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Noncoherent Multiuser Detection for CDMA Systems
with Nonlinear Modulation: A Non-Bayesian
Approach

Eugene VisotskyMember, IEEEand Upamanyu Madhagvsenior Member, IEEE

Abstract—This paper considers the problem of multiuser multiuser detection is that dfnearly modulatedsignals: for
detection for a system in which each user employs nonlinear each user, the (lowpass equivalent) signal sent in a given symbol
modulation, with an emphasis on noncoherent detection tech- interval consists of a symbol waveform multiplied by a com-

niques which do not require knowledge of the users’ channel | lued bol. For i dulati th b
parameters at the receiver. Our goals are to gain fundamental P'€X-Valu€d Symbol. Forlinear modufation, theer subspace

insight into the capabilities of multiuser detection in such a setting, defined to be the subspace spanned by the set of possible sig-
and to provide practical algorithms that perform better than  nals sent by a given user, has complex dimension one, since itis
conventional matched-filter reception. We begin by providing spanned by the user’s symbol waveform. For the purpose of this
fundamental performance benchmarks by considering coherent aher nonlinear modulatiorrefers to any modulation scheme
maximume-likelihood (ML) detection, which requires knowledge S . . .
of the users’ channel parameters, as well as noncoherent detec-wh'Ch '.S not linear”; that is, with US?V subspace of ComP'eX
tion, formulated in a non-Bayesian generalized likelihood ratio dimension greater than one. A classical example of nonlinear
test (GLRT) framework. The asymptotic performance of each modulation isM -ary orthogonal modulation, for which the user
detector, as the noise level vanishes, is characterized, yieldingsubspace is of dimensial/. More generally, coded modula-
simple geometric criteria for near—far resistance. In general, both i gptained by the cascade of an encoder and a modulator (the
the ML and GLRT detectors have complexity which is exponential latter is often linear) is invariably nonlinear; that is, the trans-
in the number of users. We, therefore, propose the more practical " . ; ' v
sequential decision projection (SDP) detector, which has com- Mitted signal corresponding to a codeword may be viewed as a
plexity which is quadratic in the number of users. It is shown that nonlinearly modulated “symbol,” typically selected from a large
the SDP detector has nonzero asymptotic efficiency if the users’ alphabet. Note that linearly modulatedbsymbol®ften form
powers are suitably disparate. the building blocks for a nonlinearly modulated symbol.
Multiuser detection methods for linearly modulated systems
Index Terms—Code division multiple access (CDMA), direct se- typically exploit the fact that different users have different
?rldcrennce, multiuser detection, nonlinear modulation, spread spec- symbol waveforms (these may possibly change from symbol to
symbol). For example, in direct sequence (DS) code division
multiple access (CDMA), each user is assigned a different
spreading wavefornwvhich occupies a bandwidth significantly
larger than the symbol rate. In narrow-band applications (i.e.,
when the bandwidth of the symbol waveform is comparable
CANONICAL problem in multiuser communications isto the symbol rate), each user may use the staresmitted
the demodulation of one or more signals based on a &ymbol waveform, but theeceivedsymbol waveform may
ceived signal that is the sum of the signals generated by séiffer due to each user seeing different channels. Two key
eral independent (typically asynchronous) users. Multiuser detions, applicable to any modulation scheme and any detector,
tection attempts to exploit the structure of the multiple-accetftat have emerged in the literature agymptotic efficiency
interference (MAI) due to other users when demodulating one[@] and near—far resistancg4]. Asymptotic efficiency for a
more desired users, thereby providing substantial performargtgtector is the rate of decay, as the noise level goes to zero, of its
gains over conventional methods that ignore this structure. Téksor probability relative to that of the error probability without
specific structure assumed in much of the past literature [1] &fAl. Near—far resistance is the value of asymptotic efficiency
for the worst possible values of the users’ amplitudes. For
linearly modulated systems, the optimal maximum-likelihood
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mean-square error (MMSE) detector [8]. Another suboptimtbn strategy is attractive because the performance of a desired
strategy that has been explored is that of interference subtraser does not depend on the symbols sent by the interfering
tion, either sequentially [6], [7], [19] or in parallel [5], in which users, such a receiver would exist only if the dimension of the
estimates of the interferers’ data are used to reconstruct #ignal space is larger than that of the total interference subspace.
MAI and to subtract it out from the received signal. Thus, decorrelation is a useful concept mainly when the user
While we briefly consider coherent ML detection at thesubspaces are of small dimension. The concept of decorrela-
beginning as a performance benchmark, the emphasis of tii® is used in [10] to develop a decision feedback-type detector
paper is on noncoherent detection techniques, which do mdtich is similar to the SDP detector proposed in this paper in
require knowledge of the users’ channel parameters at tihat the users are detected sequentially. The SDP detector, how-
receiver. In order to focus on the geometry of the signal spaeeer, is not based on the concept of decorrelation with respect
rather than on the model for channel uncertainty, we adoptathe total interference subspace and hence is not limited by
non-Bayesian approach to the unknown data and chann#éh& dimensionality requirements on the user subspaces. Detailed
Thus, the performance benchmark for noncoherent detectmsmparison of the performance of the SDP detector with that of
is taken to be the generalized likelihood ratio test (GLRT)he decision feedback detector proposed in [10] is beyond the
which performs joint ML estimation of the data and the channstope of this paper. The GLRT detector is briefly discussed in
parameters. The asymptotic efficiency and near—far resistafit®, Sec. 5], although no performance analysis appears in that
for both the ML and GLRT detectors are obtained, the resultsference.
for the latter yielding new geometric insights into honcoherent Yet another suboptimal approach is successive interference
detection. cancellation [7], which estimates the users’ symbols one by one,
An alternative, Bayesian, approach to noncoherent multiussibtracting out past decisions from the received signal by using
detection, which models the channel parameters as random vaniplitude estimates obtained from the decision statistics. Errors
ables with a known distribution, is treated in [11]. in amplitude estimation lead to residual interference even when
For linearly modulated systems, treating interferers’ amplihe decisions made for the interfering users are correct, so that
tudes as unknown parameters and applying the GLRT detéwe detector in [7] exhibits an interference floor in performance
tion rule, the (linear complexity) decorrelator [1] is recoveredatven under the best of circumstances. In contrast, SDP detection
For systems with nonlinear modulation, however, both ML arid immune to errors in amplitude estimation because we use or-
GLRT detection are exponentially complex, and are therefoifgogonal projection rather than subtraction, and this is the key to
impractical. This paper proposes a suboptimal sequential deéts-nonzero asymptotic efficiency (which translates to the error
sion projection (SDP) detector, which has complexity quadraticobability tending to zero as the background noise vanishes)
in the number of users. The idea here is to estimate the symhatsler disparate powers. A method similar to SDP detection has
sent by the users one by one, with the decision irktihestage been proposed for linearly modulated systems in [22]: the dif-
being based on conventional reception using the projectionfefence is that, while the projection operation does not require
the received signal orthogonal to the signals correspondingkimowledge of user amplitudes, the order of demodulation in [22]
the previous: — 1 decisions. The order of demodulation is nois fixed a priori based on the user powers, unlike the empirical
fixed; rather, it is based on which user (among the ones that oeelering employed by our SDP detector. Prior to [7], most other
main to be demodulated at a given stage) has the largest decisittempts at successive interference cancellation (e.g., [6], [19])
statistic. Thus, at stage the user being demodulated sees useassumed that the amplitudes of the interfering users were known
that have notyet been demodulated as noise. For reliable dentocthe receiver.
ulation, this “noise” should be small compared to the power of For ease of exposition, we restrict attention to a synchronous
the user being demodulated. Using such reasoning, we are dbEMA system throughout. Extension to asynchronous CDMA
to show that the SDP detector has nonzero asymptotic efficiensyconceptually straightforward, since asynchronous CDMA
if the user powers are sufficiently disparate. The SDP detectonigy be viewed as synchronous by interpreting each symbol of
not near—far resistant (i.e., its worst case asymptotic efficienegich user as a different virtual user. The number of relevant
is typically zero), with the worst case occurring when the usevitual users for each symbol decision can be restricted by
are at roughly equal powers. As shown in our numerical resutsnsidering a finite observation interval for each symbol
in Section V, for fast fading, the power disparities required fatecision (see, for example, [20] for an “equivalent synchronous
SDP detection to work well would arise naturally even whemodel” corresponding to a linearly modulated asynchronous
the users are controlled to arrive at the same average recei@@MA system).
power. On the other hand, as discussed in our conclusions ifThe remainder of this paper is organized as follows. In Sec-
Section VI, for channels with either slow or no fading, it mightion Il, we present the system model, the performance measures
well be advantageous to use power control that enforces dispaonsidered, and the coherent ML detector. In Section lll, we
ities in user powers. consider noncoherent detection using the GLRT, and investigate
Another low-complexity detector which has been recentiys performance in terms of asymptotic efficiency and near—far
proposed [14], [17], [9] is the following extension of the decorresistance. The geometric insights into noncoherent detection
relating detector: to demodulate a user of interest, project theveloped in Section Ill are used to provide bounds on asymp-
received signal orthogonal to the space spanned by all posstoléc efficiency and near—far resistance, and to establish criteria
signals that any of the interfering users could send, a space ttasthe GLRT detector to have nonzero near—far resistance. Sec-
we term thetotal interference subspac®Vhile this decorrela- tion IV contains the description and analysis of the SDP de-
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tector. Numerical results are presented in Section V, and ourPz : Projection of vectoz orthogonal to the subspace
conclusions are given in Section VI. S8 (P3x = z — Psz). S
Sy Subspace spanned by signal vectats, ',
[l. PRELIMINARIES .., w3 sentundetH (j).

Signal sent undeH (j), s(j) = U; A.

Number of users in the system, numbering users
1 throughk.

Processing gain.

We describe in Section II-A the system model and notation 3(7_):
to be used in the remainder of this paper. Section II-B intro- ~**
duces the performance measures used to characterize multiuser_
detectors. In Section II-C, we examine the performance of the™"-
(coherent) ML detector. The structure and performance of tBe Performance Measures
ML detector for nonlinear systems is similar to the ML detector

considered in the context of linear modulation [2]. Throughout this paper, we adopsymptotic efficiency?]

and near—far resistanc¢3] as the standard measures charac-
A. System Model and Notation terizing the asymptotic behawo_r of m_ultluser_detectors_. For
) ) ) ~ AWGN channels, the asymptotic efficiency) is the ratio
We consider the following synchronous discrete 8me ot he rates of exponential decay of error probability for the
CDMA system, with received vector given by multiuser detectorP. »;y, relative to the single-user error

' K ’ probability P sy as the noise level tends to zero [2]. Thus, it
r=Awd + > A +w (1) is defined as the limit
k=2 . log Py
v= lim ———— 3)

g A 20 log P, 7 )
whereu;" denotes the vector sent by ugewhen symbob;. is 770 208 e st

transmitted,A,, is the complex amplitude of thieth user, and The near—far resistandg) of a multiuser detector is the min-
w is complex additive white Gaussian noise (AWGN) with inlmum value that its asymptotic efficiency can take if the am-
dependent real and imaginary parts, each with covariadée plitudes of the interferers can be chosen arbitrarily. Following
Userk employs an alphabet of size},. Without loss of gen- [12], the near—far resistance for complex amplitudes is formally
erality, assume that user 1 is the desired user, and that all (dgfined as follows:

waveforms are normalized to have unit energy, jle;: ||> = 1. n= min -~ (4)
Denote byA the column vector of complex user amplitudes Az Ar€C

{Ar, 1 <k < K}. where(C is the set of all complex numbers. Nonzero near—far

It is convenient to denote by the vector of symbols resistance implies that the error probability of the detector al-
(j1, j2» - .., jr-), and by H(j) the hypothesis thaf is sent. ways decays exponentially fast as the noise level tends to zero,
The set of all possible values gfis denoted by7, and has regardless of the interferers’ amplitudes.
sizeM; x --- x My. For each usei, the set of all possible
symbolsj; is denoted by7;. With this notation, the received C. ML Detection

vector under hypothesH(j) can be expressed as follows: Let
Hj):r=U;A+w ) X .
’ 8(j) = Awul' + ) Agui
wherel/; is a matrix whose columns are user-vectors sent under k=2
hypothesisH (j). . . .
Notation: The following notation is used throughout thisd€note the signal received under hypothésig). The ML de-

paper tector implements a minimum-distance rule to arrive at the fol-
lowing vector symbol estimate:

= UM Conjugate transpose of vecter matrix U, re- - ) .
spectively J =argmin [|r — s(j)]|. )
' ict

of | #7. . . . ) '
Plg gl Probability that the receiver decides that h)’.powblearly, this rule requires knowledge of the vectaf$ (which

) R . .
esisH(j') is true, given that hypothes#(j) is involves knowing the signaling waveform for each possible

trl:’e. transmitted symbol for each user and the timing for each user),
(z, ) 'y as well as of the complex amplitudes, for all users. The
||l |: Vi, z). complexity of this detector i/’ the number of possible
Qx): Complementary cumulative distribution func-values for the vector symbgl
tion (cdf) of a standard Gaussian random Similarly to the case of the ML detection of linearly modu-
variable lated CDMA systems [1], we obtain from (3) that the asymptotic
1 o 2 efficiency of the ML detector fog nonlinearly modulated CDMA
Qz) = —/ e 2 du. systems is given by = donin_ whered,,;, denotes the
V2r o o . (din)” o
o minimum distance between signals in the §&tj):j € J},
Psa: Projection of vector onto subspacs. andd®®_is the minimum distance on the single-user constella-

1The restriction to discrete time is for the sake of simplicity, since all resuffion of the first.user. Minimizing the asymptotiF: efﬁciency_ with
extend to signals in any Hilbert space. respect to the interferers’ amplitudes we obtain Proposition 2.1.
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Proposition 2.1: The near—far resistance of the ML detectowhere||«’||* = E,, i = 1, 2. By applying (7) and recognizing
for the first user is given by that in this casé/; = ' andU; = »?, we obtain the standard
binary noncoherent detector

min
3.3 €T 0 #5]

min ||v (71, 79)||?
sain [os i, 701

2
PE i1, 4 H
vz, P11 31)

@ = arg max lulr?. 9

(6)

™ML =

A. Asymptotic Performance of the GLRT Detector

where Throughout this section, we fix two hypothesB%j) and

H(j') such thatj} # j;. Conditioning throughout o#/ (), set

8 = 8(j) as the received signal in the absence of noise. The net
received vector = s + w, wherew denotes the noise vector.
The incorrect decoding region for pairwise testing using (7) is
given by

The following corollary is immediate. DG > ) = {y ccN. HPSLJyH > HPSLJ?J ‘} _ (10)

Corollary 2.1: The near—far resistance of the ML detector i§he computation of the pairwise error probabilities of the
nonzero for the first user if, and only ifi;" — uy* is linearly  GLRT detector involves sums of dependent magnitude-squared
independent ofu;* —“ffv 2 < k < K} for every possible pair complex Gaussian random variables, and can be performed
of vector symbolgj, ' such thatj; # j;. directly using the method of characteristic functions [13].
However, the resulting expressions are complicated and are

Remark 2.1: The linear independence condition for linearly

modulated CDMA systems [4] follows directly from the corol—.nOt easily amenable to asymptotic analysis. In order to obtain

lary. For linearly modulated systems?* = bi*s,, wheres insight into the performance of the GLRT detector, therefore,

is tﬁe symbol vector for uséy andbjkkis; coméiex symbl:)I we obtain an asymptotic characterization of the pairwise error

Hence wi(jx, 1) = (b* bj;c )8, which lies in the span o.f probabilities as the noise variance tends to zero using signal
Yk o JEk) T - C

the symbol vector of uset. Thus, nonzero near—far resistancgpg%?];zgﬁetﬁ?' airwise error exponarti’|#) of the deca
for the first user is obtained, if and only if, its symbol vector i P poneriy’|) Y

S -
linearly independent of the symbol vectors of the interferers.dmIned as

{va(in, Jo) =w* —ulb, 1 <k < K}

andSy;, j, as the subspace spanned by ma¥iy, j') with
columns{vy(jx, j1.), 2 < k < K}.

e(i'|4) = - 121m0 207 log P[§'|4]- (11)
ll. GLRT DETECTOR Similarly to the case of the ML detection, the asymptotic effi-
The GLRT detector is obtained by maximizing the likelihoogi€ncy of the GLRT detector is given by
of each hypothesis with respect to the unknown parameters, NGTRT = CGLRT (12)
and then choosing the most likely hypothesis. It may be inter- CHLRT

preted as the joint ML estimate of the unknown parameters anwbiere
the transmitted data. For an AWGN multiuser channel with un- . o
known complex amplitudes, the GLRT reduces to the following CGLRT = jjf}?;jl e(3'19)
minimum distance rule:

. andeg g denotes the corresponding exponent for GLRT de-

J=argmin min_ |r — U;A| = argmax || Ps;r|>  (7) tection for a single user.

JjeJ AecK jed . . e .
We complete the asymptotic analysis by specifying the ex-

where the second equality follows becadégis a (possibly ponents{c(j'|j)}. Let d(j'|7) denote the distance &f from
nonorthonormal) basis faf;. Minimization overj € J does D(j’ > j). As stated in Theorem 3.1 below, the pairwise error

not require knowledge of user amplitudes, but it does requigkponent is governed by this distance, analogous to the distance
knowledge of all user vectors. As with the ML detector, the confotions relevant for ML detection.

plexity is M, the number of possible values fir o o
From (7), we conclude that, since the user amplitudes are al-1 h€orem 3.1:The pairwise error exponent is given by
lowed to vary over the set of complex numbers, the detector e(f'1q) = d(4'15)? (13)
minimizes the distance from the received veatdp the sub- g4 that the pairwise error probability has the asymptotic form
spaceS;. Alternatively, the GLRT detector projects the received d(i']3)?
vector onto the subspace spanned under each hypothesis, and P[j'|4] ~ exp <— J z ) .
chooses the hypothesis corresponding to the largest projection. 20
Fig. 1 illustrates the geometric interpretation of the decision rufdirthermored(j’|j) > 0 if and only if s Z S;.
in a binary hypothesis testing setting. Application of the GLRT ~ Proof: To establish the equality, we derive upper and
to a single-user setting yields the familiar noncoherent detectwer bounds on the pairwise error probability that coincide
i , i asymptotically ass? — 0. The upper bound on error prob-
Example 1: Consider binary equal energy modulation for ayjjiv which corresponds to a lower bound on the exponent

single user (12), is based on the observation that
H(i):r = Au' +w, i=1,2 ®) Pl3'li] < P(lwll > d(5']5)) (14)
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region D (j’ > j) region D (j’ > j)

choose H(j”) choose H(j)

choose H(j) choose H(j)

Fig. 2. lllustration of the lower bound.

Fig. 1. lllustration of the GLRT detector for binary hypothesis testing.
Lemma 3.1: Define the event,,

since, otherwise, the received vector could not fall in the wrong E,=E , N By, (17)
decoding region. This is illustrated in Fig. 1, where we show the
idea in a simplified two-dimensional setting. The entries of théhere

noise vectony are zero mean independent complex Gaussian o s 1 1 N
) = Z)<w < -
random variables. Hence, the energy Ein {d(J {1+ n) == A n 3’1

N and
2 2 2
[[wl]” = ;[Rﬁ(wz‘)] + [Im(w;)] Bz = {JJwt] < en}.
of the noise vector has a chi-square distribution @ithdegrees  Then, there existsl > 1 and, forn large enough, there exists
of freedom, so that (see [16, p. 43]) €, > 0 such that&,, lies in the error regioD(j' > j).

Gl N7 o ./| )2 & Proof: See Appendix A.

J 1J . .

P(|lw|| > d(§'|5)) = e 207 E : o < ;Ug ) . (15) The lemma implies that
Plj'l4] = P[E,]. (18)

k=0
Applying the definition (11) yields, using (14) and (15), that
Sincew is white and Gaussiam;, andw? are uncorrelated and
e(§'|9) > d(4'|5)2. (16) jointly Gaussian, and hence independent. Therefore, we have

We now derive a lower bound aR[j’|5] (corresponding to an P[E,] = P[E1 »]P[E2, 5] (19)
upper bound on(j’|5)). The ideais to consider adominant errop
event in which the noise vector “points” in the direction corre-
sponding to the minimum distance frasto the incorrect region PlE; .| —1 (20)
D(j' > j), and the norm of the noise vector exceeds the min- . . : :
imum distancel(j’|7). This event is a lower bound because thanceen > 0. Furthermore, since, is mean zero Gaussian with

) 5
dominant error event is not the only way of producing an errof2fanceos, it follows that

Since its probability is asymptotically governed B’ |3), it d(§'1i) (1+ 1) (A—21) di'ls)
PlE] = Q| == | - Q| = ).

ixing n, ase? — 0, we have

coincides asymptotically with the upper bound (15)/fG’|4].
Consider now the lower bound in detail. Defige as the
point in D(j > j) closest tos, and definex, = s — y, as As¢? — 0, we obtain that
the vector that points in the direction of the shortest path from 1\2
stoD(j' > j), sothatd(j'|j) = ||z.|| = ||s — .| Thisis —20%log P[Ey ] — d(5'15)? <1 + —) . (21)
illustrated in Fig. 2. "
We now decompose the noise vecteinto two orthogonal It follows from (18)—(21) that

components as follows. The first, of length, points alonge., 1\ 2
and is given by e(§'19) = lim —20%log P’ |j] < d(j'|5)* <1 + —) i
o2 —0 n
w*ﬁ = (w, =) ||£_*||z- Let/ting n — oo completes the proof of the upper bound on
: (7' l3).
The second is It remains to prove the necessary and sufficient condition for
1 e a nontrivial error exponent. i € S;, clearly,d(j’|7) = 0,

w, =W — W m . . . . . .
sincesS;: is contained inD(j° > j). Conversely, suppose that

the component ofy orthogonal taz... The following lemma, 8 € Sy . Define the functional'(w): Y — R as

proved in the Appendix, gives the construction for a dominant n 2 n 2
error event. F(w) = Hst, (s +w)H - Hst(s +W)H :
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Sinces € §;, we havef'(0) > 0if s ¢ Sy (and hence # 0). Proposition 3.3: Nonzero near—far resistance of the GLRT
Hence, by the continuity of”, there exists®y > 0 such that detectorimplies nonzero near—far resistance of the ML detector.
F(w) > 0forall |Jw|| < é. Thus, the translated balk + w: Proof: We prove this by contradiction. Assume that the
|lw|| < &} lies in the region of correct decoding, which impliesGLRT detector is near—far resistant, while the ML detector is
thatd(j'|j) > 6. O notnear—far resistant. From Corollary 2.1 to Proposition 2.1, for

Example 2: The single-user example with binary orthogon
modulation provides a “sanity check” for the results given i
this section, because in this case, there |s an explicit form

for the probability of error [16]P5* = e 402 . From Fig. 1,

we observe that the minimum distance and the energy per thts; ns; g, 2 < k< K}, so that the condition for nonzero
are related ag(d** )2 = Ey, giving use(j’|j) = (d° )? as near—far resistance of the GLRT is not satisfied. O

min min

predicted by Theorem 3.1.

omej, j', such that, # j;, there exists a column vectar=
aE ~ak|T such thaie; # 0 and(U; — Uy )a = 0. This im-
qhes thatl/ ;a € 5;NS;. But this implies thalPS sy, Uja=0,

which in turn implies thal‘PSLng u{l is linearly dependent on

B. Pairwise Error Exponents: Geometric Bounds
RLemark 3.1 Emce the GLRT decision rule compares g eyact computation of the pairwise error exponents
| Ps;rll with ||P ,r|l, any component of € §; N Sy is %Sp

e(§'l7) = d(4'|7) amounts to solving a constrained nonconvex
irrelevant to the pa|rW|se detection problem bemg con5|der timization problem for which there appears to be no analyt-
We may therefore project all vectors involved orthogonal

®al solution. Our approach in this paper is to obtain bounds
Sj N Sy prior to any performance computations. To this endyn 47 |7) using simple geometric notions. These bounds lead

1 A . ..
definez = P, mszli-'"' for any vectorr, andS = Pgs S for 14 corresponding bounds on the asymptotic efficiency and the
any subspace. The effective noiseless signal is, thereforq,ear far resistance. To facilitate development of the bounds,

s, the effective subspaces spanned by the vectors involvgd make the following geometric definitions.
under the two hypotheses aﬁe andS;, respectively, and the

effective incorrect region @(J > j). Note that the distance Definitions:

of & from D(j' > j) is d(§'|7), as before. Furthermore, the 1) The minimum anglés(a) between a vectat and a sub-
noise vectoip, restricted to the subspace orthogonaffo S spaces is defined as

remains white.

imum i PN ot — IPsal ’o
Corollary 3.1: The minimum distancel(j’|j) is strictly cosfs(a) = lal] (22)
greater than zero if, and only i # 0.
Proof: From the condition of Theorem 3.4(j'[5) > 0 2) The minimum angle between the subspageands; is
if, and only if, s ¢ S;, which implies thats ¢ S; N S;. This defined as follows:
is equivalent to the condition that the projectiorsainto (S; N || Ps, al|
S;) is nonzero, i.e., tha # 0. O €08 Oin (S1, S2) = acs  |al
Proposition 3.2 (Condition for Nonzero Near—Far Resis- —  max Re(a, b)
tance): The GLRT detector has nonzero near—far resistance acSbes: ||al| ||b]|
for the first user, if and only if, the following condition is I|Ps, b
satisfied for every possible pair of vector symbglsj’ such = Ibré}X ||bl||
thatji # ji. :

The vectorPg, ns; ,ui' is linearly independent of We note that the definition afos 6,1, (S1, S2) is symmetric

' with respect to the subspacés andS., and that we may re-
{ngﬂsj,uﬁ, 2<k< K} strict ,,;, to [0, 7 /2] without loss of generality. Furthermore,
Omin(S1, S2) is trivially zero if S; N S, contains a nonzero el-
Proof: For nonzero near—far resistance, we must hagnent.
e(§'|7) = d(j'|4) > 0 for each hypothesis pajt j', regardiess ~ The following theorem provides bounds aifj’|;) (and
of the interference amplitudes. For each such pair, therefoR@nce on the pairwise error exponents).

we must haves # 0. Expandings as follows: Theorem 3.2:For each hypothesis pdif, j'), the minimum

. distance for the GLRT detector is bounded as

P L J L ~p s emin NI ~ =
= AP, ) A, ul 3] sin 22 < d(5']5) < 13 V/7 G, v)
- p Wherebmin = Omin(S;, Sj7), v is any vector inS; such that
whereA; # 0, itis evident thag # 0 regardless of Ay H lle|| = |13/, and
and only if, the linear independence condition in the proposmon
holds. O 1- %
Remark 3.2: The user independence assumptigh is lin- 18, v) = 14 sin?0y | o Relv) sind,

sin? 65 ||8]]2  sinf;

early independent ofw;*, 2 < k < K,V j € J} is necessary, } }
but not sufficient, for the above condition to hold. where|jv|| = [|8]|, 6 = b5, (v), 65 = b5 (8).
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That is, the angle betweert andPgifv* equals the minimum
angle between the subspaa%sandsjf. Computation of such
av* can be done explicitly using the method of Lagrange mul-
tipliers.

region D (' > j)

Theorems 3.1 and 3.2 yield the following bounds on the pair-
wise error exponents:

91.(J'l3) < e(4'13) < gu(G'19)

\\\us-x 0> Ay
Ny where
GY(S) s n% . ~ ] 0. .
gr('13) =|ls]” sin® ==
Fig. 3. lllustration of the er bound construction. . . -
9 serel Hpper et ue gu (3'13) = 13117 £ (3, )

Notation: All vectors and subspaces involved in the proofmin = umin(S;, Sy ). Minimizing g;.(§'|5) and gy (§']5) over
are projected orthogonal to the irrelevant subspsiger S;.  the choice ofj’ andj gives the bounds on the asymptotic effi-
However, for notational simplicity, we drop the tilde notatior¢iency of the GLRT detector.
introduced in Remark 3.1 within the proof. Consider now minimization o, (j'|7) and gu (j|5) over
Proof: The proof of the lower bound involves somewhathe intereferers’ amplitudes which leads to the bounds on the
lengthy algebraic manipulations and is relegated to Appendix®ar—far resistance of the GLRT detector. We have

for the sake of continuity and clarity of the presentation. Nk 0. .
To prove the upper bound, we note that, for amyD(j’ > 5), he(4'19) = 4 mji{n ¢ gr(d'd) = ‘ P§1>ﬂil sin® %
||s — || is an upper bound od(j’| ). For constructing such an ke ’ (26)
z, letw be any vector irf; such tha|v|| = ||s||. Set Wheregj(.l) is the subspace spanned by the*,2 <k < K}.
v 8 v (23) The second equality in (26) holds since only the norm in

sinf, & sinf, gr(4'|7) exhibits dependence on interferers’ amplitudes.

. - . s

where the angleg, andé,, are defined in the statement of the?%ns'de(rj now ttr?e _rr;mlfm|zat|’on Oél’ﬂ[(ﬁ |J)'. AIthog/gh otr;]Iy

theorem. Itis easy to check thaPL g|| = || P& ], and hence  d€PeNds on the interferers’ amplitudes in te(j'|j), the
o . G 3’ minimization of thegy (j§'|7) over the interferers’ amplitudes

y is in the closure oD(j" > j)

: ) . - Furthermore, any vectcrgy does not appear to be tractable. We therefore obtain an upper

n y,_the OF,‘e'd'rPe”S'P”f"" gomplex S‘?bSPace generat_egdlsby bound on this minimum by minimizing thgs||> norm in the

a|S_0}—r)1D(j D> f)' T‘h|s 'z ilustrated in Fig. 3. In particular, expressiongy (§'|7), and then evaluating the overall expres-

z="Pyse€D( >j)an sion with the minimizing set of amplitudes. This amounts to
s — x||? = ||s — Pys||> = ||s||?sin® 6y,(s) > d(j'|j). (24) evaluating the overall expression with= P§1>&{1. That is,

From (22), we have min 90G19) S 90 Dliops an = hoGld). @D
cost 0 (s = I8 _ [(Pvs. 8)l _ Lty )]
|82 llsll 11 Pys|| — llsl] vl Minimizing Ay (5'|5) and iz (5'|5) over the choice of’ andj
Thus, gives the bounds on the near—far resustance of the GLRT de-
tector.

. 2 _ IslPllyll® — Ky, 8)| . -
sin” 0y(8) = EEE . Remark 3.4 (Computation of the Minimum Angl&p com-

plete the discussion of the asymptotic performance of the GLRT
Substituting this expression into (24), and using the expressigetector, we give explicit expressions i (S;, S;7). Recall
(23) yields the desired upper bound after straightforward algéat

braic manipulations. O HP ‘
. a
Remark 3.3: The upper bound in the Theorem 3.2 depends €08 Opnin(S;, Sj) = max 11,
on the choice ob. Unfortunately, explicit minimization of the acs; |l

upper bound as a function efdoes not appear to be tractableyhjs gptimization problem can be explicitly solved to obtain
Two convenient choices efwhich are used in our later compu-

tations are as follows. The firstis= P;_ 3||3]|/||Ps., 3|, with €08 Oinin(Sj, Sj) = v/ Amax
2

. _ _ g o~ | . . ) ~ H
the convention that, = 0,v = 0if 8 € Sy (In this degenerate Where) . is the largest singular value ofthe mathk = 0;

case, the upper bound beconjjé4®.) The second choiceis -~ - n - - - _
PP mes”) Uj U;,’ U;, whereU; andU contain orthormal bases of the

‘ subspaces; andS;:, respectively.

Pg_’v
v = arg min 0z (v) = arg max ~1 .
vedy, vll=ll5ll 7 wedy, =1z vl Example 3: Here we present a simple example where the

(25) GLRT detector is near—far resistant, while the decorrelator does
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Decoded user Decode user
in the first stage in the second stage

—

|

Single user detector Single user detector

for O-th user

for O-th user

Single user detetor
for 1-st user

Single user detetor

for 1-st user Orthogonal

projection

Choose maximum

Single user detector Single user detector

for J-th user for J-th user

First stage Second stage

o
Choose maximum
(Exclude decoded users)

Fig. 4. SDP detector.

not exist. Consider a system wifli = 2 users, each sendingit yields nonzero asymptotic efficiency under a suitable power
one ofM = 4 orthogonal signals, in a signal space of dimensiatontrol strategy. The idea is to discover and exploit power dis-
N = 4. The signaling matrices for users 1 and 2, respectivelyarities among users based on demodulation statistics, and to de-
are given as follows: modulate the users sequentially, from strongest to weakest, pro-
jecting the received signal orthogonal to the subspace spanned

1000 0 1 11 by the signal vectors corresponding to previous decisions. The
_(01 00 RN L detector performs decoding iii stages, with one user being
S = Sy =1/V3 gt
0010 -1 -1 01 decoded at each stage. This is a natural strategy because a) de-
0 00 1 1 -1 10 cisions for stronger users are more reliable, and b) performance

) , gains for weaker users are obtained from suppression of stronger
where the columns a, (respectively,S;) specify the four pos- \,sers Because the projection operation does not depend upon

sible orthogonal signals transmitted by user 1 (respectively, Usghsjitudes, the SDP detector does not require explicit knowl-
2). Inthis case, the interfering user spans the entire signal SPa%fye of user amplitudes. The power ranking necessary for the
so that decorrelation with respect to the total interference SL@DP detector is performed by considering single-user statis-
space cannot be applied. The near—far resistance of the GURL \yhich can be either coherent or noncoherent matched-filter
detector can be explicitly lower- and upper-bounded using (2@)ytputs. Clearly, the preceding scheme functions best in the
(27). To determine the upper bound, we use the two choices (ﬂésence of power disparities among users. Indeed, it is shown
v suggested in Remark 3.3. Performing the numerical COMPUfga¢ it is possible to attain nonzero asymptotic efficiency for an
tions, we obtair).0746 < nerrr < 0.0893. AWGN channel by enforcing such disparities via power control.

Remark 3.5 (GLRT Detection for DPSK Modulationjhe Moreover, we demonstrate via simulations that such disparities
GLRT detector is not guaranteed to outperform other nonc@tise naturally, and can be exploited by the SDP detector, on a
herent detectors in general, since it does not minimize the erRRayleigh fading channel, even when the users have equal av-
probability. For instance, consider the performance of the nofl2ge power.
coherent detectc_)r f(_)r diferentially encoded phase—_shift keyingnotation: Let D; denote the set af— 1 users decoded prior
(DSPK) modulation in [12], based on th.e decorrelation strateqy. ine;th stage, and I€D; denote the set ok — i + 1 users
It can be shown that the near—far resistance of the GLRT qf'e't to be decoded. Lai® denote the decoded sianal vector

tector, when applie_d to DPSK, is no larger than that of the no@()rresponding to the decision in tié stage, ea® = u{f
coherent detector in [12]. — . . -
for somek € D; and somej, € [Ji. Finally, letU; denote
the subspace spannedb@p, e, 2" e, by the decoded

IV. SuBOPTIMUM DETECTION vectors for the first — 1 stages.

In this section, we propose a suboptimum detector that weTo demodulate in théth stage, the received vector is first
term sequential decision projection (SDP) (see Fig. 4). The coprojected orthogonal td/;. The receiver then computes the
plexity of the detector is quadratic in the number of users, asthgle-user decision statistics for every useflp i.e., every
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user not decoded thus far, and makes a decision for the strongégt high probability, the detector decodes users in the order
of these users. The corresponding operations are strongest to weakest, and the decisions of the detector are cor-
rect. This motivates us to consideclaain-basednalysis of the

() _ pl
o= Pi]i'r (28) SDP detector, where a chain refers to a particular permutation
H 2 of the sef{1, ..., K}. Each permutation corresponds to a par-
(k(), jrey) = arg max max ('?‘“)) uf (29) ticular order of user decoding followed by the detector. As be-
KeD; Ik C Tk fore, we consider asymptotic performance measures, and derive
wherea® — %)) The inner maximization in (29) decoded?® lower bound on the asymptotic efficiency of the SDP detector.

Tmroughout the analysis, we condition on the vector synjbol

every user on the basis of single-user decision statistics. . . .
y g H%ng sent and assume that the first user is the desired user.

outer maximization chooses a decoded vector correspond
to the strongest user. Note that the user with the maximumNotation: Let IT denote the set of all possible permutations
matched-filter output is assumed to be the strongest. Toe{1, ..., K} andr denote a particular member of this set.
subspacd/; and the set of decoded usels are updated to Let x(¢) denote the stage of demodulation for tie user and
include the vectom'” and the user:(), respectively. The r—1(i) denote the user demodulated at ithestage. Let us now
algorithm terminates at stagé, when all users are decoded. define the following auxiliary events.

Remark 4.1 (Notes on SDP Detector Implementation): C;, . SDP detector follows order in stagesl through,

1) An orthonormal basis for the subspaé& can be and arrives at the correct decisions in stagésough
maintained using recursive updates by performing a i.
Gramm-Schmidt procedure on the decoded vectorsg; .: Complement of event’; .
iz,(l), ...,ﬁ(i’l). Letting V, denote the matrix con- E: SDP detector arrived at an incorrect decision for the
taining the orthonormal basis vectors for ti& as first user.
columns, we can express the transformation on thecC: SDP detector arrived at the correct decision for the
received vector a7 = 7 — Vi first user.

2) It is possible to obtain power ranking by considering@onsider now, for a given demodulation orderthe operation
matched-filter outputs averaged over several symbols.a genie-based SDP detector, in which, atithestage, the re-
Although such a strategy would result in a better poweeived vector is projected orthogonal to the actual (rather than
estimate for a static channel with no power control, athe estimated) signal vectors of users to be decoded in stages
eraging is expected to yield only marginal improvemerhrough: — 1 as specified by, i.e., at theth stage, the decision
in performance for a realistic wireless channel due to thstatistic is obtained by projecting the received veetorthog-
dynamic nature of fast fading, shadowing, fast powemal to the subspace spanned by the
control, and other effects present in the channel. In fact, it 1 1
in such an environment, averaging over long runs of {wl sk =m"(1), .oy 7 (A= 1))
symbols would make it difficult to track fast changes i gt

user strength, thereby limiting the effectiveness of the £. - Genie-based detector for ordemrrives at an incor-
SDP detector. :

rect decision in théth stage.

Remark 4.2 (Complexity of Imple_mengnon'bhe SDP Remark 4.3: The eventE; . is defined with respect to the
detector computed/ (K — k + 1) correlations in théith stage. . S o
given orderr, i.e., in theith stage the detector can make two

fér;gslgzemt&t&l)”rg:ﬁn;?g nogcset:s?aeriﬁ pt)z(rafot?r;alalrl]ucnc:?r eragz) ntgpes of incorrect decisions: 1) decoding the correct user (as
. : Specified by the order of demodulatianin the ith stage) but
is 2 (K) (K + 1)N, whereK is the total number of usersy P y ’ ge)

is the processing gaitd is the size of the signaling alphabetmakmg an erroneous decision on that user, or 2) picking and

The detector also performs Gramm-Schmidt orthogonaliz%{?COdIng a user not specified by the ordeiNote that the in-

tion procedure onk vectors each of lenathV at a cost of correct decision of type two occurs whether or not the user not
]'\f Kp 1% ul com I\é multinlications Tﬁe total complexit specified by the order is decoded correctly or incorrectly, and
é(thé(pro—;os)ed SFI)DPXdeltJeéE[)olr %E(K). (K + 1)(M flg(l Yit accounts for the possibility of the detector not following order
complex multiplications. The complexity is thus quadratic in " . ' . . .-
the r?umber ofpusers. Note that thg comyplexity ofclhis detect Finally, let us definf; (i, ), the asymptotic efficiency of the

can be significantly reduced if the order of demodulation éh stage of the genie-based detector as follows:

completely determined on the basis of measurements obtained . . log P[E; #]

only in the first stage. While this detector has a lower com- Fiti, m) = 0121210 Tog P sy (30)
plexity, KN (2M + £+£1), itis found to give poor performance, ’

and is therefore not considered any further. Remark 4.4: As shown below, the asymptotic efficiency of

) the genie-based SDP detector can be explicitly computed by

A. Performance Analysis using a special case of the theory developed in the previous
The performance analysis is based on the observation thsction for the GLRT detector. To lower-bound the asymptotic
if there exists a significant power imbalance among users, thefficiency of the SDP detector, we note that the probability of
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the SDP detector providing a correct decision for the desiréue notatiqn above, eveitt, ) - occurs if, and only if, event
user is lower-bounded by the probability that all users demod;_, . N E; . occurs for somé < i < «(1). Hence, (31) fol-
ulated prior to and including the desired user are demodulatedis. Then
correctly. The latter probability can be expressed as an intersec-
tion of the probabilities of correct decisions for the genie-based
SDP detectors (there is one such detector for each decoding
orderr and hypothesig). This, in turn, leads to an upper bound
on the probability of error for the desired user in terms of th8incer € Il is arbitrary, we have
error events of the genie-based detectors, which yields the re-

. . . L . . (1)
quired lower bound in terms of the asymptotic efficiencies of ] .
these detectors. Such arguments can be used to show, as stated PIE] < i Z PlEi «]-
in the following theorem, that the SDP detector is asymptoti- =1
cally efficient if, for eachy, at least one order of demodulationrRemoving the conditioning ogi and applying the definition
exists for which the stages of a genie-based detector priordbthe asymptotic efficiency to the upper bound, we obtain the
and including the stage in which the desired user is demodgwer bound specified by the proposition. O

lated are asymptotically efficient. Under conditions of sufficient c . ¢ Bound in Th AT
power disparity, demodulating users in the order of strongest to~°MPutation of Bound in Theorem 4.Io computeyspp,

weakest would result in asymptotically efficient stages. Hovx‘/‘—’ednefd ctjo, specify a procedg(jre for qomput?.ticr)]nf;(fi, ”)’_f
ever, for equal powers, the early stages for any order of dem@- defined in (30). First, consider evelif , which occurs i

ulation would typically suffer from an interference floor. Wéhe maximum of the single-user decision statistics considered

therefore do not expect the SDP detector to be near—far reSjsStage: is not the correlator output corresponding to the cor-
tant (i.e., to be asymptotically efficient regardless of the choidgCt symbol of the user specified by the ordei.e.,
of user powers). This remark is confirmed by the numerical re- . ) )
J=\H z(2)|2 NH ~(2) 12
sults presented in the next section. |(ul) # )| < |(w}) 7 )|

(1) (1)
P[E] < Z P[Ci,Lﬂ— QEZ‘J—] < Z P[Ezyﬂ—]

=1 =1

Theorem 4.1:The asymptotic efficiencyy) of the SDP de- for somek € D; and somej; € 7, wherez = 7n~1(4) and
tector for the first user can be lower-bounded as follows: 7O — Pﬁ_ _r.Then, even@m can be expressed as the union

of pairwiéé inequalities in terms of matched filter outputs as
vspp > minmax min  f(¢, 7). follows:
J
eventCr 1), . Clearly, if this event occurs then the SDP detector
arrives at the correct decision on the first user. Hence, we have

wCIl 1<i<w(1)
2
From the properties of projection operatotsy*)”#" =

2

Proof: Consider an arbitrary order of demodulatioand g, — U ‘(uJZ'Z)H,;.’(i) <

Iy ETk, KED;, ji #i-

PICY 2 PlCry,], Vmell (w* ) r, wherety* = P uj*. Thus, events; . can be equiv-
or alently described as an error event for a fictitious, single-user
P[E] £ P[Ex1), =] Vrell AWGN noncoherent detection problem with signaling al-

phabet given byiil*, k € D;, ji, € Ji, wherer = s(j) +w,
For a givenr € II, let us now consider an eveft.;) ., i.e., and#* is deemed as the correct output vector. The theory
detector does not follow orderin some stage, 1 < < 7(1), developed for the GLRT detector applies directly in this case,
or follows it but arrives at an incorrect decision in some stagesince as shown in Section llI, single-user noncoherent detec-
1 <4 < 7(1). This can be decomposed into a disjoint union afon is, in fact, GLRT detection. In particular, the asymptotic

events as follows: behavior of theP[F; -] is governed by the minimum distance
(1) described as follows:
Exyx=J Cictn N Bix (31) d;.,j; = min|ls — yl|
1=1

- . . wherey is subject to the constraifti’* )7 y| = |(ﬂﬁ')Hy|. Un-
whereC; -1, = N Fi  is an event in which the detector followsy o yoo minimization in the general GLRT case, this minimiza-

o_rd_er7r n stagesl throughi — 1 and arrives at the correct_d_e “tion can be carried out explicitly by rewriting the constraint in a
cisions in those stages, but arrives at an erroneous demsmm&e convenient form as follows:

stagei. Note that this event is expressed in terms of the error

probability of the genie-based SDP detector since, given that de- (> — @if’aﬁ)Hy =0, for 0 < 6 < 27.

cisions in stages throughi — 1 are correct, the operation of the

actual and genie-based detectors indihestage are identical. For a givend, the minimization problem corresponds to com-
The decomposition in (31) holds since, for the evBpy) - to puting th'e m,inimum distance from vectsto the null space of
occur, the detector must eventually arrive at an incorrect det#,” — e/u;* ). Then

sion in some stage prior to or at stag€l), while arriving at d. . (6) = ||P . 3|
the correct decisions in all previous stages. Restating this using S e L
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Fig. 5. Numerical comparison of detection schemes for a static AWGN channel. All users are at equal power.

Furthermoredjzyj;v(e) can be explicitly minimized oved < orthogonal modulation. In each symbol period, the spreading

0 < 27. After some algebra, we obtain sequences are picked at random, withand—1 equiprobable
o 2 i 2 in each position. The system is synchronous, and the receiver
D i ‘(“JZZ)HS‘ 2 ‘(“;ck)Hs‘ performs noncoherent reception. Five detection techniques are
dedi T . 2 L 2 simulated: matched-filter reception, interference subtraction as
0 if ‘(uif)HS‘ < ‘(%’“)HS‘ in [7], SDP detection, decorrelation with respect to the total in-
where terference subspace as in [9], and the GLRT.
[ AL+ A =245 AL+ As +2A4; Figs. 5 and 6 display simulation results for an AWGN
D= mm{ 2_24, 2t 24, } channel. All four users are at equal power for the results in

Fig. 5, while the user powers are distributed in 3-dB steps

' in Fig. 6. The latter corresponds to a significant near—far

()7 8)*], Ay = Re[(wl)H ], problem for the weakest user, which has 9 dB less power
than the strongest user. The plots display the worst case error
probability over all four users versus, /N, for the weakest

> user, wherd=, denotes the bit energy (which is half the symbol

min ds ., . : . .
S ETeheDi g a2) energy in this case). We now make the following observations.

fii, m) = (dzt )2 ’ 1) The performance of the matched filter under power dis-
With this, the asymptotic performance of the SDP detector as  parities is poor and not shown. Even for equal powers,
in Theorem 4.1 can be computed, for given user amplitudes and ~ which is the regime for which it is designed, its perfor-

A = @8’ Ay = (@) s’ Ay = Re[(#)"s -

Theith stage asymptotic efficiency, as a functionmadindj,
can now be expressed as follows:

signaling alphabets. mance is poorer than that of the multiuser detectors con-
sidered.
V. NUMERICAL RESULTS 2) The GLRT detector significantly outperforms all other

In this section, we use computer simulations to compare the ~Multiuser detectors. With users distributed in 3-dB steps,
performance of the multiuser detectors introduced in previous ~the GLRT detector exhibits a fast rate of decay of its error
sections. For the purpose of comparison, the parameters are Probability.
chosen so that decorrelation with respect to the total interfer-3) Under power disparities, the SDP detector does not ex-
ence subspace is feasible. The system considered has a pro- hibit an interference floor (i.e., it has nonzero asymp-
cessing gain of 32 and four active users, each emploddargy totic efficiency). Its performance is close to that of the
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4)

5)

1363

10 T T T T T T
[ — - Interference Subtraction
3 -— - SDP Detector
~ + GLRT
S —— Decorrelator
.\‘ ~ - -
L ~ ~
i+ N . ~ -
~ ~
+ +-\
s .
B ~
° + N
z .
B +
3
<
[=%
Q
(2}
(1]
[&]
B
210°t
+
10-4 1 I I 1 | 1
6 7 8 9 10 11 12 13

Eb/No (dB) for the weakest user

Numerical comparison of detection schemes for a static AWGN channel. The user powers are distributed in 3-dB steps.

GLRT detector at low signal-to-noise ratio (SNR) to mod- Fig. 7 displays lower bounds on the near—far resistance of the
erate SNR, although its smaller asymptotic efficiency b&LRT detector and on the asymptotic efficiencies of the GLRT

comes apparent at higher SNR. For equal powers, the SBxd the SDP detector, with users distributed in 3-dB steps. These
detector does have an interference floor indicating zeguantities were computed for 100 randomly drawn spreading se-
asymptotic efficiency. guences according to the analytical expressions derived in Sec-

Interference subtraction displays an interference floor fens Ill and IV. Fig. 7 also includes the near—far resistance of
its performance under both equal powers and power df§e decorrelator which can be computed similarly to the stage
parities. This is because of the propagation of residua$ymptotic efficiency of the SDP detector given in (32). From

interference due to errors in amplitude estimation evdnd. 7, we observe that the GLRT detector has asymptotic effi-
when correct decisions are made. This pr0b|em is avoidé-@ncy close to one, which indicates that, with users distributed
by the SDP detector because it projects the received sigifaB-dB steps, it incurs almost no loss in performance due to

orthogonal to the estimated interference vectors rathi&e multiple-access interference present in the channel. Further-
than attempting to subtract them out. more, the GLRT detector is near—far resistant. Finally, the SDP

For equal powers, the performance of the decorrelatorqu the decorrelator detectors exhibit a nonzero value of the
comparable to that of the interference subtraction and tﬁéymfltoncf Eff'r(]:'enCY- This is consistent with the absence of
SDP detection, even though the latter detector exhibits gHor foor orF ese detectors ”Pted in Fig. 6.

interference floor in this regime. On the other hand, under F19- 8 considers a system with the same parameters as be-
power disparities, the SDP detector performs much betf@f€: €xCept that the users are subject to flat Rayleigh fading.

than the decorrelator. This is because the loss in signil USers are at equal average powers, and the fades for dif-
energy due to decorrelation, which projects the receivd§rent users are independent. The worst case error probability is

signal orthogonal to a 12-dimensional subspace spanrigtted against;, /No, where £, now determines the average
by all possible signals, which are spanned by the thr&& €nergy for each user. The performance is averaged over a
interferers, is much larger than that due to SDP detect§fMber of symbol intervals, with the fading assumed to be inde-
The SDP detector projects the received signal for the ugtndent across symbol periods. We may think of such a channel
decoded last orthogonal to a three-dimensional space dfr€ach symbol period as an AWGN channel with imperfect or
responding to the decisions for the other three users. wiidomized power control. Consequently, we would expect the
users distributed in 3-dB steps and at equal powers, {REPP detector to outperform both interference subtraction and

decorrelator does not exhibit an error floor, indicating decorrelation. Fig. 8 shows that this is in fact the case, with the
nonzero near—far resistance. performance disparity especially pronounced at high SNR. The
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Fig. 7. Comparison of the asymptotic performance measures for the GLRT and the sequential decision projection algorithm.
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Fig. 8. Numerical comparison of detection schemes in flat-fading environment, with all users at equal average power.
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performance of all the multiuser detectors (including the GLRT () (b)
detector) is very similar for low-to-moderate SNRs, while the
GLRT detector outperforms the other detectors at high SNRs.
The matched filter is decisively outperformed by the multiuser
detectors. \_1 \1

& R

VI. CONCLUSION

The results in this paper provide insight into the performance
of coded, or nonlinearly modulated, multiuser systems for both © @
coherent and noncoherent demodulation. The non-Bayesian for:
mulation for noncoherent multiuser detection presented here

provides an attractive alternative to formulations which explic-

itly model the complex amplitudes of the users (e.g., using a /\1 1
complex Gaussian distribution for Rayleigh or Rician fading).

The asymptotic performance analysis of the GLRT (as the noise \

level tends to zero) requires the development of geometric in-
sights into noncoherent detection that are analogous to classical
signal space notions for coherent detection. Fig. 9. Possible shapes ¢{a).

The quadratic complexity (in the number of users) SDP de-
tector is a practical approach to successive decoding that dekapes foif (««) shown in Fig. 9. In cases Fig. 9 (a)—(c), clearly
not require knowledge of user amplitudes, and that does rhére exists am > 1 such thatf(«) < 0for1 < a < A,
suffer from an interference floor in its performance providedhich is equivalent t@ + azx, € D(§' > j) for 1 < a < A. It
that the user powers are suitably disparate. Since the ordeniamains to show that case of Fig. 9 (d) cannot occur.
of user powers is not required to be knoarpriori, SDP de-  To this end, we note that case of Fig. 9 (d) corresponds to
tection is ideally suited for systems with fast fading. As showmaving repeated roots at= 1. In order for f to have repeated
in our numerical results, even when all users have equal averagets atx = 1, we must havef (o) = ¢(a? — 2a + 1) for some
powers, SDP detection is able to exploit the instantaneous powenstant:, so that
disparities due to Rayleigh fading. For systems with slow or n
fading, SDP detection combines well with power control thacHPs T
enforces disparities, provided that the level of thermal noise
of other types of background interference is low enough so tha
some minimal post-interference suppression SNR can be guardi) ||PL s||? is the distance froms to a point inS;/, which
anteed for the low-power users. Enforcing a controlled amount must be at least as large as the minimum d|stance from
of power disparity, allowing users with smaller path gainstobe s to D(j' > j), sinceS; C D(j’' > j). Thus, we have
received at lower powers, has the combined virtue of reducing ||P$lj,s||2 > ||z
the tr_ansm|tteo_l power of users at cell egjges_, and of aIIOW|_ng su<_:-2) IPL 2.2 < |l.||2 with equality if and only ife, € S&.
cessive decoding to work well. Under idealized assumptions, it 3’ J
has been shown in [21], [18] that such an approach can lead ta3) [P, ||* > 0 with equality if and only ifz. € S;.
up to a twofold gain in capacity over systems with conventlonzlxlnus
power control.

2 2
_lpL oI L
- HPSJ_ISH Re(Pd s z.). (A1)

1
e

i observe the following.

125, @1* = |1 P, 1” < [l ]2

APPENDIX A

with equality if and only ifz, € S+ NS;
PROOF OFLEMMA 3.1 quatly y a7

Combining these observations with (A1) we obtain the fol-

We first establish the following preliminary resuilt. lowing chain of relationships:
Lemma A.1:There exists4 > 1 such that{s + az,: 1 < HPé—_,m* HPS 2. <||m*||2<HPS H “Re <P5 8, a‘>
a < A} lies in the error regioD(j’ > 7). ’ (A2)
Proof: Consider functiory(«): [0, o) — R Since we require equalities throughout (A2), we conclude that
N ) N ) x. € S5 N S;, which implies thatRe(Pl s, z,) = 0, which
fle) =|Ps,, (8 + az)|I” - || Ps5;(s + az.)]| in turn |mpl|es that all terms in (A1) are zero. In particular, we
= &(||Ps,z.|)° — || Ps2.]|?) have||PL s||* = 0 which can occur only i € S;. Thus the
Ei £
n L2 case of Flg 9 (d) can occur onlydfe Sy, which we assume is
* 2O‘RG<PSJ-'S’ ) + HPSJ"SH ’ not the case to avoid the trivial caseat@" l7)=0. O
The functionf(«) is quadratic iny, f(a) > 0for0 < « < 1, We are now ready to prove Lemma 3.1, which we restate for

and f(1) = 0. This implies that there are only four possibleeonvenience.
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Lemma 3.1: There existsA > 1 and, forn large enough, The distancé|s — y|| can be decomposed as
there exists,, > 0 such that ) ) N 5
s~ yl* = [|s = 9, — Ps,a* + | P& -

) s 1 1 ) s
= “<w. < (A==
En {d(j ) <1 * n) == <A n) d(J |J)} Let |y, || = o and||Ps,y,|| = 3. Definef; as the minimum

N{|Jwt] < e} angle betweep, and the subspac®y-, andd; as the minimum

angle betweeny, and the subspacs;. Then, from (22), we

lies in the error regioD(j’ > j). have||Ps.y,| = Btanb, and||Pg, 4[| = asiné,. By the
Proof: We rewrite f(«) of Lemma A.1 in a more general Cauchy—Schwartz inequality, we have

form asF(w): Y — R
(w): €7 = (8] = @ — B)? + B2 tan b < s —¢|>  (B2)

where, from (B1)/3 tan 65 > asin 6, andfuin(S;, S) < 61,
62 < w/2. Our strategy for obtaining the lower bound is to
minimize the left-hand side of (B2). For conciseness, let

F(w) = | Ps,, (s +wl* — || P5; (s + w||*.

Also, for simplicity of notation, we define the following sets
1) B, = {1+ Hdi'li) € we £ (A= L)d'li}

N{|lw|| = 0} T = (|8l — « = )% + B% tan® 6,
2) B, = {(1+ 5)dd'li) < we < (A= 1)d(f'li)} andB = a+p.
N{|Jw|| < M} Minimization of 7" will be performed in two steps. First, we

minimize overs for fixed B, then we minimize over alB > 0.

whereM is a large constant. Observe that From (B1), we have

1) The functionalF'(w) is continuous and the s, is

L . ) asin 61
closed and bounded, which implies th&tw) is uni- 8= At
formly continuous on thé,,. Furthermore, the functional a2
F(w) < 0whenevers +w € D(j' > j). Then

2) From Lemma A.1, there exists aw, such that for all Ctmin SiN 071
n > N we haveE, € D(j’ > j). Prmin = tan 6,

Letn > N. Then,F(w) < 0 forw € E,. By continuity of g

F(w), there exists(w), which depends o, such that"'(w) < )

0 for eachw € E,, and|jwL|| < e(w). Furthermore, by uniform . <Sm91 + 1) - B
continuity of F'(w) there exists a single,, not dependent on A tan 6,

w, such thatF'(w) < 0 for all w € E, and|jw}| < e, or,

equivalently,F(w) < 0 forw ¢ E,. Thus, for large enough, Substituting, we obtain the following values@f,;,, andT” as a

function of B:

there exists,, such thate,, € D(j’ > j). O
Bsin b,
ﬁmin(B) - A
APPENDIX B sin 61 4 tan 6>
PROOF OF THELOWER BOUND IN THEOREM 3.2 , sin’ 6 tan® 6,

7(B) =(|lsll - B)* + B

(sinf + tan 63)2
=(llsll - B)* + B*u

Theorem 3.2:For each hypothesis pdjf, j'), the minimum
distance for the GLRT detector is lower-bounded and upper-
bounded as

. Bnin . o ~ where
8] sin == < d(y'|7) < 3] sin b3, (3)

1
o w= 3
Whereﬁmin = Qmin(Sj, Sj/). (; + ;)

tan 65 sin 64

Notation: All vectors and subspaces involved in the proo% BYi dratic f ion &8 and b i
are projected orthogonal to the irrelevant subspage S;. ( _) IS zt;onvex_quahra';!c udnct_lon_ a_nh can e;m y
However, for simplicity, we drop the tilde notation introduced'n!mized by settmgt e first enythe wit res_pect . to
in Remark 3.1 within the proof. zero. It is easily verified that the minimum value is achieved at

Proof: The upper bound is established in the main bon* = llsll/(1 + ), and the minimum value is

of the paper. Here we concentrate on the lower bound. We have . || 5|2 ||s]|?
d(4'|4) = mingep>j I — yl|. Any component of vectoy (B)=171= ) 2
which does not lie in thé; US;; is irrelevant for thej versusgj’ w1+ (_tan Y. el)

binary hypothesis testing problem. Thus, without loss of gener- o )
ality, we may writey = y, + ,, wherey, € S; andy, € S;. To complete the derivation of the lower bound, we consider the

Sincey € D(§' > ), l|[PLyl| > ||PL y|[.Thus, following two cases.
y € DG > 4) [1P590 2 1P, vl o

HPé_nyH 2 HP;J.,%H - (Bl)  cos Bin > sin by / tan bz, where 0,,,i, = Qmin(gj, Sjr).
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In this case, we have the following chain of inequalities:

8|2 sin 6,

_ 3
sin? 6] + (M + 1)

tan 65

d(y'lj) 2T(B") =

82 sin® 6
~ sin? 6, + (COS Omin + 1)2

||3||2 Sin2 emin
- Sin2 emin + (COS emin + 1)2

min

= ||s||251n2
2

Case 2: Let

OS Opmin < sinf1/tanby,  wherebuin = Omin(S;, Sir).

In this case, we have the following chain of inequalities:

||8]]? tan? 6o

2
tan? 65 + (M + 1)

sin 81
2
+1)

|Is||? tan? Opmin
2
+ 1)

9111in ] O
2

(g’

j) 2 T(B") =

. |8])2 tan? 6,

tan® 65 + ( L

€oS Omin

>

tan2 emin + ( L

€os Omin

:||s||25in2
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