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Transactions Briefs

Extension of the Cochrun—Grabel Method We have seen that(s) is a linear function of the circuit reactances.
to Allow for Mutual Inductances Therefore, we can write its coefficients as
Pietro Andreani and Sven Mattisson ai =Y p g X Xy o X5 4

with X' being eitherL or C'. The summation is performed over the
Abstract—The Cochrun-Grabel (C-G) method, an algorithm for find- (') combinations of reactive elements chosen from thevailable
ing the characteristic polynomial of a circuit containing reactances, has (egctive elements.

so far been restricted to circuits not employing mutual inductances. : : . . .
In this paper we present an intuitive, yet rigorous, proof of the The main point upon which our construction of the C-G algorithm

Cochrun-Grabel method for a general RLC circuit, and we extend hinges i_s_t_hatajmzmji is independent of theX values (py the
the method to allow the analysis of an RLC circuit containing mutual  very definition ofc;, ;,...;,) SO thatw;, ;,..;, can be determined by

inductances. assigning arbitrary values to eaéh. In particular, these values can
Index Terms—Circuit theory, Cochrun—Grabel method, method of time D€ the limit values zero and infinity (for eaehy, j,..;; the value
constants, mutual inductances. assigned to eac/' changes in general). In turn, the circuit becomes

purely resistive when eacN has the value zero or infinity. We will
use this fact to show that the general expressionafgr,...;, is a
product of resistances and conductances obtained from a resistive
The Cochrun—Grabel (C-G) approach [1] to the problem of findingubset of the circuit under study
the characteristic polynomial of a reactive circuit has two main . X X x.
features: first, it only requires the analysis of frequency-independent Qjyjg.js = ,3§<j1 ’3)(3721 .../3‘\,;1 2 X5 ®)
subcircuits derived from the circuit under study and second, it !
shows clearly how the polynomial coefficients depend on the circuithere 3x is a resistance (conductance) ¥ is a capacitance
reactances. (inductance). The superscripts;, ... X, , indicate thatix; isto
The method may also be used for estimating the dominant pdle calculated withX;, ... X;, _, short circuited (open circuited) if
of a multistage amplifier (see, e.g., [2]-[4]) where typically only th&ey are capacitances (inductances), while the remaining capacitances
coefficient of the lineas term in the polynomial is calculated. The(inductances) are open circuited (short circuited).
approximation so obtained is often very close to the actual pole valueEquation (5) enables (4) to be expressed as a sum of products of
Extensions to the method have been presented in [5]-[7]. In ttige constants, which is the form most usually taken by the C-G
paper we give a more physical, yet rigorous, proof of the mettaodt| theorem
we extend it to handle general RLC circuits with mutual |nductances.ai _ Z (/i’&le“) . (/5§221 XJZ) o (ﬂi{j.lsz,.,xﬁfl)(’“)_ (6)

7i

. INTRODUCTION

Il. THE COCHRUN-GRABEL METHOD

It is well known that the characteristic polynomial of an RC circuifA" Proof of the Method
is a linear function of each capacitive admittance. The characteristidn the following, a network with only one capacitor and one
polynomial of an RLC circuit is also a linear function, but of eactipductor is considered, but it will be clear that the proof is easily
capacitive admittance and each inductive impedance. To see thi§%tended to the general case. The characteristic polynomial for such
is sufficient to apply the modified nodal analysis [8] to a circuian LC network is, according to (3) and (4)

resulting in the equation p(5) = L4+ ars +aps® = 1+ (aLL + acC)s + ae LCs2  (7)

G +Cs \ANAT )
R +Ls I/ \wi We must now supply a procedure for finding , ¢, andac.

wheres is the complex frequency as usual. It is clear that the role Vgel stfart bé/ kﬁmn@h—l; U. lnlrhlis casep(T) - 1""_“555 gﬁdg’? IS
of the C's’s and theLs’s in the determinant expansion for the matrix $2dlly found through the well- nown re atiom. = Gir., Gr. being
in (1) is identical the conductance seen llywhenC' is open circuited. Similarlyq¢:
. ) o . ; —
The characteristic polynomial [i.e., the determinant of the matri equal toR¢ the resistance seen Wy when L is short circuited

in (1)] can be written in general as since in Fh's caseL_—> 0)- - .
It remains to derivea; ;. We start by noticing that if we let

P'(s) = ap +als+abs® + -+ als". (@) L = kC. k in the appropriate units, then fdr — oo the value

In the following, we will consider the normalized polynomial: —1/arL is a root ofp(s)

P’ (s) 2 " Y A U N arL +acC  arcLC
p(s) = ah, L4 ars4azs” + Tans ®) /CILHOIQP arpL klEIolo 1 oy L a? L?
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Fig. 1. (a) Circuit containing the mutual inductandé. (b) The mutual inductance modeled as a pair of current-controlled voltage sources, with

M, = My = M. (c) Transformed circuit for the calculation dtg/[l = Vi/ia.
Since—1/ay L is a root ofp(s) we can setry = «r L. From (7) Viu Vau Viu Viu
and (8) we obtain then

__mnn _arclC _ apcC 9 M - - M -

2= o o L T ap ©)

Thus, depends od’, but not onL. Furthermore, since the condition
k — oo implies L — oc for a finite value ofC, C' sees a circuit
whereL can be replaced by an open circuit, so that we can vwsites

™ = REC (10) Vid Vad Vid — Vid

. . . . . . a
with R% defined as the resistance seen®with L open circuited. @)
From (9) and (10) we arrive at the final expression dof- Vig— —Vau Vig— — Vju

arc = O:LR(G = GiRé
By interchanging the roles of. and C' we obtain the alternative

relation oo = R%Gi A1 C_;_) J/iz MisijCiD l’ij
The above procedure is straightforwardly generalized to a network
with »n reactive elements, for which (5) holds.

Vig— L Vad Vid— L Vjd
(b)

IIl. M UTUAL INDUCTANCES

The C-G method cannot yet handle mutual inductances, and we
want to extend the algorithm to allow for the presence of such Via—,
components in the network (Fig. 1). Let the mutual inductahtée
modeled as two current-controlled voltage sourgés, and Msi;.
The characteristic polynomial is then linear M; and A/, as (11)

clearly shows = .
. Vi <+ i‘Z
Lys Ms - - =1 1 0 0 i1 0

A[QS LQS L 0 0o -1 1 i'_) 0
- — —V; Vid— —Vijd
, = (11) Vid 2d i J
lu (C)
Vo Fig. 2. (a) Circuit containing two mutual inductancéd and M’'. As
o shown in Fig. 1(b), each mutual inductance can be modeled as a pair of
v2d current-controlled voltage sources, with;, = My = M, M; = M; = M'.
Letting every X except M; approach zero, we obtaip(s) = (b) Transformed circuit for the calculation el = Vi/i2|am;—oc- () The
1 + aur, Mys. On the other hand, (2) yields nullator-norator pair makes the analysis of (b) easier.
p'(s) =ApMis+ A (12)

] ) o ] easily as forX,, = L,,,C;;, where the branch containing;,
where A is the determinant of the matrix in (11) anlli» is the (¢ ) simply becomes an open circuit (short circuit). Referring to
determinant of the matrix obtained by removing the first row anplig. 2(a)—(b), ifM; — oc, thenM; si, — oo as well unless; — 0.

the second column from the matrix in (11). Both determinants atgnce no voltage in the circuit can grow indefinitely, does tend
calculated with everyX' set to zero. Equation (12) yieldsy, = to zero, and the branch connectifig. and V;; can be modeled
Az/A. Since A/Az = Vi/iz for the circuit in Fig. 1(c), We ag a nullator, with constitutive equations = 0, V;., — Vj4 = 0.
obtain the relationvir, = 1/534“\3%11 being the transresistancéThe pranch connecting;. and Vi, can, in turn, be modeled as
Vi/iz. The transresistanceB,,' 7 are determined in the samea norator {; = unknown Vj., — V;4 = unknow [9], Fig. 2(c).
way; however, if one or more mutual inductance values approakttaving so transformed the circuit, the transresistaﬁg},éj can be
infinity (e.g., one or moreX;, = M,,) we cannot proceed so found by using standard circuit analysis techniques. In general, if
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c IV. EXAMPLE

M ‘l | As an example of the method previously described, the tran-
’ sresistancel?;;2“ for the network in Fig. 3(a) will be calculated.
Ra Rp We begin by transforming the circuit as shown in Fig. 3(b) where

inductancesL; and L, have been replaced by a nullator and a

norator, respectively. The presence of the nullgior= 0) forces

the current through?,; to assume valu&./PR,. Since no current

M Mas ; can flow in the nullator, the voltage at the norator output has value
R

ViR./PR, from which the relationsis = ViR./PR,Rqs and
¢ Ry =Vi/Pis = R,R4/ PR, immediately follow. Although the
L L, Lj Ls calculations above are rather simple, it is clear that the presence of
multiple mutual inductances in the circuit can make the application
J of the C—G method cumbersome.
With the exception of?};>“ and R}71“, all other transresistances

are directly found by inspection. Some values are listed below.

0 0
Ry, = Ry, = —Ra

0 0
Ry, = Ry, = —o0
¢} C
Ry, = Ry, = —Ra
¢} C
7777777777777777777777777777777777 R}wz = Rr\[4 = -
L L
Rﬂfl Rwl = RAISZ = RMZ =—Ra
R =Rz =R} =Rz = -
. Ma = dtpgg = Ly = Ly, = X
- ; RMIR%I = —RLIRT1 = —R.R,
i. V4 Ry + )V Re

i3= 0 M L
RpRa Ry, Ry = —RLSRLE = —R,R.
RM2C _ pMiC _ Ry Ry
/ Mz =
My I3 R.
L3O _ plsC _ plsC _ plaC _
} RM1 = RM2 = RM1 = RM,2 =-R,
— MsMy _ Lalg _
: RM1 = _RA/II =—R,
M M. L3l
®) Rmz = _RA/ISZ * = —R..
Fig. 3. (a) Example of a circuit containing two mutual inductances. (b)
Transformed circuit for the calculation d’thc. V. CONCLUSION

The work has shown how the Cochrun-Grabel method may be
n mutual inductances approach an infinite valuenullator-norator extended to RLC circuits containing mutual inductances. The time
pairs appear in the circuit. It is worth noting that we have to calculat®nstants associated with the mutual inductances depend on various
Rﬁ only if 7 # 2, that is, M; and M, are not the same physical transresistances seen by the mutual inductances. Transresistances are
mutual inductance. If = 2, then sz RMl = RLZR , which no harder to find than resistances unless more mutual inductances are
is obvious if we expand the determinant of the matrlx in (11) agresent. In this case, calculations may become less straightforward
A = (L1 Las® — My Mys®)A' + g, whereA' is the determinant of because of the appearance of nullator—norator pairs in the circuit.

the matrix obtained removing the first two rows and columns from
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