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random processesrandom processes
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Random Processes
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Xvariablerandomaofg(X)functionaofnexpectatiotheofdefiniontheRecall

Time Averages vs. Sample Space Averages
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What is Random in a Random Process ?
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Ergodic Random Processes
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Time Samples of Random Processes
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Random Waveforms are Random Vectors
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timeithnot vary wdoprocessstationaryaofstatisticsThe

Stationary Random Processes
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Restrictions on the random processes we consider

We will make following restrictions to make analysis tractable: 
 
The process will be Ergodic.   
 
The process will be stationary to any order: all statistical properties are independent of 
time. Many common processes are not stationary, including integrated white noise  and 1/f 
noise. 
 
The process will be Jointly Gaussian. This means that if the values of a random process 
X(t) are sampled at times t1, t2, etc, to form random variables X1=X(t1), etc, then X1,X2, 
etc. are a jointly Gaussian random variable.  
 
In nature, many random processes result from the sum of a vast number of small 
underlying random processses. From the central limit theorem, such processes can 
frequently be expected to be Jointly Gaussian. 
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Variation of a random process with time 

For the random process X(t) look at X X(t ) and X X(t )For the random process X(t), look at X1=X(t1) and X2=X(t2).
 

[ ] ∫ ∫
+∞+∞

== 21212121 ),(•
2121

dxdxxxfxxXXER XXXX  ∫ ∫
∞− ∞−

To compute this we need to know the joint probability distribution. We have assumed a 
Gaussian process. The above is called the Autocorrellation function. IF the process is 
stationary, it is a function only of (t1-t2)=tau, and hence y, y ( 1 2) ,
 
RXX τ( ) = E X t( )X t + τ( )[ ] 
 

d ib h idl d l ithis is the autocorrellation function. It describes how rapidly a random voltage varies 
with time…. 
 
PLEASE recall we are assuming zero-mean random  processes (DC bias subtracted). Thus g p ( )
the autocorrellation and the auto-covariance are the same 
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Variation of a random process with time

Note that  RXX 0( )= E X t( )X t( )[ ]= σX
2  gives the variance of the random process. 

 
 
Th t l ti f ti i i f th d d th l tiThe autocorrelation function gives us variance of the random process and the correlation 
between its values for two moments in time.  If the process is Gaussian, this is enough to 
completely describe the process. 

)(R )(τxxR
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τ
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Autocorrelation is an Estimate of the Variation with Time

If random variables X and Y are Jointly Gaussian, and have zero mean,  
then knowledge of the value y of the outome of Y results in a best estimate of X as 
follows:follows: 
 

E X Y = y[ ]= X Y = y =
RXY

σY
2 y  

 
"The expected value of the random variable X, given that the random variable Y has value 
y is ..." 
 
Hence the autocorrellation function tells us the degree to which the signal at time t isHence, the autocorrellation function tells us the degree to which the signal at time t is 
related to the signal at time τ+t  
 
A narrow autocorrelation is indicative of a quickly-varying random process 
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Power spectral densities

The autocorrellation function describes how a random process evolves with time.  
 
Find its Fourier transform:
 

( ) ( ) τωττω djRS XXXX )exp(−= ∫
+∞

∞−

 

This is called the power spectral density of the signal.
 
Remembering the usual Fourier transform relationships, if the power spectrum is broad, 
the autocorrellation function is narrow, and the signal varies rapidly--it has content at high 
frequencies, and the voltages of any two points are strongly related only if the two points 
are close together in time. 
 
If the power spectrum is narrow, the autocorrellation function is broad, and the signal 

i l l i h l l f i d h l f ivaries slowly--it has content only at low frequencies and the voltages of any two points are 
strongly related unless if the two points are broadly separated in time. 



ECE594I notes, M. Rodwell, copyrighted 

Power spectral densities 
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Power Spectral  Densities
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Back To Ergodicity (1)
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Back To Ergodicity (2)
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Correlated  Random Processes
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Single-Sided Hz-based Spectral Densities

( ) [ ] ( ) djjStXtXER )(1)()(

DensitiesSpectral Sided-Double

∫
∞+

( ) [ ] ( )

( ) ( )

ωωτωττ djjStXtXER XXXX )exp(
2

)()(
π

=+=

∫

∫
∞+

∞−

( ) ( ) τωττω djRjS XXXX )exp(−= ∫
∞−

1

 DensitiesSpectral based- HzSided-Single
∞+

( ) [ ] ( ) τπττ dffjjfStXtXER XXXX )2exp(~
2
1)()( =+= ∫

+

+

∞−

( ) ( ) ττπτ dfjRjfS XXXX )2exp(2~ −= ∫
∞+

∞−



ECE594I notes, M. Rodwell, copyrighted 

Single-Sided Hz-based Spectral Densities- Why ?
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Single-Sided Hz-based Cross Spectral Densities
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Example: Cross Spectral Densities
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Example: Cross Spectral Densities
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Our Notation for Spectral Densities and Correlations 
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Example: Noise passing through filters & linear electrical networks
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