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Abstract
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information about the source. We show that separate source and channel coding is asymptotically suboptimal in
general. By contrast, in the case of vanishingly small probability of error, separate source and channel coding is
known to be asymptotically optimal. For the zero-error case, we show further that the joint coding gain can in fact be
unbounded. Since separate coding simplifies code design and use, we also derive conditions on sources and channels
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Zero-Error Source-Channel Coding with Side

Information

I. INTRODUCTION

An information theoretic result that has had a profound impact on practical communication system design is the
separation theorem, which says that source and channel code design can be separated without any asymptotic loss
of optimality. The first theorem of this kind was proved by Shannon [1] who considered the case where a discrete
memoryless source needs to be communicated over a discrete memoryless channel and a non-zero reconstruction
error that asymptotically vanishes as the code block length increases is allowed. This theorem has since been
shown to hold for most analytically tractable singe-user source-channel scenarios with a few exceptions under the
asymptotically vanishing error constraint described above [2]. Note that separation theorems are asymptotic results
and make no claims about the behavior at finite block lengths.

A study of communication systems under the more stringent error free constraint was also initiated by Shannon
[3]. He characterized the zero-error capacity of the discrete memoryless channel both with and without feedback and
established that the zero-error regime is different from the asymptotically vanishing error regime. As we shall shortly
see, for the source-channel pair of [1], the separation theorem trivially holds even under a zero-error constraint. The
guestion of optimality of source-channel separation in the zero-error case becomes far more interesting when the
decoder has access to side-information about the source. For this communication scenario we resolve the question
and demonstrate that zero-error behavior and the asymptotically vanishing error behavior differ substantially.

Let C be a discrete memoryless channel with transition probabilityy (y|z),z € X,y € ), where X
and Y are finite sets. With an asymptotically vanishing error requirement, the capacity of this charhekis
max, ) [(X,Y), where I(X;Y) is the mutual information betweeX and Y. The zero-error capacity(y,
which was characterized by Shannon [3], will be discussed in detail in the following section.

Let (Sy,Sy) be a pair of memoryless correlated sources producing a pair of random varigblés from a
finite setd x V at each instant. Alice, “the sender”, has acces# twhile Bob, “the receiver”, has access ta
Alice and Bob are connected by the chanfeM/e wish to determine the minimum amount of channel resources
required for Alice to conveyJ to Bob. Specifically, we are interested (im, n)-codes that conveyn realizations
of U in n channel uses. The rati§ channel uses per source symbol is called the code rate.

Consider first the case wheté needs to be conveyed across charthelnd there is no side-information at the
receiver. For the asymptotically vanishing error case, Shannon showed that source and channel coding can be done
separately without any asymptotic loss of optimality: Forealt 0, separate source and channel coding can attain a
rate less tha@ + e with probability of error less than, while no source-channel code can attain rates less than
H(U)

=&~ Here H(U) is the Shannon entropy of the random variablelt is trivial to show that separate source and

channel coding is asymptotically optimal even for the zero-error cagé=if{u € U : py(u) > 0} is the support



of U, separate source and channel coding can achieve a r%efe, where|s| denotes the cardinality of a set
Since there is no side-information, in atw:, n)-code the channel outputs must be sufficient to distinguish distinct
members of/™, which implies that there is a one-to-one mapping between the element& aind a channel
code forC at block lengthn. Therefore the minimum rate achievable by a source-channel cog()% and in fact

all source-channel codes correspond to separate source and channel codes.

Suppose we wish to design a source-channel code for the sbuwgth side-informationl” and channel with
probability of errore € (0,1). The celebrated result of Shannon [1] states that there exists a channel ca@le for
at some block length. that conveys at least’ — £ bits per channel use and result in a probability of error less
than 5. Another celebrated result of Slepian and Wolf [4] states that there exists a source code for the source-side-
information pair(U, V') at some block lengthn with per symbol rate less thali (U[V') + § bits and probability of
error less tharg. Here H(U|V') is the conditional Shannon entropy bf given V. Concatenating the source and
channel codes, we have a source-channel code of rate Iessﬁ@%éﬁ;—% < H(%‘V) + 2e and probability of error
less thane as was desired. On the other hand, Shamai and(iVBHhave shown that codes with rate less than
w cannot exist even if joint source-channel coding is employed. Hence separate source and channel coding
is asymptotically optimal when a vanishingly small probability of error is allowed.

In this paper we focus on theero-errorsetting for the problem of source-channel coding with side-information.
Sections Il and IV present our main results — the suboptimality of separate coding and the gains by joint coding. In
Section V, we turn to the question of when separate coding is indeed optimal and present sufficient conditions on
sources and channels. In Section VI we present some comments on the complexity of code design before concluding
in Section VII. Since the imposition of zero-error constraints naturally leads to problem formulations in terms of

graphs, we first provide useful graph theoretic definitions in Section Il

II. PRELIMINARIES AND NOTATION
A. Graph theoretic preliminaries

A graphG = (V, E) is defined by a vertex sat = {v;,i = 1,...,|V]|} and a set of edgeE C V' x V. We
only consider undirected graphs, that(isv’) € E = (v/,v) € E. The subgraph induced by a dét C V is the
graphG’ = (V', E') where E' = (V' x V')N E. The complement of a grapi = (V, E) is the graphG = (V, E)
where E = {(v,v') : v,0" € Vv # 7/, (v,0') ¢ E}.

An independent seéh G is a set of vertices such that the graph it induce&’irs edge free. The stability number
a(@G) is the cardinality of the largest independent sefinA coloring is a mapping of vertices to “colors” such that
connected vertices receive distinct colors. Theomatic numbeof G, x(G) is the minimum number of colors that
are required for coloring-. Since only independent sets can receive the same color, a coloring can also be viewed
as a partitioning o into independent sets. A complete graph is one where every pair of vertices is connected by
an edge. The complete graph snvertices will be denoted by(,,,. A clique of G is a subset of the vertices that
are pairwise connected, that is the subgraph induced by this subset is a complete graph. The cliqueuiGhber,

is the cardinality of the largest clique iA.



The normal or AND product of two graphs = (V, E) and H = (V', E’), denotedG x H = (V x V', Ey) is
the graph oV x V' where((vy, v1), (v2,v5)) € Ex if and only if v; = vq, (v],v4) € E’ or (v1,v2) € E, v} = v}
or (v1,v2) € E, (v],v}) € E'. G™ denotes thew-fold AND product of G with itself. The conormal or OR product
of two graphsG = (V,E) and H = (V' E’), denotedG ¢ H = (V x V' E,) is the graph onV x V' where
((v1,}), (v2,vh)) € E, if and only if (vy,v9) € E or (v}, v}) € E'. ObserveE, C E,. G™) denotes the:-fold
OR product ofG with itself.

Given two graphss = (V, E) andH = (V', E’), ahomomorphisnis said to exist fronz to H, denoted — H,
if there exists a mapping : V' — V' such that if(v1, v2) € E, then(é(v1), ¢(v2)) € E’. If there is no such mapping
we denote it byG - H. The relation " is reflexive G — G) and transitve ¢ — H andH — F = G — F)
but not symmetric¢ — H = H — G). Homomorphisms fronG to H can be considered as generalizations of
colorings of G since the set of vertices i that are mapped to a given vertex #h must be an independent set.

Clearly, G — K,, if and only if m > x(G). Also K,,, — G if and only if 1 <m < w(G).

Cs K;

Fig. 1. The pentagod’s and the complete graph dhverticesK3

To illustrate these graph-theoretic concepts, consider the examples in Rit,32.is one of the largest inde-
pendent sets ilCs and hence the stability number(Cs) is 2. Similarly, {1,2} is one of the largest cliques in
C5 and hence the cligue numbe(Cs) is also2. A coloring that requires the fewest colors assigns distinct colors
to the sets{1,3},{2,4} and {5}. The chromatic numbery(Cs) is 3. In the second example dks;, we have
a(K3) =1, w(K3) = x(K3) = 3.

Moving to homomorphisms, consider the mapping {1,2,3,4,5} — {1,2,3} given in Table I. This is easily
seen to be a homomorphism frat to K5. ThereforeCs; — K3, which is consistent with the coloring interpretation
of homomorphisms sincg(C5) = 3. On the other hand, there is no mapping frdin 2,3} to {1,2,3,4,5} that
maps connected vertices i3 to connected vertices id's. Therefore K3 - C5. Again this ties in with our

comments above sincg> w(Cs).
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A HOMOMORPHISM FROMC5 TO K3

B. Channel coding

A channel is specified by a finite input alphal¥f an output alphabel and a transition probability function
py|x (ylx). Y™ (2") denotes the random channel output whénc X™ is the input. The fan out seft, C Y of
x € X is the set of output letters such that x (y|z) > 0. With every channel, we can associate a characteristic
graphGx with vertex setY where two vertices:, 2’ € X’ are connected by an edge if their respective fan out sets
F, and F,, do not intersect.

A channel code of block length is a pair of mappings: an encodéf : {1,...,2"“} — X" and a decoder
PP Y — {1,...,2"C}. A zero-error code is one wherg (Y (47 (i))) = i,Vi € {1,...,2"C} with probability
1. The zero-errom-use capacity of a channel is the largest valug'dior which a zero-erron-length block code
exists. For a scalar ( block length) code to be zero-error, the fan out sets of the symbols in the imagé (of
must be pairwise disjoint. This implies that these symbols form a cliqu&xin The 1-use capacity of the channel
is log w(Gx) bitst. Similarly, in n uses of the channedq(Gg?)) messages can be transmitte{h()?) generalizes
the characteristic graph to block coding since we can distinguish two vectdr® ian the basis of their outputs
if along at least one coordinate they cannot result in the same output. We see that the zero-error capacity of the
channel depends only on its characteristic gréh The zero-error capacity of the grapghy (in bits per channel

use) is defined as [3]

C(Gx) = lim ~ log w(GW). 1)

n—oo 1
The limit in (1) exists due to the supermultiplicativity m:f(Gg?)) (Fekete’s Lemma [7]).
For example, thex-fold OR product of the complete graghi,,, Kf,?), is K. ThereforeC(K,,,) = m. Another
example, which is important for our exposition, is the pentag@n Finding the capacity of this graph remained
an open problem for more than two decades since the problem was first posed by Shannon [3]. Shannon showed

thatw(CéZ)) =5, which implies that the capacity @ is lower bounded by% log 5. By using a graph functional

1All logarithms are to base 2



called the theta function, Lé&sz [11] showed tha% log 5 is in fact the capacity of th€'s. Lovasz's theta function
is a polynomially computable upper bound on the capacity of a graph. It is defined as follows:

Consider a grapld: = (V, E). To each vertex;, assign a unit vector; from a fixedd dimensional space such
that the vectors associated with connected vertices are orthogonal, tle¢ handle, be an arbitrary unit vector
from the same spaceu.,...,uy |, h) is called an orthonormal representation with handle.igtbe the set of
all orthonormal representations with handle associated with the grafthe Lovasz theta function of7 is

1
IG) = i —. 2
(@) (ul,‘..,zrt?vu‘l,h)eucie{g%ﬁvw} (hTu;)? @
Of the several interesting properties of the theta function, most useful for this paper are the following [11], [13].

For graphsG, H

w(G) < I(G) < x(G) 3)
C(G) < log¥(Q) (4)
WG x H)=9(G e H) =9(G)I(H) (5)

C. Source coding with side information at the decoder

Sy and Sy are a pair of memoryless correlated sources produéingand V; ~ pyy(u,v),i = 1...00
respectively. Alice, who has access &g needs to transmit her information to Bob, who has accesS,toFor
zero-error code design, the relevant features of the source are captured by the supfoert Sa/ x V', which is
the set of pairqu,v) € U x V such thatpyy (u,v) > 0. For encoder design and hence minimum asymptotic rate
calculation, we can further reduce the source to its confusability géaplon &/ whereu, v’ € U are connected
if and only if there existe» € V such thatpyy (u,v) > 0 and pyy (v/,v) > 0. The precise mode by which the
confusability graph is utilized in coding will be made clear in the following subsections.

A source code of block length consists of an encodes, : U™ — {1,...,2m} and a decoder), :
{1,...,2m8} x ym — ym,

1) Unrestricted inputs:The unrestricted inputs (Ul) version is motivated by the need to eliminate catastrophic
events in the scenario where the side information can occasionally be incorrect. On Alice’s sidé, dne
independent and identically distributed accordingpto(u), the marginal ofpyy (u, v). Bob observed/;, chosen
from V), which is a corrupted version &f; and need not necessarily result(i;, Vi) from the support sefy . We
require Bob to decode correctly only whéti;, Vi) is in Syy. Let¢s(os(U™), f/’”) = U™, A zero-error Ul code
is one wherdJ; = U; with probability 1 for all ¢ such that(U;, VL) € Syyv. Theme-instance Ul rate is the smallest
value of R for which anm-length zero-error Ul code exists. For = 1, the zero-error constraint means that only
independent sets itF;; can receive the same codeword. Hence, to code a single instdfte) codewords are
necessary and sufficient. While coding blocks of lengthtwo vectorsu = (uq,...,u,) andu’ = (uf,...,u,,)
are confusable if there exists some coordinatuch that(u;,u}) is an edge inGy. This follows from the fact

that if Bob’s side information along coordinatev; is such thapyv (u;, v;)puv (u;, v;) > 0 then, even if the side



information along all other coordinates is incorrect, the codewordsifand u’ must be different for zero-error
decoding. The minimum number of codewords is theref;@(élgn)), the chromatic number of the:-fold OR

product of Gy with itself. The asymptotic rate (in bits per source symbol) is given by
. ]- m
R (Gy) = lim —log(x(Gy")). ()

The limit in (6) exists due to the submultiplicativity Qt(ng)). McEliece and Posner [8] and Berge and
Simonovits [9] showed that
.1 m «
lim_—log(x(G™)) = log X" (Gv). (7)

m—oo M

x*(Gy), the fractional chromatic number of the gra@ly, is the solution to the following linear program:

IS(Gu)l
X*(Gu)=min{ > yi: Y y;>LVuel,y>0} (®)
Y i=1 i€S(Gy)
Jjou

whereS(Gy) denotes the family of independent sets(df. Note that if we further require that; € {0,1}, we
obtain the integer program for finding the chromatic numbegf

Since K\ = K., and every vertex in a complete graph must be assigned a different color in any coloring,
R*(K,,) = logm. For the pentagod’s, in the linear program defining*(C5), consider the assignment = % for
all i of the form {3, (j + 2) mod 5}, j € U andy; = 0 for all otheri. Since the resulting cos} is also attainable
by the dual of the linear program, we have th#t(C5) = log x*(Cs) is log 3.

2) Restricted Inputsin the restricted inputs (RI) scenario, Alice again observedthavhile Bob’s observation
V; is identical toV;. A zero-error Rl code is one whetg (¢,(U™), V™) = U™ with probability 1. Them-instance
RI rate is the smallest value @t for which anm-length zero-error RI code exists. Again, for scalar coding only
independent sets it¥y; can be assigned the same codeword. So the minimum number of codewords required is
the chromatic number of the grapf{Gy ). Suppose we wish to encode a block of length Two realizations of
Um, u= (uy,...,uy,) andu’ = (u},...,ul,), are confusable given the side information if they are confusable
in every coordinate. To see this consider the case wheand v are distinguishable. If the two vectots and
u’ are assigned the same codeword, they can still be decoded correctly on the hagsihefside information in
the it" coordinate. Therefore the confusability graph farinstances is then-fold AND power of Gy, G¥t. The
minimum number of codewords is the chromatic numpé&;}). The asymptotic rate (in bits per source symbol),

called the Witsenhausen rate of a graph, is given by [10]

Ru(Gy) = lim —log(x(GI)). ©)

m—oo 1M
The limit in (9) exists due to the submultiplicativity of(G7}).
K is also K,,,,, and henceR,,(K,,) is log m as well. For the pentagon example, the results ofdsav[11] on
its capacity combined with the results of Witsenhausen [10] imply Bya{C5) = %log 5.
We note in passing that computation of channel capacity and Witsenhausen rate for an arbitrary graph remains

an open problem.



IIl. SOURCE-CHANNEL CODING — MAIN RESULTS

In this section, we define zero-error source-channel codes and present our results.

A source-channglm, n)-code is again a pair of mappings: the encod@f : /™ — X™ and the decodep’” :

Y x V™ — ™. Let V™ be the side-information observed by the decoder. In the RI case, this is the saffie as
Using the side-information and the output of the encoder, the decoder prodgj¢es ™ (¢ (U™)), V™) = U™,

Of a zero-error Ul code we requir(éi = U; with probability 1 for all < such that(U;, Vi) € Syvy. Of a zero-error

RI codelU; = U; with probability 1, Vi. In both cases this means thatlength vectors of the source alphabet that

are not distinguishable on the basis of the side information, must be distinguishable through the channel outputs
they induce. For the case where = n = 1 this implies that if two nodes are connecteddfy, their images
under¢!! must also be connected @ . In other words, we seek homomorphisms frefp to G'x. The source
confusability graph and the channel characteristic graph capture all the information in a source-channel pair required
for zero-error source-channel coding.

In the sequel, we represent the source-channel pair by the corresponding graph pair. Further, in this section we
shall restrict our attention to ratecodes, which we denotg-codes. Al-code of block length: is a (n, n)-code.
Separatdl -codes arel-codes where source and channel coding are performed independent of each other. A source-
channel pair is called Ul (RI) compatible if there exists a Ul (Rigode (for some block length). For example,

(G, Q) is both Ul and RI compatible — any source with confusability grépban be transmitted through a channel
whose characteristic graph is alébusing (1, 1)-codes. To show the suboptimality of separate coding, we present
cases where joini-codes exist at block length, but no separaté-codes exist at any block length.

If source and channel coding are done separately, we have a composition ofsfhagg™ — {1,...,2m%}
and¢” : {1,...,2"¢} — x™ at the encoder. The zero-error constraint implies that a one-to-one mapping should
exist between source encoder output and channel encoder input which in turn impliesnC. Note that in the
Ul caseR > R*(Gy), while in the RI caseR? > R,,(Gy). In both cases” < C(Gx). Therefore for a separate
1-code to exist at some block length, the minimum asymptotic rate for the source should not be greater than the

capacity of the channel.

A. Separate Coding is Asymptotically Suboptimal: Unrestricted Inputs

With unrestricted inputs, atm,n)-code is a homomorphism?": Y™ — X from the m-fold OR product of
the source confusability grapﬁ%}”) to then-fold OR product of the channel characteristic grzﬁ)if).

In the separate source and channel coding case, the source can be encoded using block coding to any rate greater
than R*(Gy). Therefore separaté-codes cannot exist i (Gx) < R*(Gv).

Consider a source-channel pair such that = Gy = Cs, the pentagon. The capacity of the channel [11] is
%log 5, while the minimum asymptotic rate of the sourceldg g C(Gx) < R*(Gy) and communication with
separate source and channel coding is not possible at any block length.

However, the source and channel graph are identical. Therefore the pair is Ul compatible and the identity mapping

) =4,vi € {1,2,3,4,5} is a valid zero-erro(1, 1)-code.



We thus prove the asymptotic suboptimality of separate source and channel coding in the Ul scenario.

B. Separate Coding is Asymptotically Suboptimal: Restricted Inputs

With restricted inputs, arfm, n)-code is a homomorphism?2": U™ — X™ from the m-fold AND product of
the source confusability grapli7; to then-fold OR product of the channel characteristic graipif).

If source and channel coding are done separately, the source can be encoded using block coding to any rate
greater thank,, (G7). Therefore separatk-codes cannot exist i (Gx) < Ry, (Gu).

The example in the previous subsection is no longer useful as a counterexample since B, (TQ]) =
log V5 = C(Gx).

Our approach here is to find an appropriate grépand letGy = Gx = G. We employ an upper bound on the
capacity of a graph which is also a lower bound on its Witsenhausen rate. Existence of &d@plvhich either
bound is not tight will immediately prove that separate source and channel coding is asymptotically suboptimal and
outperformed by joint source-channel coding. The upper bound on the capacity is the one discovergasby1dv
the theta function’(G). The fact that it is also a lower bound dd, (G) is implicit in a paper by Marton [12].
Our next theorem makes this relation explicit.

Theorem 1:For any graph = (V, E)

log 9(G) < Ry(G) (10)
Proof:

a6 € e

®)
(9(G)" = x(G")

9(G) < (X(G™))7
Here (a) and (b) follow from (3) and (5) respectively. Taking logarithms and the limit as oo,

log #(G) < lim ~log(x(G")) = Ru(G).

n—oo 1
|

Haemers [14] presents an example wh@(&) < ¥(G) - the Schéfli graph. The Schilfli graphG47 is a strongly
regular graph on 27 vertices. A strongly regular graph with paraméteris A, 1) is a graphG with n vertices,
not complete or null, in which the number of common neighbors of verticasd v’ is k, A\ or . according to
whetherv andv’ are equal, adjacent or non-adjacent respectively. The parameter &gt @ (27,10, 1,5). Let
both the source and channel grapfi's; andGx, be Go7. Haemers proved tha(Gx) < log7 < ¥(Gx) = log9.
Therefore, by Theorem 17(Gx) < R, (Gy), although transmission is possible using scalar joint source-channel

coding’.

2This example can also be used to show that joint source-channel coding helps in the unrestricted inputs scengigGinge< R*(Gy)
(The edges in the AND product are a subset of the edges in the OR product). We provided a separate example to highlight the difference

between the two cases.



IV. HOW LARGE IS THE JOINT SOURCECHANNEL CODING GAIN?

Given a source-channel paiy, Gx), let us rephrase the problem as: what is the minimum rate required for

zero-error communication? With separate coding, the minimum rate in the Ul casgis, Gx) = }g((g)f)) while
in the Rl case it is",,(Gu,Gx) = % However, there is no expression known for the corresponding quantity

in the joint coding case. Let us focus on the special case whgre= Gx, where we are guaranteed that the
minimum rate is at most channel use per source symbol. Using a recent result by Alon [15], we show in Theorem
2 that bothr*(Gy, Gx) andr,, (Gy,Gx ) can bearbitrarily large even in this restricted scenario. Hence, the joint
coding gain is generally unbounded.

Lemma 1:For everyk, there exists a grap&’ such thatC(G) < logk and
9(G) > kM) sgiors (11)

with the o(1)-term tending to zero ak tends to infinity.
Proof: This result is essentially due to Alon [15]. For completeness, we present his construction and an outline

of the proof. The graph family is constructed as follows: pednd g be a pair of primess = pg — 1 andr > s
an integer. Letd = H(p, q,r) be a graph whose vertices are all the subset§lof. ., r} that are of cardinality.
Two vertices are connected if the intersection of the associated sets has cardifalityod p). H hasm = (7)
vertices. For the choice of parameters< p < ¢ + O(¢q3) andr = p?, Alon showed thatC'(H) < 2(ppjl) and
C(H) < Q(qul)_ The existence of such pairs of primes follows from standard number theoretic results [16]. Note
that if G is any graph om vertices,C(G x G) > n (the set of node$(i,4),i € V(G)} will always form a clique
in G x G) . ThereforeC(H x H) > m = (p;’il).

Finally, for a givenk, choose prime® andq as follows

i) p is the largest prime such tha(p”_gl) <k.

i) ¢ is the largest prime less than

For the correspondingl = H (p, ¢, p), we have:

—~

_ _  (a _® = (©) log
(max[9(H), 9(H)))? > I(H)I(H) L 9(H x H) > 20H*H) 5 j(+e() e

where(a) follows from (5), (b) follows from (4) and(c) follows from the relations between ¢ andk, the standard
bounds on binomial coefficients and results on the distribution of primes [16]. Therefore at least Bnendf]
satisfies (11). |
Theorem 2:Given anyl, we can find a graplés such that
7 (G) > R (G) > 1

c(G) — C(G) ~
Proof: Fix k and letG be as in Lemma 1,

R*(G) (;) R,(G) ( Q
cG) — CG) C(G) — 8loglogk
where(a) follows from R*(G) > R,,(G), (b) follows from Theorem 1, an¢c) follows from Lemma 1. Examining

o

) log 9(G) © (14 0(1))logk

v

the right hand side ofc), we see that we can always findkathat makes it greater than the givén ]
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V. WHEN IS SEPARATE CODING OPTIMAI?

Our main result was that separating source and channel coding was suboptimal. However, separate coding offers
the advantage of reusing the code design. One could design the source code and use the same code for more than
one channel. One could similarly reuse the channel code for various sources. So it is of interest to characterize
source (channel) graphs such that separate coding is optimal for all channel (source) graphs. We were able to
provide conditions on graphs that are sufficient for optimal source-channel separation.

Theorem 3:Asymptotic optimality is achievable by separate Ul and RI coding if one of the following two
conditions is satisfied:

i) the channel grapltz x satisfiesy(Gx) = w(Gx),

i) the source grapltzy satisfiesy(Gy) = w(Gv).
Proof: We prove that the existence of a source-channel code implies the existence of separate source and
channel codes. The analysis is most direct in terms of graph homomorphisms. We rely on the following string of

inequalities: For any graptv,

w(G)" = w(G") < w(G™) <Y(G)" < x(G™) < X(G™) < x(G)". (12)

Let (Gy,Gx) be an arbitrary source-channel pair such that satisfies condition i of the theorem. We prove
the theorem for the Ul case. The proof for the RI case is similar. If &sWn)-code existng”) — Gg?). If

a = x(Gx), (12) withG = G implies x(GY) = w(G{) = a™. Now G — K,», which impliesG{"™ — K,n
which impliesX(Gg”)) < a" that isX(Gg")) < w(GY) or a separate code exists.

Now, we consider the case whet&y is arbitrary andGy satisfies condition ii. We first note that in this case
R*(Gy) = R, (Gy) and the existence of separate codes in the Ul case is equivalent to the existence of separate
codes in the RI case. If a Ulm,n) code exists,ng) — Gg?). If b = x(Gy), (12) with G = Gy implies
X(ngm)) = w(Gg”)) =b". Now Kpm — ngm), which implies K;,» — G which impliesw(G{”) > b™ that is
w(GP) > x(GU™) or a separate code exists. ]

The conditions of Theorem 3 are satisfied by an important class of graphs, called perfect graplis igL@].
perfect graphs if it satisfieg(G’) = w(G’) for all induced subgraph&’ of G. Interval graphs and comparability
graphs are examples of perfect graphs. Theorem 3 implies that source-channel separation is optimal for the following
point-to-point communication scenarios:

a) No side-information available at either en@his case can be considered as a special case of the Rl scenario
where the confusability graph is the complete graph. Since complete graphs are perfect, source-channel separation

is optimal as mentioned in Section I.

b) Accurate source side-information available at both the encoder and the decbaiercase is equivalent to the

RI problem where botlt/ andV need to be reconstructed at the decoder. The source confusability graph on the

vertex set/™ x V" is the vertex disjoint union ofY™| complete graphs: to each elemefitc V" corresponds

the clique{u™ x v™ : u"™ € U™, pyv (u™,v™) > 0}. Since the disjoint union of complete graphs is a perfect

graph, source-channel separation is asymptotically optimal.
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VI. COMPLEXITY OF SCALAR CODE DESIGN

Consider the following decision problem

Instance:GraphsG and H

Question:Is there a zero-error source-chaniig]1)-code from sourcé&s to channelH?

This problem is easily shown to h& P-complete, since thd(-coloring problem [18] reduces to it when the
channel graphd is the complete graph ok vertices. However in typical applications, the channel is fixed and
the question that needs to be answered is whether some given source can be transmitted through this channel using
a scalar source-channel code, i.e., the decision problem is:

Instance:GraphG

Question:Is there a zero-error source-chaniig1)-code from sourc&s to channelH?

This problem is much harder to classify. However, scalar code design is equivalent to finding a homomorphism
from G to H. In this guise the above problem has been extensively studied by graph theorists. In 1990, Hell
and Né&efil [19] showed that deciding whether there is a graph homomorphism from a givém a fixed H
is polynomial if H is bipartit¢ and is N P-complete for all otherH/. Therefore, if the widely held conjecture
P # NP is true, no polynomial time optimal code design algorithm exists for most channels and we can only

hope for efficient approximate algorithms.

VII. SUMMARY AND CONCLUSIONS

The main objective of this paper was to show the asymptotic suboptimality of separate source and channel coding
for zero-error transmission of a discrete memoryless source through a discrete memoryless channel when there is
source side-information solely at the decoder. For both Ul and RI cases, we observed that not only is separate
source and channel coding suboptimal, the gains from joint coding can be unbounded in the following sense: There
exists a sequencl Gy, Gxi)}2, of source-channel pairs such that there exist joint source-channel codes of rate
less thanl for all + while the minimum rate for separate source and channel coding tenglsde: tends toco.

This is rather surprising, especially in view of the fact that if an asymptotically vanishing error is allowed, separate
source and channel coding is optimal. The interesting, if challenging, problem that our result opens up, namely,
finding the minimum rate necessary for zero-error joint source-channel coding is left for future work.

The convenience that separate coding affords led us to investigate conditions for optimality of separate coding.
The sufficient conditions that we arrived at in Theorem 3 are identical to those for the achievability of channel
capacity (condition i) or the Witsenhausen rate (condition ii) by scalar codes. All these results are a consequence
of the basic inequality chain (12).

Finally, the equivalence between joint source-channel codes and graph homomorphisms led to the following code
design complexity result: for all non-bipartite channel graphs, source-channel code de3idgtitard even for a

fixed channel graph.

3A graph G = (V, E) is a bipartite if there exist disjoint set§ and V2 such thatV = V3 U Vs andE C (V1 x Vo) U (Va x V1) that is
the only edges irGG have one end iV, and the other in/s.



12

REFERENCES

[1] C. E. Shannon, “A mathematical theory of communicatiddell System Technical Journalol. 27, pp. 379-423 and 623-656, Jul. and
Oct. 1948.

[2] S. Vembu, S. Verd,and Y. Steinberg, “The source-channel separation theorem reviditE Trans. on Information Theoryol. 41, no.
1, pp. 44-54, Jan. 1995.

[3] C. E. Shannon, “The zero error capacity of a noisy chandBE Trans. on Information Theoryol. 2, pp. 8-19, Sep. 1956.

[4] D. Slepian and J. K. Wolf, “Noiseless coding of correlated information sour¢dEEE Trans. on Information Theoryol. 19, no. 4, pp.
471-80, Jul. 1973.

[5] S. Shamai (Shitz) and S. Vdrd“Capacity of channels with side informatiorEuropean Trans. on Telecommunicatipmsl. 6, no. 5, pp.
587-600, Sep.-Oct. 1995

[6] N. Alon and A. Orlitsky, “Source coding and graph entropiSEZE Trans. on Information Theoryol. 42, no. 5, pp. 1329-39, Sep. 1996

[7] J. H. .Van Lint and R. M. WilsonA course in combinatorig€Cambridge Univ. Press, Cambridge, U. K., 1992.

[8] R. J. McEliece and E. C. Posner, “Hide and seek, data storage, and entkapgls Math. Statistvol. 42, no. 5, pp 1706-1716, 1971.

[9] C. Berge and M. Simonovits, “The coloring numbers of direct product of two hypergraphs,” in C. Berge and D. Ray-Chaudhuri, Eds.,
Hypergraph SeminatLecture Notes on Mathematics, 411). New York: Springer Verlag, 1974.

[10] H. Witsenhausen, “The zero-error side information problem and chromatic numkEE” Trans. on Information Theoryol. 22, no. 5,
pp. 592-593, Sep. 1976.

[11] L. Lovasz, “ On the Shannon capacity of a graplEEE Trans. on Information Theoryol. 25, no. 1, pp. 1-7, Jan. 1979.

[12] K. Marton, “On the Shannon capacity of probabilistic graplds,bf Comb. TheorySeries B, vol. 57, no. 2, pp. 183-195, Mar. 1993.

[13] D. E. Knuth, “The sandwich theoremElectron. J. Combinl:Article 1, approx. 48 pp. (electronic), 1994.

[14] W. Haemers, “On some problems of lasz concerning the Shannon capacity of a graffEE Trans. on Information Theoryol. 25,
no. 2, pp. 231-232, Mar. 1979.

[15] N. Alon, “The Shannon capacity of a uniorCombinatorica vol. 18, no. 3, pp. 301-310, 1998.

[16] M. N. Huxley, The distribution of prime number©xford University Press, Oxford, 1972.

[17] J. L. Ranirez Alfondn and B. A. Reed edsRerfect graphsJohn Wiley and Sons, West Sussex, England, 2001.

[18] M. R. Garey and D. S. Johnsd&@omputers and intractability: A guide to the theory of NP-completerf@geman, San Francisco, 1979.

[19] P. Hell and J. Ngefil, “On the complexity of H-coloring,”J. of Combinatorial TheorySeries B, vol. 48, pp. 92-110, 1990.



