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Abstract—A small signal analysis for a separate-absorption-
charge-multiplication (SACM) avalanche photodetector (APD) is
presented for the general case when the electrons and the holes
have different ionization coefficients and different velocities. The
analytic expressions for the impedance and frequency response are
given and a simplified equivalent circuit (including an inductance
with a series resistance in parallel with a capacitance) for the APD
is obtained. The calculation and experimental results show that
the impedance of the APD operated at high bias voltages has a
maximal value at a certain frequency due to the resonance of the
LC-circuit, and this is the origin for a peak-enhancement of the
frequency response.

Index Terms—Avalanche photodetector (APD), Ge, Si.

I. INTRODUCTION

H IGHLY sensitive photodetectors are desirable for a wide
range of applications. One important metric is the gain-

bandwidth product (GBP), which is typically in the 80–200
GHz range for III–V avalanche photodetectors (APDs), as is
expected for a k value (i.e., the ionization ratio) ∼0.4–0.5 [1].
Silicon has a low k-value (<0.1), which is desirable for a high
GBP, and can be applied to communication applications at 1.3
and 1.55 µm, respectively, when combined with a material with
a high absorption coefficient in the infrared, such as InGaAs [2]
or Ge [3]–[5]. Kang et al. reported CMOS-compatible Ge/Si
separate-absorption-charge-multiplication (SACM) APDs with
a GBP as high as 340 GHz [3]. Zaoui et al. [6], [7] examined
higher voltage operation of these diodes and observed a peak en-
hancement of the frequency response and high gain bandwidth
products (840 GHz). Peak enhancement has also been observed
for other types of APDs [9]–[11] and is sometimes explained as
due to space charge effects. In our previous paper [12], we noted
that the impedance for the Ge/Si APD could be fit with an equiv-
alent circuit containing an inductive element and the parameters
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for the elements in the equivalent circuit were extracted by fit-
ting the measured S22 with a genetic algorithm optimization. It
was shown that the inductive element plays an important role
for the peak enhancement of the frequency response.

Small signal modeling based on fundamental equations (e.g.,
the Poisson equation and the semiconductor transport equa-
tions) is a fundamental and important approach to understand
the RF behavior of an APD. Small signal analysis is helpful to
make clear the physical mechanism and consequently has been
used very widely, e.g., for an RF analysis for impact ionization
avalanche transit-time (IMPATT) diodes [13], [14], and for p-n
junctions in breakdown [15]. The previous small signal model
was developed for IMPATT oscillators and usually with the as-
sumption that the electrons and the holes have equal ionization
rates and velocities [15]. In [16], Manasse et al.. considered the
differences in hole and electron velocities and ionization rates
and gave an improved dispersion relationship of a p-n junction
avalanche diode, however, for the case with a single uniform
depletion layer.

In this paper, we present a small signal analysis to calcu-
late the impedance characteristic and the frequency response
of an SACM APD, which includes different parameters for the
absorption layer and the multiplication layer. Specifically, we
consider the general case that the electrons and the holes have
different ionization coefficients and different velocities. It is
the first derivation of the peak enhancement of the frequency
response. Furthermore, we use this analysis to derive the equiv-
alent circuit model for an SACM APD. From the small signal
analysis, we obtain analytical expressions for the impedance and
the short-circuit frequency response of the APD and compare to
experimental results for Ge/Si APDs as an example.

II. THEORY

Fig. 1 shows the schematic configuration of an SACM APD.
There is thin charge layer between the multiplication layer and
the absorption layer, which is doped such that one obtains suffi-
cient gain via a high electric field in the multiplication layer, but
the electric field in the absorber is low enough that avalanche
gain almost does not occur in the absorption layer (see Fig. 1).
The charge layer is usually very thin (100 nm in [3]), so we
simplify the APD structure into an avalanche layer and an ab-
sorption layer, with uniform electrical fields in each. In the
following analysis, we consider the avalanche region and the
drift region separately.

1077-260X/$26.00 © 2009 IEEE

Authorized licensed use limited to: Univ of Calif Santa Barbara. Downloaded on April 28,2010 at 22:16:42 UTC from IEEE Xplore.  Restrictions apply. 



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

2 IEEE JOURNAL OF SELECTED TOPICS IN QUANTUM ELECTRONICS

Fig. 1. Structure and electric field distribution for an SACM APD.

A. Avalanche Region

The basic equations for carrier transport in the avalanche
region are given as follows:

∂E

∂x
=

q

εa
(N+

D − N−
A + p − n)

Jn = q|vna |n
Jp = q|vpa |p

}
(vna < 0, vpa > 0)

∂n

∂t
=

1
q

∂Jn

∂x
+ α|vna |n + β|vpa |p

∂p

∂t
= −1

q

∂Jp

∂x
+ α|vna |n + β|vpa |p


 . (1)

Here, we use a small signal model to obtain the solution


E = E0 + Ẽeiωt ,

α(E) ≈ α(E0) + ∂α
∂E Ẽeiωt ≡ α0 + α′Ẽeiωt

Jn = Jn0 + J̃n eiωt

Jp = Jp0 + J̃pe
iωt

n = n0 + ñeiωt

p = p0 + p̃eiω t

(2)

where Ẽ, J̃n , and J̃pare position-dependent. Substituting (2) into
(1), results in the following equations for the ac components:




∂Ẽ

∂x
=

1
εa

(
− J̃n

|vna |
+

J̃p

|vpa |

)

−∂J̃n

∂x
=

(
α0 −

iω

|vna |

)
J̃n + cα0 J̃p + J̄α′Ẽ

∂J̃p

∂x
= α0 J̃n +

(
cα0 −

iω

|vpa |

)
J̃p + J̄α′Ẽ

(3)

where J̄ ≡ Jn0 + cJp0 and c = β/α. Equation (3) has the fol-
lowing solutions:


Ẽ = C1e

−iγ1 x + C2e
−iγ2 x + C3

J̃n = A1C1e
−iγ1 x + A2C2e

−iγ2 x + A3C3

J̃p = B1C1e
−iγ1 x + B2C2e

−iγ2 x + B3C3

(4)

where 


A1 =
−iεa(ω|vna |/|vpa | − γ1 |vna |)

1 + |vna |/|vpa |

B1 =
−iεa(ω + γ1 |vna |)

1 + |vna |/|vpa |


A2 =
−iεa(ω|vna |/|vpa | − γ2 |vna |)

1 + |vna |/|vpa |

B2 =
−iεa(ω + |vna |γ2)

1 + |vna |/|vpa |

A3 =
−|vna |α′J̄

α0(|vna | + c|vpa |) − iω

B3 =
−|vpa |α′J̄

α0(|vna | + c|vpa |) − iω

and the eigenvalues γ1 and γ2 are given by

γ1,2 =
1
2
(−b0 ±

√
b2
0 − 4c0) (5)

in which


b0 = −
[
i(c − 1)α0 + ω

(
1

|vpa |
− 1

|vna |

)]

c0 =
1
εa

(
1

|vna |
+

1
|vpa |

)
α′J̄ − 1

|vna ||vpa |
ω2

−i

(
1

|vpa |
+

1
|vna |

c

)
ωα0 .

The total ac current is given by J = J̃n + J̃p + J̃d , where the
displacement current J̃d = iωεaẼ. Then we have

C3 =
J

a3
(6)

where

a3 = iωεa − |vpa | + |vna |
α0(|vna | + c|vpa |) − iω

α′J̄ .

The constants C1 and C2 will be determined according to the
boundary conditions given in the following (see Section II-C).

B. Drift Region

Now let us consider the drift region where the basic equations
are given as follows:

∂Ẽ

∂x
=

1
εd

(
J̃p

|vpd |
− J̃n

|vnd |

)

∂J̃n

∂x
= iω

J̃n

|vnd |
− qg̃

∂J̃p

∂x
= −iω

J̃p

|vpd |
+ qg̃


 (7)

where g̃ is the photo-carrier generation rate. The solutions are
given as follows:


Ẽ = C ′

1e
−iγ ′

1 x + C ′
2e

−i γ ′
2

x + C ′
3

J̃n = A′
1C

′
1e

−iγ ′
1 x + A′

2C
′
2e

−iγ ′
2 x + A′

3C
′
3

J̃p = B′
1C

′
1e

−iγ ′
1 x + B′

2C
′
2e

−iγ ′
2 x + B′

3C
′
3

(8)
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where

A′
1 = B′

2 = −iωεd

A′
2 = B′

1 = 0
,




A′
3C

′
3 = qg̃

|vnd |
iω

B′
3C

′
3 = qg̃

|vpd |
iω

, and




γ′
1 = − ω

|vnd |
γ′

2 =
ω

|vpd |
.

From J = J̃n + J̃p + iωεdẼ, we have

C ′
3 =

J

a3 ′ + b3 ′
(9)

where a3′ = iωεd and b3′ = qg̃(|vnd | + |vpd |)/(ω2εd). The
constants C ′

1 and C ′
2 will be determined according to the fol-

lowing boundary conditions.

C. Boundary Conditions

At the left side (n-contact) and the right side (p-contact), we
have

J̃n |x=dd +da
= J̃ns

J̃p |x=0 = J̃ps

where J̃ns and J̃ps are the saturation currents of the electrons
and holes, respectively. From these two equations for boundary
conditions, we have

C ′
1 =

J̃ns − qg̃|vnd |/(iω)
A′

1e1da ′
(10a)

B1C1 + B2C2 = J̃ps − B3C3 (10b)

where e1da ′ = exp[−iγ′
1(da + dd)].

At the interface between the avalanche region and the drift
region, the electron and hole currents should be continuous, i.e.,

J̃n |x=d+
a

= J̃n |x=d−
a

and J̃p |x=d+
a

= J̃p |x=d−
a

and consequently we have

A1C1e1a + A2C2e2a = A′
1C

′
1e1a ′ + A′

3C
′
3 − A3C3 (11a)

B1C1e1a + B2C2e2a + B3C3 = B′
2C

′
2e2a ′ + B′

3C
′
3 (11b)

where {
e1a = e−iγ1 da

e2a = e−iγ2 da
and

{
e1a ′ = e−iγ ′

1 da

e2a ′ = e−iγ ′
2 da

.

For the avalanche region (0 < x < da ), the voltage is given
by

Ṽ1 =
∫ da

0
Ẽ dx = i

C1

γ1
(e1a − 1) + i

C2

γ2
(e2a − 1) + C3da .

For the drift region (da < x < da + dd ), the voltage is given
by

Ṽ2 =
∫ dd +da

da

Ẽ dx

= i
C ′

1

γ′
1

(e1da ′ − e1a ′) + i
C ′

2

γ′
2

(e2da ′ − e2a ′) + C ′
3dd

where {
e1da ′ = exp[−iγ′

1(dd + da)]
e2da ′ = exp[−iγ′

2(dd + da)]
.

The total voltage Ṽ is then given by

Ṽ = Ṽ1 + Ṽ2 . (12)

From (10b) and (11a), we have the solutions for C1 and C2
as given by

C1 = c11 + c12J (13a)

C2 = c21 + c22J (13b)

where


c11 = (A2e2ab11 − B2b21)/|A|
c12 = (A2e2ab12 − B2b22)/|A|
c21 = (B1b21 − A1e1ab11)/|A|
c22 = (B1b22 − A1e1ab12)/|A|

|A| =

∣∣∣∣∣ B1 B2

A1e1a A2e2a

∣∣∣∣∣ and




b11 = J̃ps

b12 = −B3 →←/a3

b21 = A′
1C

′
1e1a ′ + A′

3C
′
3

b22 = −A3/a3

From (11b), we have

C ′
2 = c21 ′ + c22 ′J (14)

where 


c21 ′ =
c11B1e1a + c21B2e2a − B′

3C
′
3

B′
2e2a ′

c22 ′ =
c12B1e1a + c22B2e2a + B3/a3

B′
2e2a ′

.

Now, we obtain the expressions for all the constants
C1 , C2 , C3 , C ′

1 , C ′
2 , and C ′

3 [see (13a), (13b), (6), (10a), (14),
and (9)] for the solutions (4) and (8). Inserting these results into
(12), we have

Ṽ = J

(
i
e1a − 1

γ1
c12 + i

e2a − 1
γ2

c22

+
da

a3
+ i

e2da ′ − e2a ′

γ′
2

c22 ′ +
dd

a3 ′

)
(15)

+ i
e1a − 1

γ1
c11 + i

e2a − 1
γ2

c21 + i
C ′

1

γ′
1

(e1da ′ − e1a ′)

+ i
e2da ′ − e2a ′

γ′
2

c21 ′ + ddb3 ′ .

Finally, we have the following analytical expression for the
ac current (16), as shown at the bottom of the next page.

From the way impedance is measured and from its definition,
we set g̃ = 0 when calculating the impedance. Consequently, we
have

c11 ≈ 0, c21 ≈ 0, C ′
1 = 0, c21 ′ ≈ 0, b3 ′ = 0.
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Fig. 2. Simplified equivalent circuit for the APD impedance Z given by (17).

Thus, the impedance is then given by

Z =
Ṽ

JS
=

1
S

(
i
e1a − 1

γ1
c12 + i

e2a − 1
γ2

c22

+
da

a3
+ i

e2da ′ − e2a ′

γ′
2

c22 ′ +
dd

a3 ′

)
(17)

where S is the APD area. With some more derivation (as shown
in the Appendix), we obtain a simplified equivalent circuit for
the APD impedance given by (17), as shown in Fig. 2. In this
equivalent circuit, an inductance, a resistance and a capacitance
are included for the avalanche region. The inductance and the
series resistance can be explained as follows. When applying
an ac bias voltage on the avalanche region, both the ionization
coefficient and the carrier density are modulated. The time vari-
ation rate of the carrier density ∂n/∂t (as well as ∂p/∂t) is not
only related with the ac electric field but also the carrier density
itself. The interaction between the ac electric field and the ac
carrier density introduces an inductance with a series resistance.
Particularly, the inductance is due to the phase delay between
the ac-current and the electric field (i.e., the ac voltage). In the
drift region, there is no avalanche process and consequently no
inductance effect. The impedance Zcd

is the part corresponding
to the conduction current. The parameters for the elements are
given by

Ra = −α0
|vna | + c|vpa |
|vna | + |vpa |

da

α′J̄S

La =
1

|vna | + |vpa |
da

α′J̄S

Ca =
εaS

da

Cd =
εdS

dd
.

Zc d = − 1
iωεdS/dd

+
d2

d

S

1
iωε2

d

1
|vpd |

1
e2da ′ − e2a ′

1
c22 ′

.

From these formulae, one sees that the inductance La and
the series resistance Ra are inversely proportional to the direct
current J̄S and the differential α′. Usually, the inductance ranges
from sub-nH to several nH and the series resistance Ra ranges

Fig. 3. APD equivalent circuit including parasitic effects.

from hundreds of Ohm to several Ohm, which depends on the
value to the direct current J̄S and the differential α′.

This simplified equivalent circuit is helpful for understanding
the behavior of the APD impedance and frequency responses
and to determine matching circuits for the diode. However, for
greater accuracy, we use the APD impedance Z given by (17) in
the rest of the calculations, and compare the two calculations in
later figures.

The short-circuit frequency response Isc of the APD is given
by setting Ṽ = 0 in (16). In order to include the parasitic effects
of series resistance (Rp ), transmission line inductance (Lp ) and
pad capacitance (Cp ), we use an equivalent circuit as shown
in Fig. 3, where Rs is the series resistance. In this equivalent
circuit, the current source Isc is given by the response of the
APD in the short-circuit case and the impedance Z is given (17).

From Fig. 3, one sees that the current flowing through the
load resistance RL is given by

IL = Iscκ (18)

where

κ =
Z

Z + Rs + 1/(iωCp + 1/(RL + Rp + iωLp))

× 1/(iωCp)
1/(iωCp) + (RL + Rp + iωLp)

.
(19)

III. RESULTS AND DISCUSSION

Here we compare these calculations to measurements on
normal-incidence illuminated SACM Ge/Si APDs. Fig. 4(a)
shows the cross section of the APD [3]. Fig. 4(b) shows the
top view of the fabricated APD. The thicknesses and the doping
concentrations for all layers are shown in Fig. 4(c). A silicon-
nitride film was deposited and serves as an antireflection coating
in the 1310 nm window to improve the quantum efficiency.

From the measured I–V curves, the dc current is on the order of
mA. Even though dc current density for the electrons (Jn0) and
for the holes (Jp0) are x-dependent, in order to have a simplified
model we use the averaged current density and assume Jn0 =
Jp0 in the calculation below. From the Silvaco simulation for the

J =
Ṽ − (i((e1a − 1)/γ1)c11 + i((e2a − 1)/γ2)c21 + i(C ′

1/γ′
1)(e1da ′ − e1a ′) + i((e2da ′ − e2a ′)/γ′

2)) (c21 ′ + ddb3 ′)
i((e1a − 1)/γ1)c12 + i((e2a − 1)/γ2)c22 + (da/a3) + i((e2da ′ − e2a ′)/γ′

2))c22 ′ + (dd/a3 ′)
(16)
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Fig. 4. (a) Schematic configuration of the Ge/Si SACM APD device; (b) top
view of the fabricated SCAM Ge/Si APD; (c) parameters (the doping concen-
trations and the thicknesses) for the layers.

TABLE I
AVALANCHE COEFFICIENTS FOR SI AND GE

dc electric field distribution shown in [7], one sees that electric
field strength is around 400 kV/cm in the avalanche region at a
high reverse bias voltage. Therefore, here we give an analysis for
the performance of the APD operated at around E = 400 kV/cm.
The ionization coefficients for the electrons and the holes are
given by: α, β = A0 exp(−B0/E), where the coefficients are
given in Table I [17]. In Table I, the electron/hole saturation
velocities of Si and Ge are also given [7]. In our calculation,
we use the saturation velocities. This is true at high bias voltage
which is the case considered in this paper.

Fig. 5(a) shows the real part and the imaginary part of the
impedance Z, which shows a strong dependence on the electric-
field strength. When the electric field is relatively weak (e.g.,
E = 385 kV/cm), the real part is positive and decreases mono-
tonically with frequency, while the imaginary part is negative
and has a minimal value at a certain frequency. This is essen-
tially a parallel-connected resistance–capacitance (RC) circuit,
as is seen for a PIN detector. When the electric field is stronger,
the impedance becomes very different [E > 400 kV/cm curves
in Fig. 5(a)]. The real part Zr of the impedance has a peak at a
certain frequency fr and the imaginary part Zi of the impedance
has a transition from a positive to a negative value at almost the
same position fr . This indicates that there is an inductance and
a capacitance in the equivalent circuit. When f < fr , the imag-
inary part Zi is positive since the inductance plays an important

Fig. 5. Real part and the imaginary part of the impedance for: (a) APD without
parasitic effects; (b) APD with parasitic effects (Rp , Cp , and Lp ); (c) measure-
ment results.

role. When f > fr , the capacitance plays an important role and
consequently the imaginary part Zi becomes negative. The in-
ductance effect is because the impact ionization in the avalanche
region introduces a phase delay between the ac current and the
electric field (i.e., the ac voltage).

In order to compare the measured impedance of the APD with
the GSG pads, we calculate the total APD impedance with the
parasitic effects, including the inductance Lp , the capacitance
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Fig. 6. (a) Calculated Smith chart (the frequency ranges from 45 MHz to 30
GHz); (b) measured Smith chart.

Cp , and the resistance Rp (see Fig. 3). The values for the ele-
ments are: Lp = 0.082 nH, Cp = 0.193 pF, and Rp = 6.65 Ω
and Rs = 16.76 Ω, which are estimated from the experimental
measurements. The calculated impedance with the parasitic ef-
fects is shown in Fig. 5(b). When parasitic effects are included,
the total impedance is similar to that shown in Fig. 5(a). In
Fig. 5(c), we present the real part Zr and the imaginary part Zi

of the measured impedance for the APD with D = 80 µm when
the bias voltage varies from −24.6 to −26.6 V. The impedance
was obtained by measuring the microwave reflection parameter
S22 as the bias voltage is varied by using an Agilent E8364 A
network analyzer. From Fig. 5(b) and (c), one sees the calculated
results are very close to the measurement results.

In Fig. 6(a) and (b), we also show the calculated and the
measured Smith charts. One sees they agree well with each other.
The difference between them might be because our model does
not include the traps in Ge layer and the interdiffusion layer
between the Si and Ge layer. When the bias voltage (or the
electric field) is low, the entire curve is below the line Γi =
0 (which corresponds to a resistor and capacitor in parallel,
representing the diode capacitance and diode resistance). For
a higher bias voltage, one has Γi > 0 in a certain frequency
range. The phenomenon becomes stronger when the bias voltage
increases further.

Fig. 7. (a) Calculated frequency responses at different electric field strengths;
(b) measured frequency responses at different bias voltages; (c) response when E
= 405 kV/cm: the top curve is for the short-circuit frequency response (given by
10 log10 (Isc/Pin )); the bottom curve is the response for κ, which is given by
(19); the middle curve is the frequency response of the current flowing through
the load resistance given by 10 log10 (IL /Pin ) = 10 log10 (κIsc/Pin ).

Fig. 7(a) shows the calculated frequency responses at differ-
ent electric field strengths. From this figure, one sees that, when
the electric field strength increases, the dc gain increases be-
cause of more impact ionization [as can be seen in the responses
in the low-frequency range shown in Fig. 7(a)]. When the
electric field strength is higher (e.g., E > 402 kV/cm here), the
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response at low frequency decreases while there is an enhance-
ment in the high frequency range. The enhancement becomes
greater as the electric field strength increases. This behavior is
also observed in our measurement of APDs. Fig. 7(b) shows the
measured frequency responses at different bias voltages (rang-
ing from −23.8 to −26.6V). In order to show the origin of the
peak enhancement, in Fig. 7(c) we show more details for the
frequency response in the case E = 405 kV/cm as an example.

In Fig. 7(c), the top curve is for the short-circuit frequency
response of APD, which is given by 10 log10(Isc/Pin). The bot-
tom one is the response for κ, which is given by (19), and con-
sequently the parasitic effect is included. The dotted one is the
frequency response of the current flowing through the load resis-
tance, which is given by 10 log(IL/Pin) = 10 log10(κIsc/Pin).
From Fig. 7(c), one sees the peak-enhancement of the response
10 log10(IL/Pin) is corresponding to the peak of the coefficient
κ. As we see in Fig. 5, the impedance of the APD (without
the parasitic effects) has a maximal value, which results in the
peak of the coefficient κ. Such a peak enhancement of frequency
response will enhance the 3-dB bandwidth when the APD oper-
ates at high bias voltage. Consequently it is beneficial to achieve
high GBP as shown in the previous paper [7].

IV. CONCLUSION

In this paper, we have presented a small signal analysis for
an SACM APD and obtained analytical expressions for the
impedance and the short-circuit frequency response for the
APD. It is the first time the peak enhancement of the frequency
response has been presented using small-signal modeling. We
have also established an equivalent circuit (including the par-
asitic effects) for the APD. The theoretical prediction agrees
well with the experimental results. From the calculation results,
it has been shown that the impedance of the APD will have a
maximal value at a certain frequency when the bias voltage is
high. This is the origin of a peak-enhancement of the response
at a high frequency.

APPENDIX

Here, we obtain the equivalent circuit for the APD impedance
Z [given by (17)]. The current density includes two components:
the conduction current density and the displacement current
density.

1) In the avalanche region, the impedance is given by

Za =
Ṽ1

Jc aS + Jd aS
=

1
(1/Zc a) + (1/Zc d)

(A1)

where Jca
and Jda

are the conduction current density and the
displacement current density, respectively, and the impedances
Zc a = Ṽ1/(Jc aS) and Zd a = Ṽ1/(Jd aS). The conduction
current density Jca

is given by

Jc a =
1
da

∫ da

0
(J̃n + J̃p)dx. (A2)

Thus, the impedance is then given by, (A3), as shown at the
bottom of this page.

Since γ1 and γ2 are usually very large (especially at the high
frequency), we have

i
C1

γ1
(e1a − 1) + i

C2

γ2
(e2a − 1) + C3da ≈ C3da (A4)

and

Zc a ≡ Ra + iωLa (A5)

where

Ra = −α0
|vna | + c|vpa |
|vna | + |vpa |

da

α′J̄S
(A6a)

La =
1

|vna | + |vpa |
da

α′J̄S
. (A6b)

The impedance Zda
is given as follows:

Zd a =
iωεaS

da
≡ iωCa (A7)

where

Ca =
εaS

da
. (A8)

2) In the drift region, similarly we have

Zd =
Ṽ2

Jc dS + Jd dS
=

1
1/Zc d + 1/Zd d

(A9)

where Zc d = Ṽ2/(Jc dS) and Zd d = Ṽ2/(Jd dS).
The conduction current density Jcd

is given by

Jc d =
1
dd

∫ da +dd

da

(J̃n + J̃p)dx (A10)

Consequently, we have (A11), as shown at the bottom of this
page.

Since g̃ = 0 (for calculating the impedance), one has

c11 ≈ 0, c21 ≈ 0, C ′
1 = 0, c21 ′ ≈ 0, b3 ′ = 0.

Zc a =
da/S

iωεaC3da − (|vna | + |vpa |)α′J̄C3da/α0(|vna | + c|vpa |)− iω/(i(C1/γ1)(e1a − 1) + i(C2/γ2)(e2a − 1) + C3da)− iωεa

(A3)

Zc d =
dd/S

(iωεdC ′
3dd + ((|vnd | + |vpd |)/iω)qg̃dd/i(C ′

1/γ′
1)(e1da ′ − e1a ′) + i(C ′

2/γ′
2)(e2da ′ − e2a ′) + C ′

3dd) − iωεd
(A11)
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Consequently (A11) is rewritten as

Zc d =
dd

iωεdS

(
dd

|vpd |εd

1
e2da ′ − e2a ′

1
c22 ′

− 1
)

. (A12)

The impedance Zdd
is given as follows:

Zd d =
jωεdS

dd
≡ jωCd (A13)

where

Cd =
εdS

dd
. (A14)
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