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Characterizing Outage Rates for Space—Time
Communication Over Wideband Channels
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Abstract—We provide a compact characterization of outage
rates for a wideband wireless communication system whose
parameters are chosen to model an outdoor cellular downlink.
The base station transmitter is equipped with an antenna array,
while the mobile receiver has a single antenna. OQur analysis
quantifies the effects of frequency and spatial diversity for
measurement-based channel models available in the literature.
Design prescriptions based on our framework would apply, for
example, to fourth-generation cellular systems using orthogonal
frequency-division multiplexing. Our information-theoretic com-
putations yield the following findings.

¢ Complex models typically employed in simulations can be
replaced by simple, bandwidth-dependent, tap-delay-line
models without loss of accuracy.

* The spectral efficiency (i.e., the achievable rate, divided by
the bandwidth) is well approximated as a Gaussian random
variable, so that it is only necessary to specify its mean and
variance in order to compute the outage rates. We provide
analytical formulas for the mean and variance as a function
of the space—time channel model, and verify that the resulting
outage rates match closely with simulation.

* For a wide class of outdoor channels, the mean spectral effi-
ciency depends only on the spatial diversity, while the vari-
ance depends on the spatial and frequency diversity via a
product. Our definitions of frequency and spatial diversity
have physically motivated interpretations, and do not rely on
high signal-to-noise ratio asymptotics, as in prior work.

Index Terms—Diversity methods, fading channels, information
rates, multiple-input multiple-output (MIMO) systems.

1. INTRODUCTION

N THIS PAPER, we consider a wideband wireless commu-

nication system modeling a typical “downlink” for outdoor
cellular communication systems, in which the base station (BS)
transmitter may be equipped with multiple antennas, but the mo-
bile receiver has a single antenna element, as shown in Fig. 1.
We employ empirical outdoor channel models available in the
literature [1], [2]. These are based on fitting measured data to the
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Fig. 1. Channel model setup. Specular rays from the BS to the mobile are
grouped together in one or more clusters. The BS may have multiple antennas,
while the receiver is restricted to a single antenna element.

well-known Saleh—Valenzuela channel model [3], in which the
channel impulse response (CIR) is obtained as one or more clus-
ters of multipath components, randomly generated according to
specified distributions. The contribution of this paper is in pro-
viding an information-theoretic framework for system-design
choices by characterizing outage rates in terms of the measure-
ment-based channel model, the available bandwidth, and the ge-
ometry of the transmit antenna array.

The transmitter does not have channel feedback, and em-
ploys white Gaussian input over the available bandwidth. This
is consistent, for example, with an orthogonal frequency-divi-
sion multiplexing (OFDM) system employing the same constel-
lation on each subcarrier, with the size of the constellation de-
pending on the design value of the signal-to-noise ratio (SNR).
The receiver is assumed to know the channel, which is selected
randomly from an ensemble, and then frozen over the trans-
mitted codeword. Outage occurs when the transmission rate is
larger than the maximum achievable rate (with white Gaussian
input) for the given channel. The outage rate is, therefore, de-
fined as the maximum transmission rate such that the probability
of outage is below some specified level.

Our analytical approach is based on two key observations.
First, given the statistics of a wideband channel, a classical
bandwidth-dependent tap-delay-line (TDL) model suffices to
characterize outage rates. Thus, there is no need to obtain
channel realizations by generating a large number of paths
at spacing closer than the available bandwidth (as is typical
in many wideband channel simulators). Second, the spectral
efficiency is well approximated as a Gaussian random variable,
hence, the outage rates are completely determined by the
mean and variance of the spectral efficiency. Since the mean
and variance can be expressed as simple functions of system
and physical parameters, outage rates can also be compactly
characterized in terms of these fundamental parameters.

For the bulk of the paper, we focus on channels modeled
by a single cluster of multipath components. This is because
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many outdoor channels are well modeled by a single multi-
path cluster, and because analysis of a one-cluster channel is
a building block for analysis of channels with multiple clusters.
For single-cluster systems, analysis of the mean and variance
of the spectral efficiency yields physically motivated definitions
of frequency diversity Dy and spatial diversity D, in terms of
an equivalent system with D independent and identically dis-
tributed (i.i.d.) temporal paths, and Dy i.i.d. spatial paths. Note
that, in most prior work on diversity [4], [5], d-level diversity
corresponds to the error probability at high SNR, decreasing at
rate SNR™4. A system with M i.i.d. paths will have d = M.
Our work does not rely on high SNR asymptotics to define ef-
fective diversity, but the definitions are qualitatively similar, in
that if a system has M i.i.d. paths, the effective diversity will
still be M.

We find that the mean of the spectral efficiency is a function
of D, alone, while the variance scales as (1/DyD;). The fre-
quency diversity is a function of the bandwidth and power-delay
profile (PDP), while the spatial diversity depends on the power-
angle profile (PAP) and the geometry of the transmit antenna
array. (The running example in this paper is a linear array with
equally spaced elements.)

We also show that, while the variance reduction from spa-
tial diversity can be obtained by simple strategies such as al-
ternating across transmit antennas, nontrivial space—time/fre-
quency codes are required to obtain the increase in the mean
spectral efficiency (and hence, the outage rate) available with
multiple antennas.

Relation to Previous Work: Our focus on wideband outdoor
communication is in contrast to the bulk of the literature on
space—time communication, which focuses on narrowband
channels with a rich scattering environment typical of indoor
applications [6]-[9]. Compared with indoor channels, outdoor
channels have higher delay spreads (and hence, provide more
frequency diversity for a given bandwidth), but smaller spread
in spatial angles (thus providing less spatial diversity). The
use of TDL models is common in the literature [10], and our
simplified TDL model is similar to the one used in [11].

The work most closely related to ours is that of Bolcskei
et al. [11], which examines the ergodic capacity and outage
rates for OFDM multiple-input multiple-output (MIMO) chan-
nels. Our work differs from [11] in two key aspects. First, in-
stead of starting from TDL channel models, we demonstrate that
TDL models suffice for performance evaluation by explicitly
linking them to, and comparing them with, measurement-based
Saleh—Valenzuela-type models. Second, we provide analytical
estimates of outage rates that are easy to compute, in contrast to
the simulation-based estimates in [11].

It is also worth mentioning recent work [12] on narrowband
MIMO systems, in which the capacity is shown to be well
approximated as Gaussian. However, while the Gaussianity in
our system results from averaging over bandwidth (assumed to
be larger than the coherence bandwidth of the channel), Gaus-
sianity for narrowband MIMO systems arises from averaging
over the fading coefficients (assumed to be uncorrelated, unlike
in this paper) for multiple transmit-receive element pairs.

Paper Outline: Section II describes the channel model, both
the path-generation model, and the equivalent simplified TDL
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model. Sections III and IV focus on single-cluster channels.
Section III considers systems with a single transmit antenna, al-
lowing the effects of frequency diversity on outage rates to be
isolated and quantified. Transmitters with multiple antennas are
considered in Section I'V. The outage rates now depend on both
spatial and frequency diversity, and are shown to be expressible
as a simple function of both quantities. Section V shows how the
results for single-cluster channels can be extended to channels
with two clusters. Conclusions are found in Section VI.

II. CHANNEL MODEL

In this section, we show how a typical space—time channel
model based on the superposition of specular rays can be sim-
plified to a TDL model with Gaussian taps, if there are suffi-
cient rays for the Central Limit Theorem (CLT) to come into
effect. We then show by simulation how outage rates computed
using the TDL model match those computed using the more
complex ray-generation model. Because the two models give
similar results, we choose to use the more analytically tractable
TDL model in the remainder of the paper. This section is in-
tended to serve as a justification for our use of the TDL model,
as well as to give an overview of the channel model itself.

It is assumed that the BS is far enough away from the mobile
such that far-field approximations hold, and that the BS is of
much higher altitude. This scenario is typical of suburban set-
tings, where the BS is on a tower, but is also common in many
urban environments. In such a setting, there is little to no local
scattering around the BS, and signals that reach a particular mo-
bile leave the BS in a fairly narrow spatial cone.

The discrete-ray channel model consists of clusters of spec-
ular rays as shown in Fig. 1, where each ray is parameterized
by its delay, angle of departure (AOD), and amplitude. The CIR
can then be written as

M N;
h(’T, Q) = Z Z ozijej@T»"a(Qij)é(T — TZ])(S(Q — Q“> (1)
j=11i=1
where M is the number of clusters and IV; is the number of rays
in the jth cluster. Here, €1;; denotes the AOD, 7;; the delay, and
«;; the amplitude of the sth ray of the jth cluster. The phase
shifts ©;; for these paths are modeled as i.i.d. and uniformly
distributed over [0, 2], as in [3], [13], and [14]. This is moti-
vated by the observation that, for large carrier frequencies, even
small variations in the delay lead to large changes in the carrier
phase. For our running example of a linear array, the BS array
response as a function of AOD is given as follows:

aQ)=lar...a...an,]"

a(Q) = =12 o Ny 2)

?

where d is the antenna-array spacing, and A the carrier wave-
length. Because the number of clusters in such systems is small
(generally one or two), we first restrict our attention to channels
with a single cluster, and then consider channels with multiple
clusters in Section V.

Let f,(-) and fq(-) denote the densities of the path delays
and the AODs, and let P,(-) and Pq(-) denote the PDP and
PAP, respectively. In a typical simulation model based on ex-
plicit path generation, a large number of paths are generated
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with the delays and AODs chosen according to specified dis-
tributions (often fitted to measurements). The (un-normalized)
amplitudes of these paths are chosen so as to be consistent with
the measured PDP and PAP, as follows [1]:

Pr(13) Po ()
fr (1) fa()

The am Jghtudes «; are then obtained by normalizing the &; so
that Ez 1 |a1|2

When the system bandwidth is restricted to W, the preceding
model can be replaced by a (1/W)-spaced TDL model, since
paths with closer spacing cannot be resolved. Each tap corre-
sponds to a number of discrete paths, and if there are enough
such paths, application of the CLT implies that the taps are com-
plex Gaussian. By virtue of the consistency condition (3), it is
easy to see that the statistics of these taps depend only on Py (-)
and Pq(-), and not on the delay and angle distributions. Thus, in
order to determine the statistics of the TDL model, it suffices to
consider a channel model in which the paths form a continuum
according to the PDPs and PAPs. This “continuous” channel
model is given as

b)) = [ [ V@)

xa(Q)é(r —7)6(Q — Q' )dr'dSY.

&; =

3)

“4)

Imposing the bandwidth constraint to obtain the discrete
TDL model with spacing A = 1/W, we have that the ith tap,
hyy (i/W), is found from the continuum of unresolved paths in
the time interval [(¢/W), (i/W) + A]

. +A
hy <%> = /.W /— /PQ Q' e]@(‘r Q")
- W

"dr' dQ'
[ F+A
/ / / Q/ e]@ 7,0
d’T dQ'

By the CLT, the double integral in (6) can then be approxi-
mated by a zero-mean complex Gaussian vector with covariance
matrix C, where

C = E[a(?)a(Q)] = / a(Q)a()E Po()dQ. (7)
Letting {v;} be i.i.d., where v; ~ C'N(0, C) Vi, this gives
h ) x Aivid | T — i (8)
w W ~ 3 Vg T W
where the A; are proportional to the square root of the PDP
A; x| P i )
2 T W
but have been normalized such that
Z A? =1. (10)
i=0
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Fig. 2. 1% outage rates (b/sHz) versus the number of transmit antennas using

the discrete-path model and the TDL model. The bandwidth is 25 MHz, and
SNR = 10 dB. The antenna spacing over the wavelength, (d/)), is set to 3.
The discrete-path model has 100 paths.

This yields the following vector TDL channel response:

hy (7 (11)

ZAV5<T__>.

Following the measurement-based observations in [2]
and [15], we employ exponential PDPs and Laplacian PAPs
throughout this paper, i.e.,

1 oo
P.(7") = e” mms forr' > 1. (12)
Trms
Po() = — Ll (13)
¢ 2(zspread

We will use the notation L(a, b) to refer to a Laplacian profile
with Q@ = a and Qspread = b.

Of course, the bandwidth-dependent TDL model (11) and the
discrete-ray model (1) are only equivalent if there are enough
paths with resolution less than (1/W) to ensure Gaussian sta-
tistics. However, we find that for a modest number of discrete
paths, the two models give the same outage rates, even at high
bandwidths. For example, Fig. 2 shows 1% outage rates ob-
tained from the discrete-ray model with 100 paths, along with
1% outage rates obtained from the TDL model, for a band-
width of 25 MHz. [Outage rates are explicitly defined in (17)].
In this simulation, the parameters in (12) and (13) are: 7. = 0
S, Tems = 0.5 ps, @ = 0°, and Qspread = 10°. The SNR is
10 dB. It can be seen that the outage rates match well for the
two models. Since we will not be considering bandwidths higher
than 25 MHz in this paper, the TDL model is a good approxi-
mation to the more complex ray-based model for our purposes,
and we will thus exclusively use the simpler model for the re-
mainder of the paper.
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III. SINGLE-INPUT SINGLE-OUTPUT (SISO) SYSTEM

To understand the effects of delay spread and bandwidth, we
begin by considering a system with one transmit element. In this
case, the TDL model (11) simplifies to the following:

— i
hv[/(T) - ZAL’UL5 (T — —)
=0 w

where the v; are CN(0,1).
The spectral efficiency is given by

(14)

1 [%
Iw = /_W log(1+ SNRIH(H)2)df  (15)

where H () is the channel frequency response. Using the “con-
tinuous” channel model (4), specialized to a single transmit an-
tenna, we obtain that

H(f) = / VP-(r)el O e g (16)
J0

We are interested in computing the outage rates, which de-
pend solely on the distribution of Iy . The outage rate R(x) is
defined as the largest transmission rate R such that the following
condition holds:

Pllw < R] = =. 17)
In other words, “outage” occurs when the spectral efficiency
falls below the transmission rate, and sending at rate R(z) en-
sures that the probability of outage is below the specified level
x. In order to characterize the outage rate R(x), we must first
characterize the distribution of the spectral efficiency, Iy .

We propose that the spectral efficiency can be accurately
modeled as a Gaussian random variable because the squared
frequency response |H (f)|? decorrelates fast enough such that
the CLT applies. In order to see this, we first note that H( f) are
i.i.d. proper complex Gaussian random variables [16]

H(f) ~ CN(0,1). (18)

This follows from applying the CLT to the integral in (16).
The phases ©(7) are modeled as independent and uniform over
[0, 27], so that the integral is a sum over a continuum of inde-
pendent, zero mean, random variables. The variance of H(f) is
given by

BRI = [ P =1 9

0

Using similar arguments, we also infer that H(f;) and H(f5)
are jointly proper complex Gaussian random variables for any
two frequencies f; and f. Thus, { H(f),—0c0 < f < +oo}isa
zero mean, proper complex Gaussian random process. Compu-
tation of its autocorrelation function shows that H( f) is wide-
sense stationary (WSS), with autocorrelation function given by

Ru(v) = / P (r")e 2™ dr. (20)
0
For an exponential PDP as in (12), we obtain
1
|Ru(v)]? 1)

T j21 0T
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which approaches zero as |v| — co. We infer the Gaussianity of
Iy in the following theorem, using a CLT for dependent random
variables.

Theorem 1: Suppose that Ry () decays as fast as (1/|v]).
(This condition is satisfied by exponential PDPs). Then

lim \/W(IVV — E[Iu/]) =N (O,U%W) (22)

W —+4o00
for some finite value of U%W, where the limit is approached
in distribution. In other words, we can approximate [y as a
Gaussian random variable when W is large.

Proof: Due to space constraints, we provide here only a
sketch of the proof that conveys the basic idea. Details are avail-
able from the authors upon request. We first approximate Iy as
a Riemann sum

Sw
Iy g > log(1+ SNRIH(A)®) 23
where the {f;} are spaced Af apart, and Sy = (W/Af).
Let X(f;) = log(1 + SNR|H(f;)|?). {X(f;)} is stationary,
since {H(f;)} is a WSS Gaussian random process, and there-
fore stationary. Thus, we can use [17, Corollary 4.4.1] to show
the Gaussianity of Iy . The latter corollary requires that

E|X(fi)PT* < NVi (24)

for some 6 > 0 and N < oo, and requires that for certain
functions of the {X(f;)}, the conditional mean, when condi-
tioned on past events, approaches the unconditional mean suffi-
ciently fast, as the past events recede further into the past. Con-
dition (24) is easily seen to hold for 6 = 3. Since H(f;) ~
CN(0,1) Vi [by (18)], it can be seen that E[(|H(f;)|*)?] =~
6 Vi. Thus

E[X(f:)*] = E[(log(1 + SNR|H (f;)|))’]
< E[(SNRIH(f:)|*)?]
~ SNR? % 6 Vi (25)
which is finite for finite SNRs, and so condition (24) holds. We
omit the details on why, for certain functions of the {X(f;)},
the conditional mean approaches the unconditional mean suffi-
ciently fast, however, the basic idea is that the { X (f;)} need to
decorrelate at a fast enough rate. If H( f;) and H(f;) decorre-
late as (1/[i — j]), then for moderate-to-high SNR, X (f;) and
X (f;) decorrelate as (1/]i— j|*), which is sufficient in this sce-
nario for [17, Corollary 4.4.1] to hold. O
Since Iyy is approximately Gaussian, the outage rates are then
fully determined by the mean and variance of Iy, and we can,
therefore, approximate the 1% outage rate R(0.01) as follows:

R(0.01) = E[Iw] — /var[Iw] * Q7(0.01)

where ) denotes the complementary cumulative distribution
function of a standard Gaussian. In order to corroborate the
Gaussianity assumption, we simulate both R(0.01) and R(0.01)
as a function of W for a system with an exponential PDP (12)
having 7yms = 0.5 s and SNR = 10 dB. Fig. 3 shows the simu-
lated outage rates R(0.01) along with the estimated outage rates

A~

R(0.01), where E[Iw] and var[Iyy] in (26) have been obtained

(26)
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Fig.3. R(0.01)and 2(0.01) (b/sHz) where E[Iw ] and var[I ] are obtained

from simulated values.

from the simulation statistics. The curves are well matched, in-
dicating the accuracy of the Gaussian approximation, even at
low bandwidths. This approximation was also found to hold
over a wide range of SNRs.

We now give a rule of thumb for determining the band-
width needed for the Gaussian approximation to hold, based
upon the following reasoning. The Gaussianity of Iy relies
on the fact that the variables X (f) decorrelate quickly with
frequency, where X(f) log(1 + SNR|H(f)|?). Recall
that H(f) is a stationary Gaussian random process, and that
H(f) ~CN(0,1)Vf. We have verified that, when H(f;) and
H( f2) have correlation coefficient p < 0.5, then the mutual in-
formation between X (f1) and X (f3) is close to zero, meaning
that X (f1) and X (f2) are approximately independent. For an
exponential PDP, the autocorrelation function is given in (20),
and p < 0.5 when (approximately) |f1 — fa| > (1/47Tvms)-
Noting that the coherence bandwidth, W, is equal to (1/7yms),
this means that X (f;) and X (f;) are nearly independent for
frequency differences greater than W¢ /4. Now, note that Iy is
an average of random variables X (f;), and that the CLT comes
into effect quite quickly when adding up (nearly) independent
random variables, say when about 10 such random variables
are added up. This leads to the rough rule of thumb that, for
exponential PDPs, we expect Iy to be approximately Gaussian
for W ~ 10W¢ /4 = 2.5W. For the above example, W = 2
MHz, and indeed the Gaussian approximation works well for
bandwidths of 5 MHz or more.

In order to characterize the outage rates in terms of system
and physical parameters, the mean and variance of the spectral
efficiency must now be expressed as functions of these parame-
ters. To this end, we provide the following proposition.

Proposition 1: For a SISO system, the mean of the spectral
efficiency can be characterized as follows:

ElTw] = Fllog(1 + SNRIX )]
/ log(1 + SNRt)e ™" dt
0

= C'Raylcigh(SBH{)

X ~ CN(0,1)

27)
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where CRayleigh 18 the ergodic capacity of a Rayleigh fading
channel.

The variance of the spectral efficiency can be characterized
as

(28)

var[Iy] = v (ZA4)

where v =~ (SNR/SNR + 1) and the A; are proportional to the
PDP, as defined in (9) and (10).
Proof: Equation (27) follows directly from the definition
of spectral efficiency, (15), and the fact that H(f) ~ CN(0, 1)
(18).
We now make the following approximation of Iy in order to
estimate the variance:

w
1 "2

Iw _/ log(1 + SNR|H(f)|?) df

W J-w

% /_; log(1 + SNR) + log (1 + C(|H(f)* - 1)) df

1 2
~ log(1 + SNR) + T /

W
2

(H(HPP —1)df

where ( = (SNR/SNR + 1). Using the approximation log(1 +
x) = x for x small, we expect v = ( to yield a good estimate
in (29). However, a somewhat better estimate is obtained by
choosing 7 to minimize the mean square approximation error,
d, given by

d=1log(1+¢([H(HIP = 1) —y(H())* =1).  (30)

The value of y turns out to be approximately equal to (. We can
now estimate the variance of Iy, as

var(F] ~ 1 var [% / |H<f>|2df}

(29)

~ y?var ZA?|U¢|2 (31)
i=0
=y A} (32)
=0
where the last equality follows from Parseval’s Theorem. [

A. Effective Frequency Diversity

Since the mean spectral efficiency is independent of band-
width, the variance measures the available frequency diversity.
We say that a system has effective frequency diversity D if the
variance of its spectral efficiency equals that of a system with
Dy ii.d. paths. For D i.i.d. paths, ZD ' A% = (1/D) [since
>, A2 = 1, we have A? = (1/D)]. This motivates defining the
effective frequency diversity as

1
YitoAi
For an exponential PDP, we can simplify this expression by let-
ting fw = exp(—(1/Wims)), and noting that Y -  A? =

(1 - Bw) Yoo Bl = 1. Thus
(1= PBw) Z i

Soai-
1=0

Dy = (33)

BW

(34)
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Fig.4. R(0.01)and R(0.01) (b/sHz) where E[Iy] and var[T,y] are obtained
using Proposition 1.

giving

1+ Bw
Tl B

If the bandwidth is large compared with the channel coherence
bandwidth (i.e., W Ty large), this reduces to Dy ~ 2W Typys.
We can now rewrite Proposition I in terms of the effective fre-
quency diversity.

Proposition 1b: The mean and variance of the spectral effi-
ciency of a SISO system can be written in terms of the effective
frequency diversity, as follows:

(35)

E[IVV] = CRayleigh (SNR)
1

V&I‘[Iﬂ/] ~ ’yz <D_f>

where v =~ (SNR/SNR + 1).

Fig. 4 compares the simulated 1% outage rates with the esti-
mated 1% outage rates calculated using the equations in Propo-
sition 1b for E[Iy] and var[Iyy] and the approximation for D
given in (35). The parameters are the same as those used to gen-
erate Fig. 3. The estimated outage rates clearly match those ob-
tained by simulation.

In order to further substantiate our definition of effective fre-
quency diversity, we show that a system with an exponential
PDP and diversity D has the same outage rates as a system
with Dy i.i.d. paths. Fig. 5 shows the outage rates for a system
with an exponential PDP, where 7,1, = 0.5 us, along with the
outage rates for a system with uniformly distributed power from
0to 2 us (98% of the energy of the exponential PDP is contained
within this time window). The number of discernible paths in-
creases with increasing bandwidth for both systems. When the
uniform model has 10 i.i.d. paths, the 1% outage rate is at point
A. Similarly, when the exponential model has effective diver-
sity Dy = (14 Bw /1 — Bw) = 10, the 1% outage rate is at
point B. It can be seen from the figure that these outage rates do
indeed match. Points C and D correspond to 19 i.i.d. paths and
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Fig. 5. R(0.0l) (b/sHz) for an exponential PDP with 7,,,,s = 0.5 ps, and a
uniform PDP from O to 2 yus.

Dy = 19, respectively. The outage rates again match, corrob-
orating our assumption that D¢ measures the effective number
of i.i.d. resolvable paths.

IV. MULTIPLE-INPUT SINGLE-OUTPUT (MISO) SYSTEM

In this section, we consider a transmitter with N7 antennas
sending to a single-antenna receiver. The channel response is
as given in (11). We show that, whereas the outage rates for a
SISO system only depends on the effective frequency diversity
and SNR, the outage rates in this case depends on the effective
spatial diversity as well.

A. Effective Spatial Diversity

In keeping with the definition of D¢, we define the spatial
diversity Dy to be the effective number of i.i.d. paths in space.
(We will need this quantity when quantifying outage rates for
MISO systems). We first consider the mutual information for a
single frequency bin

SNR
1) =tog (14 HHOE) G0
T
where H(f) ~ CN(0, C).
Let A1,...,An, denote the eigenvalues of the normalized
covariance matrix C = (1/Nr)C, and let
B
Y = 37
Ny (37)
so I(f) = log(l + SNR = Y). Decomposing H(f)
along the eigenvectors {u;,7 = 1,...,Np} of C, we
have H(f) = Zf\z’l a;u;, where «a; are independent,

zero mean, complex Gaussian random variables with
(1/N7)E[|ei|?] = Miyi = 1,..., Np. Thus, [[H(f)||? equals
the sum of the energies along the orthonormal eigenvectors,
and

(38)

]\TT
|H()I?
y = U0 Ny
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where X; = (1/Nr)|a;|? are independent exponential random
variables with means \;,2 = 1,..., Ny. Note that we have
normalized such that Zf\fl E[X;] = 25\31 A= 1.

Using the same procedure as in Proposition 1, we can show
that the variance of I(f) is proportional to var[Y] = fol A2,
We use the variance of I( f) as a measure of the available spatial
diversity, and say that a system has effective spatial diversity D
if the variance equals that of a system with D; i.i.d. paths. For D

i.i.d. spatial paths, A; = (1/D), so that var[Y] = Zf)zl A2 =
(1/D). This motivates defining the spatial diversity as
1
D= —— 39
var[Y] (39)
1
s w

Note that D depends on the PAP as well as the antenna spacing,
and increasing the antenna spacing increases D up to its max-
imum value of Nr.

B. Outage Rates for MISO System

The spectral efficiency of a wideband channel with multiple
transmit elements is given by

= [ o (14 SR )

Just as for SISO systems, Iy for a MISO system can be approx-
imated as a Gaussian random variable. Consequently, the outage
rates for a MISO system can also be characterized by the mean
and variance of Iyy. The following proposition shows how to
approximate these quantities in terms of the system parameters.

Proposition 2: The mean and variance of the spectral effi-
ciency in a MISO system are given as follows:

N
E[lw] = E |log (1 +SNRY Xi]

=1
1 1
il ~*(57) (2:)

where X; are independent exponential random variables with
means )\;, and v = (SNR/SNR + 1).

Proof: The expected value of Iy follows from the def-
inition of spectral efficiency (41), and from (37) and (38). To
calculate the variance, we proceed as in Proposition 1. Analo-
gous to (29), we have

(41)

2

where vy is chosen to minimize the approximation error and is
approximately equal to ¢, with ( = (SNR/SNR+1). This gives

17 =)
var[ly] & y*var <W /# | ]if)H f) (43)

oy (S el
. (z vl

(44)
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_ 2 - 4 ||V||2

=797 Ajvar Ne (45)
= .

_722A4Z)\2 (46)
o[ 1 1

() ()

The first equality follows from Parseval’s Theorem and the
second comes about because the v; are independent. Equation
(47) uses the definitions of effective spatial diversity and effec-
tive frequency diversity. O

Note that E[Iy] depends on the individual values of the
eigenvalues {\;}, rather than only on D;. Thus, two systems
with the same frequency and spatial diversity may have dif-
ferent outage rates, even though the variance of Iy is the same
in both cases.! This is contrast to a SISO system, in which
the mean is independent of the frequency diversity, so that the
variance completely characterizes the outage rate. However, we
find in our numerical experiments that a useful approximation
to the mean in a MISO system, which depends only on Dy,
can be found by computing E[ly] for a system with Dj
i.i.d. spatial paths: E[Iw] ~ E[log(l + SNR * Yp_)], where
Yp, = Efz“l X; is a Gamma random variable obtained as a
sum of Dy i.i.d. exponentials with mean (1/D,) each. Thus,
the outage rates can be approximated using only the effective
spatial diversity, the effective frequency diversity, and the SNR.

~
~

C. Maximizing D

If the eigenvalues of C are all equal, D, will have its max-
imum value N, giving optimum outage rates for a fixed PDP
and bandwidth. Clearly, D, depends on both the PAP as well as
the antenna spacing. In this section, we show how the antenna
spacing required for maximum spatial diversity scales with the
angular spread of the PAP.

The eigenvalues of C are equal when C In, X Np.
By definition, C,,,, = 1{m 1,...Nr}, and C,,, =
E[e??2m(d/2)sin(@)(m=n)] L etting o(Q) (d/\)sin(Q) and
¢(©) = mod(p(f),1), it can be seen that C = Iy, X N
when ¢ is a uniform random variable over [0, 1]. We are in-
terested in finding conditions on how €2 should be distributed
so that ¢ is distributed approximately uniformly over [0, 1],
leading to full spatial diversity.

Fig. 6 shows ¢(2) as Q varies over [(—w/2),(w/2)] for
(d/\) = 3 and (d/)\) = 5. It can be seen that ¢(2) is ap-
proximately linear around 2 = 0° and is parabolic around
Q = (n/2). For simplicity, we restrict our attention to values of
Q where ¢(2) is approximately linear. Let 2y be any value of
 within this region. The variation in g due to a small variation
in €2 is given as follows:

0(Q20 +6) — 0(Q0) ~

Thus, if 2 is uniformly distributed over [Qg — (AQ/2),Q +
(AQ/2)], where AQ is small, we may approximate o as uni-
form over [p(20) — (A0/2), 0(0) + (Ap/2)], where Ap =

IThe difference between the outage rate and ergodic capacity would, however,
be the same in both cases.

d
3 cos(£2g)0d. (48)



BARRIAC AND MADHOW: CHARACTERIZING OUTAGE RATES FOR SPACE-TIME COMMUNICATION OVER WIDEBAND CHANNELS

d/A=3

08

04

0.2 |

Q
AQ

min

d/A=5

-

o . .
15 ] -05 0 \ 0.5 1 15

Q
A

Fig. 6. <(£2) = mod((d/X)sin(),1).

20

30

AQ o (degrees)

Fig. 7. Minimum antenna spacing which gives optimal performance versus
AQ i when € is uniformly distributed in [—(AQin/2), (AQmin/2)].

(d/X) cos(Q0)(AQ). If Ap = 1, then ¢ is uniform over [0, 1].
This implies that for full spatial diversity, the minimum angular
spread needed is

1
4 cos(Q)
Thus, the smallest angular spread necessary occurs when €y =
0°, giving

AQ ~ (49)

A
7

Fig. 7 shows AQ,, versus (d/)\). For a given angular
spread, one can use the curve to find the minimum antenna
spacing necessary in order to achieve Dy = Np. As the angular
spread of the system decreases, the required antenna spacing
becomes increasingly large. For example, an angular spread of
four degrees requires the antenna spacing to be 14 times the
carrier wavelength. Of course, this curve was generated using

ASzmin ~ (50)
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the assumption that € is uniformly distributed. For a more
realistic scenario, where the PAP is Laplacian as in (13), we
find that this curve serves as a rough estimate of the antenna
spacing necessary to maximize Dy if AQ;, is replaced by
2Qpread, Where 2€,,00q measures the spread of the Laplacian
PAP.

D. Alternating Scheme

Given the frequency diversity available in a wideband system,
it is natural to ask if coding in space can be simplified. To this
end, we consider a frequency-alternation scheme in which all
the energy is sent from one antenna for each frequency bin, but
the sending antenna alternates with frequency. For example, if
there were two transmit antennas, the first would send in fre-
quency bins {1,3,5,...}, while the second would send in bins
{2,4,6,...}. This scheme capitalizes on the fact that, in many
cases, the coherence bandwidth of the channel is large enough
such that the frequency response of a particular antenna re-
mains essentially constant over several frequency bins. There
is, therefore, no loss of diversity in frequency if only one of
these frequency bins is used, while spatial diversity is achieved
by sending from different antennas over consecutive frequency
bins. The mutual information for this scheme is given as

1 (17

Ly = le Nrp (W /_% log(1 + SNR|Hj(f)|2)> daf (51
where the approximation is due to the fact that there is some
small loss in frequency diversity which we are neglecting. Since
I.,1¢ is again approximately Gaussian, we characterize it via its
mean and the variance.

Proposition 3: The mean and variance for a MISO system
using the alternation scheme can be approximated as follows:

ElLy] = E[Iw(Nr = 1)] =
var[ L] = var[Iy].

CRaylcigh

Proof: Letting H;(f) denote the channel response at the
jth transmit antenna, we have

E[Ialt]

w
2

1 (1
L

log(1 + SNRIHj(f)I2)df)
(52)
1 (1 %
B JZ_: Nr <W /__ Ellog(1 + SNRIHj(f)IZ)]df) (53)

= Eflog(1 + SNR|H (f)]2)] (54)

which is the mean spectral efficiency for a SISO system. To
approximate the variance, we proceed as before

alwz [log 1+SNR)—|—7—/ (|H;(f)? 1)df]
(55)

2
= log(1+ SNR) + W/ (”H i )df. (56)
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Fig. 8. 1% outage rates (b/sHz): simulated and estimated values. W = 25
MHz, SNR = 10 dB, and 7yms = 0.5 ps. (d/A) = 3 and (2 is Laplacian with
Qspreaa = 10°, giving the optimal eigenvalue distribution.

This is the same as in (42), meaning that the variance of I,
is approximately the same as the variance of Iy for a MISO
system with the same number of transmit antennas. O

Because var[l,;] = var[Iyy], the alternation scheme reduces
the variance of the spectral efficiency as much as a full-blown
space—-time code, However, alternation cannot increase the
mean spectral efficiency, unlike more complex space—time
codes. Hence, outage rates are smaller than those achieved by
nontrivial space—time codes, as seen in the numerical results
below.

E. Simulation Results

We show by simulation that the spectral efficiency can be
accurately modeled as a Gaussian distribution with mean and
variance given in Proposition 2. We also verify that spectral
efficiency for the alternating scheme is approximately Gaussian
with mean and variance, as specified in Proposition 3. Figs. 8
and 9 demonstrate the accuracy of these approximations. The
simulated 1% outage rates for both a full-blown space—time
code and the alternating scheme are shown along side their
Gaussian approximations. For both figures, W 25 MHz,
SNR = 10 dB, and 7yp,s = 0.5 ps. In Fig. 8, the antenna
spacing is chosen large enough so that D; = Nrp, and hence,
the outage rates in this figure are the maximum possible, given
the PDP and the bandwidth. [(d/A) = 3 and Q ~ L(0,10°).]
In Fig. 9, both the antenna spacing and the angular spread are
reduced, resulting in an effective spatial diversity much smaller
than Np. [(d/A) = 0.5 and  ~ L(0,5°).] It can be seen that
the estimated values of the outage rates match the simulated
values in both cases.

Note that, compared with single-antenna transmission, the al-
ternation scheme obtains less than half the gains achieved by a
full-blown space—time code because of its significantly smaller
ergodic capacity. Thus, even at large bandwidths, simple vari-
ance-reducing strategies, such as alternation, will be signifi-
cantly inferior to such space—time/frequency codes.
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Fig. 9. 1% outage rates (b/sHz): simulated and estimated values. W = 25
MHz, SNR = 10 dB, and Tyms = 0.5 ps. (d/X) = 0.5 and Q is Laplacian

with Qgpread = 5°.

V. TwWO-CLUSTER SYSTEMS

In this section, we consider outage rates when there are two
clusters. The channel model (4) becomes

h(r) = [ [ VP P @)

x a(Q)é(r — 7)6(Q — Q)dr'dSY

//_,T

(1 —7)86(Q — Q)dr'dSY

Pro(7") Pag ()67 )
(57)

where the power profiles of the first and second clusters have
been normalized such that

/ / Poa (') Pt () + Pot (') Poa(Q)dr'dY = 1.
Jo J—=n
(58)

We denote the total power in cluster j by p;, and the new PDP
by P;(-), which is simply Pr1(-) + Pra2(-).

For a given bandwidth W, the ith tap hyy (i /W) is again com-
plex Gaussian with zero mean. However, the covariance of the
ith tap is now A%,C; + A3,Cy where

\/ﬂ—
—T

As before, the Aj; are proportional to /P ;(¢/W) and are nor-
malized so > ;- A?i = p;. We can rewrite the covariance

slightly to read

1
cov <hVV (W

where aj; = (A3;/A}; + A3;). The term on the left in (60)
is simply the power in the ith tap of the PDP P, (-), so letting
A2 = A2, + A2, we can now write the TDL model as follows:

ZA vib <t— W)

C; a(Y)a()H Py, ()dSY. (59)

)) = (A2 + A2) (011 + 02,Cs)  (60)

hyy (¢ (61)
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where

V; ~ CN(O Oéh'Cl + OéQiCQ) = CN(OVZ) (62)

Because the v; are not identically distributed and independent of
the PDP, Propositions 1-3 do not hold when there are multiple
clusters, unless C; = Cs or there is only one transmit antenna.
However, the outage rates can still be easily computed, since
Ly is approximately Gaussian. Noting that H(f) ~ CN(0,V)
where V = Y"°° ) A?V,, we have the following proposition.

Proposition 4: The mean and variance of the spectral effi-
ciency for a MISO system with two clusters can be approxi-
mated as

Nt
E[Iy]=E |log [ 1+ SNRZ X;
=1
var[Iyy] = ~* i Alvar M
(2 NT

=0

where X; are independent exponential random variables with
means v;, v; denoting the eigenvalues of V /Nr. As before, v =
(SNR/SNR + 1).

Proof: The proof is similar to that of Proposition 2, and
so only the main points are given. The expected value of Iy
follows from the definition of spectral efficiency and the distri-
bution of H( f), while the variance of Iy follows directly from
(45). The variances of the ||v;|| can be found from the eigen-
values of the V. O

Thus, for multiple-cluster systems, the outage rates are not
separable functions of frequency and spatial diversity, but can
still be easily computed from the PDPs and PAPs. This has been
verified by simulation.

VI. CONCLUSION

We have shown that spectral efficiency in wideband systems
is well modeled as Gaussian, and thus outage rates can be char-
acterized simply by computing the mean (i.e., the ergodic ca-
pacity) and variance of the spectral efficiency. While this can be
used to speed up simulation-based computations of outage rates,
we have provided analytical formulas for the mean and variance
in terms of the bandwidth, SNR, and the channel model (i.e.,
number of clusters, PDP, PAP, and array geometry). Key to the
analysis was the replacement of the Saleh—Valenzuela channel
model by a simpler TDL model, which we showed could be
done without loss of accuracy for the channel models of interest.

For the important special case of channels with a single
cluster of multipath components, the analytical formulas have
particularly attractive interpretations, captured by the notions of
frequency and spatial diversity defined in the paper. Frequency
diversity increases outage rates by reducing the variance of the
spectral efficiency, which scales as the inverse of the bandwidth.
Spatial diversity (in MISO systems) increases outage rates both
by increasing the mean and by reducing the variance of the
spectral efficiency. The increase in the mean requires the use of
nontrivial space—time/frequency codes, while the decrease in
variance is easily achieved by suboptimal diversity strategies.
However, since the increase in the mean accounts for more than
half the gain in outage rates over SISO systems, the system
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designer should consider the use of space—time/frequency
codes even in wideband systems with significant amounts of
frequency diversity.

The transmitter is assumed not to have channel feedback in
this paper. It is known [18], [19], however, that even imper-
fect feedback can significantly enhance space—time communi-
cation in narrowband systems. For example, feedback permits
the use of transmit beamforming at the BS, providing better per-
formance than open-loop space—time/frequency codes, while in-
curring smaller decoding complexity at the mobile receiver. The
significant performance improvements obtained from “implicit”
feedback in wideband space—time communication are investi-
gated in a companion paper [20].
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