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Abstract—Timing synchronization is a critical requirement for
implementation of a number of performance-enhancing strategies
in mesh networks, including Time Division Multiplexing (TDM)
for more efficient resource usage, and sleep scheduling for power
efficiency. While there is a significant body of prior work on
distributed timing synchronization, it requires explicit exchange
of timestamps; in addition, algorithms trying to synchronize clock
frequencies as well as phases typically require exchange ofclock
rate estimates as well. In this paper, we investigate the feasibility
of overhead-free maintenance of timing synchronization in a
TDM-based mesh network, using only the information obtained
from the timing of existing communication in the network: each
node updates its clock rate and phase only when it receives a
packet, depending on the difference between the expected and
actual packet arrival times. While the algorithm is asynchronous
(only a subset of nodes perform updates on any given slot), we
exploit the law of large numbers to provide fundamental theoret-
ical insight by analyzing an averaged, synchronous system.We
demonstrate using simulations that a distributed, asynchronous
algorithm designed based on prescriptions from the averaged
system achieves phase and time synchrony.

I. I NTRODUCTION

Maintaining timing synchronization across a network of
spatially dispersed nodes is important for a number of ad-
vanced functionalities, such as efficient resource sharingus-
ing Time Division Multiplexing (TDM), sleep scheduling
for energy-efficient operation, and localization using time of
arrival, or time difference of arrival, based techniques. In this
paper, we investigate timing synchronization in the context of
TDM-based resource sharing in a mesh network, and ask the
following question: how well can timing synchronization be
maintained without incurring any overhead related to timing-
related signaling, using only theimplicit timing information
obtained from the TDM schedules themselves?

There are two key steps in network timing synchronization.
At startup, different nodes are assumed to be completely
asynchronous, so that the first step is to use explicit signaling
to establish a common time reference. Such explicit signaling
can also be employed to get estimates of the propagation
delays (inclusive of processing delays) between the nodes.
Since network set-up times of seconds or even minutes are
acceptable, the one-time overhead of this procedure is not
expected to be a bottleneck. We therefore focus in this paper
on the second step of timing referencemaintenance. Clocks
at different nodes run at slightly different rates relativeto
a nominal rate due to manufacturing tolerances, which are
typically of the order of 10-100 parts per million (ppm).

In addition, clock rates and phases can drift slowly over
time due to temperature variations. Such phenomena causes
the clock phases at different nodes to drift apart, and we
must compensate for this drift “often enough” to maintain
synchrony. One approach to timing reference maintenance is
simply to rerun the first step of timing reference establishment
at periodic intervals. However, this procedure incurs significant
communication overhead. In this paper, we propose and inves-
tigate an adaptive approach to timing reference maintenance
which exploits implicit timestamps from the TDM schedule
to jointly adapt the clock phase and frequency at each node.
When a node receives a packet from a neighbor, it compares
the actual reception time with theexpected reception time
based on its own clock. The difference in these times are
the inputs to its algorithm for clock phase and frequency
adjustment. Thus, our approach is completely distributed,with
each node adjusting its clock independently. Of course, these
adjustments are all coupled through the network transmission
schedule; the timing adjustments made by a node based on
the timing of its received messages impact the times at which
it transmits, and hence the adjustments made by nodes who
receive these transmissions.
Contributions: Our key contributions are as follows:
(a) We provide a completely distributed, implicit synchroniza-
tion maintenance algorithm that compensates for both phase
and frequency offsets, with frequency offset compensation
occurring on a slower time scale. While our algorithm is
asynchronous, with different subsets of nodes performing
updates in different slots, we provide fundamental insightinto
feasibility and parameter choice by analyzing an averaged,
synchronous system, in which nodes perform weighted up-
dates, with weights depending on the transmission schedule
in the original asynchronous system. The averaged system
and the original system are linked through the law of large
numbers (LLN), and it is shown via simulations that design
prescriptions derived from the averaged system work for the
original system.
(b) For the averaged system, we prove that phase-only up-
dates, which are attractive because of their simplicity, lead
to irreducible phase errors: the magnitude of the worst-case
pairwise phase offset depends on the distribution of clock rate
skews in the network and grows with network size. We provide
a linear programming formulation for finding the worst-case
skews (from the point of maximizing the worst-case pairwise
phase offset) for a given network topology. The phase offsets



for the averaged system are shown to be a lower bound for
those for the original system. We conclude from our numerical
results that phase-only updates may be acceptable in small
networks, but do not scale to large networks.
(c) We then consider both phase and frequency updates,
where, roughly speaking, the frequency updates are driven
by the residual phase errors remaining after many phase
updates. We prove phase and frequency convergence of our
proposed scheme for the averaged system, and the conditions
for convergence are used to infer the corresponding conditions
on the transmission schedule for the original asynchronous
system.
(d) We provide simulation results for the original asynchronous
system showing that phase and frequency convergence are
indeed attained when the algorithm parameters and the trans-
mission schedule satisfy conditions derived from the averaged
system.

Since our goal is to obtain fundamental insight into the
feasibility of implicit timing synchronization, we do not model
the physical and medium access layer of the underlying
mesh network in detail. Our simulations are therefore based
on the following abstractions: (a) the set of nodes that can
successfully receive a packet sent by a given node, (b) the sets
of matchings, or links that can be simultaneously active in a
given TDM slot. We consider two scenarios: omnidirectional
transmission, as is typical of current WiFi networks, and
highly directional links, as in emerging millimeter (mm) wave
networks [1]. The use of TDM is particularly attractive for the
latter, since CSMA-based medium access is infeasible due to
the deafness induced by highly directional links. The TDM
schedules we consider for testing our timing synchronization
method are chosen randomly (as described in Section VI) from
a set of maximal matchings. We do not make any attempt to
optimize or adapt the TDM schedules here, but the motivation
for our timing synchronization scheme is to provide time
slotting mechanisms with minimal guard periods, on top of
which TDM-based medium access control (MAC) protocols
can be built.
Related Work: While there is a vast literature on timing
synchronization in networks, we believe this is the first paper
to introduce the concept ofimplicit timestamps based on
ongoing communication, to provide fundamental theoretical
insight into attainable performance (via the averaged model),
and to provide a completely decentralized algorithm forboth
phase and frequency adjustment. The well-known firefly-
inspired algorithm [2] can be made to work with implicit
timestamps, but it is only designed for phase synchrony, and
does not handle either propagation delays or oscillator skew.
The Reachback Firefly Algorithm (RFA) in [3] adapts the
firefly algorithm to account for propagation delays in its phase
adaptation, but it does not handle oscillator skew and therefore
requires periodic resynchronization.

A number of algorithms ([4], [5], [6]) that have been
proposed for distributed timing synchronization can be broadly
classified as “consensus algorithms” [7]. These algorithms
typically proceed in two stages: (1) estimate relative offset

and skew with each neighbor and (2) use neighbor’s estimates
of offset and skew (typically with respect to a reference
node) along with pairwise estimates to arrive at an estimate
of one’s offset and skew. However, these algorithms are not
amenable to animplicit implementation because all of them
requireexplicit exchange of additional information to achieve
consensus onboth frequency and phase. The use of this
information is critical for decoupling the problems of phase
and frequency adjustments, in order to be able to run separate
consensus algorithms for each of them. For example, [4]
requires each node to broadcast the average error (both in
rate and time) that it observes with its neighbors, while [5]
and [6] require the nodes to broadcast their clock rates. The
second order consensus algorithms proposed by [8] and [9]
are not directly applicable because they also involve exchange
of more information than timestamps (implicit or explicit); in
order to use these algorithms for timing synchronization, the
nodes would also need to exchange their clock rates. Reference
[10] analyzes the algorithm proposed in [4] and shows that, for
random connected networks, the error variance does not scale
up with the size of network, thereby demonstrating the feasibil-
ity of using consensus-style algorithms for synchronization in
large networks. In contrast, for our implicit model, phase-only
adjustments lead to pairwise phase errors between neighbors
which can increase with network size. To resolve this without
requiring explicit messages, we need to introduce memory in
our frequency adjustment rule, and run it on a slower time
scale than the phase adjustment rule. While [11] also considers
the use of memory, it does so to speed up convergence ofphase
synchronization, and does not consider clock skew.

Reference [12] characterizes the effect of asymmetric com-
munication on consensus algorithms and identifies a scenario
where the variance of the estimate canincrease with more
measurements because of lack of bidirectional communica-
tion. These are consistent with our own observations that
convergence requires a ”rich enough” communication pattern.
The survey [13] provides a broad perspective on the field
of distributed timing synchronization (see also the excellent
discussion in [6]), while [14] identifies the fundamental limits
of synchronizing “affine” clocks in the presence of delays,
which includes but is not restricted to propagation delay. For
distributed synchronization specifically applied to WiFi,see
[15]. In contrast to the distributed algorithms discussed so
far, references [16], [17] and [18] adopt a more centralized
approach to timing synchronization. Reference [17] buildsa
rooted spanning tree on the network in the Level Discovery
Phase and perform hop-by-hop synchronization, but it does
not address clock skews, and therefore requires periodic
resynchronization. Reference [18] uses linear regressionto
correct skew, with a dynamically elected root node flooding
the network with its timestamp. As pointed out in [6], however,
timing synchronization based on information flowing from
a “distant” node, as in [18], performs poorly in certain
topologies (specifically the ring topology). Reference [16]
uses reference broadcasts from a transmitter to synchronize
a cluster of receivers; while this is designed for single-hop



time synchronization, nodes that are common to two clusters
can “convert” between the timestamps of two clusters.
Outline: In Section II, we describe the system model, includ-
ing a description of our distributed algorithm for phase and
frequency adjustment. We also introduce the averaged system
that we use for developing analytical insight. In Section III,
we analyze performance for the averaged system when we
only adjust phase, and show how to compute the residual
phase errors as a function of the frequency skews. This forms
the building block for our design and analysis of phase and
frequency adjustment rules in Section IV, where we prove
convergence under a set of intuitively pleasing conditions
for the averaged system. We then sketch the LLN-based
link between the original system and the averaged system in
Section V, and show how the results of Section IV are used
to set design parameters for the original system. Simulations
for the original system are provided in Section VI, and our
conclusions are in Section VII.

II. SYSTEM MODEL

We consider a network of N nodes, labeled
N1,N2, . . . ,NN , each equipped with a clock that runs
at a nominal frequency of fnom Hz. The actual frequency
of the clock at Ni, denoted byfi, differs slightly from
the nominal rate of the clockfnom, and is written as
fi = fnom(1 + ρi) whereρi is called the skew, or drift, of
the clock. The magnitude of the skew is assumed to be less
than ρmax, which is typically on the order of 10-100 parts
per million (ppm); for example,ρ = 20 × 10−6 corresponds
to a skew of 20 ppm. Differences in the skews across nodes
are caused by manufacturing tolerances. The variation of the
skew at a given node with respect to time is typically very
slow, hence we approximateρi as a constant that takes values
in [−ρmax, ρmax].

The network employs a Time Division Multiplexed (TDM)
schedule in which transmissions begin at integer multiplesof
a slot time, denoted byTslot, according to thetransmitter’s
clock. It is convenient to describe the system from the point
of view of an external observer who possesses a clock that
runs at exactly the nominal ratefnom. When the time on the
external observer’s clock ist, let ϕi(t) denote the measure
of time at Ni. We refer toϕi(t) as the clockphase of Ni.
Suppose thatNj transmits to its neighborNi in slot s.
Therefore,Nj starts transmitting whenϕj(t) = sTslot. We
assume that nodes have estimates of the propagation delays,
including processing times, and subtract them out from the
packet reception times. Thus,Ni begins receiving this packet
at ϕi(t), and can implicitly conclude that its clock is behind
Nj ’s clock by ϕj(t) − ϕi(t) = sTslot − ϕi(t). Ni can now
reduce its phase error with respect toNj using the following
linear phase adjustment.
Linear Phase Adjustment: Letting t− and t+ denote the
times on the external observer’s clock just before and after
the phase jump, we have,

ϕi(t
+) = ϕi(t

−) + β
[

ϕj(t
−) − ϕi(t

−)
]

(1)

where0 < β < 1 is a design parameter.
Quasi-Synchronous Approximation: To simplify analysis,
we assume that the phase and frequency adjustments are made
at integer multiples of the slot times based on the external
observer’s clock, rather than on the receiver’s clock (which
keeps changing as we make phase and frequency adjustments).
This approximation causes a second order error (because of
measuring the phase offset between nodes at a time that is
slightly offset from the true time) that is negligible compared
to the phase offsets themselves. In simulations of the original
system, we do not make this approximation, and verify that the
quasi-synchronous approximation is indeed valid. We define
ϕi[s] = ϕi(sT

−
slot) as the phase of theith node just before the

right edge of thesth slot. These phases are adjusted as in (1)
at the slot boundaries, and then evolve linearly according to
the relative frequency offsets of the nodes across a slot.
Modeling skews: The nodes change their frequencies only
when they receive a packet and hence, skews can change ex-
plicitly only at slot boundaries. Letfi[s] be the raw frequency
of the ith node over thesth slot. Since we will primarily be
dealing with the clock phasesϕi, it is convenient to normalize
them and simplify the notation. To do this, we introduce an
intermediate “raw phase” for nodei, denoted byθi(t), which
evolves across slots as,

θi((s+ 1)T−
slot) = θi(sT

+
slot) + fi[s] × Tslot (2)

We define the clock phaseϕi(t) (as used above) to beϕi(t) =

θi(t)/(fnomTslot). LetFi[s] = fi[s]
fnom

denote the corresponding
normalized frequency. Define thenormalized mean frequency

ψ[s] =
1

N

N
∑

i=1

Fi[s]

This is the common part of the clock phase drift over the
sth slot, and hence does not impact phase differences across
nodes. The latter are actually driven by the normalizedexcess
frequencies

δi[s] = Fi[s] − ψ[s] , i = 1, . . . , N

whereδi[s] is the amount by which the phase of theith node
drifts relative to the average.
Discrete time dynamics:When nodei receives a packet from
its neighbor nodej, its phase evolves as follows:

ϕi[s+ 1] = ϕi[s] + β
[

ϕj [s] − ϕi[s]
]

+ ψ[s] + δi[s] (3)

According to the quasi-synchronous approximation, these
phase updates occur synchronously at all nodes receiv-
ing packets, and can be conveniently expressed in vector
form. Defining ϕ[s] = (ϕ1[s], ϕ2[s], . . . , ϕN [s]) and δ[s] =
(δ1[s], δ2[s], . . . , δN [s]), we have

ϕ[s+ 1] = Gsϕ[s] + δ[s] + ψ[s]1 (4)

where1 denotes the vector with all components equal to 1,
andGs is a matrix defined as follows: (1) IfNi receives a
packet fromNj in slot s, Gs(i, j) = β,Gs(i, i) = 1 − β
and Gs(i, j

′) = 0 ∀j′ 6= i, j and (2) if Ni does not
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Fig. 1. Nodes makephase jumps each time they receive a packet. However,
they change their frequencies (slope of the lines) only at the end of around
consisting of “many” slots.

receive a packet from any node in slots, Gs(i, i) = 1 and
Gs(i, j) = 0 ∀j 6= i. We refer toGs as thesystem matrix
at slot s. Note thatGs is a stochastic matrix (each row has
nonnegative entries summing to one), so thatGs1 = 1 (i.e.,
1 is an eigenvector ofGs with eigenvalue 1).
Frequency Adjustment: We can see from (4) that excess
frequencies lead to accumulation of phase errors between a
node and its neighbors. Our frequency adjustment algorithm
relies on this observation, and is loosely stated as follows
(details provided later). A node concludes that its frequency
is larger than the prevailing average in the network if its
phase is ahead of its neighbors’ “on average” despite the phase
adjustments it makes, where the averages are of phase errors
measured over all neighbors over many slots. A representative
diagram of the phase and frequency adjustments is sketched
in Figure 1.
Averaged System:Each timeNi receives a packet, it adjusts
its clock phase based on the observed error with the transmit-
ter. Since the node that transmits a packet toNi changes over
slots, it introduces “fine details” into the dynamics of phase
offset evolution that must be averaged out when estimating and
compensating for skews. We therefore introduce the following
fictitious averaged system: in each slot of the averaged system,
every node updates its phase based on a weighted average of
the phases ofall its neighbors. The weights are derived from
the communication pattern in the actual system and do not
change with time. For example, for a random communication
pattern, we model the matrices{Gs}∞s=0, and thereby the set
of links active concurrently, as being chosen independently
and identically from a setSmatching = {G1,G2, . . . ,GM} with
probabilities{p1, p2, . . . , pM} respectively. We denote the av-
eraged system matrix byG and define it to beG =

∑M
i=1 piGi.

The phase evolution in the averaged system is therefore exactly
as in (4), except thatGs is replaced byG.

ϕ[s+ 1] = Gϕ[s] + δ[s] + ψ[s]1 (5)

For simplicity, we assume throughout this paper that the
averaged system matrixG is symmetric. This corresponds to
the links in the network having the same probability of being
active in either direction.

Network Start-up: While our focus here is developing
a theory of implicit synchronizationmaintenance, our
simulations do include a gateway-led start-up scheme for
coarse initial synchronization (no attempt is made to optimize
this). A gateway node broadcasts its time and other nodes
in its neighborhood “set” their clocks to this value. Each
of these nodes then broadcasts its time enabling nodes
that are two hops from the gateway to set their clocks.
This broadcast is made at a random instant in an interval
[τmin, τmax] after its clock was set. IfNi’s clock is already
set when it hearsNj ’s broadcast, it simply adjusts its clock
to the mean value. Specifically, ifNj ’s time when it makes
the broadcast isϕj and at this point,Ni’s time is ϕi, Ni

adjusts its clock to(ϕj + ϕi)/2. Each node makes one such
broadcast and the network can be coarsely synchronized
in this fashion in a time period that scales linearly with
the number of nodes. We assume throughout the paper
that nodes have good estimates of the propagation delay to
their neighbors. This can be done by exchanging multiple
packets with neighbors at the time of network startup and
estimating the propagation delay in a manner similar to
[14]. Any residual errors in estimating the propagation delay
are considered to be subsumed in the phase jitter in our model.

III. PHASE-ONLY ADJUSTMENTS

In this section, we analyze the performance of a system in
which the nodes adjust only their clock phases, and never their
frequencies. Phase-only updates are of interest in their own
right (due to their simplicity), while also being the first step
in the design of phase-frequency updates. The uncompensated
skews in such a system tend to drive the network towards
asynchrony, while the recurrent phase compensations tend to
pull the phases closer to each other. Our metric for quantifying
which of these two forces is dominant is the worst-case pair-
wise clock phase error between neighbors, which is precisely
the overhead required to maintain a TDM schedule. We first
analyze this metric for the averaged system, and then observe
that this provides a lower bound for the original system.

A. Averaged System

Starting with (5), note that the mean and excess frequencies,
ψ[s] and δ[s], do not change withs when we only adjust
phases. We can therefore drop the time indexs and denote
these quantities byψ andδ, respectively. Iterating, the phases
in slot s can be expressed in terms of the initial conditions as

ϕ[s] = Gsϕ[0]+sψ1+(I+G+G2
+. . .+Gs−1

)δ s ≥ 1 (6)

As with the frequencies, it is useful to decompose the phases
into mean and excess phases, as follows:

ϕ[s] = ϕ[s]1 + ϕex[s]

where ϕ[s] = 1
Tϕ[s]/N = 1

N

∑N
i=1 ϕi(s) is the average

phase andϕex[s] represents the excess phase.



We begin with an eigendecomposition ofG as,

G =

N
∑

l=1

λlvlv
T
l (7)

where (a)Gvl = λlvl, (b) the eigenvalues are arranged in
descending order of magnitude|λ1| ≥ |λ2|, . . . ,≥ |λN |,
(c) the eigenvectorsvl have unit norm, orvTl vl = 1 and
(d) eigenvectors corresponding to different eigenvalues are
orthogonal, orvTi vj = 0 i 6= j, becauseG is symmetric.
BecauseG is stochastic, its largest eigenvalue is one, with
v1 = 1/

√
N being the corresponding unit norm eigenvector.

For convergence of consensus style algorithms, this largest
eigenvalue must not be repeated. The condition for this is
that the graph corresponding toG must be connected [19]
(clearly needed for network-wide convergence). In this case,
we can approximateGs by the dominant term in its spectral
decomposition for large values ofs as,

Gs ≈ λs1v1v
T
1 =

1

N
11

T (8)

for reasonably larges, so that the first term in (6) tends to
1
Tϕ[0]/N , the mean phase at start-up. The second term in

(6) also contributes only to the mean phase. For the third
term, the eigenmode corresponding to eigenvalue one has no
response, since the excess frequencyδ has zero mean. Thus,
the evolution of the excess phase (which is what drives our
phase-only algorithm) can be obtained by excising the first
eigenmode fromG to get the matrix

Gex = G − 11
T

N
=

N
∑

l=2

λlvlv
T
l (9)

which contains only eigenmodes with eigenvalues with mag-
nitude strictly smaller than one (the dynamics induced by
this matrix are dominated by the magnitude of the second
largest eigenvalue,|λ2|). For larges, the excess phase therefore
exhibits the following behavior:

ϕex[s] =
(

I + Gex + G2

ex + . . .+ Gs−1

ex

)

δ

→
(

I − Gex
)−1

δ , s→ ∞
(10)

We provide a detailed derivation of this result in Section
VIII-A. Thus, the excess phases exhibit an irreducible error
floor that depends on the skews. To quantify the impact
of this, we maximize the worst-case pairwise phase errors
between neighboring nodes over the set of possible skews.
We show, in section VIII-B, that the pairwise error between
a fixed pair of neighbors can be maximized by solving a
linear programming (LP) problem, where the constraints are
determined by maximum allowable skewρmax. We then
maximize over the solutions of the LPs corresponding to all
possible directed edges to get the worst-case pairwise phase
error. Since all of these LPs share the same feasible set, andthe
optimal solution for any LP occurs at an extreme point [21],
we show, by characterizing the extreme points of the feasible
set, that the worst phase error between neighboring nodes is
produced by (roughly) half the node clocks running at the

largest frequency and the other half running at the smallest
frequency forany network topology. A detailed derivation of
these facts is provided in Section VIII-B.

B. Actual System

We now show that the averaged system provides a bound on
the errors between neighbors in the actual system. We sketch
the central ideas here and provide the details in Section VIII-C.
Iterating (4), we obtain that the phase of the actual system
evolves as follows:

ϕ[s] = Gs−1Gs−2 . . . G0ϕ[0] + sψ1

+
(

I +

s−1
∑

k=1

Gs−1Gs−2 . . . Gs−k
)

δ s ≥ 2 (11)

The second term only contributes to the mean phase. Under
a suitable connectedness condition [19] which is needed for
consensus, we can show that the same is true for the first term
as well ass gets large:

lim
s→∞

GsGs−1 . . .G0 = 1γT (12)

where the elements ofγ are nonnegative andγT1 = 1. We
can therefore throw out the first and second terms in (11) when
considering the evolution of the excess phases, and obtain

ϕex[s] ≈
(

I +
s−1
∑

k=1

Gs−1Gs−2 . . . Gs−k

)

δ (13)

Let us now average the evolution over many realizations of
the communication schedule. For each schedule, the matrices
Gn are chosen in i.i.d. fashion from the setSmatching =
{G1,G2, . . . ,GM} with probabilities{p1, p2, . . . , pM} and the
average across this choices is denoted byG, the matrix for
our averaged system (the corresponding excised matrix is
Gex). Using the LLN, the averaged trajectory of excess phases
satisfiesϕex[s] ≈

(

I +
∑s−1

k=1 G
k
)

δ. SinceG is symmetric,
we can excise its first eigenmode to obtain,

ϕex[s] ≈
(

I +

s−1
∑

k=1

Gkex

)

δ (14)

which is the equation we had for the phase evolution in
the averaged system. The maximum value of the pairwise
difference between neighbors’ phases (or equivalently, excess
phases) is given by||Cϕex[s]||∞, where matrix multiplication
by C corresponds to all possible pairwise differences across
neighbors and||x||∞ denotes the infinity norm, or maximum
element, of a vectorx. This is a convex function ofϕ. We
can now apply Jensen’s inequality to infer that the maximum
pairwise phase difference for the averaged system is a lower
bound on the average of the maximum pairwise phase dif-
ference in the original system, averaged across realizations.
Consequently, any set of skews that are “bad” for the averaged
system are guaranteed to be bad for the actual system as well.
We use this to show in Section VI that the mean value of
the worst-case pairwise error between neighbors can increase
with the size of the network, so that both frequency and phase
adjustments are required for large networks.



IV. D ESIGN OFPHASE-FREQUENCY ADJUSTMENTS

We now present an algorithm that achieves frequency and
phase synchrony for the averaged system. Equation (10) shows
that, after sufficiently many phase-only adjustments, the excess
phases, and hence the residual phase differences between
nodes, are a function of the skews. Conversely, these residual
phase differences provide estimates of the skews, which are
then used to make frequency adjustments. We note from
(10) that δ ≈

(

I − Gex
)

ϕex[s] for large enoughs. For
decentralized adaptation, we clearly do not have access to
the excess phasesϕex. However, using the fact thatG is a
stochastic matrix, we can also express the skews in terms of
the raw phases as follows (see Section VIII-D for details) :

δ ≈
(

I − G
)

ϕ[s] = Lϕ[s] (15)

for sufficiently larges, where the matrixL = I − G is called
the Laplacian of the system. For our phase-only updates, it is
easy to show (see Section VIII-E) that theith component of
(15) can be written as

[Lϕ∞]i = β

N
∑

j=1

qj→i(ϕ∞,i − ϕ∞,j) = δi (16)

whereqj→i denotes the probability thatNj transmits toNi

(even though the summation is defined over all the nodes,
we note that the only terms that contribute are those with
qj→i > 0 i.e. nodes that are neighbors ofNi). Thus, theith
node can estimate its excess frequency simply by considering
the weighted average of its its residual phase differences
with its neighbors, with weights depending on the average
communication pattern defined byG.

Thus, our phase-frequency adjustment algorithm consists of
estimating the skews based on the residual phase errors with
neighbors after many phase-only adjustments, and adjusting
the frequencies accordingly. We follow multiple rounds of this
procedure, starting from round0, with roundr consisting of
Wr slots. Each node employs the same algorithm, hence we
describe it from the point of view of a particular nodei:
• Step 1: In round r, nodei makes phase-only adjustments
for Wr slots;
• Step 2: At the end of roundr, nodei makes an estimate
of its current skew, denoted bŷδi, by averaging the observed
errors with its neighbors in the following slot according to
(16);
• Step 3: If the skew is small enough, with|δ̂i| < ǫ falling in a
“dead zone,” nodei does not change its frequency. If|δ̂i| > ǫ,
then nodei makes a frequency jump of±µ, depending on
the sign of the skew. That is, it adds∆Fi = −µ sign(δ̂i) to
its frequency. (The dead zone parameterǫ and the step size
parameterµ are discussed below.)
• Step 4: Go back to Step 1 for roundr + 1.

Algorithm parameters: We prove that our frequency ad-
justment algorithm guarantees that the maximum frequency
deviation away from the mean of any node is at mostǫ+µ+χ,
whereǫ is the dead zone size,µ is the frequency adjustment
step size, andχ is the designed error in frequency estimation

at the end of each round. The parametersǫ, µ, χ > 0 can be
chosen freely, except that our convergence proof requires that
ǫ > µ+χ (the dead zone must be large enough to accommo-
date wrong frequency steps and frequency estimation errors).
For example, starting with a maximum frequency offset of 100
ppm, we could eventually converge to a maximum offset of
less than 4 ppm by choosingǫ = 2 ppm, µ = 1 ppm and
χ = 0.8 ppm. This would reduce the worst-case phase offset
in the network by a factor of 25. The round sizes{Wr} are
chosen such that the maximum error in skew estimation at the
end of each round isχ.

Our theoretical development proceeds as follows. We first
identify the number of slots needed in roundr, which we
denote byWr, so that the maximum error in estimating the
current skew of any node is smaller thanχ. We then show that,
if ǫ > µ+χ, then in each round of frequency adjustment, either
(a) the nodes move towards convergence or (b) all current
skews are lesser thanǫ+µ+χ (in magnitude) and will continue
to remain so in the future. It is convenient at this point to
introduce two-dimensional indexing of slots: slot[s, r] is the
sth slot in roundr, and is therefore thekth slot in a one-
dimensional enumeration of slots, wherek =

∑r−1
q=0 Wq + s.

In the rth round, the slot indexs takes values between0 and
Wr − 1. We use both one-dimensional and two-dimensional
enumeration of slots, depending on the context.

A. Choosing round sizes

Since the mean phase does not contribute to the actions of
our algorithms (which depend only on phasedifferences), we
only need to model what happens to the excess phases. As in
Section III-A, this means that we can excise the eigenmode
corresponding to eigenvalue one, which determines evolution
of the mean phase. We show in Section VIII-F that the excess
phase in slots of roundr evolves as

ϕex[s, r] = Gsexϕex[0, r] +Dsδ[0, r] (17)

whereDs = I + Gex + G2

ex + . . .+ Gs−1

ex . Assuming that slot
s = Wr− 1 is the last one in roundr (i.e., the nodes estimate
their current skews asLϕ[s, r]), the current skew estimates at
the end of roundr are given by

δ̂[s, r] =
(

I − G
)

ϕ[s, r] =
(

I − Gex
)

ϕex[s, r] (18)

Substituting the expression for the excess phases from equation
(17) into equation (18), we get an expression for the errors
incurred by the nodes with this estimate. Denoting these errors
by eδ[s, r] = δ̂[s, r] − δ[0, r], we get

eδ[s, r] = (Gsex − Gs+1

ex )ϕex[0, r] − Gsexδ[0, r] (19)

We approximateGsex by its dominant eigenmodeλs2v2v
T
2 and

thereby, the errors as,

eδ[s, r] ≈ λs2v2v
T
2 (1 − λ2)ϕex[0, r] − λs2v2v

T
2 δ[0, r] (20)

We can now “invert” this relationship to show that the esti-
mation error can be made arbitrarily small by waiting “long
enough”. Specifically, the maximum error in estimating the



excess frequency in roundr can be made smaller thanχ by
choosing the number of slotsWr, to satisfy,

Wr ≥
1

log(1/λ2)
×
(

log
χ

||v2v
T
2 ||∞

− log
{

||ϕex[0, r]||∞+

||δ[0, r]||∞(1 − λ2)}
)

(21)

Next, we explain how the length of the roundsWr can be
computed in a recursive fashion. For the first round, the coarse
synchronization procedure at startup provides bounds on the
excess phase||ϕex[0, 1]||∞. Since the node frequencies are
bounded at the time of startup, we can show that||δ[0, 1]||∞
is bounded by2ρmax. These bounds are used in equation
(21) to calculate the number of slots in the first roundW1.
In Section IV-B, we show that the maximum frequency in
round 2 does not increase from its value in round 1, despite
the frequency adjustments made by nodes at the end of
round 1. Therefore,||δ[0, 2]||∞ is also bounded by2ρmax.
The excess phases are bounded in a recursive fashion: given
bounds on||ϕex[0, r]||∞ and ||δ[0, r]||∞, we obtain a bound
on ||ϕex[0, r + 1]. Specifically, the excess phase at the start
of round 2 can be bounded by settingr = 1 in the recursive
relationship (shown in Section VIII-G),

||ϕex[0, r + 1]||∞ ≤ ||GWr−1

ex ||∞||ϕex[0, r]||∞
+ (1 + ||DWr−1||∞)||δ[0, r]||∞ (22)

Note that this bound depends explicitly onW1, which we have
already calculated. Substituting these bounds forδ[0, 2] and
ϕex[0, 2] in equation (21), we can calculate the number of
slots needed in round 2. By repeating these arguments, we
can recursively compute the number of slots needed in any
roundr.

B. Convergence of frequency adjustment algorithm

By making each round long enough, the errors in estimating
the excess frequencies can be made smaller thanχ whereχ
can be arbitrarily small. We demonstrate that each frequency
adjustment drives the network towards (and never away from)
frequency synchrony. For this, we need to choose the width of
the “dead zone”ǫ to be larger than the sum of the the estima-
tion errorχ and the frequency adjustment sizeµ. Specifically,
we show that, after “many” rounds of frequency adjustments,
the excess frequencies are no bigger thanǫ+µ+χ. Since the
latter quantity can be made as small as we wish, we can get
arbitrarily close to perfect frequency synchrony.

Since frequencies change only over rounds, we index the
current skews by round number: the current skew of nodei
in any slot of therth round is denoted byδi{r}. We do not
need to track phases any more, but rather repeatedly use the
fact that the error in estimating the excess frequency is smaller
thanχ, or |δi{r} − δ̂i{r}| ≤ χ ∀i, r.

Consider a given roundr. We show that nodes with current
skews of large magnitude are guaranteed to change their
frequency in the right direction, and that nodes never move
their frequency in the wrong direction. To this end, we splitthe

Fig. 2. Splitting the nodes into 10 sets based on their excessfrequencies.
Nodes in S1 and S2, that are “far” from convergence, are guaranteed to
reduce their frequencies. Nodes inS3 andS4, that are ”close” to convergence,
either reduce their frequencies or do not change it, but never increase their
frequencies. Nodes inS5, that are ”closest” to convergence, will not change
their frequencies. Analogous results hold for nodes with negative excess
frequencies.

nodes into ten sets based on the sign of their excess frequencies
and how far they are from convergence. The split is shown in
Figure 2. The first setS1{r} contains nodesδi{r} > ǫ+µ+χ
(positive skews, “very far” from convergence). The second
set S2{r} contains nodes withǫ + χ < δi{r} ≤ ǫ + µ + χ
(positive skews, “far from convergence”). The next three sets
S3{r}, S4{r}, S5{r} contain nodes that are “close”, “closer”
and “closest” to convergence: forS3{r}, δi{r} ∈ (ǫ, ǫ + χ];
for S4{r}, δi{r} ∈ (ǫ − χ, ǫ]; for S5{r}, δi{r} ∈ (0, ǫ− χ].
The setsS−i are defined analogously, except that the signs
are reversed, as shown in the figure. We now prove a series of
propositions that characterize the actions of nodes in eachof
these sets. We then put these propositions together to show that
the algorithm converges and achieves frequency synchrony (to
within ǫ+ µ+ χ.

First, we show that a node with a positive current skew
in round r either lowers its frequency byµ or does not
change it at all. It never increases its frequency further by
µ. Furthermore, we show that nodes which are either far
or very far from convergence are guaranteed to reduce their
frequencies byµ.

Proposition 1. If Fi{r} ≥ ψ{r}, then Fi{r + 1} ≤ Fi{r}.
Furthermore, if Ni ∈ S1{r} ∪ S2{r}, then Fi{r + 1} =
Fi{r} − µ. Analogously, if Fi{r} ≤ ψ{r}, then Fi{r + 1} ≥
Fi{r}, and if Ni ∈ S−1{r}/S−2{r}, then Fi{r + 1} =
Fi{r} + µ.

Proof: We only prove the statement for nodes with
positive current skews, orFi{r} ≥ ψ{r}, since the proof for
nodes withFi{r} ≤ ψ{r} is entirely analogous.
Case 1: If nodei is inS1{r}∪S2{r}, thenδi{r} > ǫ+χ. Since
the estimation error is bounded byχ (we have ensured this by
making the rounds long enough), the estimated current skew
falls outside the dead zone:δ̂i{r} ≥ δi{r}−χ > (ǫ+χ)−χ =
ǫ. Thus, nodei adjusts its frequency downwards.



Case 2: For nodes inS3, S4 or S5, the current skew is positive:
0 < δi{r} < ǫ + χ. Since the estimation error is at mostχ,
we have−χ < δ̂i{r} < ǫ + 2χ. Sinceǫ > µ + χ > χ, we
conclude that̂δi{r} > −ǫ, so that nodei does not increase its
frequency.

Next, we show that the frequency jumps are small (relative
to the size of the dead zone), so that nodes do not cross one
another while making frequency adjustments. Specifically,a
node with a positive excess frequency in roundr that makes a
downward frequency jump never crosses a node with negative
excess frequency in roundr that is increasing its frequency.

Proposition 2. If Fi{r} > ψ{r}, Fi{r + 1} > ψ{r}.
Analogously, if Fi{r} < ψ{r}, Fi{r + 1} < ψ{r}.

Proof: Once again, we only prove the statement for nodes
with frequencies larger than the mean, since the other case is
exactly analogous.
Case 1: Let Ni ∈ S5{r}. Therefore,0 ≤ δi{r} ≤ ǫ − χ.
Since the estimation error is bounded byχ, we have−χ ≤
δ̂i{r} ≤ ǫ. Sinceǫ > χ + µ, we have−χ > −ǫ. Therefore,
the estimatêδi{r} falls in the dead zone andNi does not
change its frequency at the end of roundr. Thus, we have
Fi{r + 1} = Fi{r} and by definition,Fi{r} > ψ{r}, which
together implyFi{r + 1} > ψ{r}.
Case 2: If Ni is in S1{r}∪S2{r}∪S3∪{r}∪S4{r}, we have
Fi{r} > ψ{r}+ǫ−χ. At the end of roundr, Ni can reduce its
frequency at most byµ. Therefore,Fi{r+1} ≥ Fi{r}−µ >
ψ{r} + ǫ− χ− µ. Sinceǫ > χ+ µ, Fi{r + 1} > ψ{r}.

We denote the maximum and minimum frequencies across
nodes in roundr by Fmax{r} and Fmin{r} respectively.
We show that the maximum frequencyFmax{r} can never
increase from roundr to roundr + 1. It can only decrease
or remain unchanged. A similar result holds for the minimum
frequency as well.

Proposition 3. The maximum frequency can never increase
and the minimum frequency can never decrease i.e. Fmax{r+
1} ≤ Fmax{r} and Fmin{r + 1} ≥ Fmin{r}.

Proof: We only prove thatFmax can never increase,
since the proof thatFmin can never decrease is similar. Let
Γ+{r} and Γ−{r} denote the set of all nodes with positive
and negative excess frequencies in roundr respectively i.e.
Γ+{r} = ∪5

i=1Si{r} and Γ−{r} = ∪5
i=1S−i{r}. Unless

all nodes are at the same frequency (in which case we are
done), neither of these sets can be empty. Otherwise, all the
nodes would have their frequencies on one side of the mean
frequency, which is impossible.
Let u+ and u− be any nodes inΓ+{r} and Γ−{r} respec-
tively. From Proposition (2), we haveFu+{r + 1} > ψ{r}
andFu−{r + 1} < ψ{r}. Therefore, we haveFu+{r + 1} >
Fu−{r + 1} ∀u+, u−. Thus, the node with the maximum
frequency in roundr + 1, denoted byu∗r+1, must have had
a positive excess frequency in roundr, or u∗r+1 ∈ Γ+{r}.
But, if u∗r+1 ∈ Γ+{r}, by Proposition 1, its frequency in
round r + 1 cannot be larger than its frequency in roundr
i.e.Fu∗

r+1
{r+1} ≤ Fu∗

r+1
{r}. Since the maximum frequency

across nodes in roundr is larger thanu∗r+1’s frequency in
the same round, we getFu∗

r+1
{r} ≤ Fmax{r}. Chaining

these inequalities, we get,Fmax{r + 1} = Fu∗
r+1

{r + 1} ≤
Fu∗

r+1
{r} ≤ Fmax{r}. Therefore, the maximum frequency

can never increase across rounds.
We also get an intuitively pleasing conclusion from this

proposition: if we achieve frequency synchrony, the common
frequency will be between the maximum and minimum fre-
quencies at the start. We now go one step further and show that
if some nodes are “very far” from convergence, the maximum
frequency will decrease. An analogous result holds for the
minimum frequency too.

Proposition 4. If S1{r} 6= ∅, Fmax{r + 1} = Fmax{r} − µ.
Furthermore, if N# is the node with the maximum frequency
in round r, it continues to be the node with the maximum fre-
quency in round r+1. Analogously, if S−1{r} 6= ∅, Fmin{r+
1} = Fmin{r}+µ. Also, if N# is the node with the minimum
frequency in round r, it continues to be the node with the
minimum frequency in round r + 1

Proof: The proof is provided in Section VIII-H.
Let ξ∗{r} denote the maximum difference in frequencies

between any two nodes in roundr : ξ∗{r} = Fmax{r} −
Fmin{r}. By definition,ξ∗{r} ≥ 0. We show that if there is
any node that is “very far” away from convergence in round
r, ξ∗ is guaranteed to decrease byµ.

Proposition 5. If S1{r} or S−1{r} 6= ∅, ξ∗{r+1} ≤ ξ∗{r}−
µ. Furthermore, if both S1{r} and S−1{r} 6= ∅, ξ∗{r+ 1} =
ξ∗{r} − 2µ.

Proof: Consider the case whenS1{r} andS−1{r} 6= ∅.
Then, from Proposition 4,Fmax{r + 1} = Fmax{r} − µ and
Fmin{r+1} = Fmin{r}+µ. Therefore,ξ∗{r+1} = Fmax{r+
1} − Fmin{r + 1} = (Fmax{r} − µ) − (Fmin{r} + µ) =
ξ∗{r} − 2µ.

Now consider the case whenS1 6= ∅ but S−1 = ∅ (the
reversed case is very similar). From Proposition (4),Fmax{r+
1} = Fmax{r}−µ. Similarly, from Proposition (3),Fmin{r+
1} ≥ Fmin{r}. Therefore, we can see thatξ∗ must decrease
atleast byµ as follows:ξ∗{r+1} = Fmax{r+1}−Fmin{r+
1} = (Fmax{r} − µ) − Fmin{r + 1} ≤ (Fmax{r} − µ) −
Fmin{r} = ξ∗{r} − µ.

We now tackle the scenario when there is no node very far
from convergence. To do this, we need a preliminary result
which shows that the mean frequency does not change a lot
across rounds.

Corollary 1. The mean frequency ψ{r+1} is bounded below
by ψ{r} − µ and above by ψ{r} + µ.

Proof: Since Ni changes its frequency by at mostµ,
Fi{r}−µ ≤ Fi{r+1} ≤ Fi{r}+µ. Adding these inequalities
across nodes and dividing by the number of nodes, we get
ψ{r} − µ ≤ Fi{r + 1} ≤ ψ{r} + µ.

Next, we show that if a node is “close to convergence”
(within ǫ + µ + χ of the mean frequency) in roundr, status
quo will prevail in round r + 1: it will be no further than



ǫ+ µ+ χ away from the mean frequency in roundr+ 1 too.
This result guarantees that once the node frequencies have
converged to withinǫ+µ+χ of the mean, they will not drift
away in subsequent rounds.

Proposition 6. If Ni /∈ S1{r} ∪ S−1{r} so that |δi{r}| ≤
(ǫ+ µ+ χ), then |δi{r + 1}| ≤ (ǫ+ µ+ χ).

Proof: The proof is provided in Section VIII-I

Let δ∗{r} = maxi |δi{r}| denote the maximum excess
frequency across nodes in roundr. We put Propositions (5)
and (6) together, show thatδ∗{r} is eventually no bigger than
ǫ+ µ+ χ and demonstrate the convergence of our algorithm
with the averaged system.

Theorem 1. In each round r, atleast one of the following
statements is true,

1) ξ∗{r + 1} ≤ ξ∗{r} − µ.
2) δ∗{r} and δ∗{r + 1} ≤ (ǫ+ µ+ χ)

Therefore, eventually, the maximum deviation in frequency
from the mean is atmost ǫ+ µ+ χ.

Proof: In the rth round of frequency adjustments,
Sfar{r} , S1{r} ∪ S−1{r} is either empty or it is non-
empty. If Sfar{r} is nonempty, then by Proposition (5),
ξ∗{r+1} ≤ ξ∗{r}−µ. On the other hand, ifSfar{r} is empty,
all the nodes are in(∪5

i=2Si{r}) ∪ (∪5
i=2S−i{r}). Thus, the

excess frequency of each node is smaller (in magnitude) than
(ǫ+µ+χ) and hence,δ∗{r} ≤ (ǫ+µ+χ). In this scenario,
Proposition (6) guarantees that|δi{r+1}| ≤ (ǫ+µ+χ) ∀i⇒
δ∗{r + 1} ≤ (ǫ+ µ+ χ) . Using recursion, we can conclude
that if δ∗{r} ≤ (ǫ+µ+χ), thenδ∗{r′} ≤ (ǫ+µ+χ) ∀r′ ≥ r.

We have already seen thatξ∗{r} ≥ 0 ∀r. Assume that the
node frequencies are bounded by1 ± ρmax before any fre-
quency adjustments are made. Therefore,ξ∗{1} = Fmax{1}−
Fmin{1} ≤ 2ρmax. If condition (1) is true in roundr, we
know that ξ∗ decreases byµ. However, condition 1 cannot
be true indefinitely becauseξ∗{r} is lower bounded by 0 and
ξ∗{1} is finite. Therefore, condition 2 will have to be true in
some roundr = R0 for the first time. By our proof, it will
then continue to hold forever. Therefore, we can conclude that
δ∗{r′} ≤ ǫ+ µ+ χ ∀r′ ≥ R0.

We can now estimateR0 - the number of rounds needed
for the maximum excess frequency to become smaller than
ǫ+µ+χ for the first time. By definition, we have,ξ∗{R0} ≤
2δ∗{R0}/ ≤ 2(ǫ+µ+χ). In each roundr between1 andR0,
we know from Theorem (1) thatξ∗ decreases byµ (at least).
Therefore,R0 needs to be no bigger than2ρmax−2(ǫ+µ+χ)

µ
.

Note that, while the number ofslots needed per round of
frequency adjustment might (and typically does) increase with
network size, the number ofrounds required for convergence
is independent of the number of nodes in the network. We
now use these insights to design an algorithm for the actual
system that achieves frequency and phase synchrony.

V. LLN A RGUMENTS

In order to map from the averaged system to the actual
system, we realize that each step in the averaged system is
effectively equivalent to many steps in the actual system, based
on LLN-style arguments. Motivated by the algorithm for the
averaged system, nodes in the actual system adjust their phases
each time they receive a packet, but adjust their frequencies
only occasionally - say, once in a round ofSR slots. However,
the frequency adjustments are not based on phase errors in any
particular slot; instead, they rely on averages of phase errors
with neighbors over “many” slots. This lets us average over the
randomness in the schedule by exploiting the LLN. We now
explain how the nodes can estimate their excess frequencies
at the end of the first round of slots, with the understanding
that a similar procedure is repeated in future rounds.

Consider a slots in the first round (0 ≤ s ≤ SR − 1).
Since our frequency adjustments are based on averages of
phase errors, we maintain a running average of the phases
from the start of the round to any slots < SR: ϕav[s] =
∑s
s′=0 ϕ[s′]/(s + 1). Before we obtain an expression for

ϕav[s], we make an approximation. Guided by equation
(12), we approximate the product of the stochastic matrices
GsGs−1 . . . G0 by a rank-one matrix of the form1γT when
the number of matrices in the product exceeds a critical limit
Sw. The critical limitSw depends on the set{G1,G2, . . . ,GM}
from which the matrices{Gt} are chosen and the probabilities
{p1, p2, . . . , pM} with which they are chosen from this set.
Using this approximation and substituting the expression for
the phases in slots from equation (11), we get the averaged
phases in the last slot of the first round - slotSR − 1 - to be,

ϕav[SR − 1] =

[
∑SR−1
s′=2 s′ψ[0] +

∑s
s′=Sw

(γTϕ[0])
]

SR
1

+
ϕ[0] + ϕ[1] +

∑Sw−1
s′=2 Gs′−1Gs′−2 . . . G0ϕ[0]

SR
+

∑SR−1
s′=2 (I +

∑s′−1
p=1 Gs′−1Gs′−2 . . . Gs′−p)

SR
δ[0] (23)

As before, we split the time averaged phasesϕav into a mean
ϕav and an excess partϕav,ex so thatϕav = ϕav1 + ϕav,ex

and 1
Tϕav,ex = 0. The first term in equation (23) can be

discarded since it only contributes to the mean phaseϕav and
our algorithm uses only theexcess-averaged-phases ϕav,ex.
The second term is a transient that vanishes when the number
of slotsSR is large. Therefore, only the third term contributes
to ϕav,ex. We simplify the third term and derive an expression
for the excess-averaged-phasesϕav,ex in Section VIII-J. We
now summarize this result. LetSG be the smallest number

so thatλ
S
G

2 is “negligible”, whereλ2 is the second largest
eigenvalue of the averaged system matrixG. Then, we can
approximate the excess-averaged-phasesϕav,ex at the end of
the first round by,

ϕav,ex[SR − 1] ≈
(

I − Gex
)−1

δ[0]. (24)



by choosingSR to be much larger than the critical limitSw
andSG . Here,Gex is the excised version of the system matrix
for the averaged system. Equivalently, the skewsδ[0] can be
estimated asδ[0] ≈ (I − Gex)ϕav,ex. Of course, we do not
have access to the excess-averaged-phasesϕav,ex. But, we can
use the fact thatG is a stochastic matrix and mimic the proof
for the averaged system (see Section VIII-D) to show that
(I − Gex)ϕav,ex = (I − G)ϕav. Thus, the nodes can estimate
their excess frequencies from the raw phases asδ[0] ≈ (I −
G)ϕav[SR−1]. Let us denote the averaged phase at nodei in
slot SR − 1 by ϕav,i[SR − 1]. By substituting the expression
for G (and mimicking the proof in Section VIII-E), we get the
skew estimate of theith node to be,

δ̂i = β
∑

j 6=i

qj→i (ϕav,i[SR − 1] − ϕav,j [SR − 1]) (25)

whereqj→i is the probability that nodej transmits to node
i. We now explain how nodei can implement this rule
in a simple, distributed fashion without any communication
overhead. From the definition of the averaged phases, we have,

ϕav,i[SR − 1] − ϕav,j [SR − 1] =

SR−1
∑

s=0

ϕi[s] − ϕj [s]

SR
(26)

Therefore,ϕav,i[SR−1]−ϕav,j[SR−1] depends on the phase
error betweenNi andNj in all slots between0 andSR − 1.
However,Ni cannot measure all these phase errors; it can only
estimate the errors in those slots when it receives a packet from
Nj . But,Ni can approximateϕav,i[SR−1]−ϕav,j[SR−1] by
averaging over the phase errors that it does measure. Assume
thatNj that has a nonzero probability of transmitting a packet
to Ni (i.e. qj→i > 0) and that it transmits onnij occasions
in the first round of slots toNi. We denote these slots
by sj→i(1), sj→i(2), . . . sj→i(nij) respectively. Therefore,Ni

approximates the average phase error over the first round with
Nj to be,

ϕav,i[SR−1]−ϕav,j[SR−1] ≈
nij
∑

t=1

ϕi[sj→i(t)] − ϕj [sj→i(t)]

nij
(27)

We use the empirical definition of probability to approximate
qj→i as qj→i ≈ nij/SR and substitute equation (27) in
equation (25) to get,

δ̂i[SR − 1] ≈ β

SR

∑

j 6=i

nij
∑

t=1

(

ϕi[sj→i(t)]− ϕj [sj→i(t)]

)

(28)

We use this as the defining equation forNi’s estimate of its
excess frequency: it simply adds the phase errors it observes
when it receives packets from its neighbors over the entire
round (and scales it byβ/SR) to decide on the frequency
adjustment at the end of the round. This rule is intuitively
pleasing: if a node finds that despite all the phase adjustments
made, its clock is still “ahead” (ϕi−ϕj > 0) of its neighbors’
clocks over a long time, it concludes that its clock is running
faster than the average across the network. We now summarize
the algorithm from the point of view of nodei.

Overall algorithm: Nodei estimates its skew over a round
according to equation (28). If̂δi falls within a dead zone of
width ǫapprox (i.e. |δ̂i| ≤ ǫapprox), nodei does not change its
frequency; in the other cases, nodei changes its frequency by
±µ based on the sign of̂δi i.e. it makes a frequency jump
∆Fi = −µ sign(δ̂i) at the end of a round ofSR slots. In
subsequent rounds, the process is repeated by resetting the
time-averaged phases and recomputing them from the start of
the round.

An attractive feature of the frequency adjustment rule is
the minimal storage required at each node, in spite of the
significant amount of memory the rule entails. To adjust its
frequency, each node needs to store only one number and
recursively update it. Thus, the storage needed is independent
of the size of the network and the network topology.

Tackling Measurement Noise:When the implicit times-
tamps are noisy, we leave the phase adjustment rule un-
altered but change the frequency adjustment rule. We now
describe these modifications. Letξij [sj→i(t)] = ϕi[sj→i(t)]−
ϕj [sj→i(t)] denote the true phase offset betweenNi and
Nj in slot sj→i(t) and ξ̂ij [sj→i(t)] denoteNi’s estimate of
this offset. The phase offset estimation errorξ̂ij [sj→i(t)] −
ξij [sj→i(t)], induced by the measurement noise is denoted by
γij [sj→i(t)]. From equation (28), this translates to an error
of ∆ei = β

SR

∑N
j=1

∑nij

t=1 γij [sj→i(t)] in Ni’s estimate of its
excess frequency. We model the errors in estimating the phase
offset γij [sj→i(t)], as random variables that are independent
across slots and node-pairs. Furthermore, we assume that
these errors are picked from the same distributionfΓ(γ) with
zero mean and a standard deviationσf . For example, in our
simulations, we choosefΓ(γ) to be uniform. Let us assume
thatNi receivesPi =

∑

j nij packets, from all its neighbors
combined, in a round ofSR slots. We can rewrite the error
in estimating the excess frequencies due to the measurement
noise as∆ei = βPi

SR
× 1

Pi

∑N
j=1

∑nij

t=1 γij [sj→i(t)]. If Pi is
reasonably large, we can invoke the Central Limit Theorem to
approximate the distribution of1

Pi

∑

j

∑

t γij [sj→i(t)] by a
Gaussian with zero mean and varianceσ2 = σ2

f/Pi. Since
a Gaussian random variable is very likely to be contained
within three standard deviations on either side of the mean,
we approximate the estimation error induced by the noise
∆ei to be bounded in magnitude by(βPi/SR) × (3σ) =
(βPi/SR)× (3σf/

√
Pi). To combat this error in the estimate

of its excess frequency,Ni further increases the size of the
dead zone from its value in the noiseless scenario. This
increase needs to be no larger than the maximum value that the
error can take, orβPi

SR
3σf/

√
Pi. However, in our simulations

we are more conservative and increase the width of dead zone
by 3σf/

√
Pi (note thatβPi/SR is guaranteed to be smaller

than 1). To summarize, the only change in the frequency
adjustment rules is an increase in the width of the dead zone;
Ni’s dead zone in the presence of measurement noise with
varianceσ2

f given byǫ′i = ǫapprox + 3σf/
√
Pi whereǫapprox

is the dead-zone width in the noiseless setting andPi is the
number of packets received byNi over a round of slots.



VI. SIMULATION RESULTS

We now describe the models and parameters used in our
simulations, followed by the results.
Topologies: We consider thering topology (each node has
two neighbors) and the rectangulargrid topology (each node
has four neighbors) as canonical examples of two-dimensional
networks with large and small diameter, respectively.
Interference Model: We use the node exclusive interference
model (two links can be active if they do not have a node in
common) as an abstraction for “highly directional” networks
(such as mm-wave networks [1]). For omnidirectional
networks, we use the 2-hop interference model [23]: two
links can be active simultaneously as long as they do not
have a node in common, and the nodes involved in the two
links are not neighbors.
Communication Patterns: We consider TDM schedules in
which a randomly chosen maximal matching is active in each
slot; a matching is a set of links that can be simultaneously
active without interfering with one another, and amaximal
matching is a matching to which no link can be added without
interfering with one of the active links. For large networks
(e.g., a 64 node grid with directional links), it is infeasible to
enumerate all maximal matchings. In this case, for each link,
we randomly choose 120 maximal matchings in which it
participates. The overall set of maximal matchingsSmatching
is obtained by taking the union of the sets generated for each
link.
Opportunistic listening: In omnidirectional networks,
we consider two modes for timing adjustment. In the
ONLY INTENDED mode, a node adjusts its clock only when it
receives a packet explicitly addressed to it. In the EAVESDROP

mode, a node adjusts its clock whenever it can receive a
collision-free packet, even if it is not the intended recipient.
Simulation Parameters: We fix β = 0.5 in all our
simulations. Our choice of timescales in directional networks
are motivated by Gigabit rate mm-wave networks: we
choose the slot timeTslot = 10µs and for the coarse
synchronization procedure at startup, we chooseτmin = 10µs
and τmax = 300µs (see Section II). The timescales in omni-
directional settings are motivated by WiFi-style networks: we
chooseTslot = 10ms andτmin = 10ms andτmax = 300ms.
We set the maximum value of the skewρmax to 50 ppm.
Performance Metric: Since TDM slotting overhead depends
on the phase error among communicating nodes, the key
performance metric is theworst neighbor timing error, which
is the largest magnitude of phase errorbetween neighbors.

A. Phase-Only Adjustments

We consider directional networks and omnidirectional net-
works in the ONLY INTENDED mode consisting of 9-64 nodes
set in ring and grid topologies. For each topology, we generate
a set of “bad” skews by solving linear programs that optimize
the phase error on each link of the averaged system. We choose
these “bad” skews to be the distribution of skews across nodes
in the actual system. We then average the worst error between
nodes in the actual system at the end of 3000 slots over 2000

realizations of communication patterns. The results for the
directional and omnidirectional settings are shown in Figures
3 and 4 respectively. The figures confirm that the errors for
the averaged system are indeed a lower bound for those in
the actual system, and that the worst neighbor error increases
with network size. The error grows faster withN for a ring
topology. For directional ring networks (Figure 3(a)), theerror
grows asN in the averaged system and asN1.33 (approx-
imately) in the actual system. For directional grid networks
(Figure 3(b)), the error grows only asN0.66 in the averaged
system and asN0.875 (approximately) in the actual system.
Typical numbers for directional networks: From Figure
3, we see that the error between neighbors in a 64 node
network set in a ring topology can be as large as220 ns.
This is comparable in magnitude to the guard interval needed
to handle propagation delays. For example, the envisioned
Gigabit rate outdoor mesh networks with link ranges on
the order of200 m require guard intervals of200m/(3 ×
108m/s) ≈ 666ns to handle propagation delays. Therefore,
an additional synchronization error of220 ns represents a
33% increase in the overhead. On the other hand, for small
directional networks in a ring topology (say, 16 nodes) or
reasonably large networks in a grid topology (36 nodes), we
see that the largest phase error between neighbors will only
be 40 ns. Therefore, the maximum increase in the overhead
is only 6 %. To summarize, phase-only adjustments with
implicit timestamps may suffice in small directional networks
with linear topologies or moderately sized networks in grid
topologies, but frequency adjustments are necessary for large
networks, especially in linear topologies.
Recommendations for omnidirectional networks:Since the
slot durationTslot is longer in omnidirectional networks and
the phase error scales in proportion toTslot, we see from
Figure 4 that the errors with phase-only adjustments are also
correspondingly larger (∼ 10’s ofµs even for small networks).
However, the guard interval needed to handle propagation
delays is still≈ 1µs since the link ranges are on the order
of hundreds of meters. Therefore, phase-only adjustments are
not sufficient to guarantee phase synchrony on the order of the
guard interval in omnidirectional networks. However, a more
practical definition of the tolerable overhead is to define it
as a fraction of the payload (slot size) rather than the guard
interval for propagation delay. Phase-only adjustments might
then suffice since the phase errors grow in proportion toTslot
and theirratio is simply a constant. Thus, here too, phase-
only adjustments might suffice for small-to-moderate sized
networks.

B. Phase & Frequency Adjustments

We begin by introducing parameters and performance met-
rics specific to the phase-frequency adjustment algorithm and
then describe the results.

Simulation Parameters: We consider two types of skew
distribution across nodes: (a) “random skews” chosen indepen-
dently and uniformly in[−50ppm, 50ppm]; (b) “bad skews”
chosen by maximizing the worst neighbor error for the aver-



0 20 40 60 80
0

50

100

150

200

250

Number of Nodes

A
vg

. o
f w

or
st

 e
rr

or
be

tw
ee

n 
ne

ig
hb

or
s 

(n
s)

 

 
Averaged System
Actual System

(a) Ring Topology

0 20 40 60 80
0

20

40

60

80

Number of Nodes

A
vg

. o
f w

or
st

 e
rr

or
be

tw
ee

n 
ne

ig
hb

or
s 

(n
s)

 

 
Averaged System
Actual System

(b) Grid Topology

Fig. 3. Worst error between neighbors for the actual system and the averaged
system with only phase adjustments in adirectional network.
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Fig. 4. Worst error between neighbors for the actual system and the averaged
system with only phase adjustments in anomnidirectional network. The
network operates in the ONLY INTENDED mode.

aged system. Nodes adjust their frequencies byµ = ±1ppm
once a round, which consists ofSR = 200 slots. We investigate
the performance with noiseless as well as noisy implicit
timestamps. We model the noise as being uniformly distributed
in [−5ns, 5ns] for directional networks and in[−5µs, 5µs] for
omnidirectional networks. We use 30,000 TDM slots for each
simulation run (and average over 50 runs). We choose the
width of the dead zone in the noiseless settingǫapprox to be
3µ = 3 ppm.

Performance Metrics: In addition to the worst phase error
between neighbors, we also investigate thenetwork wide
frequency error as a measure of frequency synchrony. The
network wide frequency error is defined to be the maximum
difference in frequency between any two nodes in the network.
We now describe the typical evolution of node frequencies in
a single trial and then provide the results for the phase and
frequency errors averaged over 50 trials.

Evolution of node frequencies:We describe three scenar-
ios that serve as exemplars for the evolution of frequenciesat
different nodes in a single simulation run.Example 1: We
consider a 36 node omnidirectional network arranged in a
grid topology. The skews at different nodes are distributed
randomly and the implicit timestamps are noiseless. From
Figure (5), we see that nodes begin with varying frequen-
cies and move in concert towards a common frequency.
Every node’s frequency is eventually confined to the band
fnom × [1 − 1.25 ppm, 1 − 0.34 ppm] where fnom is the
nominal frequency. Note thatfnom itself is not within this
band. This shows that the nodes simply converge to a common
frequency and not to the nominal frequency. Even in the
noiseless scenario, the eventual frequency alignment is not

perfect for two reasons: the adjustments have a resolution
of ±1 ppm and we have enforced a dead zone within which
nodes do not change their frequencies.Example 2: A bad skew
distribution best illustrates the fact that the nodes adjust their
frequencies in concert. We consider such a skew distribution
in a 36 node directional network with a ring topology. The
implicit timestamps are noiseless in this example. We plot
the frequencies ofall nodes as a function of time in Figure
(6). However, we see only two traces until about 10000 slots.
This is because the nodes start off at identical frequencies
of ±50 ppm and make identical frequency adjustments of
∓1 ppm in each round. Consequently, at any time, the fre-
quencies of all the nodes are confined to one of two values,
fs(1 ± k), k ∈ {1, 2, . . . , 50} ppm. We also see that some
nodes make unnecessary adjustments when the frequencies
have almost converged (around 10000 slots). If the dead
zone is not large enough, such unnecessary adjustments by
a few nodes could drag the frequencies of the other nodes
along. This might result in the nodes eventually having a
common frequency that is outside the band where they began
i.efs×[1−ρmax, 1+ρmax]. This is not desirable in practice. In
our simulations, we find that a dead zone of width3µ suffices
in the noiseless setting to prevent this from happening. A
precise characterization dead zone width required to guarantee
that the frequencies remain bounded within the original range,
similar to the one provided for the averaged system, is left
as an open issue.Example 3: We now consider the same
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Fig. 5. Frequency devi-
ations of all 36 nodes in
an omnidirectional network
with a grid topology. Skews
arerandomly distributed and
measurements arenoiseless.
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Fig. 6. Frequency devia-
tions of all 36 nodes in a
directional network with a
ring topology. Skews are dis-
tributed adversely and mea-
surements arenoiseless.

setting as in Example 1, except that the measurements are
noisy. From Figure 7, we see that the steady march of
the nodes towards convergence is eventually stalled by the
measurement noise. The node frequencies fall within the dead
zone and the nodes are unable to make a reliable decision
on whether their frequencies are greater or lesser than the
average. Thus, we have an eventual network-wide frequency
error of 11.7 ppm in this case. The size of the dead zone could
potentially be reduced by waiting longer between frequency
adjustments, thereby allowing the nodes to average the noise
in the timestamps to a greater degree. However, this approach
does not provide substantial gains because the phase error
between nodes, in this regime, is dominated by erroneous
phase adjustments rather than mildly disparate frequencies.

While we have limited our discussion here to three repre-
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Fig. 7. Frequency deviations of all 36 nodes in an
omnidirectional network with agrid topology. Skews are
randomly distributed and measurements arenoisy.

sentative examples due to space restrictions, we have carried
out extensive simulations that show that our observations
apply qualitatively to diverse combinations of node topologies,
network directionality and measurement noise strength.

Mean Network Wide Frequency Error: We plot the
network wide frequency error, averaged over 50 runs, as a
function of time in Figures 8 - 11. We consider networks of
16/36/64 nodes arranged in a ring/grid topology with noiseless
and noisy implicit timestamps. We examine each scenario for
omnidirectional as well as directional networks. Two things
are common to these plots: (1) For about the first 10000 slots,
the network wide frequency error drops by2µ = 2 ppm each
time a frequency adjustment is made. This drop is virtually
independent of different parameters such as network size,
topology, directionality and measurement noise. The steady
fall occurs because there are nodes with frequencies far above
and below the mean at the beginning; these nodes make the
right adjustment every time (see Proposition 5). (2) We ob-
serve that the number of rounds of frequency adjustment that
contribute to a decrease in the network wide frequency erroris
also virtually independent of parameters such as network size,
topology, directionality and measurement noise. It depends
only on the network wide frequency error at the start and
the adjustment step size. Since the network wide error drops
by 2 ppm in each round, the number of rounds of frequency
adjustment required is roughly100 ppm/2 ppm= 50.

An important metric is the eventual network wide frequency
error. For the noiseless setting (Figures 8(a), 9(a),10(a),11(a))
the network wide frequency error settles to a value on the order
of the adjustment step-sizeµ = 1 ppm. This value is almost
independent of the network topology and the directionality; for
all combinations of the topology and directionality, the error
is confined to 0.9-1.2 ppm. When the implicit timestamps
are noisy, the eventual network wide frequency error depends
mildly on the size of the network and the directionality
(Figures 8(b),9(b),10(b),11(b)) . For example, in directional
networks with a ring topology, the eventual network wide
frequency error is about 8.9 ppm with 16 nodes and it increases
to 10.2 ppm with 64 nodes; the corresponding numbers for an
omnidirectional setting are 9.4 ppm and 10.9 ppm respectively.
The eventual frequency synchronization error is also a little
higher with the grid topology: for example, in a directional
setting, the error is about 10.1 ppm with 16 nodes and 13.3
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(b) Noisy measurements

Fig. 8. Network wide frequency error in adirectional setting with agrid
topology. Skews are distributedrandomly.
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(b) Noisy measurements

Fig. 9. Network wide frequency error in adirectional setting with aring
topology. Skews arerandomly distributed.

ppm with 64 nodes. In all these cases, we see that there is a
ten-fold decrease in the network wide frequency error - from
100 ppm to about 10 ppm (roughly).
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(b) Noisy measurements

Fig. 10. Network wide frequency error in anomnidirectional setting with a
grid topology. Skews arerandomly distributed.
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(b) Noisy measurements

Fig. 11. Network wide frequency error in anomnidirectional setting with a
ring topology. Skews arerandomly distributed.

Worst Phase Error Between Neighbors: We now
investigate the largest error in clock phase between any two
nodes that are neighbors. We split our discussion into two
cases: in the first case, the skews are distributed randomly
and in the second case, they are distributed badly.

Case A - Random Distribution of Skews: We choose the



node skews randomly and plot the worst phase error for
directional networks in Figure 12. We also plot the worst
phase error for omnidirectional networks operating in the
ONLY INTENDED mode and EAVESDROP mode in Figures
13 and 14 respectively. Note that all the plots have noisy
implicit timestamp measurements. From these plots, we see
that the phase errors fall “smoothly” from their values at
startup - after the coarse synchronization procedure - to their
steady-state values. The eventual phase error increases mildly
with network size and changes very little with the topology.
For example, in directional networks with a ring topology, the
eventual phase error only increases from 6.25 ns to 10.7 ns
when the network size increases from 16 nodes to 64 nodes.
The corresponding numbers for the grid topology are very
similar: 6.49 ns (16 nodes) and 9.05 ns (64 nodes). Similarly,
the errors in omnidirectional networks with ring and grid
topologies are close; they increase from6.5µs for 16 node
networks to about10µs for 64 node networks.
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(b) Ring Topology

Fig. 12. Worst phase error between neighbors in adirectional setting with
noisy measurements. Skews arerandomly distributed.
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(b) Ring Topology

Fig. 13. Worst error between neighbors in anomnidirectional setting with
randomly distributed skews. Measurements arenoisy and nodes are in the
ONLY INTENDED mode.
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(b) Ring Topology

Fig. 14. Worst error between neighbors in anomnidirectional setting with
randomly distributed skews. Measurements arenoisy and nodes are in the
EAVESDROPmode.

Case B - Badly distributed skews: We plot the largest phase
error with badly distributed skews for directional networks in
Figure 15 and omnidirectional networks in Figures 16 and 17
respectively. These curves have a conspicuous “hump” at the
start - particularly the ones corresponding to the ring topology,
Figures 15(b), 17(a), 17(b)) - where the phase error rises before
falling. This occurs because the round sizes (and hence spacing
between frequency updates) required are large, which gives
phase errors a chance to grow before they can be reduced with
frequency updates. We now compare the size of the hump -
which is the peak value of the phase error between neighbors -
for differing network sizes, topologies and modes of operation.

Firstly, by comparing the plots for grid and ring topologies
(for example, Figure 15(a) vs. 15(b) [or] Figure16(a) vs.
17(a)), we observe that the hump is much larger with the
ring topology. For example, in the ONLY INTENDED mode
in omnidirectional networks with 64 nodes, the size of the
hump is360µs in the ring topology as compared to175µs in
the grid topology. This is consistent with earlier results from
phase-only adjustments, where we found that the errors scale
much faster with the number of nodes for a ring topology as
compared to the grid topology. In all these figures, we see that
the size of the hump increases with the number of nodes in
the network. We can summarize both these facts by concluding
that the size of the hump increases with the network diameter.
Next, we compare omnidirectional networks operating in the
EAVESDROPand ONLY INTENDED modes. Comparing Figures
17(a) and 17(b), we see that the size of the hump in an
omnidirectional setting with a ring topology is almost twice
as large in the ONLY INTENDED mode as compared to the
EAVESDROPmode. For example, with a 64 node ring network,
the size of the hump is about360µs in the ONLY INTENDED

mode; but, it is only about200µs in the EAVESDROP mode.
This is a clear illustration of the benefits of eavesdropping.
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(b) Ring Topology

Fig. 15. Worst phase error between neighbors in adirectional setting. Skews
arebadly distributed and measurements arenoisy.

VII. C ONCLUSIONS

We have shown the it is possible to maintain timing syn-
chronization without explicit signaling in a TDM-based mesh
network. Our introduction of an averaged system enables us to
provide a rigorous analysis and to give conditions for conver-
gence, and our simulations show that the design prescriptions
that we obtain for the averaged system do result in the desired
performance for the original system. We have shown that
our algorithm achieves phase synchrony on the order of tens
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(a) ONLY INTENDED
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Fig. 16. Worst phase error between neighbors in anomnidirectional setting
with a grid topology. Skews arebadly distributed, measurements arenoisy.
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Fig. 17. Worst phase error between neighbors in anomnidirectional setting
with a ring topology. Skews arebadly distributed, measurements arenoisy.

of microseconds for omnidirectional WiFi networks and tens
of nanoseconds for directional 60 GHz networks. While the
present paper establishes the basic feasibility of implicit timing
synchronization, a significant amount of effort is requiredin
translating our ideas to practice, starting with more detailed
simulations that explicitly model traffic patterns, medium
access control, and initial establishment of coarse timingsyn-
chronization (including estimation of propagation delays). In
terms of implementation, a timing synchronization application
can be layered on top of an existing network protocol stack
as follows. The timing synchronization application would
generate packets explicitly for synchronization only at network
start-up, but would not generate packets for synchronization
maintenance. Ideally, in order to obtain the most accurate
measurements, the physical layer should communicate the im-
plicit timestamps from received packets to this application, and
the timing synchronization application should communicate
its current estimates of phase and frequency to the physical
layer so that the latter can adjust transmission times. However,
it may be possible to obtain adequate performance even if
the timing synchronization application communicates withthe
MAC layer, especially for outdoor settings in which propaga-
tion delays dictate larger TDM slot guard times, so that the
requirements for synchronization accuracy are more relaxed.
Fortunately, there are now a number of open source platforms
on which such concepts can be experimentally validated, such
as the WARP platform for physical layer synchronization, and
the MadWiFi driver for MAC layer synchronization.
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VIII. A PPENDIX

In this section, we provide proofs of a number of statements
in the paper.

A. An expression for the excess phases ϕex[s] in the averaged
system

We begin by obtaining an approximate expression for the
phases in slots (wheres is large) by substituting equation (8)



into equation (6),

ϕ[s] ≈ (ϕ[0] + sψ)1 + (I +

s−1
∑

k=1

Gk)δ (29)

We now simplify this expression by showing thatGkδ = Gkexδ.
Since1

Tδ = 0, we have

Gkδ = Gkδ − 11
T

N
δ =

(

Gk − 11
T

N

)

δ (30)

Using the spectral decomposition ofGex, we see that,Gkex =
∑N

l=2 λ
k
l vlv

T
l = Gk−11

T/N . Substituting this into equation

(30), we getGkδ = Gkexδ. We now substitute this result back
into equation (29) to obtain,

ϕ[s] ≈ (ϕ[0] + sψ)1 +

s−1
∑

k=0

Gkexδ (31)

Next, we compute the mean phase across nodes in slots. We
have,

ϕ[s] =
1
Tϕ[s]

N
= (ϕ[0] + sψ)

1
T
1

N
+

s−1
∑

k=0

1
TGkexδ (32)

The term1
T
1/N is simply 1. We now show that1TGkex = 0T .

SinceGkex = Gk − 11
T /N , we get

1
TGkex = 1

TGk − 1
T
1

N
1
T = 1

TGk − 1
T (33)

Since G is symmetric and stochastic, all its powers are
also symmetric and stochastic. Thus, we have1

TGk =

((Gk)T1)T = (Gk1T )T = 1
T where the second equality fol-

lows from the symmetry and the third from the stochasticity of
G. Substituting back into equation (33), we get1

TGkex = 0T .
Therefore, the expression for the mean phases in equation (32)
reduces toϕ[s] = ϕ[0] + sψ. Sinceϕex[s] = ϕ[s] − ϕ[s]1,
from equation (31), we get

ϕex[s] =

( s−1
∑

k=0

Gkex
)

δ

Since the eigenvalues ofGex, namelyλ2, λ3, . . . , λN , are less
than 1 in magnitude, the Neumann sum

∑∞
k=0 G

k

ex converges
to
(

I − Gex
)−1

[24]. Therefore, we have the desired result,

ϕex[s] →
(

I − Gex
)−1

δ ass→ ∞.

B. Linear Programming Formulation

We begin by defining the directed phase error between nodes
i and j to be eij = φi[s] − φj [s] = cTijϕ[s] where cij is
defined as:cij [i] = 1, cij [j] = −1, cij [l] = 0 ∀l 6= i, j. Since
the mean component ofϕ[s] does not contribute to the error,
we have,cTijϕ[s] = cTijϕex[s] = cTij(I − Gex)−1δ. We note
that the phase error between nodesi andj is a linear function
of the skewsδ. To obtain an estimate of the overhead required
to maintain a TDM schedule, we maximize this quantity over
all allowed excess frequenciesδ. The first constraint that the

excess frequencies must satisfy is1
Tδ = 0. Next, we note

that the excess frequencies must be bounded since the node
frequenciesFl = fl/fnom are bounded by1 ± ρmax. We see
this as follows: denoting the average frequency across nodes
by ψ, we have,Fi = ψ+ δi. Therefore,ψ andδi must satisfy
(1 − ρmax) ≤ ψ + δi ≤ (1 + ρmax) ∀i. We denote these
constraints compactly as(1−ρmax)1 ≤ ψ1+δ ≤ (1+ρmax)1.
Finally, sinceψ is the mean frequency, it is also bounded by
1± ρmax. Therefore, the problem of maximizing the directed
error between nodesi andj can be stated as,

Maximize
δ,ψ Jij = cTij(I − Gex)−1δ

subject to δ, ψ ∈ Λ

whereΛ is the set of allowed excess and mean frequencies
given by Λ = {ψ, δ : 1

Tδ = 0, (1 − ρmax)1 ≤ ψ1 + δ ≤
(1 + ρmax)1, 1 − ρmax ≤ ψ ≤ 1 + ρmax}. We call this
formulation problemPij . This problem is a linear program
since the constraints and the objective function are linearin
the decision variablesψ andδ. To find the worst error across
all neighboring nodes, we solve such a linear program for each
pair of neighborsi andj and pick the largest among resulting
errors.

We consider the special case ofψ = 1 to provide some
insight into solutions of these linear programs. In this case,
the problem of maximizing the directed phase error between
nodesi andj can be simplified as,

Maximizeδ Jij = cTij(I − Gex)−1δ

subject to δ ∈ Λ̃

where Λ̃ = {δ : ||δ||∞ ≤ ρmax,1
Tδ = 0}. We call

this reduced problem̃Pij . It is known [21] that one of the
optimizers of any linear program occurs at an “extreme point”
of the feasible set (in this case,Λ̃). Therefore, we characterize
the extreme points of̃Λ to understand the structure of the
solution to problemP̃ij . We begin with the definition of an
extreme point:δex is an extreme point of̃Λ, if it cannot be
expressed as(δ1 + δ2)/2 for any two pointsδ1, δ2 ∈ Λ̃ such
thatδ1 6= δ2. We use this definition to make two observations
that characterize the extreme points ofΛ̃.

Observation 1: Let δex = (δex,1, δex,2, . . . , δex,N ) be an
extreme point of̃Λ. Then, at most one of its components can
take the value 0.
Proof: We prove the observation by contradiction. First, we
note that||δex||∞ ≤ ρmax and 1

Tδex = 0 since δex ∈ Λ̃.
Assume that there are two positionsm and m′ such that
δex,m = δex,m′ = 0. We construct two vectorsδ+ =
δex+ξ, δ− = δex−ξ whereξ = (ξ1, ξ2, . . . , ξN ) is defined as
follows: ξm = ρmax/2, ξm′ = −ρmax/2, ξl = 0 ∀l 6= m,m′.
We see that||δ+||∞ ≤ max(||δex||∞, ρmax/2) ≤ ρmax since,
||δex||∞ ≤ ρmax. Also, 1Tδ+ = 1

Tδex + 1
T ξ = 0 + 0 = 0.

Therefore,δ+ is also contained in the feasible setΛ̃. Similarly,
we can show thatδ− ∈ Λ̃. We now arrive at a contradiction :
we have just expressed the extreme pointδex as the average of
δ+ andδ−, i.e. δex = (δ+ + δ−)/2. Therefore, we conclude
that our original assumption is wrong and that at most one



component ofδex can take the value 0.
Observation 2: Let δex = (δex,1, δex,2, . . . , δex,N) be an

extreme point of̃Λ. Then, each componentδex,i takes one of
the three values±ρmax, 0.
Proof: We prove the observation by contradiction. First, we
write δex,i = αex,iρmax with |αex,i| ≤ 1 since ||δex||∞ ≤
ρmax. Assume that for some indexm, δex,m takes a value
other than±ρmax, 0. Therefore, we can writeδex,m = νρmax
with −1 < ν < 1 and ν 6= 0. Since

∑N
i=1 δex,i = 0, we

get ν = −∑i6=m αex,i. Since ν is not an integer, we see
that there must exist another indexm′ 6= m so that−1 <
αex,m′ < 1 andαex,m′ 6= 0. We now construct two vectors
δ+ = δex + ξ, δ− = δex − ξ whereξ = (ξ1, ξ2, . . . , ξN ) is
defined as follows:ξm = π0, ξm′ = −π0, ξl = 0∀l 6= m,m′.
We chooseπ0 small enough so that||δ+||∞ and ||δ−||∞ are
both less thanρmax. We can show, as before, thatδ+ and
δ− sum to zero and thereby, conclude thatδ+, δ− ∈ Λ̃. We
now arrive at the same contradiction as before, and conclude
that our original assumption was wrong. This shows that every
entry of δex takes one of the three values±ρmax, 0.

We now put these observations together to arrive at the
desired result. Since the elements ofδex add up to zero, the
number of entries inδex that take the valueρmax and−ρmax
must be equal. Furthermore, at most one entry inδex can be
zero. From these facts, it is easy to see that: (1) If the number
of nodesN is even, then exactlyN/2 entries ofδex equal
ρmax and the otherN/2 entries equal−ρmax and (2) If the
number of nodesN is odd, then(N−1)/2 entries ofδex equal
ρmax, another(N−1)/2 entries equal−ρmax and there is one
entry that is equal to zero. Since one of the optimizers of any
linear program occurs at an extreme point, we conclude that
the largest directed phase error between nodesi andj occurs
with roughly half the nodes running at the maximum frequency
and the other half running at the minimum frequency forany
network topology. Furthermore, since the feasible sets forall
the problemsP̃ij are the same, this conclusion applies to the
directed phase error between any neighboring nodesi and j
and therefore, we get the desired result.

C. Actual System - Phase Only Adjustments

We begin with the expression for the excess phases from
equation (13),

ϕex[s] ≈
(

I +

s−1
∑

k=1

Gs−1Gs−2 . . . Gs−k

)

δ (34)

We denote the average ofϕex[s] over realizations of{Gt}s−1
t=0 ,

with a fixed set of skewsδ, by ϕex[s] = E(ϕex[s]). Using
the linearity of expectation, we get,

ϕex[s] =

(

I +

s−1
∑

k=1

E
(

Gs−1Gs−2 . . .Gs−k
)

)

δ (35)

SinceGs−1, Gs−2, . . . , Gs−k are picked independent of one
another, we have

E(Gs−1Gs−2 . . . Gs−k) = E(Gs−1)E(Gs−2) . . .E(Gs−k)

While this result is well known for scalar valued random
variables, we can easily prove it for matrices as well.
SinceGt is picked from{G1,G2, . . . ,GM} with probabilities
{p1, p2, . . . , pM}, we have

E(Gt) =

M
∑

i=1

piGi = G ∀t

whereG is the system matrix for the averaged system. Sub-
stituting in equation (35), we have,

ϕex[s] =

( s−1
∑

k=0

Gk
)

δ

We can now excise the first eigenmode ofG, as we did in
Section VIII-A, and obtain

ϕex[s] =

( s−1
∑

k=0

Gkex
)

δ

The phase errors between neighbors are simply the pairwise
differences between the corresponding entries ofϕex[s]. We
can obtain all such pairwise differences by operating on
the excess phasesϕex[s] with a matrix C. We denote the
maximum error between any pair of nodes by||Cϕex[s]||∞.
We can easily show that||v||∞ is a convex function of its
argumentv. Using this fact, we apply Jensen’s inequality to
||Cϕex[s]||∞ and obtain,

E(||Cϕex[s]||∞) ≥ ||E(Cϕex[s])||∞
= ||CE(ϕex[s])||∞ = ||Cϕex[s]||∞ (36)

For a given set of skewsδ, we recognize that||Cϕex[s]||∞
is the maximum pairwise phase difference for the averaged
system andE(||Cϕex[s]||∞) is the average of the maximum
pairwise phase difference in the original system. Thus, we
conclude that the largest error from the averaged system
provides a lower bound to the worst error in the actual system,
averaged over many realizations of communication patterns.

D. Estimating skews from raw phases

We show here that
(

I − G
)

ϕ[s] =
(

I − Gex
)

ϕex[s]. First,
since1

Tϕex = 0, we have,

(

I − Gex
)

ϕex[s] =

(

I − Gex −
11

T

N

)

ϕex[s]

=
(

I − G
)

ϕex[s] (37)

where the second equality follows from the fact thatG = Gex+
11

T /N . Next, sinceG is stochastic, we have,
(

I − G
)

1 =
1 − 1 = 0. Therefore, we can add

(

I − G
)

ϕ[s]1 to the right
hand side of equation 37 and obtain,

(

I − Gex
)

ϕex[s] =
(

I − G
)

(ϕex[s] + ϕ[s]1)

=
(

I − G
)

ϕ[s] (38)

where the second equality follows from the the fact thatϕ[s] =
ϕ[s]1 + ϕex[s]. Thus, we have the desired result.



E. Expression for the skew estimate - Averaged system

We first obtain an expression for the entries ofG. By defini-
tion, the(i, j)th element ofG is G(i, j) =

∑M
m=1 pmGm(i, j).

We consider the casei 6= j first. If Nj transmits a packet
to Ni when themth matching matrixGm is in operation, we
haveGm(i, j) = β; otherwise,Gm(i, j) = 0. Therefore, the
only matricesGm that contribute toG(i, j) are those such that
Gm(i, j) = β. Summing over the probabilities of picking such
matrices, we can obtain the probability thatNj transmits to
Ni. We denote this probability byqj→i. With these definitions,
we see thatG(i, j) is exactlyqj→iβ. SinceG is stochastic, we
haveG(i, i) = 1−β∑j 6=i qj→i. We denote theith component
of ϕ∞ by ϕ∞,i and that ofLϕ∞ by [Lϕ∞]i. We now expand
the matrix vector productL = (I − G)ϕ∞ and equate itsith

component toδi. By this process, we get,

[Lϕ∞]i = β
N
∑

j=1

qj→i(ϕ∞,i − ϕ∞,j) = δi (39)

F. Evolution of the excess phases across a round

Applying equation (5) to phase evolution within a round,
from slot (s− 1, r) to (s, r), we have

ϕ[s, r] = Gϕ[s− 1, r] + δ[s, r] + ψ[s, r]1 (40)

Since the frequencies are unchanged from the beginning of
roundr, the mean and excess frequencies are also unchanged
from their values at the start of roundr i.e. ψ[s, r] = ψ[0, r]
andδ[s, r] = δ[0, r]. Using this observation, and stepping back
in time repeatedly using equation (5), we obtain

ϕ[s, r] = sψ[0, r]1 + Gsϕ[0, r] +

( s−1
∑

k=0

Gk
)

δ[0, r] (41)

We now compute the mean phase across nodes in slots of
roundr, denoted byϕ[s, r]. Sinceϕ[s, r] = 1

Tϕ[s, r]/N , we
have,

ϕ[s, r] = sψ[0, r]
1
T
1

N
+ 1

TGsϕ[0, r] + 1
T

( s−1
∑

k=0

Gk
)

δ[0, r]

(42)
Consider the terms separately. The term1T1/N is simply
1. We see that1TGk = 1

T ∀k: 1
TGk =

(

(Gk)T1
)T

=

(Gk1)T = 1
T where the second equality follows from the

symmetry and the third from the stochasticity ofG. Thus, the
second term in equation (42) simplifies to1

Tϕ[0, r] = ϕ[0, r].
We also use the fact that1TGk = 1

T to show that the
third term

∑s−1
k=0(1

TGk)δ is annihilated:
∑s−1

k=0(1
TGk)δ =

∑s−1
k=0 1

Tδ = 0 where the second equality follows from
the fact that1Tδ = 0. Putting these terms together, the
mean phase in slot ofs of round r is given by ϕ[s, r] =
sψ[0, r] + ϕ[0, r]. Since the excess phasesϕex[s, r] are given
by ϕ[s, r] − ϕ[s, r]1, we have, from equation (41),

ϕex[s, r] = Gsϕ[0, r] − ϕ[0, r]1 +

s−1
∑

k=0

Gkδ (43)

SinceGs is also stochastic, we haveGs1 = 1, giving us,

ϕex[s, r] = Gs(ϕ[0, r] − ϕ[0, r]1) +

s−1
∑

k=0

Gkδ (44)

= Gsϕex[0, r] +

s−1
∑

k=0

Gkδ (45)

where the second equality follows from the definition of the
excess phases. SinceGkδ = Gkexδ (see Section VIII-A), we
obtain the desired result:

ϕex[s, r] = Gsϕex[0, r] +

s−1
∑

k=0

Gkexδ

G. Recursive bounds on the excess phases

The phases in the last slot of roundr and the first slot
of round r + 1 are related by the phase evolution equation:
ϕ[0, r + 1] = ϕ[Wr − 1, r] + ψ[0, r]1 + δ[0, r]. We can once
again calculate and subtract out the mean from both sides of
this equation to infer thatϕex[0, r + 1] = ϕex[Wr − 1, r] +
δ[0, r]. Taking infinity norms on both sides and applying the
triangle inequality, we get

||ϕex[0, r + 1]||∞ ≤ ||ϕex[Wr−1, r]||∞ + ||δ[0, r]||∞ (46)

However, we know from equation (17) that,

ϕex[Wr − 1, r] = GWr−1

ex ϕex[0, r] +DWr−1δ[0, r] (47)

Taking infinity norms on both sides of this equation and
applying the triangle inequality, we get,

||ϕex[Wr − 1, r]||∞ ≤ ||GWr−1

ex ||∞||ϕex[0, r]||∞
+ ||DWr−1||∞||δ[0, r]||∞ (48)

Substituting this in equation (46), we get,

||ϕex[0, r + 1]||∞ ≤ ||GWr−1

ex ||∞||ϕex[0, r]||∞
+ (1 + ||DWr−1||∞)||δ[0, r]||∞ (49)

which proves the desired result.

H. Proof of Proposition 4

Proof: As usual, we only prove the statement for the case
whereS1{r} 6= ∅. Let N# be the node with the maximum
frequency in roundr. SinceS1{r} 6= ∅, N# ∈ S1{r}. Thus,
from Proposition (1),N# reduces its frequency after roundr.
Therefore,FN#{r + 1} = FN#{r} − µ. We now prove the
proposition by considering three cases.

Case 1: Let Ni be any node other thanN# in S1{r} ∪
S2{r}. From Proposition (1),Ni also reduces its frequency
after roundr, or Fi{r + 1} = Fi{r} − µ. Therefore,Ni

continues to have a frequency smaller or equal to that ofN#

in round r + 1: FN#{r + 1} − Fi{r + 1} = (FN#{r} −
µ) − (Fi{r} − µ) = FN#{r} − Fi{r}, which, by definition,
is greater than or equal to zero.

Case 2: Let Ni be a node inS3{r} or S4{r} or S5{r}.
Thus, Ni’s frequency in therth round is not too large:



Fi{r} ≤ ψ{r} + ǫ + χ. Furthermore, from Proposition (1),
Ni does not increase its frequency at the end of roundr
i.e. Fi{r + 1} ≤ Fi{r}. Therefore, we have,Fi{r + 1} ≤
ψ{r} + ǫ + χ. However,N#’s frequency in roundr + 1 is
larger than this :FN#{r+ 1} = FN#{r}−µ > (ψ{r}+ ǫ+
µ+ χ) − χ = ψ{r} + ǫ+ χ (the inequality follows from the
fact thatN# ∈ S1{r}).

Case 3: ConsiderNi with a negative excess frequency in
round r. From Proposition (2), we know thatFi{r + 1} <
ψ{r}. However, we have already shown thatFN#{r + 1} >
ψ{r} + ǫ+ χ. Therefore,FN#{r + 1} > ψ{r} > Fi{r + 1}.

Therefore,FN#{r+ 1} ≥ Fi{r+ 1} ∀i andN# continues
to be the node with the highest frequency in roundr+1. Since
it was also the node with maximum frequency in therth round
and its frequency decreased byµ at the end of roundr, we
haveFmax{r + 1} = Fmax{r} − µ.

I. Proof of Proposition 6

Proof: We only prove the statement for nodes with
positive excess frequencies in therth round. For notational
ease, we denote the change in the mean frequency from round
r to roundr+1 by ∆ψ{r} = ψ{r+1}−ψ{r}. From corollary
1, we have|∆ψ| ≤ µ.

Case 1: Let Ni ∈ S2{r}. From Proposition 1, we know
that Ni decreases its frequency at the end of roundr, or
Fi{r+1} = Fi{r}−µ. Consequently, its excess frequency in
roundr+1 is, δi{r+1} = Fi{r+1}−ψ{r+1} = Fi{r}−µ−
ψ{r + 1}. Adding and subtractingψ{r} to the extreme right
hand side and grouping terms, we getδi{r + 1} = δi{r} −
µ−∆ψ{r}. SinceNi ∈ S2{r}, we have bounds on its excess
frequency,ǫ + χ < δi{r} ≤ ǫ + χ + µ. Using these bounds
and the fact that|∆ψ{r}| ≤ µ in the expression forδi{r+1},
we get,ǫ + χ − 2µ ≤ δi{r + 1} ≤ ǫ + χ + µ. We also have
ǫ+χ−2µ = −(ǫ+µ+χ)+(2ǫ−µ+2χ)> −(ǫ+µ+χ) since
we have chosenǫ > µ+χ. Therefore,|δi{r+1}| ≤ (ǫ+χ+µ).

Case 2: Let Ni be inS3{r}∪S4{r}∪S5{r}. From Propo-
sition (1), we know thatNi does not increase its frequency
after roundr, or Fi{r + 1} ≤ Fi{r}. From Proposition 2,
we also know that it does not decrease its frequency too
much, Fi{r + 1} > ψ{r}. Chaining these inequalities, we
get, ψ{r} ≤ Fi{r + 1} ≤ Fi{r}. We first subtractψ{r}
throughout and then, add and subtractψ{r+1} to the middle
term and obtain,0 ≤ δi{r+1}+∆ψ{r} ≤ δi{r}. Equivalently,
we have−∆ψ{r} ≤ δi{r + 1} ≤ δi{r} − ∆ψ{r}. Since
Ni ∈ S3{r} ∪ S4{r} ∪ S5{r}, we have0 ≤ δi{r} ≤ ǫ + χ.
Using this bound and the fact that|∆ψ{r}| ≤ µ in the expres-
sion forδi{r+1} we get,−µ ≤ δi{r+1} ≤ ǫ+µ+χ. Since
−µ > −(ǫ+µ+χ), we conclude that|δi{r+1}| ≤ (ǫ+µ+χ).

J. LLN arguments for the actual system

Since the third term in equation (23) is sufficient to obtain
the excess-averaged-phase we denote it byϕav,suf . We set

ϕav,suf = Hδ[0] where

H ,
1

SR

SR−1
∑

s′=2

[

I +

s′−1
∑

p=1

Gs′−1Gs′−2 . . . Gs′−p
]

=
SR − 2

SR
I +

1

SR

SR−1
∑

s′=2

s′−1
∑

p=1

Gs′−1Gs′−2 . . .Gs′−p (50)

We now express the matrixH as the sum of matricesHp, 0 ≤
p ≤ SR − 2, with the matrixHp collecting all the terms in
H which are products ofp system matrices. To do this, we
interchange the order of the sums in equation (50) and get,

H =
SR − 2

SR
I +

1

SR

SR−2
∑

p=1

SR−1
∑

s′=p+1

Gs′−1Gs′−2 . . . Gs′−p

We can set H0 = (SR − 2)/(SR)I and Hp =
1
SR

∑SR−1
s′=p+1Gs′−1Gs′−2 . . . Gs′−p, 1 ≤ p ≤ SR − 2 and

see that each term in the sum forHp is a product ofp system
matrices. We use the LLN, and some approximations, to show
that Hp is virtually independent of the precise schedule in
operation during this round of slots.

An expression forHp for small values ofp: We begin with
the simplest of these matricesH0. For large values ofSR, we
can approximate(SR−2)/(SR) by 1 and consequentlyH0 ≈ I

when SR ≫ 2. Next, we consider the simplest “nontrivial”
matrixH1. By definition, we have,

H1 =
1

SR

SR−1
∑

s′=2

Gs′−1 =
G1 +G2 + . . .+GSR−2

SR
(51)

Since the matrices{Gt}∞t=0 are chosen indpendently
from the setSm = {G1,G2, . . . ,GM} with probabilities
{p1, p2, . . . , pM} respectively, we can use the law of large
numbers whenSR is large and obtain,

H1 =
SR − 2

SR

G1 +G2 + . . .+GSR−2

SR − 2
≈ SR − 2

SR
G (52)

where G, as before, denotes the average system matrix
∑M
i=1 piGi. WhenSR ≫ 2, we can approximate(SR−2)/SR

by 1 and therefore,H1 ≈ G.
We now consider the matrixH2. By definition, H2 =

1
SR

∑SR−1
s′=3 Gs′−1Gs′−2. Expanding the sum, we get,

H2 =
G2G1 +G3G2 +G4G3 + . . .+GSR−2GSR−3

SR
(53)

We cannot apply the law of large numbers to equation (53)
directly because the terms in the sum are not independent. For
example, the first two terms haveG2 in common and therefore,
cannot be independent. However, the correlation between the
terms in the sum is fairly weak - only adjacent terms have
any dependence at all. For example, the first termG2G1 is
completely independent of the third termG4G3 and any future
terms. Therefore, we can break the dependence among the
terms by splitting the sum into two parts: one part consisting



of the odd terms and the other part containing the even terms.
After such a split, we get,

H2 =
G2G1 +G4G3 + . . . GSR−3GSR−4

SR

+
G3G2 +G5G4 + . . . GSR−2GSR−3

SR
(54)

where we have assumed, for concreteness, thatSR is odd.
Since the constituent elements of the doublet matrices, such
asG2G1, G4G3 are independent, each doublet has an average
value of G2

. Now, consider either sum in equation (54): it
consists of(SR − 3)/2 terms, which are all independent of
one another. Applying the law of large numbers separately to
each sum, we see that they both approachSR−3

2SR
G2

whenSR

is large. Therefore,H2 ≈ 2 × SR−3
2SR

G2 ≈ G2
for large values

of SR. In a completely analogous fashion, we can split the
expression forHp into p “interleaved” sums and use the LLN
on each sum to conclude thatHp ≈ SR−(p+1)

SR
Gp ≈ Gp as long

asSR − (p + 1) is large or equivalently,SR ≫ p + 1. Next,
we tackle the problem of simplifyingHp when p becomes
“large”.

An expression for Hp for large values of p: Each term
in the sum forHp = 1

SR

∑SR−1
s′=p+1Gs′−1Gs′−2 . . . Gs′−p

is a product ofp stochastic matrices. Thus, ifp is larger
than the critical limit Sw, a generic term of the form
Gs′−1Gs′−2 . . . Gs′−p, is equal to a rank-one matrix1αT

s′,p.
Substituting into the expression forHp, we get

Hp = 1αT
p (55)

whereαp =
∑SR−1

s′=p+1 αs′,p/(SR) whenp > Sw.
We put these results together in the form of three conclu-

sions. Since we have chosen the slotsSR such that it is much
larger than bothSG andSw (i.e SR ≫ S∗ = max(SG , Sw)),
we have:

1) SinceS∗ is much smaller thanSR, Hp ≈ Gp, p < S∗

2) SinceS∗ is larger than the critical limitSw, Hp ≈
1αT

p ∀p ≥ S∗ for some vectorαp

3) SinceS∗ is larger thanSG , λS
∗

2 is negligible
Adding these terms to formH and substituting into the
expression forϕav,suf , we get,

ϕav,suf = Hδ[0] ≈ κ1 +

S∗−1
∑

p=0

Gpδ[0] (56)

whereκ =
∑SR−2

p=S∗ (αT
p δ[0]). Since the first term only con-

tributes to the mean of the averaged phases, it can be thrown
out. Thus, we get theexcess-averaged-phases ϕav,ex to be

ϕav,ex ≈
S∗−1
∑

p=0

Gpδ[0]

SinceGpδ[0] = Gpexδ[0] (see Section VIII-A), we have,

ϕav,ex ≈
S∗−1
∑

p=0

Gpexδ[0] (57)

We can now write
∑S∗−1

p=0 Gpex =
∑∞

p=0 G
p

ex −∑∞
p=S∗ Gpex.

Since all eigenvalues ofGex are less than 1, the Neumann sum
∑∞
p=0 G

p

ex converges to
(

I − Gex
)−1

. ApproximatingGsex by
the dominant term in its spectral decomposition,λs2v2v

T
2 , we

get,
∞
∑

p=S∗

Gpex =
λS

∗

2

1 − λ2
v2v

T
2 ≈ 0

where the second equality follows from the fact thatλS
∗

2 is
negligible. Using these conclusions in equation (57), we get
the desired result,

ϕav,ex ≈
(

I − Gex
)−1

δ[0]


