q(4.0) = 0.000031671

Q(2.0) = 0.022750132
Q(2.1) = 0.017864421
Q(2.2) = 0.013903448
Q(2.3) = 0.010724110
Q(2.4) = 0.008197536
Q(2.5) = 0.006209665
Q(2.6) = 0.004661188
Q(2.7) = 0.003466974
Q(2.8) = 0.002555130
Q(2.9) = 0.001865813

Q(1.0) = 0.158655254
Q(1.1) = 0.135666061
Q(1.2) = 0.115069670
Q(1.3) = 0.096800485
Q(1.4) = 0.080756659
Q(1.5) = 0.066807201
Q(1.6) = 0.054799292
Q(1.7) = 0.044565463
Q(1.8) = 0.035930319
Q(1.9) = 0.028716560

Q(0.0) = 0.500000000
Q(0.1) = 0.460172163
Q(0.2) = 0.420740291
Q(0.3) = 0.382088578
Q(0.4) = 0.344578258
Q(0.5) = 0.308537539
Q(0.6) = 0.274253118
Q(0.7) = 0.241963652
Q(0.8) = 0.211855399
Q(0.9) = 0.184060125

Some values of the Q-function are given below for reference.

http://en.wikipedia.org/wiki/Q-function



13

class notes, M. Rodwell, copyrighted 2012-2024

Bit error rate vs. SNR: 2-level (binary) modulation
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Bit error rate vs. SNR: 4-level (2bit/symbol) modulation

( )

,

,

2 2 2 2
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Bit error rate vs. SNR: 8-level (3bit/symbol) modulation

( )

2 2 2 2
,

1

Case 3, 8-level signals:  7, 5 3, 1, 1, 3,+5,+7
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 the average received energy per bit

Note that the multi-level coding schemes, though they provide more bits/symbol, hence more bits/Hz, require more energy/bit
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The data symbols can include the RF carrier

1/2

In the prior analysis, the transmitter did not have an LO and RF mixer.
This does not matter: the data symbols can include the RF carrier.
Specifically, if 

( ) ( ) 2 cos( )
then the 2 block di
RF BB RFt t tφ φ ω= ⋅

agrams below are equivalent
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QAM can be treated as two separate radios
In the prior analysis, we did not consider (I,Q) modulation. But, because cos( ) sin( ) 0, 
we can, at least neglecting system imperfections, treat the cos( ) and sin( ) signal channels as en

RF RF

RF RF

t t
t t

ω ω
ω ω

=
tirely separate.
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QAM can be treated as two separate radios

,

,

,

We can analyze QAM by separately analyzing the I  and Q channels. Consequently,

QPSK
/ 2

(2 / 5)3=   16QAM  
2 / 2

(3 / 21)14=   64QAM
8 / 2

r bit

r bit
error

r bit
error

E
Q

kTF

E
P Q

kTF

E
P Q

kTF

  
     


 
     


     
 

,where  is the average received energy per bit.r bitE

,If we wish to write expressions in terms of  , we must decide whether to define this at the total energy per symbol in I and Q, or the energy of each separately.
The first definition is the sta

r symbolE

,ndard one. Be aware of this factor of 2 if using the  expressions from the previous pages.r symbolE

Decomposing the (I,Q) plane into separated (I) and (Q) analyses is not possible for all constellations....
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Analysis in the I/Q plane

2

With an arbitrary (I,Q) consellation, error rates can be found by noting
1) received energy/symbol  of each constellation point =(distance from origin)

2) Average received energy/symbol
  (energy/symbo

=
l of each point) times (probability of each point), 

  summed over all points.

3) Error probabililty for each contstellation point
distance to each close boundary  =   summed over all close b

/ 2
Q

kTF
 Σ  
 

oundaries

4) Overall probability of error per symbol = 
   (error probabilty for each pont) times (probability of each point), 
  summed over all points.

3) The relationship between *Bit* error rate and *symbol* error rate
depends on the details of how bits are mapped into symbols
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Receivers: correlators vs. matched filters

1

1

Output of correlators

( ) ( ) ( ) ( )  

What if we instead pass the signal through a matched filter ?
Matched filter impulse response: ( )

Output of matched filter: ( ) ( ) ( )
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1pose we set ( )  ( ) time reversal and delay.

Then ( ) ( ) ( )

If we sample ( ) at :
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With a matched filter

So we can replace a correlator in the receiver

Implementation: the root-raised-cosine filters discussed earlier.
These can be analog filters, or can be in DSP after the ADC
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