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Set Definitions

{ }s# real all ofset     e.g.
objects... of collectiona   Set

=
=

R
{ }decka  in cards ofset         =C

{ }        
uppercase sets lowercase, elements  :notation 

= a, b, c, dA

{ }
{ }86420ti fi itC t bl

1,2,3,4   :set Finite =
B

A
{ }
{ }3 and 1 between s# real    :set infinitey uncountabl

... 8,6,4,2,0,  :setinfiniteCountably 
=

=
C

B



ECE594I notes, M. Rodwell, copyrighted 

Set Definitions

 :Subsets BA ⊆

. of elements also are     
 of elements all if  ofsubset a  is       

B
ABA

fb tt i ti
 :subsetsStrict 

BA
BA⊂

innotarewhichelementshaslyadditionalifand
 , of elements also are of elements all If     

ofsubset strict a  is       

AB
BA

BA

.innot are whichelementshasly additional if and     AB
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Set operations, logic operations

.set  universal of subsets both , and   Sets SBA

**Setsof*Union*

.   "or "  :gy terminolologic Boolean
.or  either    withinelements all ofset     : 

 Sets of Union

BACBA
BABAC

+=
∪=

gyg

b thithil tllft
 **Sets of ion*Intersect*

BABAC
.    " and "   :gy terminolologic Boolean

.or both withinelementsallofset     : 
ABCBA

BABAC
=

∩=
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Other set operations

setsofdifference
)operations logic  hence (and operationsset other  define also can We

etc.,        
sets of scomplement        

sets of difference        

 these,knowsstudent   that theasssume  will...but we

,

necessary. asout  figure canor 
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Exclusive Sets

{ } set),empty  (the   if *exclusive* are sets Two
ce.independen lstatisticafor point Key 
=∩ BA

elements. common no have they i.e.

exclusive.mutually  be  tosaid are   and   events  they,probabilit In BA
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Probability

.*outcomes* possible ofset a  are  therefor which
*,experiment*anisy probabilit ofidea   theKey to

y.probabilitnumericala hasoutcome possible Each ypp

happens). always (something
one is outcomes  *distinct* all of iesprobabilit  theof sum The
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Examples of probability

:coinaToss
{ } { }

2/1)()(
, tailsheads,     

:coina  Toss

==
==

TPHP
THS

1)()()(     
2/1)()(     

=+=
==

TPHPSP
TPHP

{ } { },receivedphotonnoreceived, photon     
:polarizera    throughphotona Shoot 

== NRS { } { }

1)()()(     
2/1)()(     

,p,p

=+=
==

NPRPSP
NPRP
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Events

outcomes. possible ofset a  isevent  An

tibl outcomes.possible are ,,, 4321 xxxx

events. are     and   4221 xxBxxA ∪=∪=
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Rules ( Axioms ) of Probability

1. and 0 betweeny probabilit has outcome Each

ies.probabilit individual  theof  sum  theisy probabilit its
events, exclusivemuntually  of union  theis hevent whic an Given

( ) ( ) ( ) ( )CPBPAPCBAP ++=∪∪
events.distinct  are  and, ,  if CBA
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Joint Probability

occur.BandAbothy that Probabilit

A B

( ) ( ) ( ) ( )BAPBPAPBAP ∪−+=∩
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Conditional Probability

( )( ) .event  thegiven,event anofy probabilit :| BABAP

( ) ( )BAP ∩( ) ( )
( )BP

BAPBAP ∩
=|

:iesprobabilit lconditiona up addingby  obtained isy probabilit Total

( ) ( ) ( ) ( )BAPBAPBAPAP |||( ) ( ) ( ) ( )NBAPBAPBAPAP |...|| 21 +++=

S
BBB N

. space sample  theup make together andexclusive,mutually  ...are         
,,...,, events  theifonly But 21

{ } SBBBjiBB Nji =∪∪∪≠=∩ ...  and    for     i.e.        21
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Bayes' Theorem

problems.receiver for Handy 

( ) ( ) ( )AP( ) ( ) ( )
( )BP
APABPBAP ⋅= ||

:yprobabilit lconditiona of definition  thefromdirectly  follows This

( ) ( )
( )BP

BAPBAP ∩
=| ( )BP
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Bayes' Theorem: Binary Communications Channel (1)

( )( )
( ) 2/11

2/10

1

0

===
===

TtP
TtP

:noisy is channel But the

( ) mistakeamakeneverchannelThe10|0 ⎫trP( )
( ) sent. is zeroa  when

mistakea makenever channelThe
   

00|1
10|0

⎭
⎬
⎫

===
===

trP
trP

( )
( ) sent. is onea  when

mistakes  makes..but 
   

2/11|1
2/11|0

⎭
⎬
⎫

===
===

trP
trP
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Bayes' Theorem: Binary Communications Channel (2)

Diagram

( ) ( ) 0|  ,1| 0100 == TRPTRP( ) ( )|,| 0100

( ) ( ) 2/1|   ,2/1| 1110 == TRPTRP

)()|()()|()(
:received is zeroa y that Probabilit

TPTRPTPTRPRP
3/4(1/2)(1/2)(1/2)(1)          

)()|()()|()( 1100000

=⋅+⋅=
⋅+⋅= TPTRPTPTRPRP
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Bayes' Theorem: Binary Communications Channel (3)

( ) ( )( ) ( ) 0|   ,1| 0100 == TRPTRP

( ) ( ) 2/1|   ,2/1| 1110 == TRPTRP

?sent   wasonea y that probabilit  theis what received, is zeroa   If

( ) ( )|| 1110

3/1
4/3

2/1*2/1
)(
)()|()|(

0

1
0110 ===

RP
TPRTPTRP

0.a or  1a  being of iesprobabilit
equalhasmessagehasit know  wemessage, thereceiving Before

sentwas1)a(vs
 zeroa  that 1/3:2/3now  are odds   thezero,a  receivingAfter 

sent.  was1)a  (vs.

imperfect. remainsbut  improved, has knowledgeOur 
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Independence

unrelated. are occurence of iesprobabilit their if
tindependenlly statistica are  B,and A events, Two

( ) ( )
( )BP

BAPBAP ∩
=| :recall( ) )()(     i.e. BPAPBAP =∩

( ) )(|ly    equivalent APBAP =

    as  writtenis  Band A of ceIndependen BA ⊥
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Independence: Example

2211 or   tosssecond,or   first toss   : tossescoin 2 thth

tfTh outcomesfour  are There

headscoin2headscoinfirst
  :events  twoDefine

ndHH headscoin2heads, coinfirst 21 HH ==

exclusivemutually not  are  and   that Note 21 HH

t2th t thth i lftIf ⊥
y.probabilit 25% have outcomes 4 all then

,aretosses2 that theargumentsphysical fromassert   weIf ⊥
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Indendence does not cascade... 

CACBBA ⊥⊥⊥ imply not  does   and      then
C, and  B,A, events, 3 have  weIf
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Bernoulli Trials→ Optical Shot Noise: Discrete-Time

o tcomesbinanitha trialpeformRepeatedl outcomes.binany witha trial peform Repeatedly

iseventofyprobabilit:trialEach
times.  trial theDo

PA
 N

.is event  ofy probabilit : trialEach PA

is  times occurs   whichin sequences  ofnumber  The kA

)!(!
!" choose "#

kNk
NkN

k
N

−
==⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

NN
Nk

⎞⎛⎞⎛

is  trials in occurences  ofy probabilit  theSo

kNkkNk qp
k
N

pp
k
N

kP −−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= )1()(

shortcut. notational standarda  is )1( pq −=
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Bernoulli Trials→ Optical Shot Noise: Discrete-Time

iihfb biliFib P. iontransmissphotonofy probabilit :Fiber P=

:Event 1T
1/2.y probabilit  with,"1" messagea for   photons  sendsr Transmitte 1 =N

:Event 0T
1/2.y probabilit  with,"0" messagea for   photons  sendsr Transmitte 0 =N

trialia BernoullisphotoneachofPassage trial.ia Bernoullisphoton each of Passage

kNk qp
N

NkPNkP −
⎟⎟
⎞

⎜⎜
⎛

== 11)|()sent|receivedphotons(

kNkqp
N

NkPNkP

qp
k

NkPNkP

−
⎟⎟
⎞

⎜⎜
⎛

==

⎟⎟
⎠

⎜⎜
⎝

==

00

11

)|()sent|receivedphotons(

)|()sent|received photons (

qp
k

NkPNkP ⎟⎟
⎠

⎜⎜
⎝

== 00 )|()sent|received photons (



ECE594I notes, M. Rodwell, copyrighted 

Bernoulli Trials→ Optical Shot Noise: Discrete-Time

links.opticallimited-noise-shottorelatedcloselyisProblem

decidebest touse might weruleWhat receiver. at the are We

links.opticallimitednoiseshottorelatedclosely  is Problem

?sent   wasmessagewhat 
g

?sent  was
"0"or  "1"a t likely tha moreit  is photons,  receive  youIf k
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Bernoulli Trials→ Optical Shot Noise: Discrete-Time

kNkkNk

oo

qp
k

N
qp

k
N

TPTkPTPTkPkP

−−
⎟⎟
⎞

⎜⎜
⎛

+⎟⎟
⎞

⎜⎜
⎛

=

+=

01 01

11

11         

)()|()()|()(

qp
k

qp
k ⎟⎟

⎠
⎜⎜
⎝

⎟⎟
⎠

⎜⎜
⎝ 22

is received photons  givensent   was"1"a y that probabilit  theSo k

1

)(/)()|()|(

1

111

N
kPTPTkPkTP

⎟
⎞

⎜
⎛

=

01

1

11
2
1

             
01

1

kNkkNk

kNk

NN

qp
k
N

−−

−

⎟⎟
⎞

⎜⎜
⎛

⎟⎟
⎞

⎜⎜
⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

=
01

1
22

01 kNkkNk qp
k

qp
k

=

⎟⎟
⎠

⎜⎜
⎝

+⎟⎟
⎠

⎜⎜
⎝

10

)!(!
)!(!1

            

01

10 NNq
kNN
kNN −

−
−

+
=
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Bernoulli Trials→ Optical Shot Noise: Discrete-Time

havingzeroavs"1"aofoddsrelativetheussleast tellatThis
received. have  wemessage  thegiven sent, been

havingzeroa vs.1a ofoddsrelativetheus sleast tellat  This

sent. message
  the toas odds, improved  withguess, stillmust   we,Ultimately

directly, outcome probable more  thechoose  to temptedis One

guessing. in errors possible of types
  theof *costs relative*  theupon depends choicebest  but the
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Random Variables

ii 'M h i :picture sian'Mathematic

numbersrealofsettheontospacesampletheof
 mappinga  is  variablerandom A

numbers.realofset theonto space sample  theof

{ } 0. :bounded bemust   variablesRandom →±∞→XP

:range some  withinfalls y that probabilit  thedefine  to wishWe X
}.{ 21 xXxP ≤<
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Discrete and Continuous Random Variables

..}{1,2,3,4,. infiniteor  {1,2,3}, finite  : valuesofset  discretea Only 
s R.V.'Discrete

s R.V.'Continuous
{ }s# real :example : valuesof range continuousa  on Takes ∈X

R.V.discreteayetandspacesamplecontinuousahavecanWe
{ }

{ }4,3,2,1          R.V.          
2 and 0 between s# real space sample :Pointer

R.V.discretea  yet andspacesamplecontinuousa  have can We

∈
∈Θ

X
π

{ },,,
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Cumulative Distribution Function

{ } { }E t
. :on might takeit   valueParticular

.  variableRandom

XX
x

X

≤<<{ } { }21or    :Events xXxxX ≤<<

{ }  theis event  theofy probabilit The xX <{ }
functionondistributi cumulative

yp

)()( xXPxFX ≤≡

variablerandomtheoffunctiononDistributi X .variablerandomtheoffunction onDistributi X
.  valueoutcome particular at the x
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Probability Distribution Function 

ontakesvariablerandomaexperimentanDuring X
.  valueparticulara  

on takesvariablerandoma  ,experiment an During
x

X

  is  and  between lies y that probabilit The
2

21 xxx
x

∫
functionondistributiyprobabilittheis)(

)(}{
1

21

xf

dxxfxxxP
x

X∫=<<

f (x)function.ondistributiy probabilit  theis )(xf X fX(x)

xx1 x2
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Example: The Gaussian Distribution

( )exp1)(

:ondistributi Gaussian The
2xxxf ⎟⎟
⎞

⎜⎜
⎛ −−

fX(x)

~2σ( )

 )( mean eshortly th define   willWe

2
exp

2
)( 22

xx
X

x

xf
σσ ⎟⎟

⎠
⎜⎜
⎝π

= 2σx

).( deviation standard  theand 2
xσ xx

dh i l*li i hl*hfB

Ga ssiantheofthattocloseonsdistrib ti
yprobabilit have effects smallmany  of sum  thefrom arising

processesrandomphysicalrem*,limit theocentral*  theof Because

Gaussian.theofthat  toclose onsdistributi

Gaussians on operationslinear  becauseimportant  also Gaussians
math. simplified Gaussians produce →
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Gaussian Cumulative Distribution Function 

( ) ⎞⎛xx 2( )
∫∫

⎞⎛

∞−∞−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−

π
==

x

xx

x

Xx dxxxdxxfxF
σσ

'
2

'exp
2

1')'()( 2

2

2

∫
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −

π
=

x

xx

d
σ

ββ
σ 2

exp
2

1          
2

2

answer. form-closed no is There

∞− ⎠⎝π xσ 22

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−=

σ
xxQxFx

'1)(

∫
∞

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
π

=

⎠⎝

ββα

σ

dQ

x

2
exp

2
1)( where

2

⎠⎝π α 22
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Error Functions

,erf11)(

*functionerror *known- wellmore  the torelated be can )(

⎥
⎤

⎢
⎡

⎟
⎞

⎜
⎛−=
αα

α

Q

Q

,    
2

erf1
2

)( ⎥
⎦

⎢
⎣

⎟
⎠

⎜
⎝

αQ

problems. onscommuncati in usefuldirectly  more is )(but αQ

 : largefor  bound
 gooda very  is but there ),( of n tabulatiogooda  provide  willI

α
αQ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
π

⋅<<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
π

⋅⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ 2

exp
2
11)(

2
exp

2
11

1

22

2

2 α
α

αα
αα

α Q
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Tabulated values of the Q-function

Q(0.0) = 0.500000000 Q(1.0) = 0.158655254 Q(2.0) = 0.022750132 Q(3.0) = 0.001349898

ome values of the Q-functionare given below for reference.

Q(0.0)  0.500000000
Q(0.1) = 0.460172163
Q(0.2) = 0.420740291
Q(0.3) = 0.382088578
Q(0.4) = 0.344578258
Q(0.5) = 0.308537539
Q(0 6) = 0 274253118

Q(1.0)  0.158655254
Q(1.1) = 0.135666061
Q(1.2) = 0.115069670
Q(1.3) = 0.096800485
Q(1.4) = 0.080756659
Q(1.5) = 0.066807201
Q(1 6) = 0 054799292

Q(2.0)  0.022750132
Q(2.1) = 0.017864421
Q(2.2) = 0.013903448
Q(2.3) = 0.010724110
Q(2.4) = 0.008197536
Q(2.5) = 0.006209665
Q(2 6) = 0 004661188

Q(3.0)  0.001349898
Q(3.1) = 0.000967603
Q(3.2) = 0.000687138
Q(3.3) = 0.000483424
Q(3.4) = 0.000336929
Q(3.5) = 0.000232629
Q(3 6) = 0 000159109Q(0.6) = 0.274253118

Q(0.7) = 0.241963652
Q(0.8) = 0.211855399
Q(0.9) = 0.184060125

Q(1.6) = 0.054799292
Q(1.7) = 0.044565463
Q(1.8) = 0.035930319
Q(1.9) = 0.028716560

Q(2.6) = 0.004661188
Q(2.7) = 0.003466974
Q(2.8) = 0.002555130
Q(2.9) = 0.001865813

Q(3.6) = 0.000159109
Q(3.7) = 0.000107800
Q(3.8) = 0.000072348
Q(3.9) = 0.000048096
Q(4.0) = 0.000031671

http://en.wikipedia.org/wiki/Q-function
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Error Functions

( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −−

π
= ∫

∞− x

x

xx
x

xxQdxxxxF
σσσ
'1 '

2
'exp

2
1)( 2

2

2

∫
∞

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
π

=
α

ββα dQ
2

exp
2
1)( where

2

⎠⎝α

Gaussian  theofy probabilit  thegives   
x

xxQ
σ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

( )( ) .deviations  standard by  )( mean its exceeding x

x

xxx σ−
⎠⎝
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Example: Digital Transmission

hetherondepending"1"&"0"bet eendecidesRecei er
signal.  toadds on,distributi Gaussian noise, thermalN =

1/2. ansmaller thor  nbigger tha is 
whetherondepending"1"&"0"between decidesReceiver 

NTR +=

not time) signal, ed transmittis (  )1()2/1()()2/1()( ttttfT −+= δδ

( )1 2

⎟
⎞

⎜
⎛ nn( ) (say) 25.0 and 0  with

2
exp

2
1)( 22

==⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−

π
= n

nn
N nnnnf σ

σσ
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Example: Digital Transmission

?sent waszeroa that givenerror,ofy probabilit  theisWhat 

}2/1()0|2/1()0|error( >==>== NPTRPTP

)2(2/1

)2/1(1}2/1(1                         

=⎟⎟
⎞

⎜⎜
⎛ −

=

=−=≤−=

QnQ

nFNP N

023.0                         

)2(                         

=

⎟⎟
⎠

⎜⎜
⎝

QQ
Nσ

hi)2(d2ii/ ii lhhiI Q
error. ofy probabilit

theis)2(  and2isratio/noisesignal  thecontext,  thisIn Q
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Bernoulli Trials → Binomial Distribution

t i lB lliN

)|() trials | successes (

: trials Bernoulli

qp
k
N

NkPNkP

N

kNk −
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==

 variable.random discretea  is  that note k
k ⎟
⎠

⎜
⎝

)()(

: variablerandom continuousa   sucesses, of # x the Call

kxqp
N

xf
N

kNk −⎟⎟
⎞

⎜⎜
⎛

= ∑ − δ

notation. in changea just  is ...which      

)()(
0

kxqp
k

xf
k

X ⎟⎟
⎠

⎜⎜
⎝

= ∑
=

δ

:becauseImportant 

cases. limiting as onsdistributiother   toleads-
noiseshot eventscountinginvolving problems in arises- →⊥
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Binomial→ Gaussian

i llli

kNkqp
k
N

NkPNkP

N

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
== )|() trials | successes (

: trials Bernoulli

qp
k ⎟
⎠

⎜
⎝

)|()|(

( ) thl||ifd

  1   66) p. 1965, (Papoulis  If

Ok

npq >>

( ) :thenless,or |~| if and npqOnpk −

⎤⎡
⎥
⎦

⎤
⎢
⎣

⎡ −
−≅

)(2
)(exp

2
1)(

2

npq
npk

npq
kpn π

.   varianceand  mean of Gaussiana  is This npqnp
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Binomial→ Poisson

N ⎞⎛ kNkqp
k
N

NkPNkPN −
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
== )|() trials | successes ( : trials Bernoulli

th1tib t1171)1965(P liIf >><<>> : then1,not isbut ,1,1  71)p. 1965, (Papoulis  If >><<>> nppn

)(NpN k
NpkNk⎟

⎞
⎜
⎛

!
)(

k
Npeqp

k
NpkNk ⋅≅⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −−

ak

!
)(:ondistributi  Possion theapproaches ondistributi  thei.e.

k
aekP a ⋅≅ −



ECE594I notes, M. Rodwell, copyrighted 

Exponential Disribution
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Transformations of a Random Variable
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Transformations of a Random Variable
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