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Abstract—Timing synchronization is a critical requirement for  In addition, clock rates and phases can drift slowly over
implementation of a number of performance-enhancing straggies  time due to temperature variations. Such phenomena causes
in mesh networks, including Time Division Multiplexing (TDM) the clock phases at different nodes to drift apart, and we

for more efficient resource usage, and sleep scheduling foroprer . P i L
efficiency. While there is a significant body of prior work on must compensate for this drift “often enough” to maintain

distributed timing synchronization, it requires explicit exchange Synchrony. One approach to timing reference maintenance is
of timestamps; in addition, algorithms trying to synchronize clock  simply to rerun the first step of timing reference establishin
frequencies as well as phases typically require exchange abck  at periodic intervals. However, this procedure incurs ificant

rate estimates as well. In this paper, we investigate the feiility o munication overhead. In this paper, we propose and-inves
of overhead-free maintenance of timing synchronization in a . . I .
TDM-based mesh network, using only the information obtainel tlggte an ad_ap_tlve_a_ppl_’oach to timing reference maintenanc
from the timing of existing communication in the network: each ~ Which exploitsimplicit timestamps from the TDM schedule
node updates its clock rate and phase only when it receives ato jointly adapt the clock phase and frequency at each node.
packet, depending on the difference between the expected én When a node receives a packet from a neighbor, it compares
actual packet arrival times. While the algorithm is asynchronous the actual reception time with thesxpected reception time

(only a subset of nodes perform updates on any given slot), we . . . .
exploit the law of large numbers to provide fundamental theoet- based on its own clock. The difference in these times are

ical insight by analyzing an averaged, synchronous systenwe the inputs to its algorithm for clock phase and frequency
demonstrate using simulations that a distributed, asynchonous adjustment. Thus, our approach is completely distribueith,

algorithm designed based on prescriptions from the average each node adjusting its clock independently. Of coursesethe
system achieves phase and time synchrony. adjustments are all coupled through the network transonissi
schedule; the timing adjustments made by a node based on
the timing of its received messages impact the times at which
Maintaining timing synchronization across a network o transmits, and hence the adjustments made by nodes who
spatially dispersed nodes is important for a number of arkceive these transmissions.
vanced functionalities, such as efficient resource shausg Contributions: Our key contributions are as follows:
ing Time Division Multiplexing (TDM), sleep scheduling(a) We provide a completely distributed, implicit synchizan
for energy-efficient operation, and localization usingdimf tion maintenance algorithm that compensates for both phase
arrival, or time difference of arrival, based techniquesthis and frequency offsets, with frequency offset compensation
paper, we investigate timing synchronization in the contéx occurring on a slower time scale. While our algorithm is
TDM-based resource sharing in a mesh network, and ask #synchronous, with different subsets of nodes performing
following question: how well can timing synchronization beipdates in different slots, we provide fundamental insigta
maintained without incurring any overhead related to tigrin feasibility and parameter choice by analyzing an averaged,
related signaling, using only thienplicit timing information synchronous system, in which nodes perform weighted up-
obtained from the TDM schedules themselves? dates, with weights depending on the transmission schedule
There are two key steps in network timing synchronizatiom the original asynchronous system. The averaged system
At startup, different nodes are assumed to be completelyd the original system are linked through the law of large
asynchronous, so that the first step is to use explicit siggal numbers (LLN), and it is shown via simulations that design
to establish a common time reference. Such explicit siggaliprescriptions derived from the averaged system work for the
can also be employed to get estimates of the propagatimiginal system.
delays (inclusive of processing delays) between the nodés) For the averaged system, we prove that phase-only up-
Since network set-up times of seconds or even minutes aiaes, which are attractive because of their simplicitgdle
acceptable, the one-time overhead of this procedure is notirreducible phase errors: the magnitude of the worsg¢-cas
expected to be a bottleneck. We therefore focus in this papeirwise phase offset depends on the distribution of clats r
on the second step of timing referencaintenance. Clocks skews in the network and grows with network size. We provide
at different nodes run at slightly different rates relatice a linear programming formulation for finding the worst-case
a nominal rate due to manufacturing tolerances, which askews (from the point of maximizing the worst-case pairwise
typically of the order of 10-100 parts per million (ppm)phase offset) for a given network topology. The phase affset
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for the averaged system are shown to be a lower bound ford skew with each neighbor and (2) use neighbor’s estimates
those for the original system. We conclude from our numéricaf offset and skew (typically with respect to a reference
results that phase-only updates may be acceptable in snmaitie) along with pairwise estimates to arrive at an estimate
networks, but do not scale to large networks. of one’s offset and skew. However, these algorithms are not
(c) We then consider both phase and frequency updatamenable to ammplicit implementation because all of them
where, roughly speaking, the frequency updates are driveguireexplicit exchange of additional information to achieve
by the residual phase errors remaining after many phasensensus orboth frequency and phase. The use of this
updates. We prove phase and frequency convergence of imfiormation is critical for decoupling the problems of phas
proposed scheme for the averaged system, and the conditiand frequency adjustments, in order to be able to run separat
for convergence are used to infer the corresponding camditi consensus algorithms for each of them. For example, [4]
on the transmission schedule for the original asynchronowegjuires each node to broadcast the average error (both in
system. rate and time) that it observes with its neighbors, while [5]
(d) We provide simulation results for the original asynatoos and [6] require the nodes to broadcast their clock rates. The
system showing that phase and frequency convergence sg&eond order consensus algorithms proposed by [8] and [9]
indeed attained when the algorithm parameters and the-traase not directly applicable because they also involve exgba
mission schedule satisfy conditions derived from the ayeda of more information than timestamps (implicit or expligit)
system. order to use these algorithms for timing synchronizatibe, t
Since our goal is to obtain fundamental insight into theodes would also need to exchange their clock rates. Referen
feasibility of implicit timing synchronization, we do notadel [10] analyzes the algorithm proposed in [4] and shows tloat, f
the physical and medium access layer of the underlyingndom connected networks, the error variance does nat scal
mesh network in detail. Our simulations are therefore basag with the size of network, thereby demonstrating the f@hsi
on the following abstractions: (a) the set of nodes that céty of using consensus-style algorithms for synchron@atn
successfully receive a packet sent by a given node, (b) tse darge networks. In contrast, for our implicit model, phasgy
of matchings, or links that can be simultaneously active in adjustments lead to pairwise phase errors between neighbor
given TDM slot. We consider two scenarios: omnidirectionalhich can increase with network size. To resolve this withou
transmission, as is typical of current WiFi networks, ancequiring explicit messages, we need to introduce memory in
highly directional links, as in emerging millimeter (mm)wvea our frequency adjustment rule, and run it on a slower time
networks [1]. The use of TDM is particularly attractive ftvet scale than the phase adjustment rule. While [11] also cersid
latter, since CSMA-based medium access is infeasible duethe use of memory, it does so to speed up convergenaesé
the deafness induced by highly directional links. The TDMynchronization, and does not consider clock skew.
schedules we consider for testing our timing synchrororati Reference [12] characterizes the effect of asymmetric com-
method are chosen randomly (as described in Section VI) franunication on consensus algorithms and identifies a seenari
a set of maximal matchings. We do not make any attemptwiere the variance of the estimate ciamrease with more
optimize or adapt the TDM schedules here, but the motivatiomeasurements because of lack of bidirectional communica-
for our timing synchronization scheme is to provide timéon. These are consistent with our own observations that
slotting mechanisms with minimal guard periods, on top aonvergence requires a "rich enough” communication patter
which TDM-based medium access control (MAC) protocolShe survey [13] provides a broad perspective on the field
can be built. of distributed timing synchronization (see also the exudll
Related Work: While there is a vast literature on timingdiscussion in [6]), while [14] identifies the fundamentahiis
synchronization in networks, we believe this is the firstgrapof synchronizing “affine” clocks in the presence of delays,
to introduce the concept ofmplicit timestamps based onwhich includes but is not restricted to propagation delay. F
ongoing communication, to provide fundamental theoréticdistributed synchronization specifically applied to WiBge
insight into attainable performance (via the averaged M)pdd15]. In contrast to the distributed algorithms discussed s
and to provide a completely decentralized algorithmboth far, references [16], [17] and [18] adopt a more centralized
phase and frequency adjustment. The well-known firefly- approach to timing synchronization. Reference [17] budds
inspired algorithm [2] can be made to work with implicitrooted spanning tree on the network in the Level Discovery
timestamps, but it is only designed for phase synchrony, aRtiase and perform hop-by-hop synchronization, but it does
does not handle either propagation delays or oscillatowskenot address clock skews, and therefore requires periodic
The Reachback Firefly Algorithm (RFA) in [3] adapts theesynchronization. Reference [18] uses linear regresgion
firefly algorithm to account for propagation delays in its gha correct skew, with a dynamically elected root node flooding
adaptation, but it does not handle oscillator skew and tbexe the network with its timestamp. As pointed out in [6], howeve
requires periodic resynchronization. timing synchronization based on information flowing from
A number of algorithms ([4], [5], [6]) that have beena “distant” node, as in [18], performs poorly in certain
proposed for distributed timing synchronization can beadip topologies (specifically the ring topology). Reference][16
classified as “consensus algorithms” [7]. These algorithmses reference broadcasts from a transmitter to syncleroniz
typically proceed in two stages: (1) estimate relative aiffsa cluster of receivers; while this is designed for singl@-ho



time synchronization, nodes that are common to two clusterbere0 < 5 < 1 is a design parameter.

can “convert” between the timestamps of two clusters. Quasi-Synchronous Approximation: To simplify analysis,
Outline: In Section I, we describe the system model, includve assume that the phase and frequency adjustments are made
ing a description of our distributed algorithm for phase anat integer multiples of the slot times based on the external
frequency adjustment. We also introduce the averagedrmystebserver’s clock, rather than on the receiver’s clock (Whic
that we use for developing analytical insight. In Sectioln 1lkeeps changing as we make phase and frequency adjustments).
we analyze performance for the averaged system when Weis approximation causes a second order error (because of
only adjust phase, and show how to compute the residuméasuring the phase offset between nodes at a time that is
phase errors as a function of the frequency skews. This forsightly offset from the true time) that is negligible coned

the building block for our design and analysis of phase arid the phase offsets themselves. In simulations of the raalgi
frequency adjustment rules in Section IV, where we prowystem, we do not make this approximation, and verify that th
convergence under a set of intuitively pleasing conditiorgiasi-synchronous approximation is indeed valid. We define
for the averaged system. We then sketch the LLN-baseds] = ¢;(sT,,,) as the phase of the¢h node just before the

link between the original system and the averaged systemright edge of thesth slot. These phases are adjusted as in (1)
Section V, and show how the results of Section IV are used the slot boundaries, and then evolve linearly according t
to set design parameters for the original system. Simulatiothe relative frequency offsets of the nodes across a slot.

for the original system are provided in Section VI, and ouvlodeling skews: The nodes change their frequencies only

conclusions are in Section VII. when they receive a packet and hence, skews can change ex-
plicitly only at slot boundaries. Lef;[s] be the raw frequency
Il. SYSTEM MODEL of the ith node over thesth slot. Since we will primarily be

We consider a network of N nodes, labeled dealing with the clock phases, it is convenient to normalize
N1, Na, ..., Ny, each equipped with a clock that runéhem an(_j simplify the notation. To do this, we introdgce an
at a nominal frequency of f,.m Hz. The actual frequency intermediate “raw phase” for node denoted by, (¢), which
of the clock at.\;, denoted by f;, differs slightly from €volves across slotas,
the nominal rate of the qlockfnom, and is Written as 0:((s + 1)T5,,) :Hi(ST:l_Ot)‘f'fi[S] X Tatos @)
fi = fnom(1 4 p;) wherep; is called the skew, or drift, of
the clock. The magnitude of the skew is assumed to be |84 define the clock phase (¢) (as used above) to be (t) =
than pmae, Which is typically on the order of 10-100 parts;(t)/(fnomTsiot). Let F[s] = ffJ denote the corresponding
per million (ppm); for examplep = 20 x 10~% corresponds normalized frequency. Define th@rmalized mean frequency
to a skew of 20 ppm. Differences in the skews across nodes N
are caused by manufacturing tolerances. The variationef th Ps] = %ZE[S]

=1

skew at a given node with respect to time is typically very
slow, hence we approximajg as a constant that takes value§ys s the common part of the clock phase drift over the

N [~pmaz, pmac]- _ L ) sth slot, and hence does not impact phase differences across
The network employs a Time Division Multiplexed (TDM) o5 The Jatter are actually driven by the normalieesbss

schedule in which transmissions begin at integer multipfes frequencies

a dot time, denoted byT;,;, according to tharansmitter’'s _

clock. It is convenient to describe the system from the point dils] = Fi[s] —¢[s] , i=1,...,N

of view of an external observer who possesses a clock that . .

runs at exactly the nominal ratg,,, . WEen the time on the W%ereéi[s] is the amount by which the phase of tita node

; . drifts relative to the average.

external observer’s clock is, let p;(t) denote the measure . . - . .

. Discrete time dynamics:When node receives a packet from
of time at\i. We refer top;(t) as the clockphase of A;. its neighbor nodeg, its phase evolves as follows:
Suppose that\; transmits to its neighborV; in slot s. 9 o 15 P '
Therefore, V; starts transmitting whemp;(t) = sTg0t. We wils + 1] = pi[s] + B[e;[s] — wils]] + ¥ls] + dils] ()
assume that nodes have estimates of the propagation delays, i h ) h L h
including processing times, and subtract them out from t cording to the quasi-synchronous approximation, these

packet reception times. Thu&/; begins receiving this packet!O ase llipdates doccur bsynchrono_uslyl at all nozlle_s receiv-
at ¢;(¢), and can implicitly conclude that its clock is behind"9 Pac ets, and can be conveniently expressed in vector
Nj's clock by ¢;(t) — @i(t) = sTaor — @i(t). N can now orm. Defining ¢[s] = (p1(s], w2[s], ..., en(s]) and d[s] =
reduce its phase error with respectA§ using the following (d1(s], 62[s], ..., on[s]), we have

Iinear phase adjus_tment. . o[s + 1] = Gsep[s] + d[s] + ¥[s]1 (4)
Linear Phase Adjustment: Letting ¢t~ and ¢+ denote the

times on the external observer's clock just before and aft¢ferel denotes the vector with all components equal to 1,
the phase jump, we have and G, is a matrix defined as follows: (1) I\; receives a

packet from\; in slot s, G4(i,j) = 3,Gs(i,i) = 1 -3
@itT) = i(t™) + Bl (t7) — @i(t)] (1) and G.(i,j") = 0 VY4 # 4,7 and (2) if NV; does not



Round 1 Round 2 Network Start-up: While our focus here is developing
I~ Nody\ a theory of implicit synchronizationmaintenance, our

.~ Node 2 simulations do include a gateway-led start-up scheme for
coarse initial synchronization (no attempt is made to ojzém
this). A gateway node broadcasts its time and other nodes
in its neighborhood “set” their clocks to this value. Each
of these nodes then broadcasts its time enabling nodes
R E that are two hops from the gateway to set their clocks.
e Change This broadcast is made at a random instant in an interval

NTA" ; N : : % [Tmin, Tmaz] after its clock was set. I{V;'s clock is already

oo 2Mtor ++ nlor (0 )Tutor (17 2) ot set when it hears\;'s broadcast, it simply adjusts its clock

Fig. 1. Nodes makghase jumps each time they receive a packet. HowevertO the mean value. SpeC|f|caIIy, JVJ s time when it makes

they change their frequencies (slope of the lines) only atethd of around  th€ broadcast isp; and at this point,\;'s time is ¢;, N;
consisting of “many” slots. adjusts its clock td¢; + ¢;)/2. Each node makes one such
broadcast and the network can be coarsely synchronized
in this fashion in a time period that scales linearly with
receive a packet from any node in slatG,(i,i) = 1 and the number of nodes. We assume throughout the paper
Gs(i,j) = 0 Vj # i. We refer toGG as thesystem matriX that nodes have good estimates of the propagation delay to
at slot s. Note thatGS is a stochastic matrix (eaCh row hastheir neighbors' Th|s can be done by exchanging mu|t|p|e
nonnegative entries summing to one), so thafl = 1 (i.e., packets with neighbors at the time of network startup and
1 is an eigenvector of; with eigenvalue 1). estimating the propagation delay in a manner similar to
Frequency Adjustment: We can see from (4) that exces§14]. Any residual errors in estimating the propagationagtel
frequencies lead to accumulation of phase errors betweeRa considered to be subsumed in the phase jitter in our model
node and its neighbors. Our frequency adjustment algorithm
relies on this observation, and is loosely stated as follows
(details provided later). A node concludes that its freaqyen I1l. PHASE-ONLY ADJUSTMENTS
is larger than the prevailing average in the network if its ) ) .
phase is ahead of its neighbors’ “on average” despite thegpha !N this section, we analyze the performance of a system in
adjustments it makes, where the averages are of phase erfgtich the nodes adjust only their clock phases, and never the
measured over all neighbors over many slots. A represeatafif€duencies. Phase-only updates are of interest in their ow

diagram of the phase and frequency adjustments is sketchigfjt (due to their simplicity), while also being the firsept
in Figure 1. in the design of phase-frequency updates. The uncompensate

Averaged System:Each time\; receives a packet, it adeStSSkeWS in such a system tend to drive the network towards

its clock phase based on the observed error with the transragyNchrony, while the recurrent phase compensations tend t
ter. Since the node that transmits a packetfochanges over PUll the phases closer to each other. Our metric for quangfy
slots, it introduces “fine details” into the dynamics of phaghich of these two forces is dominant is the worst-case pair-
offset evolution that must be averaged out when estimatidg a/ViS€ clock phase error between neighbors, which is precisel
compensating for skews. We therefore introduce the foligwi the overhe_ad reqluwed to maintain a TDM schedule. We first
fictitious averaged system: in each slot of the averaged system2n@lyze this metric for the averaged system, and then observ
every node updates its phase based on a weighted averag&gf this provides a lower bound for the original system.

the phases odll its neighbors. The weights are derived from
the communication pattern in the actual system and do ot Averaged System

change with time. For example, for a random communication Starting with (5), note that the mean and excess frequencies
pattern, we model the matricd€7,}5°,, and thereby the set+[s] and §[s], do not change withs when we only adjust

of links active concurrently, as being chosen indepenglenphases. We can therefore drop the time indeand denote
and identically from a se$,,,4tching = {G1, G2, ..., Gn } With  these quantities by andd, respectively. Iterating, the phases
probabilities{pi, ps, ..., par} respectively. We denote the av-in slot s can be expressed in terms of the initial conditions as
eraged system matrix by and define it to b& = - | p,Gi. . B o, o

The phase evolution in the averaged system is thereforélgxac®[s] = G ¢[0]+s¢Y1+(1+G+G +...+G )d s>1 (6)

as in (4), except thati, is replaced byg.

Ny — Ny

Phase
Jump Node 3

\; :\

Normalized Phase: ¢(t)

B B As with the frequencies, it is useful to decompose the phases
pls + 1] = Gp[s] + d[s] + ¥[s]1 (5) into mean and excess phases, as follows:

For simplicity, we assume throughout this paper that the ©[s] = P[s]1 + peas]

averaged system matrix is symmetric. This corresponds to

the links in the network having the same probability of beinghere [s] = 17p[s]/N = + vazl vi(s) is the average
active in either direction. phase andp..[s] represents the excess phase.



We begin with an eigendecomposition Gfas, largest frequency and the other half running at the smallest
N frequency forany network topology. A detailed derivation of

G = Z Avo] (7) these facts is provided in Section VIII-B.

=1

B. Actual System

where (a)Gv; = Ay, (b) the eigenvalues are arranged in We now show that the averaged system provides a bound on
descending order of magnitude;| > |Az|,...,> |An]|, the errors between neighbors in the actual system. We sketch
(c) the eigenvectors; have unit norm, orvfv; = 1 and the central ideas here and provide the details in SectioRGVII

(d) eigenvectors corresponding to different eigenvalues dterating (4), we obtain that the phase of the actual system
orthogonal, orvfv; = 0 i # j, becauseg is symmetric. evolves as follows:

BecauseG is stochastic, its largest eigenvalue is one, with

v; = 1/v/N being the corresponding unit norm eigenvector. ¢ls]
For convergence of consensus style algorithms, this larges
eigenvalue must not be repeated. The condition for this is + (H+ZGS*1GS*2'-'GS*’€)5 s>2 (11)
that the graph corresponding t must be connected [19] k=1

(clearly needed for network-wide convergence). In thisecaslNe second term only contributes to the mean phase. Under

=Gs_1G4_9... GQQD[O] + SE]_

s—1

decomposition for large values efas, consensus, we can show that the same is true for the first term
1 as well ass gets large:
=5 L\ s T __ - T
G ~ANviv = 11 (8) lim GyGy_1...Go=1~7 (12)
S§— 00

for reasonably large, so that the first term in (6) tends Owhere the elements of are nonnegative ang”1 = 1. We

T
1" ¢[0]/N, the mean phase at start-up. The second term_dgn therefore throw out the first and second terms in (11) when

(6) also antrlbutes only to the mean phase. For the th'E%nsidering the evolution of the excess phases, and obtain
term, the eigenmode corresponding to eigenvalue one has no

N s—1
response, since the excess frequedidyas zero mean. Thus, N
the evolution of the excess phase (which is what drives our eals] 7 (14> GomrGiz. Goor |6 (13)

phase-only algorithm) can be obtained by excising the firEt =t . o
. = . et us now average the evolution over many realizations of
eigenmode frong to get the matrix

the communication schedule. For each schedule, the mstrice
_ _ 117 N T’ G,, are chosen in i.i.d. fashion from the S&f,qtching =
Gew =G — = = D_ N (9 {Gy.Gs..... Gy} with probabilities{ps. pa. ... pas} and the
_ _ _ 122_ _ _ average across this choices is denoteddhythe matrix for
which contains only eigenmodes with eigenvalues with magur averaged system (the corresponding excised matrix is
nitude strictly smaller than one (the dynamics induced ky,,). Using the LLN, the averaged trajectory of excess phases
this matrix are dominated by the magnitude of the secongdtisfiesg,[s] ~ T4yt ") 5. Sinced is symmetric,
largest eigenvalue)|). For larges, the excess phase therefor@ve can excise its first eige?nmode to obtain,
exhibits the following behavior:

s—1
Ceals] = (14 G+ Gop + ..+ T, ) 6 Beuls] = <H+ ;@Z) 5 (14)

= \—1
= ([-Ge) 6, s—00 which is the equation we had for the phase evolution in
We provide a detailed derivation of this result in Sectiothe averaged system. The maximum value of the pairwise
VIII-A. Thus, the excess phases exhibit an irreducible rerralifference between neighbors’ phases (or equivalentigesx
floor that depends on the skews. To quantify the impaphases) is given B)Cep..[s]||c, Where matrix multiplication
of this, we maximize the worst-case pairwise phase errdrg C corresponds to all possible pairwise differences across
between neighboring nodes over the set of possible skewsighbors and|x||~ denotes the infinity norm, or maximum
We show, in section VIII-B, that the pairwise error betweenlement, of a vectok. This is a convex function ofp. We
a fixed pair of neighbors can be maximized by solving @n now apply Jensen’s inequality to infer that the maximum
linear programming (LP) problem, where the constraints apairwise phase difference for the averaged system is a lower
determined by maximum allowable skew,.... We then bound on the average of the maximum pairwise phase dif-
maximize over the solutions of the LPs corresponding to d#rence in the original system, averaged across realiztio
possible directed edges to get the worst-case pairwiseeph@ensequently, any set of skews that are “bad” for the average
error. Since all of these LPs share the same feasible sethandsystem are guaranteed to be bad for the actual system as well.
optimal solution for any LP occurs at an extreme point [21}Ve use this to show in Section VI that the mean value of
we show, by characterizing the extreme points of the feasilihe worst-case pairwise error between neighbors can iserea
set, that the worst phase error between neighboring nodesvith the size of the network, so that both frequency and phase
produced by (roughly) half the node clocks running at thedjustments are required for large networks.

(10)



IV. DESIGN OFPHASE-FREQUENCYADJUSTMENTS at the end of each round. The parameters, x > 0 can be

We now present an algorithm that achieves frequency afigosen freely, except that our convergence proof requies t
phase synchrony for the averaged system. Equation (10)sshéw” # + X (the dead zone must be large enough to accommo-
that, after sufficiently many phase-only adjustments, Kuess date wrong freque_ncy s_teps and_ frequency estimation @rrors
phases, and hence the residual phase differences betwig@nexample, starting with a maximum frequency offset of 100
nodes, are a function of the skews. Conversely, these misidgPm. We could eventually converge to a maximum offset of
phase differences provide estimates of the skews, which lges than 4 ppm by choosing= 2 ppm, 4 = 1 ppm and
then used to make frequency adjustments. We note froni= 0-8 PPm. This would reduce the worst-case phase offset
(10) that & ~ (I—Ge.)@..[s| for large enoughs. For N the network by a factor of 25. The round sizg¥/,} are
decentralized adaptation, we clearly do not have accessChysen such that th_e maximum error in skew estimation at the
the excess phases... However, using the fact thag is a €nd of each round ig. _
stochastic matrix, we can also express the skews in terms ofUr theoretical development proceeds as follows. We first

the raw phases as follows (see Section VIII-D for details) :identify the number of slots needed in round which we
denote byW,., so that the maximum error in estimating the

d= (I-G)ls] = Lels] (15)  current skew of any node is smaller thanWe then show that,
if e > pu+, thenin each round of frequency adjustment, either
t( ) the nodes move towards convergence or (b) all current
skews are lesser thanr- .+ x (in magnitude) and will continue
to remain so in the future. It is convenient at this point to
introduce two-dimensional indexing of slots: sletr] is the

_ N sth slot in roundr, and is therefore thé&th slot in a one-

[Lpocli = 52 Gj—i(Pooi = Pooi) = b (16)  dimensional enumeration of slots, where= S W + 5.

=1 In the »** round, the slot index takes values betwedghand
where ¢;_.; denotes the probability that/; transmits toV; W, — 1. We use both one-dimensional and two-dimensional
(even though the summation is defined over all the nodesmumeration of slots, depending on the context.
we note that the only terms that contribute are those with . .
gi—: > 0 i.e. nodes that are neighbors f). Thus, theith A Choosing round sizes
node can estimate its excess frequency simply by consglerin Since the mean phase does not contribute to the actions of
the weighted average of its its residual phase differencesr algorithms (which depend only on phadifferences), we
with its neighbors, with weights depending on the averagmly need to model what happens to the excess phases. As in
communication pattern defined I8y Section 1lI-A, this means that we can excise the eigenmode
Thus, our phase-frequency adjustment algorithm consistsomrresponding to eigenvalue one, which determines ewanluti

estimating the skews based on the residual phase errors witlthe mean phase. We show in Section VIII-F that the excess
neighbors after many phase-only adjustments, and adjustphase in slots of roundr evolves as
the frequencies accordingly. We follow multiple roundsiuét —s
procedure, starting from roun@ with roundr consisting of Peals, 7] = GeqPeal0,7] + Ds6[0, 7] (17)
W, slots. Each node employs the same algorithm, hence Wgere p, — 14 G., + G, +...+G.. '. Assuming that slot

for sufficiently larges, where the matrixC = I — G is called
the Laplacian of the system. For our phase-only updates, i
easy to show (see Section VIII-E) that thth component of
(15) can be written as

describe it from the point of view of a particular node s = W, — 1 is the last one in round (i.e., the nodes estimate
e Sep 1t In .round r, node: makes phase-only adjustment§neir current skews aB¢[s, r]), the current skew estimates at
for W, slots; the end of round- are given by

e Step 2: At the end of roundr, nodei makes an estimate . _ _
of its current skew, denoted hy, by averaging the observed 0ls,7] = (I-G) @[s,1] = (I = Gex) Pexls, 7] (18)

errors with its neighbors in the following slot according t%ubstitutingthe expression for the excess phases frontiequa

(16); (17) into equation (18), we get an expression for the errors

: Step 3: 1f tr,],e skeyv is small enough,.W|t|z$i| < cfalling in a incurred by the nodes with this estimate. Denoting thesaerr
dead zone,” node does not change its frequency./df| > e, o

then node: makes a frequency jump afp, depending on by es[s,r] = ols, ] — [0, 7], we get

the sign of the skew. That is, it addSF; = —u sign(d;) to es[s,r] = (G, — gz;l)%m[o’r] —G:.5[0,7] (19)
its frequency. (The dead zone parameteaand the step size _ . _ _ _

parametey, are discussed below.) We approximate;,, by its dominant eigenmodgjv,v and
e Sep 4: Go back to Step 1 for round+ 1. thereby, the errors as,

Algorithm parameters: We prove that our frequency ad- o \Sp T s, T
justn?ent alg(F))rithm guaranteeg that the maximﬁm fre}:quencye‘s[s’r] ~ Agv2vy (1= A2)pea(0, 7] = Azvv; 0[0, 7] (20)
deviation away from the mean of any node is at masi:+y, We can now “invert” this relationship to show that the esti-
wheree is the dead zone sizg, is the frequency adjustmentmation error can be made arbitrarily small by waiting “long
step size, ang is the designed error in frequency estimatioenough”. Specifically, the maximum error in estimating the



excess frequency in roundcan be made smaller than by S ®
T

choosing the number of slot¥/,., to satisfy, m ° etptx
T et X
1 X S3 q €
W,> — x| lo —lo ez |0, 7| oot T
ety (8 oy s leelorl 5 e .
< e ()
1610, 7]l (1 - A2>}> (1) —— -
- - —(e=X)
Next, we explain how the length of the roundlig. can be S—4 1 b e
computed in a recursive fashion. For the first round, thesmai S_s . b ,
synchronization procedure at startup provides bounds en - S, ® —(e+x)
excess phasfe..[0,1]||-. Since the node frequencies are 3 L —(e+p+x)
-1

bounded at the time of startup, we can show th&{p, 1]||
is bounded by2p,,... These bounds are used in equation
(21) to calculate the number of slots in the first rouid. Fig. 2. Splitting the nodes into 10 sets based on their exfregsiencies.

. . .Nodes inS; and Sz, that are “far” from convergence, are guaranteed to
In Section IV-B, V\{E show that t_he maxmum frequency I. duce their frequencies. NodesSg and Sy, that are "close” to convergence,
round 2 does not increase from its value in round 1, despééer reduce their frequencies or do not change it, butmiegeease their
the frequency adjustments made by nodes at the end fréfuencies. Nodes i, that are "closest” to convergence, will not change

. their frequencies. Analogous results hold for nodes witlyatiee excess

round 1. Therefore||d[0,2]||~ IS a_lso bounde_zd b)@pmm. frequencies.
The excess phases are bounded in a recursive fashion: given

bounds on||¢.: [0, 7]||~ and||d[0,7]||-, we obtain a bound

on [le. [0, 7 + 1] Specifically, the excess phase at the stagtjes into ten sets based on the sign of their excess freigsenc
of round 2 can be bounded by setting= 1 in the recursive 54 how far they are from convergence. The split is shown in
relationship (shown in Section VIII-G), Figure 2. The first se$; {r} contains node§;{r} > e+pu+x
W, —1 (positive skews, “very far” from convergence). The second
lez0 7 +1llo0 < [1Gex” loollpex [0, 1lloe set Sy {r} contains nodes with + x < §;{r} < e+ p+x
+ (1 +[|Dw,—1llo0)|16[0, 7]|lc  (22)  (positive skews, “far from convergence”). The next threts se

Note that this bound depends explicitly @i, which we have 5337?"54{7“}; Ss{r} contain n(?c:es that (?re “close”, cIosgr“
already calculated. Substituting these boundséior 2] and and “closest’ to convergenf:(:. dfs {7}, 51'{T} € (e e+ xJ;
©..[0,2] in equation (21), we can calculate the number ¢P" Sa{7}, di{r} € (e = x,ef; for S5{r}, di{r} € (0, = x].
slots needed in round 2. By repeating these arguments, W%e setsS_; are def'”e‘?' analqgously, except that the signs
can recursively compute the number of slots needed in a?ly; reversed, as shown in the figure. We now prove a series of

roundr propositions that characterize the actions of nodes in each
' these sets. We then put these propositions together to stabw t
B. Convergence of frequency adjustment algorithm the algorithm converges and achieves frequency synchtony (
By making each round long enough, the errors in estimatifgthin € + x + x.
the excess frequencies can be made smaller tharnere y First, we show that a node with a positive current skew

can be arbitrarily small. We demonstrate that each frequerid round r either lowers its frequency by or does not
adjustment drives the network towards (and never away frogf)ange it at all. It never increases its frequency further by
frequency synchrony. For this, we need to choose the widthof Furthermore, we show that nodes which are either far
the “dead zone® to be larger than the sum of the the estima@r very far from convergence are guaranteed to reduce their
tion errory and the frequency adjustment sizeSpecifically, frequencies by..

we show that, after “many” rounds of frequency adjustmentlgr ition 1. If F. >3 then F. < F
the excess frequencies are no bigger than. + x. Since the Fu?&?lrrgpe i.f W, Zg}Sl_{;Z}J»{C}:% {?’?» fégn+F_%T—+ f}{r}:

Iatt(_er qgantity can be made as small as we wish, we can %ei%r} — . Analogously, if Fy{r} < &{r}, then Fy{r+ 1} >

arbl_trarlly close tq perfect frequency synchrony. _ {r}, and if N, € S_1{r}/S_o{r}, then Fi{r + 1} —
Since frequencies change only over rounds, we index tll;é{r} iy

current skews by round number: the current skew of node * '

in any slot of ther'” round is denoted by;{r}. We do not Proof: We only prove the statement for nodes with

need to track phases any more, but rather repeatedly usebsitive current skews, of;{r} > ¥{r}, since the proof for

fact that the error in estimating the excess frequency idlsmanodes withF;{r} < ¥{r} is entirely analogous.

thany, or |6;{r} — &;{r}| < x Vi,r. Case L: If nodei is in S1{r}US2{r}, thend;{r} > e+x. Since
Consider a given round. We show that nodes with currentthe estimation error is bounded kyy(we have ensured this by

skews of large magnitude are guaranteed to change thamiaking the rounds long enough), the estimated current skew

frequency in the right direction, and that nodes never mofalls outside the dead zon&:{r} > 6;{r}—x > (e+x)—x =

their frequency in the wrong direction. To this end, we gphi& e. Thus, node adjusts its frequency downwards.



Case 2: For nodes inSs, S, or Ss, the current skew is positive: across nodes in round is larger thanu;, ,’s frequency in
0 < &;{r} < e+ x. Since the estimation error is at mogt the same round, we gek,-, {r} < Fya.{r}. Chaining
we have—y < 0;{r} < €+ 2x. Sincee > p+ x > x, we these inequalities, we gefj, . {r + 1} = F,:, {r+1} <
conclude that;{r} > —¢, so that node does not increase its Fuj+1{r} < Fha{r}. Therefore, the maximum frequency
frequency. H can never increase across rounds. |
Next, we show that the frequency jumps are small (relative We also get an intuitively pleasing conclusion from this
to the size of the dead zone), so that nodes do not cross @neposition: if we achieve frequency synchrony, the common
another while making frequency adjustments. Specifically,frequency will be between the maximum and minimum fre-
node with a positive excess frequency in rountthat makes a quencies at the start. We now go one step further and show that
downward frequency jump never crosses a node with negatifsome nodes are “very far” from convergence, the maximum
excess frequency in roundthat is increasing its frequency. frequency will decrease. An analogous result holds for the

Proposition 2. If Fi{r} > @{r},Fi{r + 1} > pfr}. Tnmum frequency too.

Analogoudly, if F;{r} < o{r}, E{r + 1} < ¥{r}. Proposition 4. If S1{r} # 0, Frax{r + 1} = Frae{r} — p.
Proof: Once again, we only prove the statement for nodgsurthermor_e, it N.# Is the node with the_ rmaximum frequency
with frequencies larger than the mean, since the other sast rounq r, it continues to be the noqlethh the maximum fre-
exactly analogous. guency in round r + 1. Angloggu;ly, if S_l{r}_ =+ ), Fw_”-,}{rjL
Case 1: Let N, € Ss{r}. Therefore0 < 6i{r} < e — y. 1} = Fpind{r}+p. Also, if N# is the node with the minimum

Since the estimation error is bounded fywe have—y < frequency in round r, it continues to be the node with the

6i{r} < e. Sincee > y + u, we have—y > —e. Therefore, minimum frequency in round r -+ 1

the estimate),{r} falls in the dead zone and/; does not Proof: The proof is provided in Section VIII-H. [ |
change its frequency at the end of roundThus, we have Let ¢*{r} denote the maximum difference in frequencies
Fi{r +1} = Fi{r} and by definition,F;{r} > 1 {r}, which between any two nodes in round: &*{r} = F..{r} —
together implyF;{r + 1} > ¢ {r}. Fpin{r}. By definition,&*{r} > 0. We show that if there is
Case 2: If NV isin S1{r}uS{r}uSsu{r}usSs{r}, we have any node that is “very far” away from convergence in round
Fi{r} > ¢¥{r}+e—x. Atthe end of round, \; can reduce its r, £* is guaranteed to decrease by

frequency at most by. ThereforeFi{r+1} > Fi{r} —pu > Proposition 5. If S {r} or S§_1{r} £ 0, & {r+1} < £*{r}—

{r} +e—x— p. Sincee > x +p, Fi{r+1} >¥{r}. =m : ) B
We denote the maximum and minimum frequencies acr SFurthermore, if both Sy {r} and S_y{r} # 0, £"{r+1} =

nodes in roundr by F,,...{r} and F,;,{r} respectively. -2

We show that the maximum frequendy,..{r} can never Proof: Consider the case whe$y {r} and S_{r} # 0.
increase from round to roundr + 1. It can only decrease Then, from Proposition 4F,,.{r + 1} = Fa.{r} — p and
or remain unchanged. A similar result holds for the minimumf,,,;,, {r+1} = Fyin{r}+u. Thereforeg*{r+1} = Fa.{r+
frequency as well. 1} = Fpin{r + 1} = (Poaa{r} — 1) — (Fpin{r} + p) =

o . . &{ry —2u.

Proposmc_)n_ 3. The maximum frequency can never increase {Ngw consider the case whesy % 0 but S_, = 0 (the
and the minimum frequency can never decreasei.e. F,q..{r+ . - .
1} < Fonao{r} and Fyin{r + 1} > Fouon {7} reversed case is very s_|m|Iar). From Prop.o_smon B {r+

1} = Foaz{r}— p. Similarly, from Proposition (3)F,..n {r+

Proof: We only prove thatF;,,. can never increase,1} > F,,;,{r}. Therefore, we can see th&t must decrease

since the proof thaf",,;,, can never decrease is similar. Lettleast by as follows:&*{r+1} = Fpap{r+1} — Fpin{r+
I't{r} andT'"{r} denote the set of all nodes with positivel} = (Faz{r} — 1) — Fpin{r + 1} < (Fruae{r} — p) —
and negative excess frequencies in rouncespectively i.e. F,;,{r} = & {r} — pu. ]
H{r} = U2_,Si{r} and T~ {r} = U2_,S_;{r}. Unless  We now tackle the scenario when there is no node very far
all nodes are at the same frequency (in which case we #&mem convergence. To do this, we need a preliminary result
done), neither of these sets can be empty. Otherwise, all thkich shows that the mean frequency does not change a lot
nodes would have their frequencies on one side of the mesross rounds.
frequency, which is impossible. — .
Le?u+ a)rlmd e anypnodes i () and T~ {r} respec- Corollary 1. Thg abn?an fLquency {r+1} is bounded below
tively. From Proposition (2), we have,. {r + 1} > {r} by {r} — u and above by ¥{r} + .
and F, {r + 1} < {r}. Therefore, we havé’, {r + 1} > Proof: Since N; changes its frequency by at mogt
F,~{r + 1} Yu™,u™. Thus, the node with the maximumF,{r}—pu < F;{r+1} < F,{r}+p. Adding these inequalities
frequency in round- + 1, denoted byu;, ;, must have had across nodes and dividing by the number of nodes, we get
a positive excess frequency in roundor w',, € T {r}. ¥{r} —p < F{r+1} <{r} +p. [
But, if w;,, € I'*{r}, by Proposition 1, its frequency in Next, we show that if a node is “close to convergence”
roundr + 1 cannot be larger than its frequency in round (within ¢ + 1 + x of the mean frequency) in round status
ie. Fyx, {r+1} < Fy-  {r}. Since the maximum frequencyquo will prevail in roundr + 1: it will be no further than



€+ p + x away from the mean frequency in round- 1 too. V. LLN ARGUMENTS
This result guarantees that once the node frequencies have

converged to withire 4 12 + x of the mean, they will not drift ~ In order to map from the averaged system to the actual
away in subsequent rounds. system, we realize that each step in the averaged system is

effectively equivalent to many steps in the actual systeased
Proposition 6. If A; ¢ S1{r} U S_1{r} so that |0;{}| < on LLN-style arguments. Motivated by the algorithm for the

(e4+p+x), then |6;{r + 1} < (e+ pu+ x). averaged system, nodes in the actual system adjust theiepha
) ) ) ] each time they receive a packet, but adjust their frequencie
Proof: The proof is provided in Section VIIl-I B only occasionally - say, once in a round.$f slots. However,

Let 0*{r} = max;|0;{r}| denote the maximum excesshe frequency adjustments are not based on phase errorg in an
frequency across nodes in roundWe put Propositions (5) particular slot; instead, they rely on averages of phasererr
and (6) together, show that {r} is eventually no bigger than with neighbors over “many” slots. This lets us average oler t
e + u+ x and demonstrate the convergence of our algorithrandomness in the schedule by exploiting the LLN. We now
with the averaged system. explain how the nodes can estimate their excess frequencies

_ at the end of the first round of slots, with the understanding
Theorem 1. In each round r, atleast one of the following  that a similar procedure is repeated in future rounds.
Statements Is true, Consider a slots in the first round ¢ < s < Sg — 1).
1) &+ 1)< &) — Sane our frequency _a?jl_Jstments are based on]c atl\éeraga]es of
2) 6*{r} and 6*{r + 1} < (c + 1+ ) phase errors, we maintain a running averag.e of the phases
from the start of the round to any slet < Sg: @a.[s] =
Therefore, eventually, the maximum deviation in frequency >.u—o¥[s'l/(s + 1). Before we obtain an expression for
from the mean is atmost € + y + . @av[s], we make an approximation. Guided by equation
(12), we approximate the product of the stochastic matrices
Proof: In the r* round of frequency adjustments,G,G,_;...Gy by a rank-one matrix of the forriy” when
Star{r} £ S1{r} U S_1{r} is either empty or it is non- the number of matrices in the product exceeds a criticak limi
empty. If S;..{r} is nonempty, then by Proposition (5),5,,. The critical limitS,, depends on the sét,Gs,...,Gn}
&H{r+1} <& {r}—p. Onthe other hand, i;,.{r} is empty, from which the matrice$G,} are chosen and the probabilities
all the nodes are ifiU;_,S;{r}) U (U3_,S_;{r}). Thus, the {py,ps,...,pas} with which they are chosen from this set.
excess frequency of each node is smaller (in magnitude) thasing this approximation and substituting the expressam f
(e+p+x) and hencej*{r} < (e+p+ x). In this scenario, the phases in slot from equation (11), we get the averaged
Proposition (6) guarantees that{r+1}| < (e+u+x) Vi = phases in the last slot of the first round - sty — 1 - to be,
d*{r+1} < (e+ p+ x) . Using recursion, we can conclude

that if *{r} < (e+p+x), thend*{r'} < (e+p+x) vr' > r. Sr— s T
We have already seen thgit{r} > 0 Vr. Assume that the  @a.[Sk — 1] = (2% 900 J;,ZSI:SQ“ (e l0]) 1
node frequencies are bounded byt p,... before any fre- Su—1 R
quency adjustments are made. Therefetél} = F..{1}— + O]+l +3.0% GyaGya... G080[0]+
Frin{l} < 2pmae. If condition (1) is true in round-, we Sr
know th_atg*.d_ecreases by.. However, condition 1 cannot 255/11;1(]1+25 L Go Gy g Gyy)
be true indefinitely becausg {r} is lower bounded by 0 and S 60] (23)

&*{1} is finite. Therefore, condition 2 will have to be true in

some roundr = Ry for the first time. By our proof, it will As before, we split the time averaged phaggs into a mean

then continue to hold forever. Therefore, we can conclude thp,,, and an excess pa@,, ., SO thatys, = P,,1 + @av.ex

0{r'} <e+4+p+ x ¥r' > Ry. and 17, .. = 0. The first term in equation (23) can be

B discarded since it only contributes to the mean phgseand

We can now estimatd, - the number of rounds neededPUr algorithm uses only thexcess-averaged-phases ¢ ,ca-

for the maximum excess frequency to become smaller th&Re second term is a transient that vanishes when the number

e+ p+ x for the first time. By definition, we have;{R,} < of slots Sy, is large. Therefore, only the third term contributes

26"{Ro}/ < 2(e+ pu+x). In each round betweenl andR,, O Pav,cx- We simplify the third term a_nd denye an expression

we know from Theorem (1) that* decreases by (at least). for the excess-averaged-phages, .. in Section VIII-J. We

Therefore, R, needs to be no bigger thafmes=2(ctutx) -~ now summarize this result. Lefz be the smallest number

Note that, while the number oflots needed per round of so that/\29 is “negligible”, where)\g is the second largest

frequency adjustment might (and typically does) increasle weigenvalue of the averaged system matgix Then, we can

network size, the number @bunds required for convergence approximate the excess-averaged-phgsgs., at the end of

is independent of the number of nodes in the network. Ve first round by,

now use these insights to design an algorithm for the actual

system that achieves frequency and phase synchrony. Pav,ex|Sr — 1] &~ (]I — CEI)A

8[0]. (24)



by choosingSr to be much larger than the critical lim#,, Overall algorithm: Node: estimates its skew over a round
andSg. Here,G.. is the excised version of the system matriaccording to equation (28). i, falls within a dead zone of
for the averaged system. Equivalently, the skéjd can be width euppron (i-€.|0i] < €upproz), NOde: does not change its
estimated a®[0] ~ (I — Ge.)pav.cx. Of course, we do not frequency; in the other cases, nadehanges its frequency by
have access to the excess-averaged-phages.. But, we can £y based on the sign of; i.e. it makes a frequency jump
use the fact tha@ is a stochastic matrix and mimic the proofAF; = —p sign(&-) at the end of a round ofr slots. In
for the averaged system (see Section VIII-D) to show thatibsequent rounds, the process is repeated by resetting the
(I— Eem)%v,em = (I - G)pav. Thus, the nodes can estimatdime-averaged phases and recomputing them from the start of
their excess frequencies from the raw phaseg|és~ (I — the round.
G)wpav|Sr —1]. Let us denote the averaged phase at node  An attractive feature of the frequency adjustment rule is
slot Sp — 1 by pa..:[Sr — 1]. By substituting the expressionthe minimal storage required at each node, in spite of the
for G (and mimicking the proof in Section VIII-E), we get thesignificant amount of memory the rule entails. To adjust its
skew estimate of théth node to be, frequency, each node needs to store only one number and

- recursively update it. Thus, the storage needed is indegpgnd

0; = ﬁz @j—i (PavilSk =1 = YaujlSr = 1) (25)  of the size of the network and the network topology.

g7 Tackling Measurement Noise:When the implicit times-

whereg;_,; is the probability that nodg transmits to node tamps are noisy, we leave the phase adjustment rule un-
i. We now explain how node can implement this rule altered but change the frequency adjustment rule. We now
in a simple, distributed fashion without any communicatiodescribe these modifications. L&t [s; i (t)] = ¢i[sj—:(t)] —
overhead. From the definition of the averaged phases, we haygs,_.;(¢)] denote the true phase offset betwe&f and

Sho1 N in slot s; i (t) and &;;[s;(t)] denoteN;’s estimate of
PavilSk — 1] = Qavj[Sk — 1] = Z @ils] — wyls] (26) this offset. The phase offset estimation eregy(s;—..(t)] —
' puar Sk &ijlsj—i(t)], induced by the measurement noise is denoted by

Therefore o, i[Sk — 1] — ¢av;[S — 1] depends on the phase%j[sjﬂi(t)]. From equation (28), this translates to an error

7 B N i Te i X i i
error betweenV; and.\; in all slots betweer®) and S — 1. of Ae; ? Sk 2.1:1 i ’Yg [Taﬁl(t)] In NZ S e;tlmgte or:‘ |tsh
However,\; cannot measure all these phase errors; it can orfi§CeSs frequency. We model the errors in estimating theephas

estimate the errors in those slots when it receives a paaet f © seti[sj—i(t)], as rando_m variables that are independent

N, But, ; can approximate.s.;[Sk — 1] — pav.i[Sk — 1] by across slots and node-pairs. Furthermore, we assume that
g 1 Vg av,i av,j . . . .

averaging over the phase errors that it does measure. Asstifse €rrors are picked from the same distributip(y) with

that\'; that has a nonzero probability of transmitting a pack&€'© Mean and a standard deviatiop For example, in our
to ; (i.e. ¢j; > 0) and that it transmits om;; occasions simulations, we choosgr(y) to be uniform. Let us assume

in the first round of slots taN;. We denote these slotsthatj\_/i recgivesPi = Zj nij packets, from all it§ neighbors
by s;.i(1), 8;1:(2), ... 5;.s(ni;) respectively. Thereforey; _combl_nedz in a round ofg slots. We can rewrite the error
approximates the average phase error over the first routd wit estimating theﬁgxcesls fre]guen%es due to the measurement
N to be, noise asAe; = SEX 5 ZFl > %j[sjﬂ(_t)]._ If P;is
reasonably large, we can invoke the Central Limit Theorem to
@ilsj—i(t)] — @j[s;—i(t)] approximate the distribution oﬁ— D25 2o vilsi—i(t)] by a
Pav,i[SR=1]=Pav,;[SR—1] = Z e Gaussian with zero mean and variance = o%/P;. Since
=t ! (27) @ Gaussian random variable is very likely to be contained
We use the empirical definition of probability to approximatWithin three standard deviations on either side of the mean,
;i as qj_; ~ n;;/Sk and substitute equation (27) inWe approximate the estimation error induced by the noise
equation (25) to get, Ae; to be bounded in magnitude by3P;/Sr) x (30) =
5 s (?E/SR) X (3?f/\/]71-).y}0 fcorﬂbat. this error iE thg estirfnar':e
. - of its excess frequencyy; further increases the size of the
%lSr—1]~ S_RZZ <%[Sjﬂ'(t)] —¢ilsi=i0)] | (28) dead zone from its value in the noiseless scenario. This
A= increase needs to be no larger than the maximum value that the
We use this as the defining equation fof's estimate of its error can take, 0@30]‘,/\/@_ However, in our simulations
excess frequency: it simply adds the phase errors it obseryg are more conservative and increase the width of dead zone
when it receives packets from its neighbors over the entipg 30/\/P; (note thatGP;/Sg is guaranteed to be smaller
round (and scales it by3/Sgr) to decide on the frequencythan 1). To summarize, the only change in the frequency
adjustment at the end of the round. This rule is intuitivelydjustment rules is an increase in the width of the dead zone;
pleasing: if a node finds that despite all the phase adjustmen;'s dead zone in the presence of measurement noise with
made, its clock is still “ahead’{; —¢; > 0) of its neighbors’ yariances?2 given by e, = eupprox + 30j,/\/ﬁi whereeqppron

clocks over a long time, it concludes that its clock is rumninis the dead-zone width in the noiseless setting &nds the
faster than the average across the network. We now summagigénber of packets received by; over a round of slots.

the algorithm from the point of view of node

Nigj




V1. SIMULATION RESULTS realizations of communication patterns. The results fa& th

We now describe the models and parameters used in &irectional and omnidirectional settings are shown in Fégu
simulations, followed by the results. 3 and 4 respectively. The figures confirm that the errors for
Topologies: We consider theing topology (each node hasthe averaged system are indeed a lower bound for those in
two neighbors) and the rectangulgnid topology (each node the actual system, and that the worst neighbor error ineseas
has four neighbors) as canonical examples of two-dimeasio/ith network size. The error grows faster witti for a ring
networks with large and small diameter, respectively. topology. For directional ring networks (Figure 3(a)), tiveor
Interference Model: We use the node exclusive interferenc80Ws asN in the averaged system and a&'"** (approx-
model (two links can be active if they do not have a node ifately) in the actual system. For directional grid netvgork
common) as an abstraction for “highly directional” netwerk(Figure 3(b)), the error grows only as®® in the averaged
(such as mm-wave networks [1]). For omnidirectionalystem and as&v* ™ (approximately) in the actual system.
networks, we use the 2-hop interference model [23]: twb/Pical numbers for directional networks: From Figure
links can be active simultaneously as long as they do ndt We see that the error between neighbors in a 64 node
have a node in common, and the nodes involved in the t§twork set in a ring topology can be as large228 ns.
links are not neighbors. This is comparable in magnitude to the guard interval needed
Communication Patterns: We consider TDM schedules int0 handle propagation delays. For example, the envisioned
which a randomly chosen maximal matching is active in ea&pigabit rate outdoor mesh networks with link ranges on
slot; amatching is a set of links that can be simultaneouslyh€ order of200 m require guard intervals o200m/(3 x
active without interfering with one another, andnaximal  10°m/s) ~ 666ns to handle propagation delays. Therefore,
matching is a matching to which no link can be added withou®" additional synchronization error @20 ns represents a
interfering with one of the active links. For large network§3% increase in the overhead. On the other hand, for small
(e.g., a 64 node grid with directional links), it is infedsito directional networks in a ring topology (say, 16 nodes) or
enumerate all maximal matchings. In this case, for each lifi¢asonably large networks in a grid topology (36 nodes), we
we randomly choose 120 maximal matchings in which f€€ that the largest phase error between neighbors will only
participates. The overall set of maximal matchi®s, iching be 40 ns. Therefore, the maximum increase in the overh_ead
is obtained by taking the union of the sets generated for edéhonly 6 %. To summarize, phase-only adjustments with
link. implicit timestamps may suffice in small directional netk®r
Opportunistic  listening: In  omnidirectional networks, With linear topologies or moderately sized networks in grid
we consider two modes for timing adjustment. In th&pologies, but frequency adjustments are necessary rige la
ONLY INTENDED mode, a node adjusts its clock only when if€tworks, especially in linear topologies.
receives a packet explicitly addressed to it. In the/ESDROP Recommendations for omnidirectional networks:Since the
mode, a node adjusts its clock whenever it can receiveSi®t durationTy,, is longer in omnidirectional networks and
collision-free packet, even if it is not the intended reeii  the phase error scales in proportion g, we see from
Simulation Parameters: We fix 3 = 0.5 in all our Figure 4 that the errors with phase-only adjustments ae als
simulations. Our choice of timescales in directional netgo correspondingly larger{ 10's of 1us even for small networks).
are motivated by Gigabit rate mm-wave networks: wElowever, the guard interval needed to handle propagation
choose the slot timel,,; = 10us and for the coarse delays is still~ 1us since the link ranges are on the order
synchronization procedure at startup, we chogsg, = 10us of hundreds of meters. Therefore, phase-only adjustmeats a
and 7., = 300us (see Section Il). The timescales in omniNot sufficient to guarantee phase synchrony on the ordeeof th
directional settings are motivated by WiFi-style netwonke guard interval in omnidirectional networks. However, a mor
chooseT,;,; = 10ms and 7,,;, = 10ms and 7,0, = 300ms. practical definition of the tolerable overhead is to define it
We set the maximum value of the skew,.. to 50 ppm. as a fraction of the payload (slot size) rather than the guard
Performance Metric: Since TDM slotting overhead dependdnterval for propagation delay. Phase-only adjustmenighmni
on the phase error among communicating nodes, the KBgn suffice since the phase errors grow in proportiofife,
performance metric is theorst neighbor timing error, which and theirratio is simply a constant. Thus, here too, phase-
is the largest magnitude of phase erbetween neighbors. only adjustments might suffice for small-to-moderate sized

networks.
A. Phase-Only Adjustments

We consider directional networks and omnidirectional ne: Phase & Frequency Adjustments
works in the QuLY INTENDED mode consisting of 9-64 nodes We begin by introducing parameters and performance met-
set in ring and grid topologies. For each topology, we gdreraics specific to the phase-frequency adjustment algorithch a
a set of “bad” skews by solving linear programs that optimizfen describe the results.
the phase error on each link of the averaged system. We choosg8imulation Parameters: We consider two types of skew
these “bad” skews to be the distribution of skews across :iod#istribution across nodes: (a) “random skews” chosen iadep
in the actual system. We then average the worst error betwekemtly and uniformly in[—50ppm, 50ppm/|; (b) “bad skews”
nodes in the actual system at the end of 3000 slots over 2@f0sen by maximizing the worst neighbor error for the aver-
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s perfect for two reasons: the adjustments have a resolution
IM, of +£1 ppm and we have enforced a dead zone within which
nodes do not change their frequencesample 2: A bad skew
distribution best illustrates the fact that the nodes ddjusir
/'//// frequencies in concert. We consider such a skew distributio
in a 36 node directional network with a ring topology. The
? o implicit timestamps are noiseless in this example. We plot
(a) Ring Topology (b) Grid Topology the frequencies oéll nodes as a function of time in Figure
(6). However, we see only two traces until about 10000 slots.
This is because the nodes start off at identical frequencies
of +£50 ppm and make identical frequency adjustments of
F1 ppm in each round. Consequently, at any time, the fre-
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'° e verasd Syea] g etse Sy . guencies of all the nodes are confined to one of two values,
ggm * Actual System ggml—,’“ma‘sﬁtem L fs(1+ k), ke {1,2,...,50} ppm. We also see that some
é% §§ nodes make unnecessary adjustments when the frequencies
§§Z°° »Z_é;mo have almost converged (around 10000 slots). If the dead
£2100 / 2 50 / zone is not large enough, such unnecessary adjustments by
s o : o a e % B e — a few nodes could drag the frequencies of the other nodes
- Number of Nodes - Number of Nodes along. This might result in the nodes eventually having a
(a) Ring Topology (b) Grid Topology common frequency that is outside the band where they began

Fig. 4. Worst error between neighbors for the actual systedntlae averaged e fs X [l_p_m‘”’ 1+p’_”‘””]' This is not desirable I_n praCtl_Ce' In
system with only phase adjustments in amnidirectional network. The OUr Simulations, we find that a dead zone of widthsuffices

network operates in the @Y INTENDED mode. in the noiseless setting to prevent this from happening. A
precise characterization dead zone width required to gtega
that the frequencies remain bounded within the originagjean

aged system. Nodes adjust their frequenciesiby +1ppm similar to the one provided for the averaged system, is left

once a round, which consists 8f; = 200 slots. We investigate as an open issueexample 3: We now consider the same
the performance with noiseless as well as noisy implicit

timestamps. We model the noise as being uniformly disteithut N

in [—5ns, 5ns| for directional networks and if-5us, 5] for 30N

omnidirectional networks. We use 30,000 TDM slots for eack
simulation run (and average over 50 runs). We choose th
width of the dead zone in the noiseless setiing,,.. to be

3p =3 ppm. _500 0 25 3 0 05

w o
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Performance Metrics: In addition to the worst phase error slotIndex x10° Stotindex x10
between neighbors, we also investigate twork wide Fig. 5. Frequency devi- Fig. 6. Frequency devia-
frequency error as a measure of frequency synchrony. The ations of all 36 nodes in tions of all 36 nodes in a
network wide frequency error is defined to be the maximum ar)homnidi(;ectionfl neg\léork ﬂ';gcgé%”ﬁog’;eg”gv'isgfg 2

: : : with a grid topology. Skews I . -
difference in frgquency bgtween any two nodes in the net.wor.k arerandomly distributed and tributed adversely and mea-
We now describe the typical evolution of node frequencies in  measurements amiseless. surements areoisdess,
a single trial and then provide the results for the phase and
frequency errors averaged over 50 trials. setting as in Example 1, except that the measurements are

Evolution of node frequencies:We describe three scenar-noisy. From Figure 7, we see that the steady march of
ios that serve as exemplars for the evolution of frequeratiesthe nodes towards convergence is eventually stalled by the
different nodes in a single simulation ruBxample 1. We measurement noise. The node frequencies fall within thd dea
consider a 36 node omnidirectional network arranged inzane and the nodes are unable to make a reliable decision
grid topology. The skews at different nodes are distributexh whether their frequencies are greater or lesser than the
randomly and the implicit timestamps are noiseless. Froaverage. Thus, we have an eventual network-wide frequency
Figure (5), we see that nodes begin with varying frequerfror of 11.7 ppm in this case. The size of the dead zone could
cies and move in concert towards a common frequengptentially be reduced by waiting longer between frequency
Every node’s frequency is eventually confined to the baratijustments, thereby allowing the nodes to average the nois
from x [1 — 1.25 ppm 1 — 0.34 ppm where f,..» is the in the timestamps to a greater degree. However, this approac
nominal frequency. Note thaf,.,, itself is not within this does not provide substantial gains because the phase error
band. This shows that the nodes simply converge to a commmetween nodes, in this regime, is dominated by erroneous
frequency and not to the nominal frequency. Even in thghase adjustments rather than mildly disparate frequencie
noiseless scenario, the eventual frequency alignment is noWhile we have limited our discussion here to three repre-
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sentative examples due to space restrictions, we haveedarri 53 e 526
out extensive simulations that show that our observation: g 4 £ a
apply qualitatively to diverse combinations of node toixs, 53 2 53 2
network directionality and measurement noise strength. TU o Meassaaea U
. Slot Ind 4 Slot Ind 4
Mean Network Wide Frequency Error: We plot the _ s a0 ST e
network wide frequency error, averaged over 50 runs, as a (@ Noiseless measurements (b) Noisy measurements

function of time in Figures 8 - 11. We consider networks Qfig. 9. Network wide frequency error in directional setting with aring
16/36/64 nodes arranged in a ring/grid topology with n@isg| topology. Skews areandomly distributed.
and noisy implicit timestamps. We examine each scenario for

omnidirectional as well as directional networks. Two thEng

are common to these plots: (1) For about the first 20000 sloRM with 64 nodes. In all these cases, we see that there is a
the network wide frequency error drops By = 2 ppm each ten-fold decrease in the network wide frequency error - from
time a frequency adjustment is made. This drop is virtual00 ppm to about 10 ppm (roughly).

independent of different parameters such as network size,

topology, directionality and measurement noise. The stead x *—Ega 16 Nodes
fall occurs because there are nodes with frequencies faeabo &£ - 54 Nodes
and below the mean at the beginning; these nodes make trj;%
right adjustment every time (see Proposition 5). (2) We ob-£
serve that the number of rounds of frequency adjustment the s
contribute to a decrease in the network wide frequency ésror % 05 1 .15 2 25 3 % o5 1_15 2 25 3
also virtually independent of parameters such as netwag si sernes ! sernes !
topology, directionality and measurement noise. It depend
only on the network wide frequency error at the start angg. 10. Network wide frequency error in amnidirectional setting with a
the adjustment step size. Since the network wide error drapis topology. Skews areandomly distributed.

by 2 ppm in each round, the number of rounds of frequency
adjustment required is roughlyo0 ppm/2 ppm= 50.

An important metric is the eventual network wide frequency
error. For the noiseless setting (Figures 8(a), 9(a),101&))
the network wide frequency error settles to a value on therord
of the adjustment step-size = 1 ppm. This value is almost
independent of the network topology and the directiongldy
all combinations of the topology and directionality, theoer
is confined to 0.9-1.2 ppm. When the implicit timestamps
are noisy, the eventual network wide frequency error depend
mildly on the size of the network and the direCtionaIity:ig. 11. Network wide frequency error in amnidirectional setting with a
(Figures 8(b),9(b),10(b),11(b)) . For example, in dirextl ring topology. Skews areandomly distributed.
networks with a ring topology, the eventual network wide
frequency error is about 8.9 ppm with 16 nodes and itincease Worst Phase Error Between Neighbors: We now
to 10.2 ppm with 64 nodes; the corresponding numbers for avestigate the largest error in clock phase between any two
omnidirectional setting are 9.4 ppm and 10.9 ppm respdgtivenodes that are neighbors. We split our discussion into two
The eventual frequency synchronization error is also & littcases: in the first case, the skews are distributed randomly
higher with the grid topology: for example, in a directionaand in the second case, they are distributed badly.
setting, the error is about 10.1 ppm with 16 nodes and 13.3Case A - Random Distribution of Skews. We choose the
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node skews randomly and plot the worst phase error forCase B - Badly distributed skews: We plot the largest phase
directional networks in Figure 12. We also plot the worstrror with badly distributed skews for directional netwsiik
phase error for omnidirectional networks operating in thieigure 15 and omnidirectional networks in Figures 16 and 17
ONLYINTENDED mode and BVESDROP mode in Figures respectively. These curves have a conspicuous “hump” at the
13 and 14 respectively. Note that all the plots have noisyart - particularly the ones corresponding to the ring logy
implicit timestamp measurements. From these plots, we deigures 15(b), 17(a), 17(b)) - where the phase error risksde
that the phase errors fall “smoothly” from their values dalling. This occurs because the round sizes (and hencéngpac
startup - after the coarse synchronization procedure -do thbetween frequency updates) required are large, which gives
steady-state values. The eventual phase error increatilg miphase errors a chance to grow before they can be reduced with
with network size and changes very little with the topologyrequency updates. We now compare the size of the hump -
For example, in directional networks with a ring topolodye t which is the peak value of the phase error between neighbors -
eventual phase error only increases from 6.25 ns to 10.7 fosdiffering network sizes, topologies and modes of operat
when the network size increases from 16 nodes to 64 nodesFirstly, by comparing the plots for grid and ring topologies
The corresponding numbers for the grid topology are veffor example, Figure 15(a) vs. 15(b) [or] Figurel6(a) vs.
similar: 6.49 ns (16 nodes) and 9.05 ns (64 nodes). Simjlarly7(a)), we observe that the hump is much larger with the
the errors in omnidirectional networks with ring and griding topology. For example, in the MY INTENDED mode
topologies are close; they increase frémdus for 16 node in omnidirectional networks with 64 nodes, the size of the
networks to aboutOus for 64 node networks. hump is360us in the ring topology as compared G55 in

the grid topology. This is consistent with earlier resutisni

phase-only adjustments, where we found that the errore scal
ToNodes much faster with the number of nodes for a ring topology as
e Nodes compared to the grid topology. In all these figures, we seke tha
the size of the hump increases with the number of nodes in
the network. We can summarize both these facts by concluding
that the size of the hump increases with the network diameter
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R TR T R Next, we compare omnidirectional networks ope_ratin_g in the
Storindex x10' Slotindex x10° EAVEsSDROPand ONLY INTENDED modes. Comparing Figures

(a) Grid Topology (b) Ring Topology 17(a) and 17(b), we see that the size of the hump in an
Fig. 12. Worst phase error between neighbors idiractional setting with omnldlrec.tlonal setting with a ring topology is almost teic
noisy measurements. Skews a@ndomly distributed. as large in the QLYINTENDED mode as compared to the

EaveEsDROPmMode. For example, with a 64 node ring network,
the size of the hump is abo@60us in the ONLY INTENDED
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55;40 ggig We have shown the it is possible to maintain timing syn-

oo e chronization without explicit signaling in a TDM-based rhes

< ot i Sl <g e TR TaE TR network. Our introduction of an averaged system enables us t
@ © Shtindex g ° © Sbtindex g provide a rigorous analysis and to give conditions for conve

(a) Grid Topology (b) Ring Topology gence, and our simulations show that the design presangptio

. . . R . that we obtain for the averaged system do result in the dksire
Fig. 14. Worst error between neighbors in emnidirectional setting with £ f h iginal We h h h
randomly distributed skews. Measurements a@sy and nodes are in the per ormance or t e original system. e have shown that
EAVESDROPMOde. our algorithm achieves phase synchrony on the order of tens
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of microseconds for omnidirectional WiFi networks and terl&®)
of nanoseconds for directional 60 GHz networks. While the
present paper establishes the basic feasibility of imyliwing  [14]
synchronization, a significant amount of effort is required [15]
translating our ideas to practice, starting with more diedai
simulations that explicitly model traffic patterns, mediuniLé]
access control, and initial establishment of coarse tinsiyry
chronization (including estimation of propagation dejaya
terms of implementation, a timing synchronization applaa
can be layered on top of an existing network protocol stajf;ll%
as follows. The timing synchronization application woul
generate packets explicitly for synchronization only gtvoek
start-up, but would not generate packets for synchrominatil1°]
maintenance. ldeally, in order to obtain the most accurate
measurements, the physical layer should communicate the oo
plicit timestamps from received packets to this appligatamd

the timing synchronization application should commurecat,,;
its current estimates of phase and frequency to the physica]
layer so that the latter can adjust transmission times. ewe [22]
it may be possible to obtain adequate performance even if
the timing synchronization application communicates W@ |23
MAC layer, especially for outdoor settings in which propaga
tion delays dictate larger TDM slot guard times, so that tHe
requirements for synchronization accuracy are more rdlaxe
Fortunately, there are now a number of open source platforms

[17]

on which such concepts can be experimentally validatedy suc |, thjs section, we provide proofs of a number of statements
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We begin by obtaining an approximate expression for the
phases in slot (wheres is large) by substituting equation (8)



into equation (6), excess frequencies must satisfy1i§s = 0. Next, we note
a1 that the excess frequencies must be bounded since the node
ols] ~ (B[0] + s¥)1 + (I + ng)é (29) frequenciesFl = fl/fn?m are bounded byl + p,,q.. We see
this as follows: denoting the average frequency acrosssode
S _ o . by v, we have,F; = 1) + §;. Thereforez) andd; must satisfy
We now simplify this expression by showmgthi};ﬁé =G.0. (1 = pmaz) < v+ 6 < (1 + pmae) Vi. We denote these

Since1”s = 0, we have constraints compactly 88 —pyaz)1 < Y146 < (1+pmaz)1.
. 117 . 117 Finally, sincey is the mean frequency, it is also bounded by
G'6=5"s - —5 =|(¢ —— )9 (30) 1+ p,nas. Therefore, the problem of maximizing the directed

error between nodesandj can be stated as,
Using the spectral decomposition 6f.., we see that?l;c =
SN AuwT = G* — 117 /N. Substituting this into equation
(30), we gelG"s = Efzé. We now substitute this result back

Maximize; ;  Ji; = ¢j(I—Gex)™"
subjectto 8,9 € A

into equation (29) to obtain, where A is the set of allowed excess and mean frequencies
a1 given by A = {¢,8 : 176 = 0,(1 — paz)1 < P1 468 <
p[s] ~ (@[OHsE)HZ?';é (1) (I + pmaz)l, 1 = prmaz < © < 1+ praa}. We call this
=0 formulation problemP;;. This problem is a linear program

since the constraints and the objective function are linear

Next, we compute the mean phase across nodes irs.sive e A !
P P the decision variableg andd. To find the worst error across

have, ) . X
ave ) all neighboring nodes, we solve such a linear program foln eac
_ 17 p[s] _ 1T1 R — pair of neighborg and; and pick the largest among resulting
Pls] = —— = (@l0] + Z 17G.,6 (32 grrore,

We consider the special case of = 1 to provide some

The term17'1/N is simply 1. We now show thatTgem — 0!, insight into solutions of these linear programs. In thisecas
Since?k _ ?k —117/N, we get the problem of maximizing the directed phase error between

nodes: andj can be simplified as,
Y1 176" —17 (33) - T_G -1
N = Maximizes Ji; = c¢;;(I—Gex) 6

subjectto & € A

—k —k
]'Tgem = ng -

Since G is symmetric and stochastic, all its powers are
also symmetric and stochastic. Thus, we hat@k = where A = {6 : ||5||OO < pmas, 178 = 0}. We call
((?k)Tl)T = (?le) = 17 where the second equality fol-this reduced problen®;;. It is known [21] that one of the
lows from the symmetry and the third from the stochasticfty @mptimizers of any linear program occurs at an “extreme fjoint
G. Substituting back into equation (33), we géf@k =07, of the feasible set (in this cas&) Therefore, we characterize
Therefore, the expression for the mean phases in equat)n (he extreme points of\ to understand the structure of the

reduces top[s] = (0] + sv. Sincep..[s] = @[s] — P[s]1, solution to problemP;;. We begin with the definition of an
from equation (31), we get extreme pointd,, is an extreme point of\, if it cannot be
o expressed a&y; + d2)/2 for any two pointsdy, d2 € A such
Peuls] = <Z§§r>5 thatd; # d,. We use this definition to make two observations
P that characterize the extreme points/af
_ Observation 1: Let d.; = (dew.1,0ex.2,---,062,n) DE @N
Since the eigenvalues Of.., namelyAz, As, . . )‘N- are less extreme point ofA. Then, at most one of its components can

than 1lin magmtude the Neumann Slﬁt,C Qez converges take the value 0.
(]I — gem) [24]. Therefore we have the desired resulProof: We prove the observation by contradiction. First, we

Geals] = (1—Gex) ™ ' ass — oo. note that|[des||oc < pmaz and17d,, = 0 sinced., € A.
) _ ) Assume that there are two positioms and m’ such that
B. Linear Programming Formulation Seem = Ocxms = 0. We construct two vector®, =

We begin by defining the directed phase error between nodes+ £, 0 = 8., —& where€ = (£1,&o,...,&n) is defined as
i andj to bee;; = ¢i[s] — ¢;[s] = ¢; go[ ] wherec;; is  follows: &, = pmaz/2,&m = —Pmaz/2,& = 0 VI # m,m/.

defined asc;;[i] = 1,¢5[j] = —1,¢[l] = 0 VI # i, 5. Since We see that|d+ || < max(||0ez|loos Prmaz/2) < Pmas SINCE,
the mean component @f[s] does not contribute to the error,||dcs /oo < prmas- Also, 176, = 176, + 17¢ =0+0=0.
we have,clols] = clipea[s] = ¢];(1— Ge,)~'6. We note Therefored, is also contained in the feasible setSimilarly,

that the phase error between nodesendj is a linear function we can show thad_ € A. We now arrive at a contradiction :

of the skews). To obtain an estimate of the overhead requiradle have just expressed the extreme péintas the average of
to maintain a TDM schedule, we maximize this quantity ovef, andéd_, i.e. d., = (01 + d_)/2. Therefore, we conclude
all allowed excess frequenciés The first constraint that the that our original assumption is wrong and that at most one



component of., can take the value 0. While this result is well known for scalar valued random

Observation 2: Let §., = (Oew,150ez,2,-- -, 0ez,v) DE @n variables, we can easily prove it for matrices as well.
extreme point ofA. Then, each componeft, ; takes one of SinceG, is picked from{Gi, G., ..., Gy} with probabilities
the three values-p,, 4, 0. {p1,p2,...,pm}, We have
Proof: We prove the observation by contradiction. First, we o
WIte Oex i = Qe iPmaz WIth |aez ;| < 1 since||des||oo < E(C Gi=G v

, , lex i = =~ — C. — t
Pmaz- Assume that for some index, 6., takes a value (Go) ;pl !

other thantp,,,q., 0. Therefore, we can writé.,, ,, = Vpmaz .
with —1 < v < 1 andv # 0. Since Z%\il Seni = 0, we Whereg is the system matrix for the averaged system. Sub-

getv = — Y, Qeai Sincev is not an integer, we seestituting in equation (35), we have,
that there must exist another indexX # m so that—1 < s—1
ez < 1 andaeg .,y # 0. We now construct two vectors Peuls] = <Zak>6
0y = 0cp +&,0- = 0y — & Whereg = (£1,82,...,6n) IS k=0
defined as follows¢,,, = o, & = —m0, & = OVI # m, m/.

We can now excise the first eigenmode @f as we did in

We choosery small enough so thdtd, || and||d_||~ are Section VIII-A, and obtain

both less tharp,,... We can show, as before, that and

d_ sum to zero and thereby, conclude tidat, §_ € A. We =l

now arrive at the same contradiction as before, and conclude Perls] = (Z gem)é

that our original assumption was wrong. This shows thatyever k=0

entry of §., takes one of the three valués,,4, 0. The phase errors between neighbors are simply the pairwise

We now put these observations together to arrive at theiferences between the corresponding entriegpof[s]. We
desired result. Since the elementsdof add up to zero, the can obtain all such pairwise differences by operating on
number of entries id, that take the valu@,... and—pp.q..  the excess phaseg..[s] with a matrix C. We denote the
must be equal. Furthermore, at most one entry.in can be maximum error between any pair of nodes [b§'w..[s]||oo-
zero. From these facts, it is easy to see that: (1) If the numhge can easily show tha{v||., is a convex function of its

of nodesN is even, then exactlyV/2 entries ofd., equal argumentv. Using this fact, we apply Jensen’s inequality to
Pmaz @nd the otheV/2 entries equal-p,,... and (2) If the ||Cpexs]]|s and obtain,

number of node#V is odd, then N —1)/2 entries ofd., equal

Pmaz, @nother( N —1)/2 entries equak-p,nq, and there is one  E([|C¢ea[s]l|oc) = [[E(Cpez[s])] s

entry that is equal to zero. Since one of the optimizers of any = |[|CE(@ez[s])||oc = [|CPeys]||cc (36)
linear program occurs at an extreme point, we conclude that ) .

the largest directed phase error between naodesdj occurs FOF @ given set of skews, we recognize thallC'p,., [s]/|

with roughly half the nodes running at the maximum frequendy the maximum pairwise phase difference for the averaged
and the other half running at the minimum frequencydny SyStem andi(||Cec.|[s][|~) is the average of the maximum
network topology. Furthermore, since the feasible setsafior Pairwise phase difference in the original system. Thus, we
the problemsP;; are the same, this conclusion applies to thgPnclude that the largest error from the averaged system
directed phase error between any neighboring nacesd j provides a lower bound to the worst error in the actual system

and therefore, we get the desired result. averaged over many realizations of communication patterns
C. Actual System - Phase Only Adjustments D. Estimating skews from raw phases
We begin with the expression for the excess phases fromWe show here tha(l — G) ¢[s] = (I — Gex) @eals]- First,
equation (13), sincel” ., = 0, we have,
s—1 I _ _ (1 _ 11T
Pex|s] = <]I + Z Ge_1Gs_s ... Gs_k> ) (34) (I—Gex) Pexls] = (1= Gew — N Pexs]
o = (}I - 6) Pexls] (37)

We denote the average @f...[s] over realizations of G},

with a fixed set of skews, by @..[s] = E(¢ez[s]). Using
the linearity of expectation, we get,

where the second equality follows from the fact that G, +
117 /N. Next, sinceg is stochastic, we have(l — G) 1 =
1—1 = 0. Therefore, we can adfll — G) p[s]1 to the right

hand side of equation 37 and obtain,
Beuls] = (]1+ ZE(GS_lGS_g...GS_k))J (35) B B
k=1 (]I - gem) Pex [S] = (]I - g) (‘Pem [S] + @[8]1)
SinceG,_1,Gs_»,...,G,_y are picked independent of one =(I-3)¢[s] (38)
another, we have

s—1

where the second equality follows from the the fact thpl] =
E(Gs-1Gs—2...Gs_) =E(Gs-1)E(Gs—2) ... E(Gs_k) P[s]1 + ez [s]. Thus, we have the desired result.



E. Expression for the skew estimate - Averaged system SinceG’ is also stochastic, we ha@® 1 = 1, giving us,

We first obtain an expression for the entriegoBy defini- . s=1
tion, the i, /) element oG is G(i. ) = Y0, PG (i. ). eals.7] = G (p[0.7] (0,711 + > G'6  (44)
We consider the case # j first. If A transmits a packet k=0

to \V; when them!® matching matrixG,, is in operation, we . S
haveG,,(i,j) = 3; otherwise,G,,(i,j) = 0. Therefore, the =G @ez[0,7] +Zg 0 (45)
only matricesg,,, that contribute td; (i, j) are those such that k=0

Gm(i,7) = B. Summing over the probabilities of picking suchwhere the second equality follows from the definition of the

matrices, we can obtain the probability thaf transmits to excess phases. Sin§é€6 - 5515 (see Section VIII-A), we
N;. We denote this probability by;_.;. With these definitions, obtain the desired result:

we see thag (i, j) is exactlyg; ;3. Sinceg is stochastic, we .1
haveg(i’ Z) =1-p Zj?éi qj_*w We d_en()te the'" component Pex [Sa r] = ?S‘Pem [Oa T‘] + Zalzza
of poe bY 90 i and that ofLe, byL&,ooo]i. We now expand =0

the matrix vector producf = (I — G)¢., and equate itg*"

: G. Recursive bounds on the excess phases
component taj;. By this process, we get,

The phases in the last slot of roundand the first slot
_ of roundr + 1 are related by the phase evolution equation:
[Loocli = ﬁz Gj—i(Poo,i = Poo,j) = i (39) p[0,7 + 1] = @[W,. — 1,7] +[0,7]1 + 5[0, 7]. We can once
=1 again calculate and subtract out the mean from both sides of
F. Evolution of the excess phases across a round this equation to infer thagp..[0,7 + 1] = e, [W, — 1,7] +

Applying equation (5) to phase evolution within a rouno‘?[o’r]' T_aking infinity norms on both sides and applying the
from slot (s — 1,r) to (s,r), we have triangle inequality, we get

N

@[s,r] = Gepls — 1,7] + 8[s,r] + ¥[s,r]1 (40) |pex[0, 7+ 1][|oo < |[pex[Wr—1,7]lloc +[|6[0,7][[oc  (46)
. . _ H?wever, we know from equation (17) that,
Since the frequencies are unchanged from the beginning 0
roundr, the mean and excess frequencies are also unchanged,_, W, —1,r] = g‘gg
from their values at the start of roundi.e. ¥[s, r] = ¢[0, 7] o ] ] )
andé[s,r] = 80, r]. Using this observation, and stepping backaking infinity norms on both sides of this equation and
in time repeatedly using equation (5), we obtain applying the triangle inequality, we get,

" eal0,7] + D, _18[0,7]  (47)

W,—1
lpexWr = 1,7]llc0 < |Gei”  loolleal0, T]lo0
+ [[Dw, ~1llo0[16[0,7][|oc  (48)

We now compute the mean phase across nodes insstdt Substituting this in equation (46), we get,
roundr, denoted by[s, r]. Sincep[s,r] = 17 p[s, r]/N, we w1
have, ez (0,7 + 1]l|oo < |[|Ger  lool|Pex]0,7]||oo
+ (1 + [[Dw, —1l[o0) 1160, r]l[cc  (49)

— - 11 s T g
Pls.r] = Sw[O’T]T +1°G 0[0,r] +1 <1;)g )5[O’T] which proves the desired result.

Pls,r] = 5[0, 7)1 + ?SQO[O,T] + (i?’“)a[o, r] (41)
k=0

(42) H. Proof of Proposition 4
Consider the terms separately. The tetfil/N is simply P
Proof: As usual, we only prove the statement for the case

TER _ 4T g 178° _ (igh\r\T _

1;kWe see thatl"g™ = 17 Vk: 17¢ N (G77)" = where S1{r} # 0. Let N# be the node with the maximum
(G'1)T = 17 where the second equality follows from th&requency in round-. SinceS; {r} # 0, N# € S, {r}. Thus,
symmetry and the third from the stochasticity@fThus, the ¢4y Proposition (1)A# reduces its frequency after round
second term in equation (42) silznplifiesl&o[o,r] = [0, 7]. Therefore,Fyr4 {1 + 1} = Fyr4{r} — 1. We now prove the
We also use the fact that”G" = 17 to show that the proposition by considering three cases.
third term >>37;(17G")é is annihilated:>>; (17 )8 =  Case 1: Let A; be any node other thaw# in S, {r} U

75176 = 0 where the second equality follows froms,{r}. From Proposition (1) also reduces its frequency
the fact that17§ = 0. Putting these terms together, thefter roundr, or Fi{r + 1} = F;{r} — p. Therefore,\;

mean phase in slot of of round r is given by @[s,r] = continues to have a frequency smaller or equal to thaV/&f

5[0, 7] 4+2[0,7]. Since the excess phasgs.[s,7] are given in round r + 1: Fys{r + 1} — Fi{r + 1} = (Fy#{r} —

by ¢l[s, ] — @[s,r]1, we have, from equation (41), w) — (Bi{r} — ) = Fx#{r} — F;{r}, which, by definition,
s—1 is greater than or equal to zero.

—s —k . i
wls, ] =G 0l0,7] — (0,711 + > G'8 43 Case 2: Let NV; be a node inS3{r} or Si{r} or Ss{r}.
Pesls7] #l0.r] = l0.1] kzzo 43) Thus, Nj’s frequency in thert® round is not too large:



Fi{r} < {r} + ¢ + x. Furthermore, from Proposition (1), Yav,sus = HS[0] where
N; does not increase its frequency at the end of round

i.e. Fi{r + 1} < Fi{r}. Therefore, we haveF;{r + 1} < a1
P{r} + e+ x. However,N#’s frequency in round- + 1 is = Sk Z [T+ Z Gy Gy Gy

Sr—1 s’ —1

larger than this Fiyx {r + 1} = Fys {r} —p > (¥{r} + e+ o p:sl 1s'—1

i+ X) — x = 9{r} + e+ x (the inequality follows from the ~ Sp—2 1 T3

fact thatNV# € S {r}). ~ Sg o S Z z; Croalomae Gy (90
s'=2 p=

Case 3: ConsiderN; with a negative excess frequency in
round r. From Proposition (2), we know thaf;{r + 1} < We now express the matri{ as the sum of matrice,,, 0 <
¥{r}. However, we have already shown tha{+{r + 1} > p < Sp — 2, with the matrix H, collecting all the terms in
{r} + e+ x. Therefore,Fir#{r +1} > ¢{r} > F;{r+1}. H which are products of system matrices. To do this, we

Therefore,Fyr#{r+1} > Fi{r+1} Vi andN'# continues interchange the order of the sums in equation (50) and get,

to be the node with the highest frequency in roundl. Since S 9 501

it was also the node with maximum frequency in % round _ Sp—2 1
and its frequency decreased pyat the end of round:, we "= Sk T+ Sk Zl _Z 1GS/‘1G 2.0 Gop
have oz {r + 1} = Frae{r} — p- n Pl st=pt

We can setH, = (Sg — 2)/(Sr)l and H, =
. Proof of Proposition 6 S GyaGy s .Gy, 1 < p < Sp— 2 and

~ see that each term in the sum ¥, is a product ofp system
Proof: We only prove the statement for nodes withnatrices. We use the LLN, and some approximations, to show
positive excess frequencies in th&" round. For notational that f7, is virtually independent of the precise schedule in
ease, we denote the change in the mean frequency from I’OBB@ration during this round of slots.
rto roundr+1 by Ay{r} = ¢{r+1}—1){r}. From corollary  aAn expression for H,, for small values of p: We begin with
1, we havelAv| < p. the simplest of these matricé%,. For large values 0§, we
Case 1: Let \; € Sx{r}. From Proposition 1, we know can approximatéSz—2)/(Sg) by 1 and consequentlify ~ I
that \V; decreases its frequency at the end of roundr \hen S, > 2. Next, we consider the simplest “nontrivial”
F{r+1} = F{r} — p. Consequently, its excess frequency imatrix f7,. By definition, we have,
roundr+1is, 0;{r+1} = F{r+1}—¢{r+1} = Fi{r} —pu—
{r +1}. Adding and subtracting/{r} to the extreme right 1 °rZ! Gr+Go+ ...+ Gs, s
hand side and grouping terms, we gefr + 1} = 6;{r} — H = Sn Z Gorm1 = Sh (51)
u— Av{r}. SinceN; € Sa{r}, we have bounds on its excess s'=2
frequency,e + x < §;{r} < e+ x + p. Using these bounds Since the matrices{G;}{2, are chosen indpendently
and the fact thatAvy{r}| < p in the expression fof;{r+1}, from the setS,, = {Gi,Go,...,Ga} with probabilities
we get,e + x — 2p < 6;{r + 1} < e+ x + pu. We also have {p;,p,,...,pr} respectively, we can use the law of large
e+x—2un = —(e+p+x)+(2e—p+2x) > —(e+p+x) since  numbers whersy, is large and obtain,
we have chosea> u+y. Therefore|§; {r+1}| < (e+x+u).
Case 2: Let \V; be in S3{r}USs{r}USs{r}. From Propo-  f, — Sp—2Gi+Got . +Gsna SR
sition (1), we know that\; does not increase its frequency Sk Sk — 2 S

after roundr, or Fi{r + 1} < Fi{r}. From Proposition 2, \yhere G, as before, denotes the average system matrix

we also know that it does not decrease its frequency t&gl}flpigi_ WhensSy > 2, we can approximatéSy — 2)/Sr

much, Fi{r + 1} > ¢{r}. Chaining these inequalities, Webyzi and thereforeH, ~ G.

get, p{r} < Fi{r +1} < Fi{r}. We first subtract){r}  "\we now consider the matridl,. By definition, H, =

throughout and then, add and subtragt + 1} to the middle 1 s~Sz—1 @ Expanding the sum, we get,

term and obtain) < &;{r+1}+A¢{r} < &{r}. Equivalently, % ~* =

we have—AE{r} < 61'{7° + 1} < 61'{7‘} — AE{T} Since o, — G2G1 + G3Go + G4Gs + ...+ Gs,,—2Gg, -3

N; € Ss{r} U Ss{r} U Ss{r}, we have0 < é;{r} < e+ x. 2T Sk

Using this bound and the fact th@k«{r}| < p in the expres-

sion foré;{r+1} we get,—u < §;{r+1} < e+ u+ x. Since

—p > —(e+pu+x), we conclude thay; {r+1}| < (e+p+x).
]

—25 (52)
R

(53)

We cannot apply the law of large numbers to equation (53)
directly because the terms in the sum are not independent. Fo
example, the first two terms hag® in common and therefore,
cannot be independent. However, the correlation between th
terms in the sum is fairly weak - only adjacent terms have
J. LLN arguments for the actual system any dependence at all. For example, the first t&pt; is
completely independent of the third te@ G5 and any future
Since the third term in equation (23) is sufficient to obtaiterms. Therefore, we can break the dependence among the
the excess-averaged-phase we denote itohy ., r. We set terms by splitting the sum into two parts: one part congistin



of the odd terms and the other part containing the even terrid¢e can now writezlig1 ?51 = Z;":O Gim -5 ?51.

. = p=5*
After such a split, we get, Since all eigenvalues @ ., are Iessi than 1, the Neumann sum
oo  H/P - - . . S
GG+ G4Gs+...Gs, 3Gy a > p=0 ge.z converges to(]I —Gex) - Approxmatmggez by
Hy = Sn the dominant term in its spectral decompositiafw.vl, we
G3Gy+ G5Ga+...Gs,—2Ggsp—3 get, 00 .
+ (54) = A3 -
Sr dew_l_/\vw?z
where we have assumed, for concreteness, $hatis odd. p=5* 2

Since the constituent elements of the doublet matriced) SUGhere the second equality follows from the fact thét* is

asGzG1, Gy G are independent, each doublet has an averageyjigiple. Using these conclusions in equation (57), we ge
value of G~. Now, consider either sum in equation (54): ithe desired result,

consists of(Sgp — 3)/2 terms, which are all independent of _
one another. Applying the law of large numbers separately to Pav,ex N (]I - gem) o[0]
each sum, we see that they both approéﬁk}f?2 when Sgr

. _3—52 =2
is large. ThereforeH, ~ 2 x 22=2G" ~ G for large values

of Sg. In a completely analoggus fashion, we can split the
expression fotH,, into p “interleaved” sums and use the LLN

on each sum to conclude thaf, ~ 2=+ G" ~ G” as long
asSg — (p+ 1) is large or equivalentlySr > p + 1. Next,

we tackle the problem of simplifyingZ, whenp becomes

“large”.

An expression for H, for large values of p: Each term
: Sp—1
in the sum for H, = ﬁ o1 Go Gy Gy

is a product ofp stochastic matrices. Thus, #f is larger
than the critical limit S,,, a generic term of the form
Gsy_1Gy_o...Gy_p, is equal to a rank-one matrikaf,_’p.
Substituting into the expression féf,, we get

H, =1la] (55)

whereay, = S5 1 ay ,/(Sk) whenp > S,,.

We put these results together in the form of three conclu-
sions. Since we have chosen the slSissuch that it is much
larger than bothS; and S, (i.e Sk > S* = max(Sg, Sw))s
we have:

1) SinceS* is much smaller tha'r, H, ~ G’ p<S*

2) Since S* is larger than the critical limitS,,, H, ~

lal Vp > S* for some vectory,

3) SinceS™ is larger thanSg, A5 is negligible
Adding these terms to formH and substituting into the
expression fokp,, su ¢, WE get,

5% -1
Pav.sup = HO[0] ~ k1 + > G'8[0] (56)
p=0

wherex = Zﬁj;}(aga[()]). Since the first term only con-

tributes to the mean of the averaged phases, it can be thrown
out. Thus, we get thexcess-averaged-phases ¢, . to be

S*—1

Paves ~ Y G 6[0]
p=0

SinceG’8[0] = G~ 5[0 (see Section VIII-A), we have,
S*—1

Paver ® Y Gry0[0] (57)

p=0



