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Waveforms as Vectors

Consider signals v,(¢) and v, (¢) bandwidth-limited to DC—fhigh VAOY v) vt eee V(L) L ()

Sample these at Nyquist intervals ¢,,7, =t + At,t; =¢, + At ... where At =1/2f,, ,L\ k_T\
- o ST

() v, (1)
~ v, (¢ , ~ v, (¢ VD () v, (1 v(t,)
v,(¢) becomes the vector v, = 1(, 2) while v, () becomes the vector v, = 2(, 2) i vAt) VAL X /T\
: : _

V() v, (1) | N— | Nt t

Dot product or vector projection: <171 ‘172> =v,(t,)v, () + Vv, (,)v,(2,) +- -+ v, (2, )v,(2y)

Limitas At —0 (orasf,, —c°):

T/2
<vl () ‘ v, (t)> = j v,(t)v,(¢)dt dot product between two signals

-7/2

The time between —7'/2 and +7 /2 1s the duration of our experiment
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Signal energies, orthogonal signals

T/2
Two signals v,(¢) and v, (¢) are orthogonal (perpendicular) if <vl (t)‘v2 (z‘)> = I v, (H)v,(¢)dt=0 vt (*
~7/2 1 -
1 T/2 1 $ R
Energy due tov,(¢) : E, = ra I v ()dt — E, = E-<v1 (t)‘v1 (t)>
-T/2
v \'4
1 T/2 1
Energy due to v,(t) : P = [ vi@ar— E, =E-<v2 (0)]v,(0)) 5 »
-T/2
+
V(D) ( 2
Energy due to v,(¢) and v, (?) :
\'4
1 T/2 5 1 T/2 , , 2
E,=—- I (Vl(t)"'vz(t)) dt =—- _‘- (Vl (1) +vi (1) +2v (t)Vz(t))dt =E +E, +_<V1 (t)‘vz(t)>
R 3, R 3, R v (%)
5 R
E,=E +E, if and only if <V1 (t)‘v2 (t)> =0 v(7) o
2




Radio transmitter
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In each symbol period O, ¢, 2¢,,...

we apply message voltages m,,, m,, m,,...

Each of these are multiplied in the transmitter by the symbol waveforms,

Dot () =P+ Pt —1 )+ P(1 =21 + ...

The transmitted voltage 1s then amplified by ¢, :
v, (t) = mo,d(t) + mya,¢(t—t) + myor,p(t —2t ) +...

Simplify: use orthogonal waveforms between symbol periods:

(6(0)| 0 —1,)) = (1) | (1= 21,)) = ..= 0

transmitter

V()

message Voltages o o
M, M, M.
at times

0,1,21,..

—

symbol waveforms

(O +o(-1)+d(2-21))...
at times
0t ,2t,..

Flat* channel frequency response — zero intersymbol interference — can analyze one symbol period at a time.

*If the channel response is not flat, we lose orthogonality between symbol periods. — Intersymbol interference. Need equalization. Much more complex to analyze. Much more complex to design.
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Transmitted Signal Energy for One Symbol Perio

ST — — pl. _ @ O
Normalization: symbol waveform energy = £, = R <¢(t)‘¢(t)> 1 Joule 7 .5 3. ] 3 5 7

Transmit waveform voltage for one symbol period: v, (¢) = a,m, (¢t — nt,) — %

Transmit signal energy for one symbol period

=R (v, (O, (0) =0 m?|- (1 Joule) —] ,
E=R"-(v, NG) H .

2 2
mHqu—a[-

m might be -1/+1 (1 bit/symbol) — |m’| =1
m might be —3/~1/+1/43 (2 bits/symbol) —|m*|=0.25(9+1+1+9) =5
m might be -7/—5/=3/-1/+1/+3/+5/7 (3 bits/symbol) — m’ | = (1/8)(49+25+9+1+1+9+25+49) =168 /8 =21
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Radio channel model: orthogonal symbol waveforms

. . transmitter receiver
The channel attenuates the signal by ¢, :1 in voltage Cttemuation  noise
v
. . t ! n
The receiver adds noise n(t) - v (¢) =a.v (t)+n(t) message voltage _«'o_@ g, [ o, (=) il (X }——]integrate| —
r rot m,.. N/ d ! \.f/ L
at time nt, n(t)

To recover the signal in the n” time slot,

(sl.))(/mbo)l waveform —>l symbol waveform —

. . f-nt )...to transmit signa t-nt )...to recover signal

the receiver correlates v, (¢) with ¢(¢ —nt), Stthie | ﬂ:t(thej) ©
nth symbol period nt nth symbol period »nz,

then divides by R, and divides by E,”

1 |
= R (v, ()] g(t —nt)) = RET j v, (O —nt,)dt

We divide by RE,” because this causes 7, to have units of (Joules)"”.

which will provide key insights for sensitivity analysis

r,=RE;"(v.(t)|@(t—nt,)) = RE,"* (et,0,m,§(t —nt )+ n(t)|p(¢ — nt) )
r,=a,0m,RE;" (p(t—nt)|p(t —nt )y + R7E," (n(t)|¢(t —nt,))
r.=o,om,E;"? + RTE]" (n(0)| @t —nt))=om E;" + R™E]" (n(1)| ¢t —nt))
Where we have written o = o ¢, to de-clutter the math

*If the channel response is not flat, we lose orthogonality between symbol periods. — Intersymbol interference. Need equalization. Much more complex. 6
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Received Signal Energy for One Symbol Period

— >
Normalization: symbol waveform energy = E, = R -<¢(z‘) ‘ ¢(t)> =1 Joule -7 -5 3 -1 1 3 5 7 m
Received waveform voltage for one symbol period: v, .., () = am, @(¢ —nt ) o—o——o—o >
o 3 -1 1 3 m
Received signal energy for one symbol period |
- *—1@ >
E =R -<0{mn¢(t — nts)‘amnq)(t — nts)> =’ HmzH E, = o HmzH -(1 Joule) 2] -

m might be -1/+1 (1 bit/symbol) — |m*| =1
m might be —3/—1/+1/+3 (2 bits/symbol) — |m’[ =0.259+1+1+9) =5
m might be -7/=5/=3/=1/+1/+3/+5/7 (3 bits/symbol) — |m*| = (1/8)(49+25+9+1+1+9+25+49) =168 /8 =21
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Recelver noise 1

Received signal for one symbol period
o= OﬁfnnE;;”2 + R_IE(;”2 <n(t)‘¢(z‘ — nz‘s)> = Vomatn 1,

noise,n

¢(t—nt;)) Noise inm"” timeslot; ., = R™E,"* (n(t)|¢(t —mt,))

> "noise,m

Noise in n” timeslot; ., = R™E,"* (n(?)

> " noise,n

Correlation of noise between symbol periods
E[ oo Trosen | = Ey R -E[(n(0)| 9 = 1)) (n(0) | 92 = m1,)) |
= E,'R™ - E| [ n(t)p(t —nt,)dt - [ n(2)p(z —mt,)d7 |
—E,'R*-E [ [[nOn(@)e—nt (- mts)dtdr]
=E;'R™- j j E[n())n(T)]p(t — nt )¢(z — mt, )didT
=E;'R™- j j R (t—7)¢(t —nt )p(z —mt,)dtdT

where R (¢ —7) 1s the autocorrelation of n(¥)
But n(¢) has a power spectral density of S, (j27f)=kTFR/2 (V?/Hz, **double-sided**)

where F' 1s the system noise figure.
So, R _(7)=(kTFR/2)-0(1),

because R (7) and S, (j27x /) are a Fourier transform pair. o
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Receiver noise 2

E[ e roson | = o B - [[ R, (¢t =0)@(t =1t )p(z = mt,dtd
= E,'R™- j j (kTF / 2)R - 8(t —7)@(t — nt (7 — mt, )drd.
=E,'R™- j (kTF | 2)R - (¢ — nt. )p(t — mt )dt
= E,'(KTF | )R- [ ¢t =t )p(t — mt,)dt = E,'KTFR™ (g(t —nt,)

pt—mt,))

E =1Joule forn=m

but R™ (¢(t —nt,)|@(t —mt,)) = { ¢

0 Joule forn#m

kTF /2 forn=m
So £ |:rnoise,nrn0ise,m:| - { 0

forn#m

(we had chosen our original scaling of » and E; to get this magnitude)
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Bit error rate vs. SNR: binary modulation

Received signal plus noise for n” symbol period: r, = r.

Open = E| Tgcatsen | =KTF 120, =NKTF /2

noise,n

r = OtmnE;” *=am, - (1 Joule)

signal ,n
Case 1, binary signals: m, =—1,+1, [|m’ [=1

We assume that m =1 1f » >0 and that m  =—11f r, <0

P = Error probability

error

= probability of noise crossing the decision boundary

= probability that Gaussian having o =+ kTF /2 exceeds the value ¢.

—ol %= & __
=0 %) 0 ]
where O(x) %T ( jﬂ

signal ,n

decision
boundary variance = 62 = kTF/2
: r”:outp_ut of
‘ ‘ receiver
e G correllator
m =—1: m, =+1:

Gaussian with mean=— ¢, Gaussian with mean=¢,

standard deviation=0=+kTF /2 standard deviation=0=+kTF /2

0.8 1 1 1 L I L L 1 1 I 1 1 L L I L L 1 1 I 1 1 L L I L 1 1 L

0.7—5
0.6—5
0.5—5

decision boundary

0.4—5
0.3—5

relative probabilty

0.2—5
0.1—5

0 _-' 1 I 1 1 T T I T 1 1 1 1 1 1 T I T T T T I T ;

10



Error functions
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O(x) can be related to the more well-known error function™

INE

but O(x) 1s more directly useful in communications problems.
I will provide a good tabulation of O(x) for small x,

but there is a very good bound for large x :

X l 1 ex X <Q(x)<l- 1 ex X
1+x ) x <2n Pl 72 x on Pl

11



Tabulated values of the Q-function
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Some values of the Q-function are given below for reference.

Q(0.0) = 0.500000000 Q(1.0) =0.158655254 Q(2.0) =0.022750132 Q(3.0) = 0.001349898
Q(0.1) = 0.460172163 Q(1.1) = 0.135666061 Q(2.1) = 0.017864421 Q(3.1) = 0.000967603
Q(0.2) = 0.420740291 Q(1.2) =0.115069670 Q(2.2) = 0.013903448 Q(3.2) = 0.000687138
Q(0.3) = 0.382088578 Q(1.3) = 0.096800485 Q(2.3) =0.010724110 Q(3.3) =0.000483424
Q(0.4) = 0.344578258 Q(1.4) = 0.080756659 Q(2.4) = 0.008197536 Q(3.4) = 0.000336929
Q(0.5) = 0.308537539 Q(1.5) =0.066807201 Q(2.5) = 0.006209665 Q(3.5) = 0.000232629
Q(0.6) = 0.274253118 Q(1.6) = 0.054799292 Q(2.6) = 0.004661188 Q(3.6) = 0.000159109
Q(0.7) = 0.241963652 Q(1.7) = 0.044565463 Q(2.7) = 0.003466974 Q(3.7) = 0.000107800
Q(0.8) =0.211855399 Q(1.8) = 0.035930319 Q(2.8) = 0.002555130 Q(3.8) = 0.000072348
Q(0.9) = 0.184060125 Q(1.9) = 0.028716560 Q(2.9) = 0.001865813 Q(3.9) = 0.000048096

Q(4.0) = 0.000031671

12
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Bit error rate vs. SNR: 2-level (binary) modulation

Case 1, binary signals: m =-1,+1

o o
P =0Z|=0] ———
error Q(O-j Q[ /kTF/ZJ
Received signal energy for one symbol period

E

r,symbol

P _ Q E r,symbol
error kTF / o)

=’ -Hmzu-(l Joule)=cr® because HmzH =1

where £, ., 18 the average received energy per Symbol
But here: binary, 1 bit/symbol, so E, ., = E.

where E, ,, is the average received energy per bit

P . Q Er,bit
o kTF /2

m =-—1:

decision
boundary variance = 62 = kTF/2
e :
: r”:outp_ut of
receiver
correllator

Gaussian with mean=—«,
standard deviation=0=+kTF /2

relative probabilty

0.8 . 1 1 1 L

0.7
0.6
0.5
0.4
0.3
0.2
0.1

03

decision boundary

13



Bit error rate vs. SNR: 4-level (2bit/symbol) modulation
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Case 2, 4-level signals: m, =-3,—-1,+1,+3

_ 1 o\ 3 @
Foror = 4(1+2+2+1)Q(0j 2 Q(\/kTF/Zj

Received signal energy for one symbol period

E, bor = o’ -HmzH-(l Joule)=5¢’ because HmzH =5
})ermrzé Q \/ r,symbol /5

2 kTF /2
where E, ., 18 the average received energy per Symbol

=2F

r,bit?

But here: 4-level, 2 bits/symbol, so E

r,symbol
E . (2/5
})@rr()r:é Q \/ Il’b”( )
| 2 kTF /2

where E, . 1s the average received energy per bit

decision
boundaries

variance = 62 = kTF/2

r,=output of
receiver
correllator

14
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Bit error rate vs. SNR: 8-level (3bit/symbol) modulation

Case 3, 8-level signals: m, =-7,-5-3,-1,+1,+3,+5,+7

1 o o
P _=—(1+24+2+2+2+2+2+1 — |=—
error 8( )Q(O_) Q( /kTF/ j

Received signal energy for one symbol period
variance = 62 = kTF/2

E, ot =0 -Hmzu-(l Joule)=21¢" because HmZH:21 decision boundaries /
ptt of [Em sessse
w8 kTF/2 ’!’!:::::rn
where E, ., 1s the average received energy per Symbol To-50. 30 -0 o 3o S 7o

=3F

r,bit?

But here: 4-level, 3 bits/symbol, so E

r,symbol
E , (3/21
Perror:E Q \/ ”b”( )
8 kTF /2

where £, ,, 1s the average received energy per bit

Note that the multi-level coding schemes, though they provide more bits/symbol, hence more bits/Hz, require more energy/bit

15
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The data symbols can include the RF carrier

In the prior analysis, the transmitter did not have an LO and RF mixer. 1?5 T
This does not matter: the data symbols can include the RF carrier. : zz
Specifically, if 2 o]
Drr (1) = Py (1) 2" COS( Wy 1) i OZ: :
then the 2 block diagrams below are equivalent 04 oes ;

—— ——
-310°  210° -110° 0 110°  210° 310°
Time, seconds

message voltages | "o @ @ 1'55HHIHHIHHIHHIHHIHH5
Mg, 1), .. \}/ E 11 ~

at times

5 054 -

0, L, 2IS,... = ]
o 07 o
baseband symbol waveform ¢g(7) local oscillator Y 3

r\ -1.5 . LA AL LA LR L AL L LR LR DL LA LR L -
X -310°  210° -110° 0 110° 210° 310°
250 \{ Time, seconds

message voltages | o4
My, M, M
at times . B P P T R SR
0,t,21,.. 1 ] :
RF symbol waveform ¢..(7) 5 054 -
E ] :
e 07 3
@ ] L
8 -0.5- -
oE 2
” -1.5: T — T

—— ——
-310°  210° -110° 0 110°  210° 310°
Time, seconds 16



QAM can be treated as two separate radios
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In the prior analysis, we did not consider (I,Q) modulation. But, because <cos(a)RFt) ‘ sin(a)RFt)> =0,

we can, at least neglecting system imperfections, treat the cos(w,,¢) and sin(w,,?) signal channels as entirely separate.

message voltages
M, M, M,...

at times
0,t,21,..

message voltages
my, m,m,,..
at times

0L, 28,

message voltages
My gy Mg
at times

0,1,21,..

message voltages
J'H”,.HII. J'H:,_‘.

at times

0, 2:1,...

With noise

..................................

‘
. I
R R
decision
boundaries variance = g2 = kKTF/2
! r”:outp_ut of
receiver
3g -0 o 3o correllator
decision
boundaries variance = 62 = kTF/2
! r,=output of
receiver
3g -0 o 3o correllator

17



class notes, M. Rodwell, copyrighted 2012-2024

QAM can be treated as two separate radios

We can analyze QAM by separately analyzing the I and Q channels. Consequently,

Er bit

© kT F /2 QPSK X
message voltages oA N L
e g e

2/5 T a(?)
I 2 0 Ersn(213) 16QAM 9 58
2 7\ kTF )2 e e it

at times

14 [ 3 / 21 0,1,2L,,..

error:_ 7” o ( ) 64QAM
8 kTF /2

where E, ,, is the average received energy per bit.

If we wish to write expressions in terms of £

r,symbol >

we must decide whether to define this at the total energy per symbol in I and Q, or the energy of each separately.

The first definition is the standard one. Be aware of this factor of 2 if using the £,  ,,,, expressions from the previous pages.

TQ R S
e CBE R B
| IR AL B B L
) 5 ° L BE BE BE BE B
Decomposing the (I,Q) plane into separated (I) and (Q) analyses is not possible for all constellations.... — —8 = 7 - : 2 000 e s
. | . ° CBE B BE BE
T ‘A B

18
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Analysis in the I/Q plane

With an arbitrary (I,Q) consellation, error rates can be found by noting

1) received energy/symbol of each constellation point =(distance from origin)’
ne vertical variance = 62 = kTF/2
2) Average received energy/symbol = R S S B e s
: ! . <«—nhori i =gl=
(energy/symbol of each point) times (probability of each point), - ] .. .?homontal variance = o7 = KTF2
summed over all points. e e e R dsunceunts
A s i el Tl Tl (IQ symbol energy)'/?
E R BE AR B BE
3) Error probabililty for each contstellation point ; : ; ; ;
distance to each close bounda 0 0 9 e 9w, f
=3 Q( ryj summed over all close boundaries T
NKTE /2 A BN BE BE BN BE
. e ..
4) Overall probability of error per symbol = b i TR, Ao oo e
@ |

(error probabilty for each pont) times (probability of each point),

summed over all points.

3) The relationship between *Bit* error rate and *symbol* error rate

depends on the details of how bits are mapped into symbols .



Receivers: correlators vs. matched filters
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Output of correlators

r o< (v,(0)] (1)) o< [ v, (D)t

What if we instead pass the signal through a matched filter ? Y

Matched filter impulse response: 4, (¢)
Output of matched filter: v (¢) = I v (D)h(t—T1)dT

Suppose we set /(1) = @(T —t) time reversal and delay.

[ee)

Then v, (¢)= j v (D)(T —t +7)d7

—00

If we samplev, (f)att=T:

V(1) = [ v,(D)p(@)dT o< (v,()| (1))

Implementation: the root-raised-cosine filters discussed earlier.
These can be analog filters, or can be in DSP after the ADC

So we can replace a correlator in the receiver

Py, Y,

N N
With a matched filter

Y [% X

N N

cos

fie

sin

-
5

sin

go,\(j—@ THY8
Al\n

?\/08 _é} I AXRe

¥ - (R

% e lero {50~

20



Link budget calculations
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i is on the cther spreadshest page

radians

radians =

FWHM ¥ FEWM

o

|Prcevd / Pooms = (D,D, /1677 )4/ R)}

[Prlcan'd (4QPSE ) = o * -kIFB where O = SNR
A/ 2dipoles: H o __ 1 180/ 7| W, 1 180/x
D =164, dq ~(2/2)+(4/4) A i Ohwu||T A Opm Ofgwa

ey =360° Peway = 70°

Isotropic antennas :

D=1, dgy=4/4n

oY,
Fig 2 - Atrampherss stiemstion ol s bvel, 4 kolommars, and

i

9.3 bormanars slwvutiom (after Lusbe)

# 2015_2_1_link_budget 60GHz.xls [Compatibility Mode] - Excel
“ HOME  INSERT  PAGE LAYOUT FORMULAS DATA  REVIEW  VIEW

c27 - [ B || 3

A B BEsN o E F G H ! J K L M N P a A ]
1 Boldface indicates parameters to enter, other parameters are calculated by formula and should be left alone
2 | This spresdshest caleul stes power levels for S0PSK point-point digitel racrowave radio links along the surface
3 | Tocaloulale BANGE varythe until the transmit coll F4] iz at e appropniate level 0 BLIAM BACAM
4  |B Bitrate 1L25E+ 10 Feec  |40AM required rachated power -10 dBm B 033E-04 W 5.6{dBm [peak] AFE-03 W 00| B | peak) »
5  |carner frequency 6.00E + 10 He output power per slerment B 7 96E 05| W -4 5| B [peak| 350E-4 W 0.0fdBen | peak) 95504
6 | wavelengeh 5 00E-03| m PA backoff |Ppesk vs Psal] [ ] 100€-03!
T |Requred SNA [measured s Ebfo) 63 dB P satur sted oulpul power dBm ITE-04 W B 14E-03 W E.0|dBm A%EE-03(W
8 |Recever banchwickh 2.96E+09 He EIRP dBm 37 2| dBm [peak] S25E+00 W 416 dBm [peak] T4EE+ DWW
3 |SMA(measured az kTFE. B from above cell] Wl de o EIRF below FCC lirmite 48 28 =16
W |F receiver noise figure 45 dB Transrratier
M |R ransmission range m A _effective 2803 meters™2 5,43 Wavelengtha "2 use BB backoff for Tgam
R | snosphenc loss 265IE02| B |Verbcal bearn angle. FwWHM 25| deg 00436 rackars use 38 backoff for OFSK
1 | Dok, irans rarsmit andenna directivity 145E«03]  rore  [Honzortsl besm angle, FwHM ni deg 01972 radkars:
W |Dart, reve recevve artenng direchvity 145E+03 rore | array rows and columne 2] Hrowm B B columes
B |4 bandwackh factor [0 5cact] 080 total | array elemants L3
% | [rackated chanrel banchwicth recuired 00000  MHz  |vertical angle scanned, totl 500 deg
w herizortal angle scarned, total 0.4 deg
® wray heght 229 | wavelersgth:
)] array wich 51 wavslerigths
20 iy height 1GEON  mwbers 451 irches
a ) wich 2SE-02  meters 100|irches
2 w7 7363 dBm () [Aniarn decivty &8 L
21 |packagirg loss (recerver| 2 dB Receiver
2 |packagrig loss (wansmitter) 2| dB  |a_effecive 20903 meters”2 TE 43| Wavelengths "2
25 |enc-ofdife hardware degradation 3 d8 Vartical bearn angle. Fa/Hk 25 deg 00436 rach ar
26 |hardware design margin 3 d8 Honzortal beam angle, FwHM n3 deg 01572 | rachare
27| |bosrn wrring loss [acige of bearry ,'f dB  |aeray rows and columns 2| frows 8] B columns
28 | systerns oparaing margin [T 6] dB  |verical angle scanved, total 8 de
29 |Prec. received power ol -9 BER 503 dBm  |herizortsl angle scarned. lotal 904 deg
30 |geomeiric path loss 1 33E-04) wray heght 23E+01 gt
AN |geometric path loss, dB 38,75 dB8 ey wackh 5E th
32 |path cbatruction loss foliage. glass) A00| dB  |araheght VEE-ON  maters 451 inches
33 |srcsphenc loss, dB 132655805 dB artay wch 2E4E-02  rrsters 100 irches
M| |smosphenc loss 2653 dBhn | Anterva directivity, Bl Jigs &6
: i T8 »-:-.n..;..n‘:w-..‘..n .
r rrerite " !
38 G ] nl
2 [es 6.95€ 01 Eb g r Jﬂ.
40 |a 7EED b T | J -
0| |aipheesit's LBE+O1 Bk zero-tsin-ssts shenuslion . 3 /J N
Q et read cal E 31 from tha chart 1o the nght E°r P ®
a 0.0 for 1 Ghe. 0.08 for 30 GHe, 5 for 300 GHz T | A — ‘l
“ .. Y A |\_--' |
" < I
% i
a7
L]
49
50
51
52
5
54
5
56
5
58
59
-]
61
B2
63
64
3

21
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