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Remember how to represent sine waves as phasors <> e’
Understand what a Fourier series *1s *.
Understand what a Fourier transform *1s *.

...where they come from

...and how they work

Review how to use Fourier transforms to find circuit transient resp onse.



Fourier Transforms and Fourier Series

Why ?

We must often solve ordinary and partial differential equations.

We need efficient tools to do this.

We want better understanding and intuition.
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Difierential Equations: Easy to Solve with Sinewaves
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Why work with e/ ? What is it ?

Euler identity : e’ = cos(at) + j sin(wt)
e’” =cos(wt)+ jsin(awt) e’

—jot

= cos(wt) + jsm(wt)

e’ =cos(wt)— jsin(awt) e’ =cos(wt)— jsin(wt)

e’ +e /" =2cos(awt) e’ —e’” =2jsin(awt)

cos(at) = (e’ +e /™) /2 sin(at)= (e’ —e /™) /2



cos(at) = (e’ +e’”)/2 and sin(ar) = (e’ —e/™)/2j
Driving a circuit with a cosine or sine wave 1s the same as

driving 1t with a pair of exponentials.

O —\W o M —AN o
Vm e Vout —)% Vv"”’] preeemmy Vouz‘
VinZ
v
A\

Ve = Vi cos(at +0) Vin = (Vo /2)exp(jort + jO)
Ve = (Vo /2) exp(—jort — jO)

Solve the problem by sup erp osition, separately
with V, apphedand V

out

solving for V

out

with V, applied.
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Real partof e’ =Re{e’”} =Re{cos(ax)+ jsin(wt)} = cos(wr)

AN, o F0—AN o
ey OUl e i out
" complex " real
complex ! real !

V, () =V, exp(jor)

=[|V,, [l exp(jO, )exp(jor)
Vo) =V, exp(jor)

=V, lexp(j O, )exp(jer)

Vi(t) =Reil, exp(jor);
=V, | cos(art + 6, )

Vourl) =RelV,, exp(jor);

=[| V,,. |l cos(axt + jO, )

|

Apply theomplex mput, ignore theimaginary partof the output.
Proof 1: Principle of superposition.

Proof 2 : Working though stepsfrom previous page of notes.
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This input signal is not a sinewave...

...but wecan representit as a sum of sinewaves.

Spectrurn of a voice sighal (15 seconds)
70 T T T T

How do we do this ?

B0 |

0 500 1000 1500 2000 2500 3000 3500 4000
hertz


http://en.wikipedia.org/wiki/File:Voice_waveform_and_spectrum.png

s notes, M. Rodwell, copyrighted 2013

clas.

Students often have the Fourier Transform memorized,

while having little sense of what it is or why it 1s done.

Fourier series and transform: writing a signal as a sum

of smewaves (or complex exponentials).

How do we do this ?
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Take an input signal Viull /\/\
Approximate by aset V|

N
— »| Y— At — s
-l N — ~
b —1 /// \/
of discrete steps. ‘ Yo ‘ ‘
(same method as integration : we can make Af¢ very small) | —

V. becomes a list V) 4 ,
of numbers ’m
v ot @y L et T ,>
11, l,
V(1)




Writing Vectors as Sums of Basis Vectors

The vector ' 1s a sum of the basis vectors x,, X, , X,

—

V=V.x+Vix,+V X,

V_is simply theprojection of V in the X, - direction.

/

—

Tofind V_,, take the dot product *5

x1?
7 |5) = Val® [3) + V(5] 5) 47 (5 %)
but (%, |%,) =1, (%,|%)=0 ,and (%, |%,) = 0,50 (V |%,)=V.

x1

SV =(V %)% +(V | %)% +(V | %),

8!
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S

V' 1s made up of a sum of basis vectors X, X, , X,

V=V.,x+V,x,+V X,

/ \—»

V., 1s "how much V' 1s made from X, ".

X

To find this, project V onto X, (dot product)
Vi = <V ‘xl>
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>
s

The vector V' is a sum of the basis vectors X, , X, , X,

V=(V %)% +(V | %)% +(V | %),

il
AL
/

-
~

s

The vector V is also a sum of the basis vectors VisVas Vs

17:<I7 ‘;1>J71 +<I7 ‘)72>J72 +<I7 ‘f3>f3 ?;

=

We can represent a vector using more

than one set of basis vectors.




Understanding Fourier: Continuous time

Vr'n(’) 1

Whatis (7 |%,)?

(7 |2) =V (1)) + V(05 (1) 44 V()5 (1)

If we make Ar — 0, this becomes an integral.

(Vo) |x,@) = j V() (4)dt
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a,(t) ——— . b, () .
a,(1) AP o b,(1) ¥ i N i ’
W, N, W g W . N i S
i Bl Sl LW ; ; L Ml \/T
ay(t)=1
27 27
a (t)= J2- cos(l — t] b (1) = V2. sm(l — tj
T T
(27 ) 2
az(t)zﬁ-cos 2.2 ¢ bz(t)zx/z-sm(Z-—ﬂ-tj
. 1) . T
(2 (2
an(t)zﬁ-cos n-—ﬂ-t\ bn(t)zx/z-sin n-—ﬂ-z‘j
. ) N
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a,(t

a,t) -—\ b(t)

a,ft) /\ /i by(1) /\ /\ .

» s ol o ! » o Al

Y1 S, O FR O, 5 Vil N . S
i Rl Ml ol ; ; Ly Bl vT

Are they of unit length ?

(a,(t)|ay (D)) =%£1-dt =1

<bN(t)‘bN(t)> = %IZ'Sinz(Vl'zTﬂ.'fjdl‘ =...=1
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b,

\_/"7

b,(1) 4 /\ /—\
T

o
b (*b,(1)
2 K , £ }
T %

f
=0 t=T

Are these functions perpendicular to each other ?
Here 1s sketched the product b, (¢)b,(2).
Itsmtegral betweent =0and ¢t =T 1s clearly zero.

Sketch out other combinations yourself.

<a2 (1) ‘ a, (t)> = <b1 (t)‘a3 (t)> =etc =0.

Theset of functions a,(¢),a,(¢),b,(¢) are a set of basis vectors.



a,(t)=1
a,(t)=+2-co ( 2

1) = (1 )
¢

!
a,) ‘T—\ : f b m
P Pl
™ I8N
1 !

2T
T

a,(t)=~2 -co ( 27’”) by(t) = 7” j
T T

/—ﬂ\

[\)

a,(t)=~2co ( 271‘} b, (t) = ( = j s

Vi) = <V(t) ‘ dy (t)>a0 (1) + <V(t) ‘ a, (t)>a1 (1) + <V(t) ‘ d, (t)>a2 (1) +...
AV (@) 5, ()b, () +(V (2) | b, (2))b, (1) +...

V(1) ay () = %zmm (t)dt

(V(0)| by (1)) = %IV(r)bN ()di
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V)= a0+a1\/§ cos| 1- . t +a2\/§ -cos| 2 ey t +a3\/§ cos| 3- B t
T T T
: 2 : 2 : 2
...+b1ﬁ.sm(1.Tt}bzﬁ.sm(z.Tz}@ﬁ.sm(s?f}

1 T
ay = j V(t)dt
1 2 a,ft) b,
a, jV(t)\/E cos(n — tjdt I T ZEEN -
T 0 T a lh : h_gml/\ ;
! ! T“ !

T 74
b, = lJ‘V(z‘)\/i-sin(n-2—”-t)a’t |
T, T

Warning : the form of these equations, though correct, is different from thosein your textbook.
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V(t)=a, +alﬁ-005(1-27”4)+a2\/5-cos(2-27ﬁ-t)+a3\/5-cos(3-27ﬂ-tJ+...

...+b1\/5-sin[1-27ﬁ-t)+b2\/§-sin[2-27ﬂ-tj+b3\/5-sin(3-27ﬁ-tj+...

1 T
a=— [Vt
0

a, =—
T

! IV(t)x/E . cos(n-z% . tjdt

T
P [rov2 -sin(n-z—ﬂ-t)dt
Ty T

) r—\ b“,m I/—\
I I
a, I\ b I/\
| I
an R bt 1/-\
I
f
t

We write a signal as a sum of DC, sinewaves and cosine waves.

The magnitude of thesignal' s component at any frequency

(sine or cosine) 1s simply thedot product (projection ntegral) of

the signal and the sine wave or cosine wave at that frequency.



ayi) ‘T\ g fgrr;!/\
a1 ‘T\ ‘ by(t) !/\
,TU IT_I 11“
1 T
Dot product for complex functions : <a(t) ‘ b(t)> = pe j a(t)b (t)dt
0
Euler identity : e’ = cos(wt) + sin(wt)

Basis functions: ¢, (¢) = exp(jnw,t) wherew, =27 /T

Nn=—0o0 n—=——oo

V)= (V®lc,0)c, ()= c,exp(jnayt)

Nn=—0o0 Nn=—oo

T
where ¢, = % j V(1) exp(—jn,t)dt
0



Fourier Integrals / Fourier Transforms

o /\/\

L.
>

4

If we take the time limit T of the function to infmity,
T

the sum of frequencies becomes an integral. <a(t) ‘ b(t)> = % j a(t)b” (¢)dt
0

V(t) = i j (V(t)|exp(jr))exp(jor)dw = i j F(jw)exp(jot)dw

where F(jw) = <V(t) ‘ exp (ja)t)> = TV(t) exp(—jwt)dt
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Solving CGircuits Using Fourier Transforms
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Solving CGircuits Using Fourier Transforms
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Solving CGircuits Using Fourier Transforms
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Solving CGircuits Using Fourier Transforms
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Solving CGircuits Using Fourier Transforms
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Solving CGircuits Using Fourier Transforms
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Solving CGircuits Using Fourier Transforms
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