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System ldentification






Introduction to System Identification

The goal ofsystem identificatiois to utilize input/output experimental data to determirsystem’s
model. For example, one may apply to the system a specifi¢ inpoeasure the observed discrete-
time outputy an try to determine the system’s transfer function (cf. Fedb).

Figure 1. System identification from input/output experimental data

Pre-requisites

1. Laplace transform, continuous-time transfer functjstebility, and frequency response (briefly
reviewed here).

2. ztransform, discrete-time transfer functions, stahiligd impulse/step/frequency responses
(briefly reviewed here).

3. Computer-control system design (briefly reviewed here).
4. Familiarity with basic vector and matrix operations.

5. Knowledge of MATLAB®/Simulink.
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Chapter1

Computer-Controlled Systems

Contents

1.1 Computercontrol. . . . . . . . . . e 5
1.2 Continuous-timesystems. . . . . . . . . . ... 6
1.3 Discrete-timesystems. . . . . . .. . 8
1.4 Discrete vs. continuous-time transfer functions. . . . . . ... ... ... ... 10

1.5 MATLAB®hints . . . . . . . . . . 12
1.6 Toprobefurther . . . . . . . . . . . . . . 13
1.7 EXErCiSe. . . . . o v i o i i i e e e e e e e e e 14

1.1 Computer control

Figurel.1show the typical block diagram of a control system impleradnitsing a digital computer.
Although the outpuyc(t) of most physical systems vary continuously as a functiomneéfit can

o e m  —  — —  — — — — — — — — — — — — — — — —

——= computer hold process

Figure 1.1.Computer control architecture. The components in the dbhsbred can be regarded as a discrete-
time process to be controlled.

only be measured at discrete time instants. Typically,seispledoeriodically as shown in the left
plot of Figurel.2 Moreover, the control signai:(t) cannot be changed continuously and typically
is held constant between sampling times as shown in the right pl&tigire 1.2 It is therefore
sometimes convenient to regard the process to be contadlediscrete-time systemhose inputs

5
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Ts 2Ts 3Ts . Ts 2Ts 3Ts
Figure 1.2. Sampling (left) and holding (right)
and outputs are the discrete-time signals
Ya(K) = ye(KTs), ug (k) = ue(kTs), ke{1,2,3,...}.
The identification techniques that we will study allow us ttimate the transfer function of this

discrete-time system. We can then use standard technicpragiigital control to (approximately)
recover the underlying continuous-time transfer functiblis is discussed in Sectidn4 below.

1.2 Continuous-time systems

o He(s)=?

Figure 1.3.Continuous-time system

Consider the continuous-time system in Figlirdand assume that the input and output signals

satisfy the following differential equation:
Notation 1. We denote byyc(t)
andy;(t) the first and second time ) (1) B )
derivatives of the signaly.(t). Ve '+ Bn-aYe T4+ BoVe + BiYe + PoYe
Higher-order derivatives of order (m)
k > 3 are denoted by denote by = OmUc

y ).

T am ™Y a4 ol + aole. (1.1)
We recall that, given a signalt) with Laplace transfornX(s), the Laplace transform of théh

Note 1. The (unilateral) Laplace derivative ofX(t) is given by
transformof a signalx(t) is given

> X (s) — " x(0) — §2%(0) — - - - — x““V(0).

X(s) = /.we*Stx(t)dt. ) ) o )
0 In particular, wherx and all its derivatives are zero at tihe- 0, the Laplace transform of thih

See [}, Appendix A] for a review ~derivativex(’) (t) simplifies to
of Laplace transforms.

$X(s).

Taking Laplace transforms to both sides dflj and assuming that botrandu are zero at time zero
(as well as all their derivatives), we obtain

SYe(S) + Br18"HYe(S) + -+ BoSPYe(S) + BiSYe(S) + BoYe(s)
= amS"Uc(S) + am-18™ 2Ue(S) + - - - + a252Uc(S) + 18U (S) + agUs(s).
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This leads to
MATLAB ® Hint 1.
Ye(S) = He(s)Uc(s), +f (num, den) creates a
continuous-time transfer function
where with numerator and denominator

specified byhum, den... » p.12
— ; (1.2)
S+ Br1S -+ Bis+ o MATLAB ® Hint 2.

the (continuous-time) transfer functicof the system. The roots of the denominator are called & (Z--X)  creates  a
continuous-time transfer function

polesof the system and the roots of the numerator are callederesof the system. with zeros, poles, and gain speci-
fied byz, p, k... »p.12

OmS"+ O 1S™ 1+ -+ ags+ o
HC(S)::m+m1 +---+ 015+ 0o

The system igBIBO) stable if all poles have negative real part. In this case, for evaput

bounded signali(t), the outputy:(t) remains bounded. MATLAB ® Hint 3.

pole(sys) and =zero(sys)

1.2.1 Steady-state response to sine waves compute the poles and zeros of a
system, respectively.

Note 2. Since there are other no-
tions of stability, one should use

_ the termBIBO stableto clarify
= >
Ue(t) = Acogat), V>0, that it refers to the property that

to the system.1) with transfer function {.2. Assuming that the system is BIBO stable, thounded-inputs lead to Bounded-

Suppose that we apply a sinusoidal input with amplitAded angular frequenay, given by

. . tputs.
corresponding output is of the form Hipts
yc(t) — gAcos(wt + (0) + 8('[) , Vt>0, (1_3) Note 3.The a_ngula_r frequencyo
—_— is measured in radian per second,
steady-state transient and is related to the (regular) fre-
. . . quency f by the formulaw =
where the gailg and the phase are given by the following formulas 2rtf, wheref is given in Hertz or

cycles per second.

9:= [He(jw)l, ¢:=ZHc(jw), (1.4)
ande(t) is atransient signathat decays to zero at— o (cf. Figurel.4).

1

0.5 1 15 2 25 3 35 4 4.5 5
t (sec)

Figure 1.4. Response to a sinusoidal input with frequerfcy: 1Hz, corresponding tow = 27t rad/sec. The
Bode plot of the system is shown in Figuke.

TheBode plotof a transfer functiot(s) depicts
MATLAB ® Hint 4.

1. the norm oH(jw) in decibels [dB], which is given by ZOIQQ\HC(joo)\; and bode(sys) draws the Bode
. plot of the systensys... » p. 13
2. the phase dflc(jw)

both as a function of the angular frequerwy(in a logarithmic scale). In view ofl(3—(1.4), the
Bode plot provides information about how much a sinusoitdpda is amplified and by how much
its phase is changed.
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Bode Diagram

From:u To:y
T

o

Magnitude (dB)
s 2
S 5
T

|
)
S

|
&
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=]

45|

Phase (deg)

-90 . ,
107 10° 10° 10 10
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Figure 1.5.Bode plot of a system with transfer functiéfa(s) = gr7.

1.3 Discrete-time systems

t
MR | Ue(t) process Ye(®

S Ya(K) = Ye(KTs)

alll illiw

Ha(2)
Figure 1.6.Discrete-time system

Consider now the discrete-time system in Figlu@and assume that the output can be computed

Note 4.Since the output cannot ¢\ rsjvely by the following difference equation:

depend on future inputs, we must
haven > m for (1.5) to be physi-

cally realizable. Ya(k+n) = —Bn-1¥a(K+n—1) — - — Boya(k+2) — Brya(k+ 1) — Boya(K)
+ dmUg(K+m) + am-_1ug(K+m—1) +---+ asug(k+ 2) + oqug(k+ 1) + apug (k).  (1.5)

To obtain an equation that mimics.(), we can re-write 1.5) as
Ya(K+n) + Bn-1ya(k+n—1) +- -+ Boya(k+2) + Brya(K+ 1) + Boya(K)
= OmUg(K+m) + am_1ug(kK+m—1) 4+ ---+ asug(k+ 2) + oqug(k+ 1) + agug (k).  (1.6)

_ We recall that, given a signa(k) with ztransformX(z), thez-transform ofx(k+ ¢) is given by
Note 5.The  (unilateral) z-

transformof a signalx(k) is given _ _ A1 N _
by ZX(2) — Zx(0) —Z7x(1) X0 —1).
X(2)= i}szx(k). In particular, wherx is equal to zero before time= ¢, thez-transform ofx(k + ¢) simplifies to
K=
ZX(2).

See [I, Section 8.2] for a review
of Laplacez-transforms.
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Taking ztransforms to both sides o1 (6) and assuming that botfy andug are zero before time
n > m, we obtain

Y4 (2) + Br 12" Na(2) + -+ + BoZYa(2) + B12%(2) + BoYa(2)
= amZ"Ug(2) + am-12"WU4(2) + -+ + a222Uqg(2) + a12Ug (2) + aoUqg (2).

This leads to
MATLAB ® Hint 5.
tf (num,den,Ts) creates a
Yq (Z) = Hq (Z)Ud (Z)’ discrete-time transfer function
with sampling time Ts and
where numerator and denominator
specified byhum, den... » p.12
_amZ"+am 12" P izt ao

Hyq(z) :=
a(? 2+ B+ Prz+ By

(1.7) MATLAB ® Hint 6.

zpk(z,p,k,Ts) creates a
is called the(discrete-time) transfer functioof the system. The roots of the denominator are callg@nsfer function with sampling

the polesof the system and the roots of the numerator are calledetasof the system. time Ts zeros, poles, and gain
specified byz, p, k. .. »p.12

The system i¢BIBO) stableif all poles have magnitude strictly smaller than one. Iis tase,
for every input bounded signa(k), the output/(k) remains bounded. Note 6. Since there are other no-

tions of stability, one should use
the termBIBO stableto clarify

1.3.1 Steady-state response to sine waves that it refers to the property that
Bounded-Inputs lead to Bounded-

Suppose that we apply a sinusoidal input with amplitédand discrete-time angular frequenc{utputs.
Q € [0, ], given by
Note 7. Discrete-time angular

ug(k) = AcogQk), Vvke {0,1,2...}, frequencies take values from

0 to . In particular, Q = 1

to the system.1) with transfer function 1.2. Assuming that the system is BIBO stable, th@ﬂf&?ﬁﬂi Sg’nalt:he fastest”

corresponding output is of the form i}
ug (k) = Acog( k) = A(—1)X.

Ya(K) = gAcogQk+ @)+ e(k) , Vke{0,1,2...}, (1.8) ... >p.13
—_— ~~
steady-state transient
where the gailg and phase are given by Attention! For discrete-time sys-
tems the argument td is e/? and
g:= |Hd(ejQ)| 0= ZHd(ejQ) (1.9) not justjQ, as in continuous-time

systems. This means that(z)

. . . . will be evaluated over the unit cir-
ande(t) is atransient signathat decays to zero &t— oo (cf. Figurel.4). cle, instead of the imaginary axis.

TheBode plotof a transfer functiomy(z) depicts
MATLAB ® Hint 7.

1. the norm oHg(e/?) in decibels [dB], which is given by 20lgg|H4(e!?)|; and bode(sys) draws the Bode
plot of the systensys... » p. 13

2. the phase dfiq(el?)

as a function of the angular frequen@y(in a logarithmic scale). In view ofl(8)—(1.9), the Bode
plot provides information about how much a sinusoidal signamplified (magnitude) and by how
much its phase is changed.

1.3.2 Step and impulse responses
Suppose that we apply a discrete-time impulse, given by

1 k=0

ukk)=0(k) = {0 K£0
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0 0.5 1 15 2 25 3 35 4 4.5 5
t (sec)

Figure 1.7. Response to a sinusoidal input with frequerfcy: 1Hz, w = 2 rad/sec sampled with a period
equal toTs = .01 sec. The corresponding discrete-time frequency is diyeR = .02rr and the Bode plot of
the system is shown in Figude8.

to the system(.1) with transfer function.2). The corresponding outphtk) is called theampulse
responseand itsz-transform is precisely the system’s transfer function:

0

Hi(2) = § z *h(k).
2
Consider now an input equal to a discrete-time step with tadea, i.e.,

0 k<O
a k>0,

uk) =sk) := {

and lety(k) be the corresponding output, which is called $tep responseSince the impulsé (k)
can be obtained from the stefk) by

6(k):w, vke {0,1,2...},

the impulse respondgk) (which is the output t@(k)) can be obtained from the outpy(k) to s(k)
by

h(k)zw, vke {0,1,2...}.

This is a consequence of linearity (cf. Figur®).

1.4 Discrete vs. continuous-time transfer functions

When the sampling tim@&s is small, one can easily go from continuous- to discretetiransfer
functions shown in Figuré.1Q To understand how this can be done, consider a continumes-t
integrator

Yo = Uc (1.10)

with transfer function

He(s) = =z, (1.11)
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Bode Diagram

From:u To:y
T

o

| |

N =

=] o
T T

Magnitude (dB)

|
)
S

Phase (deg)

—90 kL I L L

107 10° 10° 10 10
Frequency (rad/sec)

Figure 1.8.Bode plot of a system with transfer functiety(s) = ;%5

_ s(k—s(kql) — Yk —y(k-1)
V| pp | YO sl =gl = W0

(a) step response (b) impulse response

Figure 1.9.Impulse versus step responses

Suppose that the signatsandu aresampledeveryTs time units as shown in Figure2and that we
define the discrete-time signals

Ya(K) = ye(KTs), ug (k) = uc(KTs), ke {1,23,...}.

Assuming thatg(t) is approximately constant over an interval of lengthwe can take a finite
differences approximation to the derivative 10, which leads to

Yot +Ts) —ye(t)
B —— u(t).

In particular, fort = kTs we obtain

Ya(k+1) —ya(k)

= = ug(K). (1.12)

Ug(K) [ H ] L process Yelt) | s | Ya(K)

Ha(2)
Figure 1.10.Discrete vs. continuous-time transfer functions
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_ _ ~ Taking theztransform we conclude that
Note 8.In discrete-time, an inte-

grator has a pole at=1, whereas _
in continuous-time the pole is at M =Uq4(zg & Hy(zg)= L(Z) = —. (1.13)
s=0. Ts Us(z) &2

Ts
Comparing 1.17) with (1.13, we observe that we can go directly from a continuous-tiraesfer
function to the discrete-time one using the so calteder transformations:
MATLAB ® Hint8. c2d  and
d2c convert transfer functions 7—
from continuous- to discrete-time St
and vice-versa. .. »p.13 S

< z—~1+45ST.

A somewhat better approximation is obtained by taking thbtrhand-side ofX.12) to be the aver-
age ofug(k) andug(k+ 1). This leads to the so callétstin or bilineartransformation:

Note 9. Why?. .. »p.14

Note 10.The Euler transforma- S 2(z—-1) - 2+5STg

tion preserves the number of poles = =T =S

and the number of zeros since it TS(Z+ 1) 2-sk

replaces a polynomial of degree

n in s by a polynomial of the :

same degree iz and vice-versa. 15 MATLAB ® hlntS

However, the Tustin transforma-

tion only preserves the number of MATLAB ® Hint 1,5 (tf). The commandys_tf=tf (num,den) assignsteys_tf a MATLAB®

poles and can make discrete-timecqntinyous-time transfer functionun is a vector with the coefficients of the numerator of the sys-
zeros appear, for systems that did , . . _ . . .
not have continuous-time zeros,l€M’S transfer function andien a vector with the coefficients of the denominator. The lasffocient

E.g., the integrator systerh be- Must always be the zero-order one. E.g., toﬁ% you should us@um=[2 0] ;den=[1 0 3];

Ts(z+1)
2(-1) "

comes

»p. 14 . . .
The commandsys_tf=tf (num,den,Ts) assigns tesys_tf a MATLAB® discrete-time transfer

function, with sampling time equal Ts.

For transfer matricesum andden are cell arrays. Typeelp tf for examples.

Optionally, one can specify the names of the inputs, outaund state to be used in subsequent plots
as follows:

sys_tf=tf (num,den,. ..

>InputName’,{’inputl’,’input2’,...},...
’OutputName’, {’outputl’,’output2’,...},...
’StateName’,{’inputl’,’input2’,...})

The number of elements in the bracketed lists must matchuh#ar of inputs,outputs, and state
variables. O

MATLAB ® Hint 2, 6 (zpk). The commandys_tf=zpk(z,p,k) assigns teys_tf a MATLAB®

continuous-time transfer function.is a vector with the zeros of the systepra vector with its poles,
; 2 —0:p= k=0

andk the gain. E.g.,to g 1)(;3) you should use=0;p=[1,3] ;k=2;

The commandsys_tf=zpk(z,p,k,Ts) assigns tosys_tf a MATLAB® discrete-time transfer
function, with sampling time equal ts.

For transfer matriceg, andp are cell arrays an® a regular array. Typkeelp zpk for examples.

Optionally, one can specify the names of the inputs, outaund state to be used in subsequent plots
as follows:

sys_tf=zpk(z,p,k,...
’InputName’,{’inputl’,’input2’,...},...
’OutputName’,{’outputl’,’output2’,...},...
’StateName’,{’inputl’,’input2’,...})

The number of elements in the bracketed lists must matchuh#ar of inputs,outputs, and state
variables. ]
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MATLAB ® Hint 4, 7 (bode). The commandode (sys) draws the Bode plot of the systesys.
To specify the system one can use:

1. sys=tf (num,den), wherenun is a vector with the coefficients of the numerator of the sys-
tem’s transfer function anden a vector with the coefficients of the denominator. The last
coefficient must always be the zero-order one. E.g., to;ég one should useum=[2
0] ;den=[1 0 3];

2. sys=zpk(z,p,k),wherez is a vector with the zeros of the systepma vector with its poles,
; 2s —0 = =D -
andk the gain. E.g., to geﬁtm one should use=0;p=[1,3] ;k=2;

3. sys=ss(4,B,C,D),whereA,B,C,D are a realization of the system. O

MATLAB ® Hint 8 (c2d andd2c). The command2d(sysc,Ts, *tustin’) converts the continuous-
time LTI modelsysc to a discrete-time model with sampling tirie using the Tustin transforma-
tion. To specify the continuous-time systeyisc one can use:

1. sysc=tf (num,den), wherenun is a vector with the coefficients of the numerator of the
system’s transfer function antkn a vector with the coefficients of the denominator. The
last coefficient must always be the zero-order one. E.g.et%?% you should useum=[2
0] ;den=[1 0 3];

2. sysc=zpk(z,p,k),wherez is a vector with the zeros of the systepm vector with its poles,
P 2s =0 p= =9 -
andk the gain. E.g., to geﬁtm you should use=0;p=1[1,3] ;k=2;

3. sysc=ss(4,B,C,D),whereA,B,C,D are a realization of the system.

The commandi2c (sysd, *tustin’) converts the discrete-time LTI modejsd to a continuous-
time model, using the Tustin transformation. To specify digcrete-time systemysd one can
use:

1. sysd=tf (num,den, Ts),whereTs is the sampling timequm is a vector with the coefficients
of the numerator of the system’s transfer function ded a vector with the coefficients of
the denominator. The last coefficient must always be the-asder one. E.g., to gesg% you
should usexum=[2 0] ;den=[1 0 3];

2. sysd=zpk(z,p,k,Ts), whereTs is the sampling timez is a vector with the zeros of the
system,p a vector with its poles, and the gain. E.g., to ge% you should use
z=0;p=[1,3];k=2;

3. sysd=ss(A,B,C,D,Ts), whereTs is the sampling timeA,B,C,D are a realization of the
system. O

1.6 To probe further

Note 7 (Discrete- vs. continuous-time frequencie¥yhen operating with a sample peridg to
generate a discrete-time signglk) that corresponds to the sampled version of the continuoues-t
signal

Uc(t) =Acoqwt), t>0
we must have
ug(K) = uc(kTs) = Acog wkTs) = Acog Qk),

where the last equality holds as long as we seleet wTs = 27 Ts.
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Discrete-time angular frequencies take values fromm tm particularQ = rrresults in the “fastest”
discrete-time signal:

ug (k) = Acog(1tk) = A(—1)",

which corresponds to a continuous-time frequeficy Tis equal to half the sampling rate, also
known as the Nyquist frequency. m]

Note 9 (Tustin transformation) Consider a continuous-time integrator th10 and assume that
u(t) is approximately linear on the interviiTs, (k+ 1) T/, i.e.,

k+1)Ts—t t— KT,
u(t):%u(j(kwr >

ug(k+1), t € [kTs, (k+1)Tg].

S

Then, foryq(k+ 1) to be exactly equal to the integral oft) at timet = (k+ 1)Ts, we need to have

(DT (k4 1)Te—t t—KT.
yd(k+1):yd(k)+/ (( ACELW 2ug(k-+1))dt
kTs Ts Ts
T, T,
=Ya(K) + - ua(k) + 5 ua(k+1).

Taking thez-transform we conclude that

2Y4(2) = Y4(2)  Uqg(2) +2Uq4(2) Ya(z)  Ts(1+2)
e ~ Hd(z):Uc:,(z)ZZ(z—l)'

Comparing this with 1.11), we observe that we can go directly from a continuous-tiraasfer
function to the discrete-time one using the so calladtin or bilineartransformation:
2(z—1) 2+sTs

S e .
T Tnezry O YT 2-sk

O

Note 10 (Number of poles and zerasThe Euler transformation preserves the number of poles and
the number of zeros since the rule
z—-1
Ts

S

replaces a polynomial of degreein s by a polynomial of the same degreeZrand vice-versa.
However, the Tustin transformation
o 2(z—-1)
Ts(z+1)
replaces a polynomial of degraén s by aratio of polynomials of the same degreeanThis means
that it preserves the number of poles, but it can make dis¢iete zeros appear, for systems that
did not have continuous-time zeros. E.g., the integratﬂtesy% becomes

Ts(z+1)
2(z-1)’

which has a pole &= 1 (as expected), but also a zeraat —1. ]

1.7 Exercise

1.1. Suppose that you sample at 1KHz a unit-amplitude contintiows sinusoiduc(t) with fre-
quency 10Hz. Write the expression for the correspondingrelis-time sinusoidg (k).
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2.1 Parametric identification

In parametric identificatiorone attempts to determine a finite number of unknown parasttat
characterize the model of the system. The following is acgigroblem in this class:

Problem 2.1 (Parametric transfer function identificatioripetermine the coefficients; and 3 of
the system’sational transfer function

H() - AmZ"+ 012" 14 -+ a1z + ag
24 P12+ Briz+-Po

The number of poles and the number of zeras are assumed known.

This can be done using tieethods of least-squareshich we introduce next, starting from a
simple line fitting problem and eventually building up to Blem?2.1in Chaptei3.

The methods of least-squares is generally attributed te&plibut the American mathemati-
cian Adrain [] seems to have arrived at the same results independéhtkx fetailed treatment of
least-squares estimation can be found, e.g.{,iChapter 7].

2.2 Least-squares line fitting

Suppose that we have reasons to believe that two physiakdr variables x and y are approximately
related by a linear equationf the form

y=ax+b, (2.2)

15
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X = current

y = voltage R - x = height

y = pressure

(a) Voltage vs. current (b) Pressure vs. height

Figure 2.1.Linear models

but we do not know the value of the constamtmndb. The variabley andx could be, e.g., a voltage
and a current in a simple electric circuit, or the height ofugdfin a tank and the pressure at the
bottom of the tank (cf. Figurg.1).

Numerical values fom andb can bedetermined by conducting several experimeartd mea-
suring the values obtained farandy. We will denote by(x;,yi) the measurements obtained on the
ith experiment of a total dll experiments. As illustrated in Figu&?2, it is unlikely that we have

y . .
. y=ax+b y .
. . y=ax+b

“xy)
X X

(a) Measurement noise (b) Nonlinearity

"%, i)

Figure 2.2.Main causes for discrepancy between experimental datareeat Imodel

exactly
yi = ax + b, Vie{1,2,...,N}, (2.2)

because of measurement errors and also because often teé(Ehd)is only approximate.

Least-squares identification attempts to find valuesfandb for which the left- and the right-
hand-sides ofZ.2) differ by the smallest possible ertdviore precisely, the values afandb leading
to the smallest possible sum of squares for the errors oedM ixperiments. This motivates the

following problem:
Note 11. Statistical interpretation

of least-squares...  »Pp.19  proplem 2.2 (Basic Least-SquaresFind values for andb that minimize the following Sum-of-
Squares Error (SSE):

N
SSE=Y (ax +b—y)2
2 |

Solution to Problen2.2 This problem can be solved using standard calculus. All vezirte do is

solve
ISSE_ g 2xi(ax +b—yj) =0
3a —i; Xi (8 yi) =
dSSE N

b :i;Z(aﬂ—Fb—Yi) =0
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for the unknownsa andb. This is a simple task because it amounts to solving a systdimear
equations:

A s s o NGy = (5ix)(5ivi)
2 a+2($Tx)b=2F xy a= '
(%\X' ) (;I ) y i; 4 - Nz(ZiXiz) —(Zi%)?
e (ZiX) (i) — (Gixivi) (Zi%)
2(y x)a+2Nb=2% vy b=
(i; ) i; | N(Zi %) — (3i%)?
In the above expressions, we usedndb to denote the solution to the least-squares minimization.
These are called tHeast-squares estimate$a andb, respectively. m]

Attention! The above estimates farandb are not valid when
N(Y %) — (3 %) =0, (2:3)
| I

because this would lead to a division by zero. It turns out {A&) only holds when the; obtained

in all experimentsre exactly the same, as shown in Fig2r@ Such set of measurements does ndp® 12-Why?.. > p.20

y

X

Figure 2.3. Singularity in least-squares line fitting due to poor data.

provide enough information to estimate the paramatandb that characterize the line defined by

(2.2. m]

2.3 \ector least-squares

The least-square problem defined in Secokcan be extended to a more general linear model,
wherey is a scalarz:= [zl - zm] an m-vectorand these variables are related by a linear

equation of the form
Notation 2. a-b denotes the inner

product ofa andb. .. »p.19

m
y= ZZJGJ :Z-G, (2-4)
=1 Note 13.The line fitting problem
is a special case of this one &
wheref := [61 6, --- On| is anmvector with parameters whose values we would like f 1 andé =[a b.
determine.

To determine the parameter vectdrwe conduciN experiments from which we obtain meaAttention! We are now usingdi)
surementgz(i),y(i)), i € {1,2,...,N}, where eacl(i) denotes onervector and eac|(i) a scalar. {0 denote théth experiment since

The least-squares problem is now formulated as follows: the subscript i is needed to de-
notes thejth entry of the vector.

Problem 2.3 (Vector Least-Squares)ind values forf := [61 6, - Gm} that minimize the
following Sum-of-Squares Error (SSE):

SSE= i ((i)- 6 —y(i))>.



18 Joao P. Hespanha

Solution to Problen2.3. This problem can also be solved using standard calculusnially we
have to solve

OSSE JSSE =~ JSSE 0
06, 06, 06y
for the unknowrg . The equation above can also be re-written as

Notation 3. Oy f(x) denotes the

gradient off (x). .. »p.19 [gSSE= BBSQSE 5‘;3932E %SeiE}_o'
1

However, to simplify the computation it is convenient toterihe SSE irvector notation Defining
E to be anN-vector obtained by stacking all the erraf§) - 8 — y(i) on top of each other, i.e.,

Note 14.Vector  notation s
convenient both for algebraic
manipulations and for efficient z(1)~6—y(1)
MATLAB ® computations.

| 22)-0-y2)
Z(N) -0 _y(N) Nx1

we can write
Notation 4. Given a matrix M,
we denote the transpose M by SSE= ||EH2 =FE'E.
M.

Moreover, by viewingd as a column vector, we can write

E=26-Y,
whereZ denotes & x m matrix obtained by stacking all the row vectas) on top of each other,
andY anm-vector obtained by stacking all tlyéi) on top of each other, i.e.,
z(1) y(1)
|22 Y@
Z(N) Nxm y(N) Nx1
Therefore
SSE=(0'Z —Y')(26-Y)=60'Z26 —2Y'26 +Y'Y. (2.5)

It is now straightforward to compute the gradient of 8®Eand find the solution télg SSE= 0:
Note 15.The gradient
of a quadratic function 0gSSE=20'ZZ-2Y'Z=0 < 0 =Y'z(Z2)71, (2.6)
flx) = XQx + cx + d,
is gven by Okf(x) = which yields the followindeast-squares estimater 6:
X(Q+Q)+c... »p.20

6=(22)'7Y. (2.7)

MATLAB ® Hint9. 2\Y com- Sincez'Z = ;z(i)'z(i) andZ’Y = ¥, (i)'y(i), we can re-write the above formula as
putes directly (Z'z)"1Z'Y in a

very efficient way, which avoids R N N
inverting z'z by solving directly 0 =R 1f, R:= ziz(i)/z(i), fi= ziz(i)/y(i).
the linear system of equations i= i=

in (2.6). This is desirable, be- . , : : . . -
Lnau(se@ this '(S)p':rafosr':a ise oﬁzn One can gauge thguality of the fitby computing theSSEachieved by the estimate (i.e., the mini-

ill-conditioned. mum achievable squared-error). Replacing the estin2afeif (2.5 we obtain
SSE_|Z6-Y|? . YZZZ)'zY _ - Y'Z6 2.8)
N Y'Y oYy '
When thiserror-to-signal ratiois much smaller than one, the mismatch between the left-ighttr
hand-sides 0fZ.4) has been made significantly smaller than the output. m]

. Attention! The above estimate fdt is not valid when then x mmatrix Ris not invertible. Singu-

MATLAB ® Hint 10. svd(A)  |arity of Ris a situation similar toZ.3) in line fitting and it means that th&i) are not sufficiently
provides a measure of how close . ht timated. | fi heRis i tibl timat btaine®is cl t

Lis to being singular. .. » p. 19 iCh to estimated. In practice, even wheRis invertible, poor estimates are obtaineif close to
a singular matrix. |
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2.4 MATLAB ® hints

MATLAB ® Hint 10 (svd). The commandvd(A) computes the singular values of the matxix
Thesingular valueof a matrixA are the square-roots of the eigenvalued’@f Singular values are
always real and nonnegative.

1. The largest singular value (writtammax/A]) provides a measure of how much a matrix can
amplify a vector. In particular,

[AX| < Omax(Al[|X]|-

2. The smallest singular value (written,n[A]) provides a measure of how little a matrix can
amplify a vector. In particular,

[AX| > Omin[A[X][-
For singular matricegmin[A] = 0.

3. The ration between the largest and smallest singulaesatucalled theondition numbenof
a matrix:

pla = 22

For singular matrices, the condition number is equadtd-inite but large condition numbers
correspond to matrices that are nonsingular but “closeétodpsingular, in the sense that they
can become singular by making small changes in their entBesause of this property, the
condition number provides a measurehofv close a matrix is to being singular

Inverting matrices with large condition numbers is venfidiflt and often results in large
numerical errors due to round-off. ]

2.5 To probe further

Notation 2 (Inner product) Giventwom-vectorsa= [a; a; --- am|anda=[a; a --- am|,
a-bdenotes the inner product afandb, i.e.,

a-b——iz ajby;.
]

Notation 3 (Gradient) Given a scalar function afvariablesf (x1,...,Xn), Uxf denotes the gradient
of f,i.e,

af  of af
Oxf(x1,X2,...,Xm) = e Al 0

Note 11 (Statistical interpretation of least-squareSuppose that the mismatch between left- and
the right-hand sides o£(2) is due to uncorrelated zero-mean noise. In particulat, tha

yi = ax +b-+n;, Vie{l,2,...,n},
where all then; are uncorrelated zero-mean random variables with the sanenees?, i.e.,
E[ni] =0, E[n?] = o2, E[ninj] =0, j #i.

The Gauss-Markov Theorem stated below justifies the widetigast-squares estimation.
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Theorem 2.1(Gauss-Markov) The best linear unbiased estimator (BLUE) for the paranseger
and b is the least-squares estimator.

Some clarification is needed to understand this theorem
1. The Gauss-Markov Theoreil compares all linear estimators, i.e., all estimators ofdne
a=agy1+-+ Gnyn, b=Bry1+--+ Buyn,

where theo;, B are coefficients that may depend on ihe

2. Itthen asks what is the choice for thg 3 that lead to an estimator that is “best” in the sense

that it is (i) unbiased, i.e., for which
E[a =a, E[b] = b,
and (ii) results in the smallest possible variance for thieregion error, i.e., that minimizes
E[(a—a)?+ (b—b)F.
The conclusion is that the least-squares estimator satisf@se requirements.

Unbiasednessneans that when we repeat the identification procedure taey although we may
never ge’= aandb = b, the estimates obtained will be clustered around the trliegaMinimum
variance,means that the clusters so obtained will be as “narrow” asiples a

Note 12 (Singularity of line fit) The estimates fos andb are not valid when
N(EX) - (3 0)2 =0
To understand when this can happen let us compute
NY (6 —p)? =Ny —2Nu 'y xi +np?

| | |

butNp = 5%, so
NZ(N —?=NY - (3 %)%

This means that we run into trouble when

> (% —p)?=0,

which can only occur when all the are the same and equalfio m]

Note 15 (Gradient of a quadratic function)Given am x m matrix Q and am-row vectorc, the
gradient of the quadratic function

m m m
f(X) =X Qx+cx= i;;quXin +i;cixi.

To determine the gradient ¢f we need to compute:

of(x) 2 D0 oxj 22 ox M ogx
= X3+ X5+ Y Gio.
0% i;;\q” ' Ox¢ i;j;q” "o i; 0%
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However, g;" and 24 ax are zero wheneveér#£ k andj # k, respectively, and 1 otherwise. Therefore,

the summations above can be simplified to

Zlq'kxl + Z OkjXj +Ck = _Zl(chk + Qki)Xi + Ck.

Therefore
of
DX f Xm dXz o ﬁ)((r;() :|
[ 1(@1+qu)xi+cr -+ Y™ (Gim+ Omi)X + Cm]
=X(Q+Q)+c. O

2.6 Exercises

2.1 (Electrical circuit) Consider the electrical circuit in Figu&4, where the voltagel across the
source and the resist& are unknown. To determine the valued.bfindR you place several test

R
A

+ /\/\/\/ )
0 O

B
Figure 2.4.Electrical circuit

resistorg; between the terminals, B and measure the voltag€sand currents; across them.

1. Write a MATLAB® script to compute the voltag® and currents; that would be obtained
whenU = 10V, R= 1kQ, and ther; are equally spaced in the interaD0Q, 10kQ]. Add to
the “correct” voltage and current values measurement nalse for the currents and for the
voltages Gaussian distributed noise with zero mean andatdrdeviationlmAand 10nV,
respectively.

The script should take as input the numbleof test resistors.

2. Use least-squares to determine the valu&sasfdU from the measurements fire {5,10,50,100,1000}.

Repeat each procedure 5 times and plot the average errgmthabtained in your estimates
versusN. Use a logarithmic scale. What do you conclude? ]

2.2 (Nonlinear spring) Consider a nonlinear spring with restoring force
= —(x+x3),

wherex denotes the spring displacement. Use least-squares tomietdinear models for the spring
of the form

F =ax+bh.
Compute values for the parametarandb for
1. forces evenly distributed in the interjal.1,.1],

2. forces evenly distributed in the interjal.5,.5], and
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3. forces evenly distributed in the intervall, 1].
For each case

1. calculate th&SE

2. plot the actual and estimated forcesxsand

3. plot the estimation error vs. ]
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3.1 ARX Model

Suppose that we want to determine the transfer fundti¢z) of the discrete-time system in Fig-
ure3.1 In least-squares identification, one converts the proldeestimatingH (z) into the vector

u(k) y(k)

o H@=?

Figure 3.1. System identification from input/output experimental data

least-squares problem considered in Sec8dh This is done using the ARX model that will be
constructed below.

Theztransforms of the input and output of the system in Figtifeare related by

a2+ O 12"+ oz ag

m:H(Z)_ 21+Bn—12171+---+ﬁlz+30 ? (31)

where thea; and the3 denote the coefficients of the numerator and denominatgnpatials of
H(z). Multiplying the numerator and denominatorld{z) by z ", we obtain the transfer function
expressed imegative powers of z

Y(Z) B am27n+m+am,127n+mfl+---—|—0127n+1+0027n
U(2) 1+ Bnaz i+ 4 Bz ™1+ Boz "
o m@mtOmaZ oz ™ 4oz "

B 1+ Bnaz i+ 4+ Bz ™14 Boz "

23



Note 16.We can view the differ-

encen — m between the degrees
of the denominator and numera-
tor of (3.1) as a delay, because the

outputy(k) at timek in (3.2) only

depends on the value of the input

u(k—(n—m)) attimek— (n—m)

and on previous values of the in-

put.

MATLAB ® Hint 11. PHI\Y
computes 6 directly, from the
matrix PHI= ® and the vector
Y=Y.

Attention! When the system is at

rest beforek =1, u(k) = y(k) =0

vk < 0. Otherwise, if the past in-
puts are unknown, one needs to

remove from® andY all rows
with unknown data.

MATLAB ® Hint12. arx s
very convenient

least-squares identification

to perform
of
ARX models because it does
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and therefore
Y2 +Br1Z Y@+ + Bz " (2) + Boz "Y(2) =
amz "M (2) + a1z MU (2) + -+ a1z "W (2) + a0z U (2).
Taking inversez-transforms we obtain

Y(K) + Bn-1y(k—1)+---+ Bry(k—n+1) + Boy(k—n) =

amu(K—n+m) + am_qu(k—n+m—1)+---+au(k—n+1)+agu(k—n). (3.2)

This can be re-written compactly as

y(k) = (k)-6

where the(n+ m+ 1)-vector@ contains the coefficient of the transfer function and thearmfg(k)
the past inputs and outputs, i.e.,

0= [_Bn—l —B1 —Po Om Om1
¢ (k) = [y(k—1) y(k—n) u(k—n+m)

The vecto (K) is called theegression vectoand the equatiorB(3) is called arARX modela short
form of Auto-Regression model with eXogeneous inputs.

(3.3)

az Go}
u(k—n)].

3.2

We are now ready to solve the system identification Protdelhmtroduced in Chaptez, by apply-
ing the least-squares method to the ARX model:

Identification of an ARX model

Solution to Problen2.1
1. Apply a probe input signal(k), k € {1,2,...,N} to the system.
2. Measure the corresponding outp(k), k € {1,2,...,N}.

3. Determine the values for the parameéldhat minimize the discrepancy between the left- and
the right-hand-sides o8(3) in a least-squares sense.

According to Sectior2.3, the least-squares estimatefois given by

6= (dd) 1y, (3.4)
where
(1) y(0) - y(1-n) u(l-ntm) - u(l-n) y(1)
$(2) y(1) - y(2-n) u@-nm) - u2-n) ¥(2)
o= | = : ) , Y=| .|,
o(N) y(N=1) - y(N=n) u(N-n+m) - u(N-n) y(N)
or equivalently
. N N
6 =R f, Ri=0'd= ¢(k)'¢(K), fr=oY =% ¢(K'y(k
k=1 k=1

not require the need to explicity The quality of the fitcan be assessed by computing the error-to-signal ratio

construct the matrix® and the
vectorY... »p.25

Y'®0
1-

SSE
IME
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When this quantity is much smaller than one, the mismatcivdxn the left- and right-hand-sides

of (3.3 has been made significantly smaller than the output. MATLAB ® Hint 13. compare
is useful to validate the quality of

. . . e the fit. .. »p.27
Attention! Two common causes for errors in least-squares identifitatsth ARX models are: P

1. incorrect construction of the matriix and/or vectoly;

2. incorrect construction of the identified transfer fuantfrom the entries in the least-squares
estimated.

Both errors can be avoided using the MATLABcommanchrx.

3.3 Known parameters

Due to physical considerations, one often knows one or molesfzeros of the process. For exam-
ple:

1. one may know that the process has an integrator, whicegponds to a continuous-time pole
ats= 0 and consequently to a discrete-time pole-atl; or

2. that the process has a differentiator, which corresptmasontinuous-time zero at= 0 and
consequently to a discrete-time zera@at 1.

In this case, it suffices to identify the remaining polesssewhich can be done as follows: Suppose
that it is known that the transfer functiéh(z) has apoleat= A, i.e.,

H(z = = H (),

where H(z) corresponds to the unknown portion of the transfer functidn this case, the-

transforms of the input and output of the system are relaged b Note 17.The transfer _function

H(z) is proper only if H(z) is
strictly proper. However, even if
Y(2) _ 1 I-T(Z) H(z) happens not to be proper,
’ this introduces no difficulties for
this method of system identifica-

and therefore tion.
Y@ _ g
o —H@,
where
Y2):=(z-A)Y(@ = yKk =yk+1)—Ayk). (3.5)

This means that we can directly estimdﬁez) by computingy(k) prior to identification and then

regarding this variable as the output, insteagi(&j. Note 18.The new outputy(K) is

not a causal function of the orig-
. . - . . . - inal output y(k), but this is of
Attention! To obtain the original transfer functids(z), one needs to multiply the identified func+,g Consequén)ce since we have

tion I-T(Z) by the termﬁ. O the wholey(k) available when we
carry out identification.

3.4 MATLAB ® hints MATLAB ® Hint 14. One must

be careful in constructing the vec-
tor y in (3.5) to be used by the

MATLAB ® Hint 12 (arx). The commancarx from the identification toolbox performs Ieastf .
unctionarx. . . » .26

squares identification of ARX models. To use this commandmoust

1. Create a data object that encapsulates the input/owpatiding:

data=iddata(y,u,Ts);



Note 19.MATLAB ® is an object
oriented language andodel.a
is the propertya of the object
model.

Note 20.Typically, one chooses
nb equal to the (expected) num-
ber of polesnk equal to the (ex-
pected) input delay, anda =
nb — nk, which would be the
corresponding number of zeros.
In this case,y(k) is a function
of y(k—1),...,y(k—nb) and of
u(k — nk),...,u(k — nb).  See
equations3.1)—(3.2... »p.23

Note 21.0Obtaining a standard de-
viation for one parameter that is
comparable or larger than its esti-
mated value typically arises in one
of three situations. ..
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whereu andy are vectors with the input and output data, respectivelyTans the sampling
interval.

Data from multiple experiments can be combined using thencantmerge as follows:

datl=iddata(y1,ul,Ts);
dat2=iddata(y1,ul,Ts);
data=merge(datil,dat2);

2. Compute the estimated model using:
model=arx(data, [na,nb,nk])

wheredata is the object with input/output dataa, nb, nk are integers that define the de-
grees of the numerator and denominator of the transfer ifum¢see below); andodel a
MATLAB ® object with the coefficients of the transfer function. Thefficient are returned
for negative powers of 2n particular, the estimated transfer function is given by

Y(z z™ (model.a(l) +model.a(2)z 14 --- +model.a(na+ 1)?“3)
= ) (3.6)
U(2 model.b(1) + model.b(2)z 1+ .- +model.b(nb+ 1)z b

The estimated discrete-time transfer function can be @®ausing the MATLAE® command
sysd = tf(model,'Measured’)

The objectmodel contains a lot more information about the estimated trarfsfiection, which
includes

1. model.da andmodel.db give the standard deviations associated with the estinudtdse
coefficient.

You should compare the value of each parameter with its atamdkviation. A large value in
one or more of the standard deviations indicates that thexrft= &' @ is close to singular
and points to little confidence on the estimated value ofphaameter.

2. model .noise provides a measure of the quality of fit and is essentiallyvlaee of SSE
divided by the number of samples. However, this measure ti;ioionalized by the norm-
square ofY, opposite t02.98).

You can typeidprops idpoly at the MATLAB® prompt to obtain more information about other
information that is available imodel.

The MATLAB® commandarx uses a more sophisticated algorithm than the one descritibdse
notes so the results obtained usitk may not match exactly the ones obtained using the formula

(4.9. O

MATLAB ® Hint 14 (Known parameters)One must be careful in constructing the vegtar (3.5
to be used by the functiosrx. In particular, its first element must be equal to

y(2) = Ay(1),

as suggested b (5). Moreover, if we had values ofk) andu(k) for k € {1,2,...,N}, theny(k)
will only have values fok € {1,2,...,N -1}, because the last elementygk) that we can construct
is

YIN=1) =y(N) —y(N-1).

Since the functioriddata only takes input/output pairs of the same length, this méaaisve need
to discard the last input datgN). The following MATLAB® commands could be used constryct
fromy and also to discard the last elementiof
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bary=y(2:end)-lambda*y(l:end-1); u=u(l:end-1); o

MATLAB ® Hint 13 (compare). The commandompare from the identification toolbox allows
one to compare experimental outputs with simulated valwes &n estimated model. This is useful
to validate model identification. The command

compare (data,model)

plots the measured output from the input/output data oldiees and the predictions obtained from
the estimated modebdel. See MATLAB® hints12, 21 for details on these objects. ]

3.5 To probe further

Note 21 (Large standard deviations for the parameter estima@b)aining a standard deviation for
one parameter that is comparable or larger than its estimaiee typically arises in one of three
situations:

1. The data collected is not sufficiently rich. This issudsedssed in detail in Sectighl It can
generally be resolved by choosing a different input sigrfalr the identification procedure.

2. One has hypothesized an incorrect value for the numbeslespthe number of zeros, of the
system delay. This issue is discussed in detail in Sedtidnit can generally be resolved by
one of three options:

e When encounters small estimated value for parametersspamneling to the terms in
the denominatorof (3.6) with the most negative powers in this may be resolved by
selecting a smaller value fab;

e When encounters small estimated value for parametersspmmeling to the terms in the
numeratorof (3.6) with themost negative powers in this may be resolved by selecting
a smaller value fotia;

e When encounters small estimated value for parametersspmmeling to the terms in the
numeratorof (3.6) with theleast negative powers in this may be resolved by selecting
a large value fonk.

3. One is trying to identify a parameter whose value is abtuaro or very small.

When the parameter is one of the leading/trailing coeffisi@fi the numerator/denominator
polynomials, this is can be addressed as discussed in thiepsdullet. Otherwise, generally
there is not much one can do about it during system ideniificatHowever, since there is
a fair chance that the value of this parameter has a largep&ge error (perhaps even the
wrong sign), we must make sure that whatever controller veigdefor this system is robust
with respect to errors in such parameter. This issue is adddein Chapters-7. m]

3.6 Exercises

3.1(Known zero) Suppose that the process is known to have a zeze-g, i.e., that
H(2 = (z-y)H(2),

wherel—T(z) corresponds to the unknown portion of the transfer functléow would you estimate

H(z)? What if you known that the process has both a zejoeatd a pole ah ? ]

3.2(Selected parametersjhe data provided was obtained from a system with transfestfon
z—.5

(z—3)(z—p)’

wherep is unknown. Use the least-squares method to determine the ofp. m]

H(z) =
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Practical considerations in
parametric identification
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4.1 Choice of inputs

The quality of least-squares estimates depends signifjcamtthe inputu(k) used. The choice of
inputs should take into account the following requirements

1. The input should bsufficiently richso that the matriR is nonsingular (and is well condi-
tioned).

(a) Single sinusoids should be avoided because a sinusdigéaqfencyQ will not allow
us to distinguish between different transfer functionsweikactly the same value at th
Ha(2) = “2 have the same value

pointz= el®,
for z= eJ"/2 = j. Therefore they
(b) Good inputs include: square-waves, the sum of many sidgsor a chirp signal (i.e., awill lead to the samey(k) when

signal with time-varying frequency). u(k) is a sinusoid with frequency
11/2. This input will not allow us

2. Theamplitude of the resulting outputk) should be much larger than the measurement noielistinguish betweeH; andH,.
In particular, large inputs are needed when one wants toepitud system at frequencies for
which the noise is large.
However, when the process is nonlinear but is being appratdéchby a linear model, large

inputs may be problematic because the linearization magewalid. As shown in Figuré.1,
there is usually an “optimal” input level that needs to beedmined by trial-and-error. O

é\lote 22.Why? H(z) = 1 and

3. The input should beepresentativeof the class of inputs that are expected to appear in the
feedback loop.

(a) Theinputshould have strong componentsin the rangegéifncies at which the system
will operate.

(b) The magnitude of the input should be representativeefitagnitudes that are expected
in the closed loop.

29



MATLAB ® Hint 12. When us-

ing the arx command, the sin-
gularity of the matrix R can be
inferred from the standard devia-
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SSE

lIvl? .
nonlinear

noise behavior
dominates

optimal

input magnitude

Figure 4.1. Optimal choice of input magnitude

Validation. The choice of input is perhaps the most critical aspect indggystem identification.
After any identification procedure the following steps sladae followed to make sure that the data
collected is adequate:

1. Check if the matriR is far from singular. If not a different “richer” input shalibe used.

2. Check the quality of fit by computinﬁﬁ—‘g. If this quantity is not small, one of the following
is probably occurring:

tions associated with the parame-

ter estimates. ... » p. 2527

MATLAB ® Hint 12 When us-
ing the arx command, the qual-
ity of fit can be inferred from
the noise field in the estimated
model. .. »p.25

(a) There is too much noise and the input magnitude needsiteheEased.

(b) The inputs are outside the range for which the procesgpsoaimately linear and the
input magnitude needs to be decreased.

(c) The assumed degrees for the numerator and denominatioicarrect (see Sectigh4).

3. After an input signali(k) passed the checks above, repeat the identification experimi
the inputau(k) with a = —1, a = .5. If the process is in the linear region, the measured
outputs should roughly by equal toy(k) and the two additional experiments should approx-
imately result in the same transfer function. When one obtkirger gains in the experiment
with a = .5, this typically means that the process is saturating aedeeds to decrease the
magnitude of the input.

Example 4.1(Two-cart with spring) To make these concepts concrete, we will use as a running ex-
ample the identification of the two-carts with spring appasahown in Figurd.2 From Newton’s

=

T AN
X1 X2
Figure 4.2. Two-mass with spring
law one concludes that
mMXy = K(x —x1) + f, MpXz = k(X1 —X2), (4.1)

wherex; andx, are the positions of both cartsy andm, the masses of the carts, akthe spring
constant. The forcé is produced by an electrical motor driven by an applied galtaaccording to

 KeKg (o KmKg.
=R (v : xl), (4.2)

whereKm, Kg, Rm, andr are the motor parameters.

For this system, we are interested in taken the control itgpbé the applied voltage:= v and
the measured output to be the positiae= x, of the second cart. To determine the system’s transfer
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function, we replacd from (4.2) into (4.1) and take Laplace transforms to conclude that

{mlsle(s): (Y(5) — Xa(9)) + Sk (U(s)—%sxl(s))

Y
me Y (s) = k(Xe(s) — Y(3))

2K2
(mus? + TE s+ k) Xa(s) = kY(9) + FE2U (9

- (M2 +K)Y(s) = kXu(9)
K2K?2 k
= (Mps®+K) (mls2 + Rmrg s+ k)Y(s) =k2Y(s)+ %u (s)
Y(s) o w3

U (mye2+K) (mlsz+ };ifgzsjt k) — k2

where the large caps signals denote the Laplace transfdriims corresponding small caps signals.

From the first principles model derived above, we expectdbiginuous-time system to have 4

poles and no zero. Moreover, a close look at the denominétbedransfer function in4.3) reveals
that there is no term of order zero, since the denominatausle¢o

(Mmps? +K) (m152+ Rmr§S+ k) —Kk = mzsz(mlsz—l—

Note 23.We can make use of the
knowledge that the continuous-
202 time system has 4 poles, be-
kaKg S cause the corresponding discrete-
Rmr2 time transfer function will have
the same number of poles. How-

K2K,

K2K g
R s+ k) +kmys? +

and therefore the system should have one pole at zerot shqlild contain one pure integrator. ever, the absence of zeros in

the continuous-time transfer func-

Our goal now is to determine the system’s transfer functéf) (using system identification tions tell us little about the num-

from input/output measurements. The need for this typicatms from the fact that
1.
2.

ber of zeros in the correspond-
ing discrete-time transfer function
because the Tustin transformation
does not preserve the number of
»p. 14

we may not know the values of the system parametersy, k, km, Kg, Rm, andr; and

the first-principles model(1)—(4.2 may be ignoring factors that turn out to be importante™©s (¢f- Notel0). ..
e.g., the mass of the spring itself, friction between theseasnd whatever platform is sup-

porting them, the fact that the track where the masses moyenstebe perfectly horizontal,

etc.

Figure4.3(a)shows four sets of input/output data and four discrete-tianesfer functions iden-
tified from these data sets.

Key observations. A careful examination of the outputs of thex command and the plots in
Figure4.3reveals the following:

1.

The quality of fit appears to be very good sing& reports a very small value for theise
parameter (around 18°), which is suspiciously small when compared to the averadeev
of y? (around 10?).

. The standard deviations associated with the denomipatameters are small when compared

to the parameter estimates (ranging from 2 to 100 times snthkn the estimates).

. The standard deviations associated with the numeratanpers appear to be worse, often

exceeding the estimate, whigidicate problems in the estimated transfer functions.

. While difficult to see in Figuré.3(a) it turns out that the data collected with similar input

signals (square wave with a period of 2Hz) but 2 different kionges (2v and 4v) resulted in
roughly the same shape of the output, but scaled approlyriatewever, the fact that this is
difficult to see in Figuret.3(a)because of scaling is actually an indication of troulds we
shall discuss shortly.

. The integrator that we were expecting in the transfertions is not there.
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(a) Four sets of input/output data used to estimate the tassnsystem in Figuré.2 In all
experiments the input signalis a square wave with frequencies .5Hz, 1Hz, 2Hz, and 2Hz,
respectively, from left to right and top to bottom. In the ffiteree plots the square wave
switches from -2v to +2v, whereas in the last plot it switcfresn -4v to +4v. All signals were
sampled at 1KHz.
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(b) Four discrete-time transfer functions estimated frbm four sets of input/output data in
(a), sampled at 1KHz. The transfer functions were obtainedguia MATLAB® command
arx With na = 4, nb = 3, andnk = 1, which reflects an expectation of 4 poles and a delay of
one sampling period. The one period delay frofk) to y(k) is natural since a signal applied at
the sampling timé will not affect the output at the same sampling tikngSee Note20, p. 26).

The labels in the transfer functions refer to the titles effiur sets of input/output data (g).

Figure 4.3.Initial attempt to estimate the discrete-time transfeicfion for the two-mass system in Figute2.
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6. The four sets of data input/output data resultedramatically different identified transfer
functions

The last three items are, of course, of great concern, argba icldication that we are not getting a
good transfer function.

Fixes. The fact that we are not seeing an integrator in the identifeusfer functions is not too
surprising, since our probe input signals are periodic sgjuaves, which has no component at the
zero frequency. The input that has the most zero-frequeayponent is the square wave with
frequency .5Hz (cf. top-left plot in Figuré.3(a), for which less than a full period of data was
applied to the system. Not surprisingly, that data resuttete transfer function that is closer to an
integrator (i.e., itis larger at low frequencies).

Since we know that the system hasteuctural poleatz= 1, we should force it into the model
using the technique seen in Sect®A. Figure4.4(a)shows the same four sets of input/output data
used to estimate the discrete-time transfer function hrisignal labeled “output” now corresponds
to the signal that we encountered in SectiBB. The new identified transfer functions that appear
in Figure4.4(b)are now much more consistent, mostly exhibiting differenoghase equal to 360
deg. However, the standard deviations associated with tingerator parameters continue to be
large, often exceeding the estimate. m]

4.2 Signal scaling

For the computation of the least-squares estimate to bemcatg well conditioned, it is important
that the numerical values of both the inputs and the outpade houghly the same order of magni-
tude. Because the units of these variable are generallg different, this often requires scaling of
these variables. Itis good practice to scale both inputoatpults so thadll variable take “normal”
values in the same range.g., the interva)l—1,1].

Attention! After identification, one must then adjust the system ganetiect the scaling performed
on the signals used for identification.

Suppose that one takes the original input/output data,sednd constructs a new scaled data set
u,y, using

u(k) = ayu(k), y(k) = ayy(k), vk.
If one then uses andy to identify the transfer function

SNV C)

@7V v

in order to obtain the original transfer functibh{z) from u to y, one need to reverse the scaling:

H(z)_%_g—zﬁ(z). O

Example 4.2(Two-cart with spring (cont.)) We can see in Figuré.4(a) that the input and output
signals used for identification exhibit vastly differentiks. In fact, when drawn in the same axis,
the output signals appears to be identically zero.

Fix. To minimize numerical errors, one can scale the output sigypanultiplying it by a suffi-
ciently large number so that it becomes comparable withripati Figure4.4(a)shows the same
four sets of input/output data used to estimate the dist¢iate transfer function, but the signal
labeled “output” now corresponds to a scaled version of ifpeaty that we encountered in Sec-
tion 3.3
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(a) Four sets of input/output data used to estimate the tassmsystem in Figuré.2 In all
experiments the input signalis a square wave with frequencies .5Hz, 1Hz, 2Hz, and 2Hz,
respectively, from left to right and top to bottom. In the ffiteree plots the square wave
switches from -2v to +2v, whereas in the last plot it switclfresn -4v to +4v. The signal
labeled “output” now corresponds to the signglthat we encountered in Secti@3. All
signals were sampled at 1KHz.
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(b) Four discrete-time transfer functions estimated frbm four sets of input/output data in
(a), sampled at 1KHz. The transfer functions were obtainedguia MATLAB® command
arx with na = 3,nb = 3, andnk = 0, which reflects an expectation of 3 poles in addition to the
one atz= 1 and no delay fronu to y. No delay should now be expected sing&) can affect
y(k+ 1), which appears directly ig(k) (See Note20, p. 26). A pole atz= 1 was inserted
manually into the transfer function returned &ix. The labels in the transfer functions refer
to the titles of the four sets of input/output date(d@).

Figure 4.4. Attempt to estimate the discrete-time transfer functiontfe two-mass system in Figuke?2,
forcing a pole at z= 1.
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(a) Four sets of input/output data used to estimate the tassmsystem in Figuré.2 In all

experiments the input signalis a square wave with frequencies .5Hz, 1Hz, 2Hz, and 2Hz,
respectively, from left to right and top to bottom. In the ffiteree plots the square wave

switches from -2v to +2v, whereas in the last plot it switcfresn -4v to +4v. The signal

labeled “output” now corresponds tosaaled version of the signglthat we encountered in
Section3.3. All signals were sampled at 1KHz.
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(b) Four discrete-time transfer functions estimated frbm four sets of input/output data in
(a), sampled at 1KHz. The transfer functions were obtainedguia MATLAB® command
arx with na = 3,nb = 3, andnk = 0, which reflects an expectation of 3 poles in addition to the
one atz= 1 and no delay fronu toy. A pole atz= 1 was inserted manually into the transfer
function returned byrx and the output scaling was reversed back to the originas.uilihe
labels in the transfer functions refer to the titles of therfeets of input/output data i{@).

Figure 4.5. Attempt to estimate the discrete-time transfer functiontfe two-mass system in Figuke?2,

forcing a pole az = 1 and withappropriate output scaling.
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Key observation. While the transfer functions identified do not show a sigaificimprovements
and the standard deviations associated with the numeratameters continue to be large, Fig-
ure4.4(a)now shows a clue to further problems: the output signalstétdsignificant quantization
noise. m]

4.3 Choice of sampling frequency

For a discrete-time model to accurately capture the processinuous-time dynamics, the sam-
pling frequency should be as large as possible. Howeveratftén leads to difficulties in system
identification.

As we have seen before, least-squares ARX identificatioruatsdo finding the values for the
parameters that minimize the sum of squares differencedsstvthe two sides of the following
equation:

y(k) = —Bn-1y(k—1) — -+ = Bry(k—n+1) + Boy(k—n)+
+amu(k—n+m)+am-u(k—n+m—1)+---+au(k—n+1)+ agu(k—n). (4.4)

In particular, one is looking for values of the parametees #re optimal at predicting(k) based on
inputs and outputs that for back to tirke- n.

When the sampling period is very short, all the output values

y(k),y(k=1),....y(k—n)

that appear in4.4) are very close to each other and often their difference &llemthan one quan-
tization interval of the analogue-to-digital converte @) In this case, the pattern of output values
that appearin4.4) is mostly determined by the dynamics of the ADC convertelrtae least-squares
ARX model will contain little information about the procesansfer function.

As we increase the sampling time, the difference betweetahsecutive output values increases
and eventually dominates the quantization noise. In gractine wants to chose a sampling rate that
is large enough so that the Tustin transformation is valtgbfficiently small so that the quantization
noise does not dominate. A good rule of thumb is to sampleytbiems at a frequenc30-40 times
larger than the desired closed-loop bandwidth for the gyste

Down-sampling

It sometimes happens that the hardware used to collecté@iaes to sample the system at frequen-
cies much larger than what is needed for identificatiamversampling In this case, one generally
needs talown-samplé¢he signals but this actually provides apportunity to remove measurement
noise from the signals.

Suppose that(k) andu(k) have been sampled with a perifg, but one wants to obtain signals

MACE';]A?W@ d';\i,rv‘rt] 135; nfplejiggg _ ¥(k) andui(k) sampled with periodhign:= L Tiow WhereL is some integer larger than one.
v :

(4.5 using bary=y(1:L:end). The simplest method to obtayk) andu(k) consists of extracting only one out of edchamples

Down-sampling can also be P ; .
achieved with the command of the original signals:

bary=downsample(y,L). This —
command requires MATLAB’s y(k) = y(Lk), u(k) = u(Lk). (4.5)
signal processing toolbox. . . L ) ) . .
Instead of discarding all the remaining samples, one caeaekome noise reduction by averaging,
MATLAB ® Hint 16. A signaly ~ as in

can by down-sampled as id.6)

using bary=(y(1:L:end-2) L\ y(Lk_ 1) +y(Lk) +y(Lk+ 1)
+ y(2:L:endy-1)y+ Y(k) = 3 s (46)
y(3:L:end))/3. _

k) = u(Lk—1) + u(Lk) + u(Lk + 1)7 @.7)

3
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or even longer averaging. The down-sampled signals olitamthis way exhibit lower noise than

the original ones because noise is being “averaged out.” MATLAB ® Hint 17. Down-

sampling with more sophis-
Example 4.3 (Two-cart with spring (cont.)) We can see, e.g., in Figure4(b) that the system ggﬁte‘jbe(a':ihi'e‘\’/’;%er)Wi‘;ir']te”?h%
appears to have an “interesting” dynamical behavior in #rege of frequencies from .1 to 10HZ¢ommand  resample, e.g.,
“Interesting,” in the sense that the phase varies and thenituate bode plot is not just a line. Sinceary=resample(y,1,L,1).

the sampling frequency of 1kHz lies far above this range, axelihe opportunity to down-samplelhis ~ command  requires

. . Y ®s si i
the measured signals and remove some of the measurementimatisvas evident in Figure4(a) mﬁlTb'(‘)ﬁB s signal processing

Fix. To remove some noise quantization noise, we down-sampképiut and output signals
by a factor of 10 with the MATLAE® resample command. The new discrete-time frequency is
therefore now sampled only at 100Hz, but this still appeaurset sufficiently large. Figuré.6(a)
shows the same four sets of input/output data used to estithatdiscrete-time transfer function,
down-sampled from the original 1KHz to 100Hz. By comparihiz figure with Figuret.5(a) we
can observa significant reduction in the output noise level.

Key observation. The transfer functions identified show some improvemeipeeisally because
we are now starting to see some resonance, which would betexbia a system like this. More
importantly, nowall the standard deviations associated with the numeratad denominator pa-
rameters are reasonably small when compared to the pararestemateqranging from 2.5 to 30
times smaller than the estimates). ]

4.4 Choice of model order

A significant difficulty in parametric identification of ARX atlels is that to construct the regression
vector @ (k), one needs to know the degneef the denominator. In fact, an incorrect choice ffor
will generally lead to difficulties.

1. Selecting a value fom too small will lead to mismatch between the measured datatand
model and th& SEwill be large.

2. Selecting a value fam too large is calledver-parameterizatioand it generally leads tR
being close to singular. To understand why, suppose we hamasfer function

B 1
T z=1

H(2)

but for estimation purposes we assumed that2 and therefore attempted to determine con-
stantsa;, G such that

H(z) = azzz+ a1Z+ dop
a 22+B12+Bo ’

If the model was perfect, it should be possible to match tha déh anya;, 5 such that

02+ 1z+ 0o z—p a,=0,a1=1, ag=—p,
24+ Biz+Bo  (z-1)(z—p) Bi=-1-p,Bo=p,

wherep can beany numberThis means that the data is not sufficient to determine theesa

of the parametersyg, Bo, 31, which translates int® being singular.
MATLAB ® Hint 18. When

o . . ! ®
When there is noise, it will never be possible to perfectiylein the data and the small&@BE YS9 the arx MATLAB
command, singularity of R

will always be positive (either with =1 orn = 2). However, in general, different values@f .., pe inferred from standard
will result in different values foSSE In this case, least-squares estimation will produce theviations for the parameters

specific value of that is better at “explaining the noise,” which is not phgdlig meaningful. that are large when compared
with the estimated parameter

values. .. »p.27
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square_a2_fl.mat

| A |
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input [v]
— — — output [m*500]
0.6 0.8 1 1.2 1.4 1.6

square_a4_f2.mat

input [v]
— — — output [m*500]

0.8 1 16 1.6

(a) Four sets of input/output data used to estimate the tassnsystem in Figuré.2 In

all experiments the input signal is a square wave with frequencies .5Hz, 1Hz, 2Hz, and
2Hz, respectively, from left to right and top to bottom. Iretfirst three plots the square
wave switches from -2v to +2v, whereas in the last plot it shés from -4v to +4v. The
signal labeled “output” corresponds to a scaled versiomefsignaly that we encountered in
Section3.3. All signals were down-sampled from 1 KHz to 100Hz.
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(b) Four discrete-time transfer functions estimated frbm four sets of input/output data in
(a), sampled at 1KHz. The transfer functions were obtainedgusia MATLAB® command
arx with na = 3,nb = 3, andnk = 0, which reflects an expectation of 3 poles in addition to the
one atz= 1 and no delay fronu toy. A pole atz= 1 was inserted manually into the transfer
function returned byrx and the output scaling was reversed back to the originas.uiiihe
labels in the transfer functions refer to the titles of therfeets of input/output data ii@).

Figure 4.6. Attempt to estimate the discrete-time transfer functiontfe two-mass system in Figure?2,
forcing a pole az = 1, with appropriate output scaling, and with tignals down-sampled to 100Hz.
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When one is uncertain about which values to chooseffandn, the following procedure should be
followed

1. Select fom the smallest possible integer that is physically meanin(gfanceivably 0).

2. Do least-square estimation with= n.
Note 24.When the number of

(a) If theSSEis large andRis far from singular increaseand repeat the identification. ~ Polesnis chosen correctly, anum-
ber of zeroamtoo large will gen-

(b) If Ris close to singular or th8 SEdid not decrease significantly, thamgot too large, go erally not lead to trouble so one

back to the previous and stop. may as well chose the largest one
that is physically meaningful. If it

One needs to exercise judgment in deciding when SISEis large” or when R is far/close to s knownthat there is a delay of at
singular.” Physical knowledge about the model should playagor role in deciding model orders.:f?csft_dé(fu”;izﬂogg]TékBl:F)f]Z_‘l
Moreover, one should always be very concerned about igamgifnoise, as opposed to actually

identifying the process model.

Example 4.4(Two-cart with spring (cont.)) Figure4.7 shows results obtained for the input/output
data set shown in the bottom-right plot of Figuté&(a) The procedure to estimate the discrete-
time transfer functions was similar to that used to obtamttiose in Figuré.6(b) but we let the
parametena=nb that defines the number of poles (excluding the integratarat) range from 1

to 16. The delay parametek was kept equal to 0.

As expected, the SSE error decreases as we increaselt the standard deviation of the coef-
ficients increases as we increage and rapidly becomes unacceptably large. The decrease of th
standard deviation froma = 4 tona = 5 is suspicious and indicates that, tar > 4, one is most
likely identifying noise than the system dynamics. Thesealts confirm our expectation that = 3
is a good choice. The corresponding transfer function isvehia Figure4.7(b)

Key observation. While the results improved dramatically with respect to dhiginal ones, the
standard deviations for the parameter estimates are stithtively high We can see from Fig-
ure4.7(a)that even fomha = 3, at least one standard deviation is still only about 40%ef/alue of
the corresponding parameter. This means that the data sisétil mot sufficiently rich to achieve a
reliable estimate for the transfer function. a

4.5 Combination of multiple experiments

As discussed in Sectiof.1, the input used for system identification should be suffityerch to
make sure that the matriXis nonsingular and also somewhapresentative of the class of all inputs
that are likely to appear in the feedback lodfm achieve this, one could use a single very long input
signalu(k) that contains a large number of frequencies, steps, clgnals, etc. In practice, this is
often difficult so an easier approach is to conduct multigkntification experiments, each with a
different input signaly (k). These experiments result in multiple sets of input/outiaia that can

then be combined to identify a single ARX model. MATLAB ® Hint 12 merge al-
lows one to combine data for

Suppose, for example, that one wants to identify the folhgyvARX model with two poles and this type of multi-input process-
two zeros ing. .. > p. 25

Y(2) - 0222+012+ (o (s)
U@  Z2+Biz+f

and that we want to accomplish this using on an input/outpirt p
{(Ul(k)a)&(k)) k= 17 27 [EER) Nl}
of lengthN; and another input/output pair

{(Uz(k),yz(k)) k= 1, 2,...,N2}
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mean SSE per sample point

0 I I I I I
2 4 6 8 10 12 14

number of poles (excluding pole at z=1)

max(std dev/estimate)

107t 1 1 1 1 |
2 4 6 8 10 12 14

number of poles (excluding pole at z=1)

(a) They-axis of the top plot shows the avera§&Eerror per sample and theaxis of the
bottom plot shows the highest (worst) ratio between a paemsandard deviation and its
value. Each point in the plots corresponds to the resul@imdxd for a particular choice of the
model order. In particular, to obtain these two plots weadifirom 1 to 16 the parametea=nb
(shown in thex-axis) that defines the number of poles (excluding the iategratz= 1). The
delay parametetk was kept the same equal to 0.
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(b) Transfer functions corresponding to the identificatexperiments ina). The transfer
function obtained fona = 3, nb = 3, andnk = 0 is shown in a thick dashed line.

Figure 4.7.Choice of model order. All results in this figure refer to titimation of the discrete-time transfer
function for the two-mass system in Figu¥&, using the set of input/output data shown in the bottoménidibt
of Figure4.6(a) forcing a pole az = 1, with appropriate output scaling, and with the signalsl@ampled to

100Hz.
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of lengthN,. One would construct

[ y1(2) y1(1) uy(3) u(2) ur(l) ] [ y1(3) |
y1(3) y1(2) uy(4) us(3) ui(2) y1(4)

o [MMN-D viMN-2) wN) w-1) w2 [N
Y2(2) y2(1) u2(3) u2(2) ux(1) |’ y2(3)

y2(3) y2(2) uz(4) uz(3) uz(2) y2(4)
oNe—1) ¥oNo—2) to(No) Up(No— 1) Up(Np—2), [ya(Ny)|

and, according to Sectidh?2, the least-squares estimate of
0:= [_Bl —fBo om a2 01 0’0}

usingall the available datas still given by ®
MATLAB ® Hint 19. PHI\Y

) e computes 6 directly, from the
6=(¢o) DY, (4.8) matrri)x PHI= O anﬁ the vector

Example 4.5(Two-cart with spring (cont.)) As noted before, we can see in Figur& that even =

for na = 3, at least one standard deviation is still only about 40%efalue of the corresponding

parameter. This is likely caused by the fact that the all #wilts in this figure were obtained for

the input/output data set shown in the bottom-right plot igfuFe 4.6(a) This input data will be

excellent to infer the response of the system to square w4z, and possibly to other periodic

inputs in this frequency range. However, this data set &tixgly poor in providing information on

the system dynamics below and above this frequency.

Fix. By combining the data from the four sets of input/output detawn in Figure4.6(a) we
should be able to decrease the uncertainty regarding thelpathmeters.

Figure4.8 shows results obtained by combining all four sets of inpupat data shown in Fig-
ure 4.6(a) Aside from this change, the results shown follow from theagrocedure used to
construct the plots in Figur&.7.

Key Observation. As expected, thstandard deviations for the parameter estimates decreased
significantlyand, forna = 3, all standard deviations are well below 20% of the valugbefcorre-
sponding parameter. However, one still needs to combine n@uts to obtain a high-confidence
model. In particular, the inputs considered provide reddyi little data on the system dynamics
above 2-4Hz since the 2Hz square wave contains very littigggnabove its 2nd harmonic. One
may also want to use a longer time horizon to get inputs withenemergy at low frequencies. O

4.6 Exercises

4.1 (Input magnitude) A Simulink block that models a nonlinear spring-mass-dansystem is
provided.

1. Use the Simulink block to generate the system’s respanstep inputs with amplitude 0.25
and 1.0 and no measurement noise.

2. For each set of data, use the least-squares method tatsstine systems transfer function.
Try a few values for the degrees of the numerator and dendaripalynomialsm andn.
Check the quality of the model by following the validatioropedure outlines above.

Important: write MATLAB ® scripts to automate these procedures. These scripts should
take as inputs the simulation datgk), y(k), and the integenms, n.
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(a) They-axis of the top plot shows the avera§&Eerror per sample and theaxis of the
bottom plot shows the highest (worst) ratio between a paemsandard deviation and its
value. Each point in the plots corresponds to the resul@imdxd for a particular choice of the
model order. In particular, to obtain these two plots weadifrom 1 to 16 the parametea=nb
(shown in thex-axis) that defines the number of poles (excluding the iategratz= 1). The
delay parametetk was kept the same equal to 0.
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(b) Transfer functions corresponding to the identificatexperiments ina). The transfer
function obtained fona = 3, nb = 3, andnk = 0 is shown in a thick dashed line.

Figure 4.8.Choice of model order. All results in this figure refer to tltimation of the discrete-time transfer
function for the two-mass system in Figu#e2, using all four sets of input/output data shown in Figur®,
forcing a pole az = 1, with appropriate output scaling, and with the signals nt@ampled to 100Hz.
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3. Use the Simulink block to generate the system’s respanseéep inputs and measurement
noise with intensity 0.01.

For the best values oh andn determined above, plot tHeSEvs. the step size. Which step-
size leads to the best model? m]

4.2 (Model order) Use the data provided to identify the transfer function & #ystem. Use the
procedure outlined above to determine the order of the natmieand denominator polynomials.
Plot the largest and smallest singular valu&®aind theSSEas a function of.

Important: write MATLAB ® scripts to automate this procedure. These scripts shokédda
inputs the simulation data(k), y(k), and the integem, n. |

4.3 (Sampling frequency)Consider a continuous-time system with transfer function

ar?

PO g A

1. Build a Simulink model for this system and collect inputfiut data for an input square
wave with frequency .25Hz and unit amplitude for two sampfirequencieds = .25sec and
Ts = .0005sec.

2. ldentify the system’s transfer function without downrgding.

3. Identify the system’s transfer function using the datiéected withTs = .0005sec but down-
sampled.

Important: write MATLAB ® scripts to automate this procedure. These scripts shokéd ta
as inputs the simulation dat#k), y(k), the integersn, n, and the down-sampling peridd

4. Briefly comment on the results. m]
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Nonparametric identification
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5.1 Nonparametric methods

Nonparametric identification attempts to directly deterethe model of a systemwjthout assuming
that its transfer function is rational and that we known thember of poles or zero§.he following
are typical problems in this class:

Problem 5.1(Nonparametric frequency response identificatiddg¢termine thérequency response
H (el?) over a range of frequenci€s < [Qmin, Qmax-

or

Problem 5.2 (Nonparametric time response identificatio@etermine thempulse response(k)
fromtimek=0tok=N.

Problem5.1 is useful for controller design based on loop-shaping orNlyquist criterion,
whereas Problerd.2is useful for controller design based on the Ziegler-Nishales to tune PID
controllers fl]. For N large, one can also recover the transfer function from thmulee response by

taking thez-transform:
MATLAB ® Hint 20. £t (h)
o K N K computes  the  fast-Fourier-
H(z2) = Z[h(k)] = ;h(k)z ~ ;h(k)z ) transform (FFT) of the signal
k= k= h(k), k € {1,2,...,N}, which
provides the values oH(el?)
for equally spaced frequencies

Throughout this chapter we will assume that siystem is BIBO stablée., that all poles of the @ = & k € {0.1,....N—1}.

. . . However, since we only care for
transfer functiorH (z) have magnitude smaller than one or equivalently k&l converges to zero ;s ofa in the interval [0, 1,

exponentially fast. we should discard the second half
of ££t’s output.

assuming thall is large enough so thatk) ~ 0 for k > N.

A detailed treatment of this subject can be found, e.g.7jiiChapter 7].

5.2 Time-domain identification

We start by discussing a few methods used to solve the tinp@nss identification Problet2

45
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5.2.1 Impulse response method

Note 25.The mainweaknessof The impulse response of a system can be determines dirgcshatiing with the system at rest and

the impulse-response method is ; : -
that impulses are rarely represen-applyIng arlmpulse atthe input

tative of typical inputs that ap-
pear in closed loop so, especially ( ) _ {C( k=0
for nonlinear systems, we esti- 0 k#O.
mate a regimen that may be far

from the dynamics that will ap- The output will be a (scaled) version of the impulse respopsssibly corrupted by some measure-
pear in closed loop. ment noisen(k)'

y(k) = ah(k) + n(k).
Therefore

Hopefully the noise ternm(k)/a is small when compared to(k) and one can use the following
estimate for the impulse response:

Ak =22, ke{1.2....N}.

Attention! The choice ofn is generally critical to obtain a good estimate for the inggulesponse:

Note 26.Note that the estimate (|) || should bdarge to make sure thati(k)/a is indeed negligible when cornpargdh(k);
h(k) differs from the true value (i) |a|should besmallto make sure that the process does not leave the region wheeaemodel

h(k), precisely by: is valid and where it is safe to operate it open-loop.
h(k) = h(k) + @ As one increaseg, a simple practical test to check if one is leaving the limegion of operation
is to do identification both with some > 0 and—a < 0. In the linear region of operation, the
identified impulse-response does not change. See alsosttesdion in SectioA. 1 ]

5.2.2 Step response

Note 27.In general, steps are The impulse response of a system can also be determinedipgtaith the system at rest and

more representative than pulse : :
in feedback loops so, in that re_sapplylng arstep at the input

spect, the step response is a bet-
ter method than the impulse re- ( ) _ a k>0
sponse. 0 k<o.

Thez-transform of the output will be given by

a
171
whereN(z) denotes the-transform of measurement noise. Solvinglftiz) we obtain:

1 1
H(Z):Y(Z) OZ{ Y(z) N(z) ; N(z)

Y(2) =H(@U(2)+N(2) =H(2) +N(2),

Taking inversez-transforms, we conclude that

h(k) = y(k) — Z(k— 1) n(k)— S(k‘ i)

Hopefully the noise ter (k)’:;(k’l) is small when compared tio(k), and we can use following
estimate for the impulse response:

ﬁ(k)zw, ke {1,2,...,N}.
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Attention! The mainweaknes®f the step-response method is that it can amplify noiseusscen
the worst caséw can be twice as large aﬂ% (whenn(k— 1) = —n(k)). Although this may
seem unlikely, it is not unlikely to have all tmgk) independent and identically distributed with zero
mean and standard deviation In this case,

n(k) k k—1 1.41 Note 28.Why?. .. > .49
Sthev{n( )} = E’ Sthev[n( )—n(k-1)7 _ 1 07

a a o m
which means that the noise is amplified by approximately 41%. -

5.2.3 Otherinputs

One can determine the impulse response of a system usingautyand not just a pulse- or step-
input. Take an arbitrary inpui(k), with z-transformU (z). The ztransform of the output will be
given by

Y(z) =H(2U(2) + N(2),
whereN(z) denotes the-transform of measurement noise. Solvinglftiz) we obtain:
H(z2)=U 2 (Y(2) —-N(2)
Taking inversez-transforms, we conclude that
h(k) = 21U~ (2)] * (y(k) — n(k)),

where thex denotes the convolution operation. Hopefully the noismtisrsmall when compared to

h(k), and we can use following estimate for the impulse response: MATLAB ® Hint 21. The iden-
K tification ~ toolbox  command

h(k) = ff*l[u *l(z)] xy(k), ke{1,2,...,N}. impulse performs impulse re-
sponse estimation for arbitrary

inputs. .. » p.48

5.3 Frequency response identification

We now consider a couple of methods used to solve the frequesponse identification Prob-
lem5.1
5.3.1 Sine-wave testing

Suppose that one applies an sinusoidal input of the form,
Note sh:d-t-frequency. Discrete-

u(k) = a cogQk), vke{1,2,...,N}. (5.1) time angular frequenciesQ

. ) . o take values from 0 tar. When
Since we are assuming tHdtz) is BIBO stable, the measured output is given by operating with a sample period
Ts, to generate a discrete-time
y(K) = aAq cos(Qk+ @) + £(k) +n(k), (5.2) sisgnal ug(k) that corresponds

to the sampled version of the
continuous-time signal

1. Aq == [H(e!?| andg, = ZH(eI?) are the magnitude and phase of the transfer fundti(a) U(t) = Acogat), t>0
atz=el?; -

where

we should selectQ = wTs =
2. £(k) is a transient signal that converges to zero as fasyfasvherey is the magnitude of the 27fTs. .. »p.13
pole ofH(z) with largest magnitude amtsome constant; and

3. n(k) corresponds to measurement noise.

Whenn(k) is much smaller thaorAg and fork sufficiently large so that(k) is negligible, we have Note 29.To minimize the errors
caused by noise, the amplitude

y(K) =~ aAq COS(Qk+ ((b) a should be large. However, it
. ) ) ) should still be sufficiently small
This allows us to recover bothg := |H(el?| and ¢, := ZH(e/?) from the magnitude and phaseso that the process does not leave

of y(k). Repeating this experiment for several inp&s with distinct frequencie®, one obtains the linear regime.
several points in the Bode plot Bff(z) and, eventually, one estimates the frequency respdisé&)
over the range of frequencies of interest.
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5.3.2 Correlation method

Especially when there is noise, it may be difficult to deterenihe amplitude and phaseygk) b
inspection. Theorrelation methodims at accomplishing this task.

Suppose that the inputk) in (5.1) was applied, resulting in the measured outyfl) given by
(5.2. In the correlation method we compute

= % ie 9Ky () = % i (cos(Qk - JSln(Qk)) y(K).

Using the expression for(k) in (5.2), we conclude after fairly straightforward algebraic nmpana-

tions that
Note 30.Why?... » p.49

a 0 a 0 e*2j97e72j0<-|—+1) 1 T Qk
Ka=ZH(E?) + o=H (@) g+ T 5 e ¥(e(k) +n(k

Q=7 ( )+2T () 1—e 2iQ TZ ()_|_ ())
As T — oo, the second term converges to zero and the summation ca@sverghez-transform of

£(k) +n(k) at the poinz = e~ /2. We thus conclude that

a . 1 . .
hal jQ im = —1Q —jQ
KQ—>2H(e )+TIILnOOT(E(e )+N(e19)),
_ ~ whereE(z) andN(z) denote the-transforms ofe(k) andn(k), respectively. As long as(k) and
E‘Ote 31.Since the process Is k) o not contain pure sinusoidal terms of frequefXythe ztransforms are finite and therefore
ounded,e(k) converges to zero o . h 0
and therefore it has no pure sinu-the limit is equal to zero. This leads to the following estientor H (™)

soids. However, a periodic noise
term with frequency exactly equal
to Q would lead to trouble.

@)Z%KQ,

Note 32.Even though the term
due tog(K) does not lead to trou- Which is valid for largeT .
ble asT — oo, itis still a good idea

to start collecting data only after Attention! The mainweaknessesf the frequency response methods are:
the time at whichy(k) appears to

*s‘gl‘:je stabilized into a pure sinu-(j)  To estimateH (e/®?) at a single frequency, one still needs a long input (ifelarge). In prac-
tice, this leads to a long experimentation period to obtasmBode plot over a wide range of

Note 33.Kq is a complex number frequenC|eS'

tsl?d\’e"zggt iztisne“ag‘ese}gf the ampli-(jj) |t requires that we apply very specific inputs (sinusith the process. This may not be possible
P (e™). (or safe) in certain applications. Especially for procegbat are open-loop unstable.

(iii) We do not get a parametric form of the transfer functiand, instead, we get the Bode plot
directly. This prevent the use of control design methods #ne not directly based on the
process’ Bode plot.

Its keystrengthsare

(i) Itistypically very robust with respect to measuremenitse since it uses a large amount of data
to estimate a single point in the Bode plot.

(ii) Itrequiresvery few assumptions on the transfer fumetiwhich may not even by rational. O

5.4 MATLAB ® hints

MATLAB ® Hint 21 (impulse). The commandmpulse from the identification toolbox performs
impulse response estimation from data collected with mayitinputs. To use this command one
must

1. Create a data object that encapsulates the input/owpatiding:
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data=iddata(y,u),
whereu andy are vectors with the input and output data.

2. Plot the estimated impulse response using:
impulse(dat),
or compute the response using
model=impulse(data),

wheren is a MATLAB® object with an impulse-response model. The impulse respans
given bymodel .b. ]

5.5 To probe further

Note 28 (Noise in step-response methodyhenn(k) andn(k — 1) are independent, we have
Var[n(k) — n(k— 1)] = Var[n(k)] + Var[n(k — 1)].

Therefore

StdDev W} _ \/Var[w}
_ \/Var[n(k)] + Varn(k—1)]

q2
When, both variables have the same standard deviatiove obtain

Sthev[n(k)_Z(k_l)}: 202 \/_0

— O
a2 a

Note 30 (Correlation method)ln the correlation method one computes
T

z e 1%y( 1 z (cogQk) — jsin(QK))y(k)

k,
Using the expression for(k) in (5.2), we conclude that

T

Kq = %AQ S (cosQk)cosQk+ gn)  j sin(QK) cos Ok -+ @ ) z e 1% (£(K) + n(K)).
k=1

Applying the trigonometric formulas casosh = %(cos(a— b)+coga+b)) and siracosb = %(sin(a—
b) + sin(a+ b)), we further conclude that

T T
Ko = %P2 (cosqb +cos(2Qk+ @) + jsingn — jsin(2Qk+ (lb)) +1 S &%(e(k)+n(k))
2T £ T&
_ GAQ Z th_i_ GAQ Z 672ij J(m+T Z e JQk (k))

TN o N AT YAN o) —2jok , + —jok
2H(e )+2TH (e )kZle +Tk;e (e(k)+n(k)),

where we used the fact thapel % is equal to the valuel (el®?) of the transfer function at= e/?
andAqe 1% is equal to its complex conjugaté*(el?). By noticing that the second term is the
summation of a geometric series, we can simplify this exgpoesto
' Note 34.Recall that the sum of a
e 2iQ-e 29T+ T geometric series is given by

—jQk
1—e2iQ +?kzle Hielo+n() . r—rT+l

k
K=
k; 1-r

a f a ;
el jQ * (Al Q
2H(e )+—2_|_H (e*)
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5.6 Exercises
5.1(Step response)A Simulink block that models a pendulum with viscous frictis provided.

1. Use the Simulink block (without noise) to estimate thetesyss impulse responi\a{k) using
both the impulse and step response methods.

What is the largest value of the input magnitude for which the system still remainshit
the approximately linear region of operation?

Hint: to make sure that the estimate is good you can compare thdsegpresponse from
steps and impulses.

2. Turn on the noise in the Simulink block and repeat the iéleation procedure above for a
range of values foar. For both methods, plot the err§i ||hq (k) —h(K)|| vs. a, wherehg (k)
denotes the estimate obtained for an input with magnitudé&/hat is your conclusion?

Take the estimatl(k) determined il for the noise-free case as the ground tri(tk). |

5.2 (Correlation method) Modify the Simulink block provided for Exercise1to accept a sinu-
soidal input.
1. Estimate the system'’s frequency respdﬁ@) at a representative set of (log-spaced) fre-
quencief); using the correlation method.

Select an input amplitude for which the system remains within the approximately linea
region of operation.

2. Turn on the noise in the Simulink block and repeat the ifieation procedure above for a

range of values foa. Plot the errory; |[Hq (e1%) — H(el%)| vs. a, whereH, (€1 denotes
the estimate obtained for an input with magnitwdé/Nhat is your conclusion?

Take the estimatm) determined irl for the noise-free case as the ground tidifel?).

3. Compare your best frequency response estim@), with the frequency responses that
you would obtain by taking the Fourier transform of the begpilse responge(k) that you
obtained in ExercisB.l

Hint: Use the MATLAB® commandtft to compute the Fourier transform. This command
gives youH (e/?) from Q = 0 to Q = 27 so you should discard the second half of the Fourier
transform (corresponding @ > ). ]
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Introduction to Robust Control

For controller design purposes it is convenient to imagfire¢ tveknowan accurate model for the
process, e.g., its transfer function. In practice, thisaglly ever the case:

1. When process models are derived frirst principles they always exhibit constants that can
only be determined up to some error.

E.g., the precise values of masses, moments of inertia, réistebh coefficients in models
derived from Newton’s laws; or resistances, capacitarargsgains, in electrical circuits.

2. When onedentifies a model experimentalhpise and disturbances generally lead to different
results as the identification experimentis repeated nieltimes. Which experiment gave the
true model? The short answer is none, all models obtaineel $@we error.

3. Processes change due to wear and tear so even if a procegerectly identified before
starting operation, its model will soon exhibit some misthatith respect to the real process.

The goal of this chapter is to learn how to take process maoaetniainty into account, while de-
signing a feedback controller.

Pre-requisites
1. Laplace transform, continuous-time transfer functidresjuency responses, and stability.
2. Classical continuous-time feedback control designgusinp-shaping.

3. Knowledge of MATLAB/Simulink.
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Chapter6

Robust stability

Contents
6.1 Modeluncertainty . . . . . . . ... 55
6.2 Nyquist stability criterion . . . . . . . . ... ... 58
6.3 Smallgaincondition. . . . . . . ... ... ... 59
6.4 MATLABNhINtS . . . . . . . . 61
6.5 EXEICISES. . . . o i i e 62

6.1 Model uncertainty

Suppose we want to control the spring-mass-damper systéngume6.1, which has the following

///////////////////

Measuring the mass’ vertical positigrwith
respect to the rest position of the spring, we
obtain from Newton'’s law:

Tv ..

my = —by—ky+u

Figure 6.1. Spring-mass-damper system.

transfer function from the applied foreeto the spring positiory
P(S)= —5

T m@+bstk’
Typically, the massn, the friction coefficienb, and the spring constaktwould be identified ex-
perimentally (or taken from some specifications sheet)iteatb confidence interval$or these
parameters and not just a single value:

me [mg— &1,mo+ 61, b e [bo— &, b0+ &), k € [ko — 03, ko + 33

The values with subscriptare called th@ominal valuegor the parameters and tideare called the
maximum deviationsom the nominal value.

(6.1)

In practice, this means that there anany admissible transfer functions for the processe
for each possible combination of, b, andk in the given intervals. Figuré.2 shows the Bode plot .
of (6.1) for different values of the parametemsb, andk. The idea behinecbbust controis to design MATLAB © Hint 22.

. . L . .. bode(sys) draws the Bode
a single controllers that achieves acceptable perform@nmcs least stability) for every adm|SS|bIeplot of the systemsys. .. » p. 61
process transfer function.
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Bode Diagram

N
o

Magnitude (dB)
L g bt o
o o o o o o

|
a
=]

|
o)
@

—45

-90

Phase (deg)

-135

-180
10"

Frequency (rad/sec)

Figure 6.2.Bode plot ofP(s) = m, for different values ome [.9,1.1], be [.1,.2], andk € [2,3]. Note
how the different values of the parameters lead to diffevahies for the resonance frequency. One can see
in the phase plot that it may be dangerous to have the cramsfaquency near the “uncertain” resonance
frequency since the phase margin may very a lot dependindgh@rsyistem parameters. In particular, one
process transfer function may lead to a large phase mardiareas another one to an unstable closed-loop
system.

6.1.1 Additive uncertainty

In robust control one starts by characterizing the unaagtan terms of the process’ frequency
response. To this effect on selectsaminal process transfer functiog(B) and, for each admissible
process transfer functid®(s), one defines:

Da(s) 1= P(s) — Po(s), (6.2)

which measures how mudk(s) deviates fromPy(s). This allows us to express any admissible
transfer functiorP(s) as in Figure6.3. Motivated by the diagram in Figui®3, A4(s) is called an
additive uncertainty blockPy(s) should correspond to the “most likely” transfer function,that

i P(S):

| Bal 3 Da(s) := P(s) — Po(s)
u o oy (3

| R(s) = P(S) = Po(S) +Aa(9)

Figure 6.3. Additive uncertainty

the additive uncertainty block is as small as possible. énekample above, one would typically
choose the transfer function corresponding to the nomiai@meter values:

1
n Mos? + bos+ kg

To obtain a characterization of the uncertaiptyely in the frequency domaione needs to specify
how largeAs(jw) may be for each frequenay. This is done by determining a functidig(w)
sufficiently large so that for every admissible processsf@rfunctionP(s) we have

Ba(jw)| = |P(jw) —Ry(jw)| < fa(w), V.

Po (S)
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When one has available all the admissiBlie) (or a representative set of them—such as in Fig-
ure 6.2), one can determiné(w) by simply plotting|P(jw) — Py(jw)| vs. w for all the P(s) and
choosing forls(w) a function larger than all the plots. Since in general it i$ feasible to plot

all |P(jw) — Po(jw)|, one should provide some “safety-cushion” when seleatii@). Figure6.4
shows/,(w) for the Bode plots in Figuré.2

20

|
N
o

Frequency (rad/sec)
|
A
o

—60

-100
107"

i
10"

10°
Magnitude (dB)

Figure 6.4. Additive uncertainty bounds for the process Bode plots guFé 6.2 with Py(s) := e +tos+ko,

mp =1, bp = 1.5, kg = 2.5. The solid lines represent possible plots [l8fjw) — Po(jw)| and the dashed one
represents the uncertainty boufiglw). Note the large uncertainty bound near the resonance fnegué&\Ve
shall show shortly how to design a controller that stabdialt processes for which the additive uncertainty
falls below the dashed line.

6.1.2 Multiplicative uncertainty

The additive uncertainty in6(2) measures the difference betwe®(s) andPy(s) in absolute terms
and may seem misleadingly large when bBtk) andPy(s) are large—e.g., at low frequencies when
the process has a pole at the origin. To overcome this difficuie often defines instead

P(s) —P(9)

Am(s) = RE

(6.3)
which measures how mudP(s) deviates fromPy(s), relative to the size oP,(s). We can now

express any admissible transfer functR(s) as in Figures.5, which motivates callingym(s) amul-
tiplicative uncertainty blockTo characterize a multiplicative uncertainty one deteemsia function

P(s) — Po(s)
Po(s)

(3

P(s) = Py(S) (1+Am(9))

Am(s) =

Figure 6.5. Multiplicative uncertainty

Im(w) sufficiently large so that for every admissible processsirfunctionP(s) we have

[P(s) = Po(9)|

AnlIO= s

Sﬂm(w)v V.

One can determiné,(w) by plotting W vs. w for all admissibleP(s) (or a representative

set of them) and choosirfg,(w) to be larger than all the plots. FiguBes shows/m(w) for the Bode
plots in Figures.2
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20
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Figure 6.6. Multiplicative uncertainty bounds for the process Bodetplin Figure 6.2 with Py(s) :=

1 _ _ _ i ; jw)—Po(jw)|
e ik Mo = 1,bp=15k = 2..5. The solid lines represent p053|ble.plots %'J\PD(T)\ and the
dashed one represents the uncertainty boigdv). Note the large uncertainty bound near the resonance
frequency. We shall show shortly how to design a controtiet stabilizesall processes for which the multi-

plicative uncertainty falls below the dashed line.

6.2 Nyquist stability criterion

The first question we address is: Given a specific feedbadkaltan C(s), how can we verify that it
stabilizes every admissible procé¥s). When the admissible processes are described in terms of a
multiplicative uncertainty block, this amounts to verifgithat the closed-loop system in Figi.&

is stablefor everyAm(jw) with norm smaller thardm(w). This can be done using the Nyquist

Am(jw)| < fm(w), Yo

Am(s)

C(s) Po(s)

Figure 6.7. Unity feedback configuration with multiplicative uncerigi

stability criterion, which we review next.

The Nyquist criterion is used to investigate the stabilityhe negative feedback connection in

Note 35.Figure6.8 can represent iy ra6.8 \We briefly summarize it here. The textbock Bection 6.3] provides a more detailed

the closed-loop system in Fig-
ure6.7if we chooseG(s) := (1+

Am(s))P(s)C(9). r "'/\ a9 y

Figure 6.8.Negative feedback

description of it with several examples.

6.2.1 The Nyquist Plot

. The first step consists of drawing tNgquist plof which is done by evaluating( jw) from w= —o
MATLAB © Hint 23. to w = +o0 and plotting it in the complex plane. This leads to a closedsethat is always symmetric
ryquist(eys) draws e - tto the real axis. Thi hould b attrd indicating the directi
Nyquist plot of the system With respect to the real axis. This curve should be annotattidarrows indicating the direction
sys. . »p.62 corresponding to increasing.
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6.2.2 The Nyquist criterion

Count the number #ENC of clockwise encirclements by the Nstquliot of the point-1. To do this,
we draw a ray from-1 to « in anydirection and add one each time the Nyquist plot crossesthe r
in the clockwise direction (with respect to the origin of tlg) and subtract one each time it crosses
the ray in the counter-clockwise direction. The final couxneg #ENC.

Nyquist Stability Criterion. The total number ofinstabléi.e., in the right-hand-side plane) closed-
loop poles #CUB) is given by
#CUP= #ENC+ #OUP,

where#OUPdenotes the number of unstable (open-loop) poleqsf.Go have a stable closed-loop
one thus needs

#ENC= —#OUP. O
Attention! Any poles ofG(s) on the imaginary axis should be moved slightly to the lefthaf &xis
to avoid divisions by zero. E.g.,

s+1 s+1
G(s) = —  Gg(s) =~ 57o6-3)
s

L Ge(9) ~ - °
VT (ste+2))(s+e—2]) (s+e)2+4

G(s)

T 2+4 (s+2))(s—2))

for a smalle > 0. The criterion should then be applied to the “perturbedhsfer functiorG,(s).
If we conclude that the closed-loop is stable &(s) with very smalle, then the closed-loop with
G(s) will also be stable and vice-versa. O

Figure6.9shows the Nyquist plot of

Go(s) = C(s)Pu(s), (6.4)
for the nominal process model
1
Py(s)i= ————— =1,bp=15ky=25 6.5
(used in Figure$.4and6.6) and a PID controller
C(s) = 1—SO+15+ 5s, (6.6)

To obtain this plot, we moved the single controller pole amithaginary axis to the left-hand side of
the complex plane. Since this led to an open loop gain withrretable poles (#OUR 0) and there

are no encirclements of1 (#ENC= 0), we conclude that the closed-loop system is stable. This
means that the given PID controllg(s) stabilizes, at least, the nominal proc€sts). It remains to
check if it also stabilizes every admissible process modkhl multiplicative uncertainty.

6.3 Small gain condition

Consider the closed-loop system in Figér& and suppose that we are given a contrdllés) that
stabilizes the nominal proceBs(s), i.e., the closed-loop is stable whAp,(s) = 0. Our goal is to
find out if the closed-loop remains stable for evAry(jw) with norm smaller thatim(w).

SinceC(s) stabilizesPy(s), we know that the Nyquist plot of the nominal (open-loophster
function

Go(s) = C(s)Pu(s),
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Nyquist plot for 1st controller

Nyquist Diagram

Imaginary Axis
o
Imaginary Axis

~200 L L L L T L L L L L L
-50 0 50 100 150 200 250 300 350 400 20 15 10 5 0

5 10 15 20 25 30
Real Axis Real Axis

Figure 6.9. Nyquist plot for the (open-loop) transfer function i®.4). The right figure shows a zoomed view
of the origin. To avoid a pole over the imaginary axis, in thptots we moved the pole of the controller from
0to—.01.

has the “right” number of encirclements (#ENC-#OUP, where #OUP is the number of unstable
poles ofGy(s). To check is the closed-loop is stable from some admissiolegss transfer function

P(s) = Po(s) (1+Am(s)),

we need to draw the Nyquist plot of
Note 36.We are assuming that

rumber of unatable poles FOUP G(S) = C(S)P(S) = C(5)Ro(S) (1-+ An(S)) = GolS) + Go(S)m(9
and therefore stability is achieved . . .

for the same number of encir- and verify that we still get the same number of encirclements

clements #ENC= —#OUP. In
practice this means that the uncer-
tainty should not change the sta-

11+ Go(jw)|
bility of any pole. ;

jw)
G(jw) =Go(jw)| /"

-

Figure 6.10.Nyquist plot derivation of the small-gain conditions

The Nyquist plots of5(s) andGy(s) differ by
1G(jw) = Go(jw)| = [Go(jw)Am(jw)| < |Go(jw)|fm(w),

A simple way to make sure th&(jw) andGo(jw) have the same number of encirclements is to
ask that the maximum difference between the two be smalker tihe distance fror®o(jw) to the
point—1,i.e.,

Go(jw)| 1

1+ Golj) > [Golj) m(@) & TG < s Ve

This leads to the so callesinall-gain condition:
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Small-gain Condition. The closed-loop system in Figuge is stable for evenpm(jw) with norm

smaller thar/,(w), provided that Note 37.A mnemonic to remem-

ber 6.7) is that the transfer func-

Cljw)Py(jw 1 tion whose norm needs to be
(J ) O(J ) , V. (6.7) small is precisely the transfer
1+C(jow)Py(jw) Im(w) function “seen” by the\n, block

. . . . . in Figure 6.7. This mnemonic
The transfer function on the left-hand-side 6f7) is precisely theomplementary sensitivity func-,c; “works” for additive uncer-

tion: tainty. . . > p.63

1
To(s) :=1-%(s),  Su():= 1+ C(SR(S) MATLAB ® Hint 24. To

. . . . check if . holds  for
for the nominal process. S®.¢) can be interpreted as requiring the norm of the nominal com- specific (Gzystem’ draw

plementary sensitivity function to be smaller thafYd(w), Yw. For this reason@.7) is called a 20|og10m = —20l0g;¢¢m(w)

small-gaincondition. on top of the magnitude Bode plot
. . . of the complementary sensitivity
Figure 6.11 shows the Bode plot of the complementary sensitivity fiorctior the nominal function and see if the latter

process in .5 and the PID controller ing.6). In the same plot we can see the ZOll@g]%—w) = always lies below the former.
—20logg¢m(w), for the {m(w) in Figure6.6. Since the magnitude plot db(jw) is not always
below that of%, we conclude that the system may be unstable for some adhieigsbcesses.

lm

However, if we redesign our controller to consist of an imédgr with two lags

~.005(s+5)?
(s) = TS5+ 52

the magnitude plot ofp(jw) is now always below that Oim%—w) and we conclude that we have
stability for every admissible process. In this case, theepio pay was a low bandwidth. This
example illustrates a common problem in the control of systevith uncertaintyit is not possible
to get good reference tracking over ranges of frequencieaffiich there is large uncertainty.

(6.8)

Note 38.Recall that the comple-
mentary sensitivity function is
also the closed-loop transfer func-
Bode Diagram tion for the reference to the out-
puty. Therefore good tracking re-
quires this function to be close to
1, whereas to reject large uncer-
tainty we need this function to be
much smaller than 1.

Magnitude (dB)

Phase (deg)
A
(6]
T
i

—goL 1 I
10 10 10 10
Frequency (rad/sec)

Figure 6.11.Verification of the small gain condition for the nominal pess 6.5), the multiplicative uncertainty
in Figure6.6, and the PID controllerg;6). The solid line corresponds to the Bode plot of the compleary
sensitivity functionTy(s) and the dashed line t% (both in dB).

6.4 MATLAB hints

MATLAB ® Hint 22 (bode). The commandode (sys) draws the Bode plot of the systesys.
To specify the system one can use:
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Bode Diagram
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Figure 6.12.Verification of the small gain condition for the nominal pess 6.5), the multiplicative uncertainty
in Figure6.6, and the integrator with 2 lags controllé.8). The solid line corresponds to the Bode plot of the
complementary sensitivity functiofy(s) and the dashed line t% (both in dBs).

1. sys=tf (num,den), wherenun is a vector with the coefficients of the numerator of the sys-
tem’s transfer function anden a vector with the coefficients of the denominator. The last
coefficient must always be the zero-order one. E.g., to;ég one should useum=[2
0] ;den=[1 0 3];

2. sys=zpk(z,p,k),wherez is a vector with the zeros of the systepma vector with its poles,
; 2s —0-p= =D -
andk the gain. E.g., to geﬁtm one should use=0;p=[1,3] ;k=2;

3. sys=ss(4,B,C,D),whereA,B,C,D are a realization of the system. O

MATLAB ® Hint 23 (nyquist). The commanchyquist(sys) draws the Nyquist plot of the
systemsys. To specify the system you can use any of the commands in Mhaita22.

Especially when there are poles very close to the imaginesy/(a.g., because they were actually
on the axis and you moved them slightly to the left), the auattienscale may not be very good
because it may be hard to distinguish the peititfrom the origin. In this case, you can use then
zoom features of MATLAB to see what is going on nedt: Try clicking on the magnifying glass
and selecting a region of interest; or try left-clicking & tmouse and selecting “zoom on (-1,0)”
(without the magnifying glass selected.) ]

6.5 Exercises

6.1 (Unknown parameters)Suppose one want to control the orientation of a satellitb vaspect
to its orbital plane by applying a thruster’s generateduerdrhe system’s transfer function is give

by
10(bs+ k)
P(L+11(bs+k))’

where the values of the parametbmndk are not exactly known, but it is known that

P(s) :=

09<k< 4 .006< b <.03.

Find a nominal model and compute the corresponding additidamultiplicative uncertainty bounds.
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6.2 (Noisy identification) The Simulink block provided corresponds to a discrete-system with
transfer function

_ nz+ao
24 Biz+Bo’

1. Use least-squares to estimate the 4 coefficients of thefeiafunction. Repeat the identifica-
tion experiment 25 times to obtain 25 estimates of the systeansfer functions.

H(2)

2. Convert the discrete-time transfer functions so obthiwecontinuous-time using the Tustin
transformation.

Hint: Use the MATLAB commandi2c.

3. Selecta nominal model and compute the corresponding\aldnd multiplicative uncertainty
bounds. O

6.3(Small gain) For the nominal process model and multiplicative uncetyaimat you obtained in
Exercise6.2, use the small gain condition to verify if the following cooliters achieve stability for
all admissible process models:

B 2 20 ~ 5(s+1) _ 2(s+1)
QO=3 Qo= G-z “O-Graery “O T o
Justify your answers with appropriate Bode plots. ]

6.4 (Robustness vs. performanceustify the statement: “It is not possible to get good rafeee
tracking over ranges of frequencies for which there is langeertainty.” ]

6.5 (Additive uncertainty) Derive a small-gain condition similar t&(7) for additive uncertainty.
Check if the mnemonic in Sidebar still applies.

Hint: With additive uncertainty, the open-loop gain is given by
G(s) =C(9)P(s) = C(s) (Po(s) + Da(s)) = Go(S) +C(s)Aa(9),

which differs fromGop(s) by C(s)Aa(s). O
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Chapter7

Control design by loop-shaping

Contents
7.1 Theloop-shapingdesignmethod . . . .. .. ... ... ... .. ....... 65
7.2 Open-loop vs. closed-loop specifications . . . . . ... ... ... ....... 65
7.3 Open-loopgainshaping. . . . . .. .. .. ... . . 69
T4 EXEICISES . . o o i i i i e 69

7.1 The loop-shaping design method

The goal of this chapter is to briefly review the loop-shapmingtrol design method for SISO sysMNote. The loop-shaping design

tems. The basic idea behind loop shaping is to convert thesdespecifications on the closed—loopiﬂem?dmis covered extensively,
e.g., in f].

r + e u \L y

O &) O T
/\J' n

)
U

O
=
wu

Figure 7.1.Closed-loop system

system in Figur€'.1linto constraints on the open-loop gain
Go(s) 1= C(s)Po(9)-

The controllerC(s) is then designed so that the open-loop gajis) satisfies these constraints.
The shaping o065y (s) can be done using the classical methods briefly mentioneddtida7.3and
explained in much greater detail i3, [Chapter 6.7]. However, it can also be done using LQR state
feedback, as discussed in Sectfb, or using LQG/LQR output feedback controllers, as we shall
see in Sectiorl0.6

7.2 Open-loop vs. closed-loop specifications

We start by discussing how several closed-loop specifieati@an be converted into constraints on
the open-loop gaiy(s).

65
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Stability. Assuming that the open-loop gain has no unstable polestabéity of the closed-loop
system is guaranteed as long as the phase of the open-laosgdiove—180° at the cross-over

Notation. The distance between frequencyu, i.e., at the frequency for which
the phase o6Gp(jw:) and —180°
is called thephase margin |Go(jox)| = 1.

Overshoot. Larger phase margins generally correspond to a smallessbwet for the step re-
sponse of the closed-loop system. The following rules ofithwork well when the open-loop gain

Go(s) has a pole at the origin, an additional real pole, and no zeros
Note 39.Additional zeros and

poles at frequencies significantly k
above the cross over generally Go(S) = ——, p> 0,
have little effect and can be 5(5+ p)

i d. H , additional . . . .
:?;noarfmcs bemve\l:rr afour:éor:ﬁe The following rules of thumb are useful to determine the galfithe phase margin needed to obtain

cross-over frequency typically the desired overshoot:
affect the overshoot; and make
determining the needed phase

Phase margin  overshoot

margin to achieve a desired over- 65° <5%
shoot a trial and error process. 60° < 10%
45° <15%

Reference tracking. Suppose that one wants the tracking error to be at lgast 1 times smaller
than the reference, over the range of frequenflesr|. In the frequency domain, this can be

Note 40.Typically one wants to expressed by

track low frequency references,

which justifies the requirement for |E( w)|
equation 7.1) to hold in an inter- J <kr, Vwel0,wr], (7.2)
val of the form[0, wr]. IR(jw)| ~

whereE(s) andR(s) denote the Laplace transforms of the tracking eeroe r —y and the refer-
ence signat, respectively, in the absence of noise and disturbanceghEalosed-loop system in
Figure7.1,

Therefore {.1) is equivalent to

1
——— <ky, VwelO, S 1+ Go(jw)| >
11+ Go(jo)] T [0, wr] | o(jw)|

This condition is guaranteed to hold by requiring that

1
—, Ywe 0, wr].
kr

) 1
|Go(jw)| > E +1, Vwe ][0, wr]. (7.2)

Disturbance rejection. Suppose that one wants input disturbances to appear in thet@itenu-
ated at leaskp < 1 times, over the range of frequencies,, wp,]. In the frequency domain, this

Note 41.Typically one wants to can be expressed by

reject low-frequency disturbances

and thereforewp, and wp, in .

(7.3) generally take low values. |Y(Jw)|
D(jw)|

<kp, Vwe [wp,,wp,], (7.3)

whereY(s) andD(s) denote the Laplace transforms of the outpwnd the input disturbanag
respectively, in the absence of reference and measureroesg. nFor the closed-loop system in
Figure7.1,

Y(s) = Po(s)

= H—TO(S)D(S)’
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and thereforeq.3) is equivalent to

[Po(jw)| : [Po(jw)|
— < > )
11+ Go(jw)| < ko, vwe[(‘blaabz] < |1+ Go(jw)| > o Vwe[abl,abz]
This condition is guaranteed to hold as long as one requias t
. Po(jw
Gotiea| > D1 v e, my). 7.4

Noise rejection. Suppose that one wants measurement noise to appear in fhe atienuated at

leastky < 1 times, over the range of frequenciesy,«). In the frequency domain, this can be
e Note 42.Typically one needs to
xpressed by
reject high frequencies noise,

which justifies the requirement for

equation 7.5 to hold in an inter-
kv, Ve [OQ\I ) (7.5) val of the form[co, ).

Y(jw)l
IN(jw)| —

whereY(s) andN(s) denote the Laplace transforms of the outpaind the measurement noisg
respectively, in the absence of reference and disturbaRoeshe closed-loop system in Figufel,

Go (S)

Y =176y

N(s), (7.6)

and thereforeq.5) is equivalent to

Go(jw)|

—— = <ky, Vwew,») & |1+——|>—, VwE |[wn,®

1+ Go(jw)] = o, ) ‘ Go(Jw)‘ kn [ )

This condition is guaranteed to hold as long as one requiads t
=) \ L1 veelane) & |1Go(o) <N voelane).| (7.7)
Go(jw) |~ kn ~ 1+ky

Robustness with respect to multiplicative uncertainty Suppose that one wants the closed-loop
to remain stable for every multiplicative uncertaidty(jw) with norm smaller tham(w). This
can be expressed by

Goliw)| _ 1
15 Go(j)] ~ (@)’

Vo, (7.8)

which is equivalent to
Note 43.While this condition is

similar to the one appearing in

‘ >Im(w), Y. (7.9) (7.6), we now need it to holdor
every frequencynd we no longer
have the “luxury” of simply re-

We havetwo optiongo make sure thaf7(9) hold: quiring |Go(jw)| to be small for
every frequency.

1. As in the discussion for noise rejection, we can req|# jw)| to be small. In particular,
reasoning as before we may require that

1+ ——
‘ Go(jw

]GO ]_m(w)+1, o | [Go(jw)| < Wi() (7.10)

This condition will hold for frequencies for which we can negkco(jw)| small, typically
high frequencies.
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2. Alternatively, 7.9 may hold even whenGo(jw)| large, provided thatm(w) is small. In

particular, since

)

[ a2l

the condition 7.9 holds, provided that we require that

1= ’Go(ljw)

] > (@) &

Go(jw)| =

(7.11)

1
1—lm(w)

This condition will hold for frequencies for whidlso( jw)| is large, typically low frequencies.

From the two conditions7;10—(7.11), one generally needs to be mostly concerned abaat,
This is because whefi(w) is small, 7.9 will generally hold. However, whefy(w) is large for
(7.9 to hold we need>y(jw) to be small, which corresponds to the conditi@nlQ). Hopefully,
¢m(w) will only be large at high frequencies, for which we do notaé22) or (7.4) to hold.

Table7.1 and Figure7.2 summarize the constraints on the open-loop daifjw) discussed

above.

closed-loop specification

| open-loop constraint

ove_rshootg 10% (< 5%) phase margin> 60 deg ¢ 65 deg)
||§§§§|: ikT, :we [0, wr] |zo(1:m)|i||(—|1;0(4;:,)| wlue[;,wr]
lia) <ho, vwe[abl,am |GO(J-w)|; I® +v . VW [wp,, @,
0 0
|N|g§8|w;|kN c:é[wm ) | o(J.w)|_1+k]'-\l7 we[cwl) :
A1 Gl ~ fm(@)’ "® Solie)| < 57y (or IGalied) = 777

Table 7.1.Summary of the relationship between closed-loop spedificsitand open-loop constraints for the

loop shaping design method

|Go(jw)|

1+€m(0))

Figure 7.2. Typical open-loop specifications for the loop shaping desigthod

Attention! The conditions derived above for the open-loop daifjw) aresufficientfor the origi-
nal closed-loop specifications to hold, but they areneatessaryWhen the open-loop gain “almost”
verifies the conditions derived, it may be worth it to chedledily if it verifies the original closed-

loop conditions.
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This is actually crucial for the conditiong.0—(7.1]) that arise from robustness with respect to
multiplicative uncertainty, because around the crosstregiuency|Go(jax)| ~ 1 will not satisfy
either of these conditions, but it will generally satisfg tbriginal condition 7.8) (as long a¥m(w)
is not too large). m]

7.3 Open-loop gain shaping

In classical lead/lag compensation, one starts with a hasiegain controller

C(s)=1
and “adds” to it appropriate blocks to shape the desired-bp@mgain Note.One actually does not
“add” to the controller. To be
Go(s) :=C(s)P(s), precise, onemultiplies the con-

. o ) ) ) . . troller by appropriate gain, lead,
so that it satisfies the appropriate open-loop constraiftiss shaping can be achieved using threg@d lag blocks. However, this
basic tools. does correspond to additions in

the magnitude (in dBs) and phase

1. Proportional gain Multiplying the controller by a constaktmoves the magnitude Bode ploBode plots.
up and down, without changing its phase.

2. Lead compensatioMultiplying the controller by a lead block with transfenfction

Ts+1
S) = a<l
CIead( ) aTs+1
increases the phase margin when placed at the cross-ogaefrey. Figur&.3(a)shows the
Bode plot of a lead compensator. Note. A lead compensator also in-
) o ) . creases the cross-over frequency,
3. Lag compensatiarMultiplying the controller by a lag block with transfer fation so it may require some trial and
error to get the peak of the phase
_ S/ z+1 right at the cross-over frequency.
Cag(s) = ) p<z
s/p+1

decreases the high-frequency gain. Figu@(b)shows the Bode plot of a lag compensator.Note. A lag compensator also in-
creases the phase, so it can de-
crease the phase margin. To avoid
this, one should only introduce

74 Exel’CiseS lag compensation away from the

cross-over frequency.

7.1(Loop-shape 1) Consider again the nominal process model and multiplieativcertainty that
you obtained in Exercisé.2 Design a controller for this process that achieves stylditir all
admissible process modelad that exhibits:

1. zero steady-state error to a step input,
2. Phase Margin no smaller then 60degrees,

3. steady-state error for sinusoidal inputs with frequesicd < 0.1rad/sec smaller than 1/50
(—34dB), and

4. Rise time no slower than .3sec. O

7.2 (Loop-shape 2) Consider the following nominal transfer function ans utaiaty bound:

1

(1+5/5)(1+5/20) fm(@) = [L(j)]

Ro(s) = 5

where
25
L(S) = ——+=.
8= drs202
Use loop-shaping to design a controller that achieveslgtafor all admissible process modedsd
that exhibits:
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. steady-state error to a ramp input no larger than .01,
. Phase Margin no smaller then 45degrees,

. Steady-state error for sinusoidal inputs with frequesial < 0.2rad/sec smaller than 1/250

(—50dB), and

. attenuation of measurement noise by at least a factor@{-180dB) for frequencies greater

than 200rad/sec. O
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= p
a 1 p z z
1 y :
1 1
T aT
I Wmax = +/PZ
| Gmax. ) | ]
1
Wmax JaT
(a) Lead (b) Lag

Figure 7.3. Bode plots of lead/lag compensators. The maximum lead phagte is given by@gmax =
arcsini—g; therefore, to obtain a desired given lead angjgy one setsr = i%i%
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Introduction to LQG/LQR controller
design

In optimal controlone attempts to find a controller that provides the best plesperformance with
respect to some givemeasure of performancekE.g., the controller that uses the least amount of
control-signal energy to take the output to zero. In thigdhe measure of performance (also called
theoptimality criterior) would be the control-signal energy.

In general, optimality with respect to some criterion is tiweé only desirable property for a
controller. One would also like stability of the closed+ogystem, good gain and phase margins,
robustness with respect to unmodeled dynamics, etc.

In this section we study controllers that are optimal witbpect to energy-like criteria. These
are particularly interesting because the minimizatiorcptureautomatically produces controllers
that are stable and somewhat robugh fact, the controllers obtained through this proceduee ar
generally so good that we often use themen when we do not necessarily care about optimizing
for energy. Moreover, this procedure is applicablertaultiple-input/multiple-outpuprocesses for
which classical designs are difficult to apply.

Pre-requisites
1. Basic knowledge of state-space models (briefly revievezd)h
2. Familiarity with basic vector and matrix operations.

3. Knowledge of MATLAB/Simulink.

75
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Chapter8

Review of State-space models

Contents
8.1 State-spacemodels. . . . . .. . 77
8.2 Input-outputrelations . . . . . . . .. ... 78
8.3 Realizations. . . . . . . ... 79
8.4 Controllability and observability. . . . . . . .. ... ... 0oL 79
8.5 Stability . . . . .. 80
8.6 MATLABhINtS . . . . . v v o v i i e e e e e 80

8.1 State-space models

Consider the system in Figugelwith minputs andk outputs. Astate-spacenodel for this system

u(t) € RM y(t) € RK

— —

Figure 8.1. System withm inputs anck outputs

relates the input and output of a system using the followirgg-6rder vector ordinary differential
equation
x=f(xu), y=g(xu). (8.1)
wherex € R" is called the state of system. In this Chapter we restrictadi@ntion tolinear time-
invariant (LTI) systems for which the functiorfg-,-) andg(-, -) are linear. In this case8(1) has the
special form MATLAB ® Hint 25.
ss(A4,B,C,D) creates a LTI

(8.2) state-space model with realiza-

x = Ax+ Bu, y = Cx+ Du, tion 8.2). .. > p.80

whereA is an x n matrix, B an x mmatrix,C ak x n matrix, andD ak x m matrix.

Example 8.1(Aircraft roll-dynamics) Figure8.2 shows the roll-angle dynamics of an aircrédt |
p. 381]. Defining

x=0 r]/
we conclude that

X = Ax+Bu

77
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\ @ roll-angle 60— 0w
. W= —.8750— 201
w =460 rollrate i — 5074 50u
T applied torque
Figure 8.2. Aircraft roll-angle dynamics
with
0 1 0 0
A:=|0 —-.875 -20|, B:=|0]|.
0 0 —-50 50

If we have bothf andw available for control, we can define

y:=[6 w|'=Cx+Du

. |1 00 |0
] o g .

8.2 Input-output relations

with

Note 1. The (unilateral) Laplace Thetransfer-functiorof this system can be found by taking Laplace transform$ @):(
transformof a signalx(t) is given
by X = Ax+Bu, % sX(s) =AX(s)+BU(s),
o Ty
X(s) = /0 & Six(t)dt. y =Cx+Du, Y(s) =CX(s)+DU(s),

See [, Appendix A] for a review whereX(s), U (s), andY(s) denote the Laplace transformsxgf), u(t), andy(t). Solving forX(s),
of Laplace transforms. we get

(sl—A)X(s)=BU(s) & X(s)=(sl—A)BU(s)
and therefore
Y(s) =C(sl—A)"'BU(s) + DU (s) = (C(sl —A) 'B+D)U(s).

Defining
MATLAB ® Hint 1.
tf (num,den) creates a transfer- T(S) = C(SI — A)*lB_|_ D,
function with numerator and
denominator specified bywum, e conclude that
den. .. »p. 12

Y(s) =T(s)U(s). (8.3)

MATLAB ® Hint 2.
zpk(z,p,k) creates a transfer- TO emphasize the fact tha@if(s) is ak x mmatrix, we call it thetransfer-matrixof the system§.2).

function  with  zeros, oles, . . .
and gain specified byz’p o, The relation 8.3) between the Laplace transforms of the input and the outptlteosystem is

k... »p.12 only valid for zero initial conditions, i.e., wheq{0) = 0. The general solution to the syste&?) in
thetime domairis given by
MATLAB ® Hint 26. ¢
tf(sys_ss) and zpk(sys_ss) X(t) _ eNx(O) +/ eA(FS)BU(S)dS (8.4)
0

compute the transfer-function
of the state-space  model

t
sys.ss. .. > p.80 y(t) = CeMx(0) + / C\=SBu(s)ds+ Du(t), vt > 0. (8.5)
JO
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Equation 8.4) is called thevariation of constants formula

MATLAB ® Hint 27. expm

Example 8.2 (Aircraft roll-dynamics) The transfer-function for the state-space model in Exagmputes the exponential of a

ple8.1is given by:

8.3 Realizations

Consider a transfer-matrix

T(s) =

where all theTj (s) are given by a ratio of polynomials with the degree of the ntatwe smaller than
or equal to the degree of the denominator. It is always ptessifind matrice®\, B,C, D such that

T(s) =C(sl—A)"'B+D.

S(s+ ﬂ% é%+50)
(s+.875)(s+50)

|

Tlm (S)
T2m (S)

TkrT.l(s)

)

matrix. . . » p. 80

MATLAB ® Hint 28.
ss(sys_tf) computes a re-
alization of the transfer-function

This means that it is always possible to find a state-spacehlid (8.2) whose transfer-matrix is sys_tf. .. > p.80
preciselyT (s). The model 8.2) is called arealizationof T(s).

8.4 Controllability and observability
The system §.2) is said to becontrollable when given any initial states € R", any final state

Xt € R", and any finite timé, one can find an input signal(t) that takes the state 082 from x;
to x¢ in the interval of time 6< t < T, i.e., when there exists an inpu(t) such that

;
xi = T +/ AT-9By(s)ds
0

To determine if a system is controllable, one can computedhgollability matrix which is defined

by

The system is controllable if and only if this matrix has ragfual to the siza of the state vector.

The system&.2) is said to beobservablevhen one can determine the initial conditix(®) by
simply looking at the input and output signai&) andy(t) on a certain interval of time €t <T,

i.e., one can solve

y(t) = Cex(0) + /O t ceNt=SBuy(s)ds+ Du(t),

uniquely for the unknowx(0). To determine if a system is observable, one can computelithe
servability matrix which is defined by

The system is observable if and only if this matrix has rankadtp the sizen of the state vector.

¢ :=[B AB AB

A1B].

Attention! Realizations are not
unique, i.e., several state-space
models may have the same trans-
fer function.

MATLAB ® Hint 29.

ctrb(sys) computes  the
controllability matrix of the

state-space systemys. Alter-

natively, one can use directly
ctrb(A,B)... »p.81

MATLAB ® Hint 30. rank (M)
computes the rank of a matrix

MATLAB ® Hint 31.

obsv(sys) computes  the
controllability matrix of the

state-space systersys. Alter-

natively, one can use directly
obsv(A,C)... »p.81



MATLAB ® Hint 32. eig(A)

computes the eigenvalues of the

matrix A. . .

»p.81
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Example 8.3(Aircraft roll-dynamics) The controllability and observability matrices for thetsta
space model in Examp&1are given by:

1 0 0
0 0 1000 o :
¢ =10 —1000 50875, 0= 0 _875 -20
50 -2500 12500 0 _875 _20
0 .7656 1017
Both matrices have rank 3 so the system is both controllatlecsdservable. m]

8.5 Stability

The system§.2) is asymptotically stablevhen all eigenvalues &k have negative real parts. In this
case, for any bounded inpuft) the outputy(t) and the stat&(t) are also bounded, i.e.,

u®ll<e, >0 = |yl <ca, [IxH)<cs vt >0.
Moreover, ifu(t) converges to zero ds— oo, thenx(t) andy(t) also converge to zero &s— .

Example 8.4(Aircraft roll-dynamics) The eigenvalues of the matrix tlhematrix for the state-space
model in Example8.1are{0,—.875 —50} so the system is not asymptotically stable. ]

8.6 MATLAB hints

MATLAB ® Hint 25 (ss). The commandys_ss=ss(A,B,C,D) assigns tesys_ss a MATLAB
LTI state-space model with realization

X = AX+ BuU, y = Cx-+Du.

Optionally, one can specify the names of the inputs, outaunid state to be used in subsequent plots
as follows:

sys_ss=ss(4,B,C,D, ...

’InputName’,{’inputl’,’input2’,...},...
’OutputName’,{’outputl’,’output2’,...},...
’StateName’,{’inputl’,’input2’,...})

The number of elements in the bracketed lists must matchuh#ar of inputs,outputs, and state
variables. O

MATLAB ® Hint 26 (tf). The commandsf (sys_ss) andzpk(sys_ss) compute the transfer-
function of the state-space modsis_ss specified as in Matlab Hir25.

tf (sys_ss) stores (and displays) the transfer function as a ratio ofrpwhials ons.

zpk (sys_ss) stores (and displays) the polynomials factored as the ptazsfumonomials (for the
real roots) and binomials (for the complex roots). This fdrighlights the zeros and poles of the
system. O

MATLAB ® Hint 28(ss). The commands (sys_tf) computes the state-space model of the trans-
fer functionsys specified as in Matlab Hintsor 2. O

MATLAB ® Hint 27 (expm). The commandxpm(M) computes the matrix exponentil. With
the symbolic toolbox, this command can be used to comgltiteymbolically as follows:
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syms t
expm (A*t)

The first command definasas a symbolic variable and the second compeftegassuming that the
matrix A has been previously defined). m]

MATLAB ® Hint 29(ctrb). The commandtrb(sys) computes the controllability matrix of the
systemsys. The system must be specified by a state-space model usingsy&s=ss(4,B,C,D),
whereA,B,C,D are a realization of the system. Alternatively, one can ugetly ctrb(A,B). O

MATLAB ® Hint 31 (obsv). The commanabsv(sys) computes the observability matrix of the
systemsys. The system must be specified by a state-space model usingys=ss(A,B,C,D),
whereA,B,C,D are a realization of the system. Alternatively, one can ugetly obsv(A,C). O

MATLAB ® Hint 32 (eig). The commanckig(A) computes the eigenvalues of the matkix
Alternatively, eig(sys) computes the eigenvalues of thematrix for a state-space systesys
specified bysys=ss(4,B,C,D),whereA,B,C,D are a realization of the system. O
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Chapter9

Linear Quadratic Regulation (LQR)
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9.1 Feedback configuration

Figure9.1shows the feedback configuration for theear quadratic regulation (LQR) problem

z(t) e RY
uit) e RM L
controller process

y(t) € RK

Figure 9.1. Linear quadratic regulation (LQR) feedback configuratidwiote thenegative feedbacknd the
absence of a reference sign&eference signals will be introduced in Chapitér

In this configuration, the state-space model of the prosestthe form
X = Ax+ Bu, y=CXx, z=Gx+Hu. (9.1)
and has two distinct outputs:

1. Themeasured output(y) € R corresponds to the signal(s) that can be measured and are
therefore available for control. If the controller transfeatrix isC(s), we have

whereY (s) andU (s) denote the Laplace transforms of the process infiyiand the measured
outputy(t), respectively.

2. Thecontrolled output &) € R corresponds to a signal that one would like to make as small
as possible in the shortest possible amount of time.

83
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Note 44.In the context of Exam-
ple 8.1, one could imagine that,
while both and 6 and w can
be measured, one may mostly
want to regulate the roll angle
6... »p. 77
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Sometimeg(t) = y(t), which means that our control objective is to make the whaasared
output very small. However, when the outg(t) is a vector, often one simply needs to make
one of the measured outpytgt) small. In this case, one choosgk) =y, (t).

In some situations one chooses
z(t) = [}_/1('[)] :

ya(t)
which means that we want to make both the measured oyffJtand its derivativeys(t)
very small. Many other options are possible.

The choice ofz should be viewed as a design parameter. In Se@&ibrwe will study the
impact of this choice in the performance of the closed-loop.

9.2 Optimal Regulation

The LQR problem is defined as follows:

_ , Problem 9.1 (Optimal LQR) Find the controller transfer-matri€(s) that makes the following
Notation 5. Given anm-vector,  critarion as small as possible

V=[ViV2 - V],

|lv|| denotes the Euclidean norm
ofv, i.e.,

I =vv= (évﬁ) ‘

diowi= [ 1)+ p Jutt) et ©2)

wherep is a positive constant. m]

The term

JAECIRE

corresponds to thenergy of the controlled outpand the term

| ey
0

to the energy of the control signalln LQR one seeks a controller that minimizes both energies.
However, decreasing the energy of the controlled outputreguire a large control signal and a
small control signal will lead to large controlled outputie role of the constait is to establish a
trade-off between these conflicting goals:

1. When we chosp very large, the most effective way to decredsgr is to use little control,

at the expense of a large controlled output.

2. When we chosp very small, the most effective way to decredsgr is to obtain a very small

controlled output, even if this is achieved at the expenselafge control input.

Often theoptimal LQR problenis defined more generally and consists of finding the comtroll

Note 45.The most general form o sfer-matrixC(s) that minimizes

for the quadratic criteria is
/ X Qx+ U Ru+ 2X Nudt
0

»p.91

dori= /0 " 2(tYQztt) + pu () Rut)dt, 9.3)
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whereQ is an/ x ¢ symmetric positive-definite matriXx® an m x m symmetric positive-definite

matrix, andp a positive constant. Note 46.0ther _choices for the

matricesQ andR are possible but
one should always choose both
matrices to be positive-definite.

Bryson’s rule A first choice for the matrice® andR in (9.3 is given by theBryson’s rule[4, We recall that a symmetrig x

. : : g matrix M is positive-definiteif
p. 537]: selec) andR diagonal with XMx > 0, for every nonzero vec-

1 torxeRY... »p.91
T : , ie{l,2,....0
Qi maximum acceptable value gf { )
1 ,
i ; je{1,2,...,m},

~ maximum acceptable value nf

which corresponds to the following criteria
00 L ’ m »
Jor = / Qiz(t)+p Rjj uj (t)<)dt.
0 (;1 jZ:L )

In essence the Bryson'’s rule scales the variables that appéayr so that themaximum accept-
able value for each term is on& his is especially important when the units used for théedsint

components ofi andz make the values for these variables numerically very difiefrom each
other.

Although Bryson’s rule sometimes gives good results, oftaa just the starting point to a
trial-and-error iterative design procedure aimed at olirtgi desirable properties for the closed-loop
system. In SectioB.5we will discuss systematic methods to chose the weight®ib @R criterion.

9.3 State-Feedback LQR

In the state-feedbackersion of the LQR problem (Figu&2), we assume that the whole statean
be measured and therefore it is available for control.

Z(t) e Rf
ut) e RM L
controller process

X(t) e R"

Figure 9.2. Linear quadratic regulation (LQR) with state feedback

Solution to the optimal state-feedback LQR Probffin The optimal state-feedback LQR controller

for the criteria 0.3) is a simple matrix gain of the form MATLAB © Hint 33. 1qr_com-
putes the optimal state-feedback

controller gairk. . . »p.90
u=—Kx (9.4) 9 P

whereK is them x n matrix given by
K = (H'QH+pR) }B'P+H'QG)
andP is the unique positive-definite solution to the followinguatjon
AP+ PA+GQG— (PB+GQH)(H'QH+pR) }(B'P+H'QG) =0,

known as theAlgebraic Riccati Equation (ARE) a
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9.4 Stability and Robustness

_ The state-feedback control la®.4), results in a closed-loop system of the form
Note 47.A systemx = Ax+ Bu

is asymptotically stablewhen X — (A— BK)X

all eigenvalues ofA have neg- B ’

ative real parts. See Sec- . Lo . . . .

tion 8.5, .. P »p.80 A crucial property of LQR controller design is that thi®sed-loop is asymptotically stalflee., all

the eigenvalues oA — BK have negative real part) as long as the following two coadgihold:

1. The systemd.1) is controllable.
Note 48.The definitions and tests

for controllability and observ- 2 The systemd.1) is observable when we ignoyeand regara as the sole output .

ability are reviewed in Sec-

tion8.4... >p.79 Perhaps even more important is the fact that LQR contrafiegmherently robust with respect
to process uncertaintyfo understand why, consider the open-loop transfer-wiftin the process’

Auention! When selecting the inputu to the controller's outputl (Figure9.3). The state-space model framio u'is given by

measured outpug, it is impor-
tant to verify that the observability
condition is satisfied. u u

K X = Ax+ Bu

Figure 9.3. State-feedback open-loop gain

X = Ax+ Bu, u= —Kx,
which corresponds to the following open-longgativefeedbackm x mtransfer-matrix
Go(s) =K(sl—A)"1B.

We focus our attention in single-input processas<(1), for whichGy(s) is a scalar transfer-function

Note 49.LQR controllers also ex- and the following holds:

hibit robustness properties for

multiple-input processes. How- ) . o . . . .
ever, in this caseo(s) is amx m Kalman'’s Inequality. When HG = 0, the Nyquist plot of @ jw) does not enter a circle of radius

transfer-matrix and one needs aON€ around-1,i.e.,
multi-variable Nyquist criterion.

1+ Go(jw)| >1, VweR. i

Kalman'’s Inequality is represented graphically in Figdr4and has several significantimplications,
which are discussed next.

Im

Re

Figure 9.4.Nyquist plot for a LQR state-feedback controller
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Positive gain margin If the process’ gain is multiplied by a constént 1, its Nyquist plot simply
expands radially and therefore the number of encirclends not change. This corresponds to a
positive gain margin ofi-co.

Negative gain margin If the process’ gain is multiplied by a constadt< k < 1, its Nyquist
plot contracts radially but the number of encirclementsdties not change. This corresponds to a
negative gain margin d20log;y(.5) = —6dB.

Phase margin If the process’ phase increases®y [—60,60 degrees, its Nyquist plots rotates
by 6 but the number of encirclements still does not change. Tdniesponds to ahase margin of
+60degrees.

() | 1Am(@) < fn(@), Voo

X = AXx+ Bu

O—

Figure 9.5. Unity feedback configuration with multiplicative uncerigi

Multiplicative uncertainty ~ Kalman'’s inequality guarantees that
Goliw) | _
1+ Go(jw) | ~
Since, we known that the closed-loop system in FiguBeremains stable for every multiplicative
uncertainty block\n(jw) with norm smaller tharim(w), as long as
‘ Go(jw) ’ 1
1+Go(jw)|  Im(w)’

we conclude that an LQR controller providesbust stability with respect to any multiplicative
uncertainty with magnitude smaller th%m because we then have

‘ Go(jw)
1+ Go(jw) (@)’
However, much larger additive uncertainties may be adbiisse.g., wherGy(jw) > 1, (9.6) will

hold for /m(w) almost equal to 1; and wheBy(jw) < 1, (9.6) will hold for /m(w) almost equal to
1/Go(jw) > 1.

Note 50.Why?...

(9.5)

(9.6)

<2<

Attention! Kalman'’s inequality is only valid whehl’G = 0. When this is not the case, LQR con-
trollers can be significantly less robust. This limits to seemtent the controlled outputs that can be
placed inz

For example, consider the process: Ax+ Bu and suppose that we want to regulate a particular
outputy; = Cyx. Choosing

z=y1 =Cix

leads toG = C; andH = 0 and thereforéi’G = 0, for which Kalman'’s inequality holds. However,

choosing
_ya| _ (Cax| Cix |G 0
2= [yl} - [clx} - [ClAX+ClBu} - {ClA *lcs Y

»p.91
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~ leadsto
Note 51.1f the transfer function

from u to y; has two more poles G— H—

than zeros, then one can show that T ICGA|T —|GBY
C1B =0 andH = 0. In this case,

Kalman'’s inequality holds also for gnd therefore

this choice ofz.

H'G = B'C|CiA,

which may not be equal to zero. ]

9.5 Loop-shaping control using LQR

Although Bryson'’s rule sometimes gives good results, it may suffice to satisfy tight control
specifications. We will see next a few other rules that all@ataiactually do loop-shaping using
LQR. We restrict our attention to the single-input case=1) andR= 1, Q = I, which corresponds
to

dori= [ O+ pu(tdt

Low-frequency open-loop gain For the range of frequencies for whi¢Bo(jw)| > 1 (typically

MATLAB © Hint 34. low frequencies), we have that

sigma(sys) draws the
norm-Bode plot of the system ) P(iw
sys... »p.90 |Go(]w)|% H Z(J )”

VHH+p

where
Py(s) := G(sl —A)'B+H

is the transfer function from the control signalto the controlled output. To understand the
implications of this formula, it is instructive to considero fairly typical cases:

1. Whenz =y, with y; := Cyx scalar, we have
IPL(jw)|

VHH+p

1Go(jw)| ~

where
Pi(s) :=Cy(sl—A)'B
is the transfer function from the control inputo the outpuiy;. In this case,

Note 52 Although the magnitude (a) the shape” of the magnltgde of the open-loop dayijw) is determined by the mag-
of Go(jw) mimics the magnitude nitude of the transfer function from the control inputio the outputy;

of Py(jw), the phase of the open- (b) the parametgw moves the magnitude Bode plot up and down (more preciséfiy+ p).
loop gainGo(jw) always leads to

a stable closed-loop with an ap- 2 \Whenz= [y1 Vyﬂ/, we can show that
propriate phase margin.

Note 53.Why?. .. »p.91 |Go(jw)| ~ 1+ Jyol (i) . (9.7)

NCCEY
In this case the low-frequency open-loop gain mimics the@se transfer function fromto
y, with an extra zero at/ly and scaled bvyﬁ. Thus

(a) p moves the magnitude Bode plot up and down (more preciséty+ p),

(b) large values fol lead to a low-frequency zero and generally result in a lapiese
margin (above the minimum of 60 degrees) and smaller ovetshdhe step response.
However, this is often achieved at the expense of a slowpprese.
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High-frequency open-loop gain For w > 1, we have that

Go jw)| ~ =
(Coliw)| ~ 57
for some constart. We thus conclude the following:

1. LQR controllers always exhibit a high-frequency magtétulecay of-20dB/decade.
2. The cross-over frequency is approximately given by

c 1 6 e c
OWrossy/P oss \/f77
which shows that the cross-over frequency is proportianal{/o and generally small values
for p result in faster step responses.

Attention! The (slow)—20dB/decade magnitude decrease is the main shortcomitejeffeedback
LQR controllers because it may not be sufficient to clear tiigljuency upper bounds on the open-
loop gain needed to reject disturbances and/or for robsstwiéh respect to process uncertainty. We
will see in Sectiorl0.6that this can actually be improved with output-feedbackiciliers. ]

Example 9.1(Aircraft roll-dynamics) Figure9.6shows Bode plots of the open-loop g&p(s) =
K (sl — A)~'B for several LQR controllers obtained for the aircraft rdyilnamics in Exampl&.1

The controlled output was chosen tode- [9 yé} ' which corresponds to

Open-loop Bode Diagrams
From: u To: Out(1)
T

Open-loop Bode Diagrams
From: u To: Out(1)
T

— gamma=0.01
— gamma=0.1
| — gamma=03
& utoroll angle
(tho = 0.01)

Magnitude (dB)
N
S
Magnitude (dB)
8

-6~ utoroll angle
gamma = 0.01

90 —6-6-8-0-are,

Phase (deg)
Phase (deg)
&

- = > S o , s
10 107 10° 10° 10 10° 10°
Frequency (rad/sec)

(a) Open-loop gain for several values@fThis param+{b) Open-loop gain for several values yf Larger val-
eter allow us to move the whole magnitude Bode plotiep for this parameter result in a larger phase margin.

and down.

Figure 9.6. Bode plots for the open-loop gain of the LQR controllers iraEle9.1 As expected, for low
frequencies the open-loop gain magnitude matches thaeqgfriicess transfer function fromto 6 (but with
significantly lower/better phase) and at high-frequenttiesgain’s magnitude falls at20dB/decade.

B33 el

The controllers were obtained witR= 1, Q = I,.2, and several values f@r andy. Figure9.6(a)
shows the open-loop gain for several valuegpaind Figured.6(b) shows the open-loop gain for

several values of.

Figure9.7shows Nyquist plots of the open-loop g&p(s) = K(sl — A)~!Bfor different choices
of the controlled output. In Figure9.7(a)z:= [6 6]', which corresponds to

b1l el

107" 10° 10t 10° 10°
Frequency (rad/sec)
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Open-loop Nyquist Diagram (tho = 1, gamma = 0.1) Open-loop Nyquist Diagram
From: u To: uu From: u To: uu

Imaginary Axis
°
Imaginary Axis
o

L L L L
-1 0 1 2
Real Axis

(b) H'G#0

1 2 T -4 3 2

Figure 9.7.Bode plots for the open-loop gain of the LQR controllers irmfyple9.1

In this caseH’G = [0 0 0] and Kalman'’s inequality holds as can be seen in the Nyquigt ph
Figure9.7(b) the controlled output was chosen toiie- [6 T] ' which corresponds to

.o o To
G= {o 0 —50}’ H = {50]'

In this case we havid’G = [0 0 -2500] and Kalman'’s inequality does not hold. We can see from the
Nyquist plot that the phase and gain margins are very smdlfzere is little robustness with respect

to unmodeled dynamics since a small perturbation in thege®can lead to an encirclement of the
point—1. ]

9.6 MATLAB hints

MATLAB ® Hint 33(1qr). The commandk,S,E]=1qr(A,B,QQ,RR,NN) computes the optimal
state-feedback LQR controller for the process

X = AX+Bu
with criteria
3= /0 " X(t)/Q@X(t) + U ()RRU(t) + 2¢ () NNu(t)dt.
For the criterion in 9.2) one should select
QQ = GG, RR =H'H + pl, NN =GH
and for the criterion4.3
QQ = G'QG, RR=H'QH +pR, NN = G'QH.

(cf. Sidebard5). This command returns the optimal state-feedback métrtke solutionP to the
corresponding Algebraic Riccati Equation, and the pale§the closed-loop system. ]

MATLAB ® Hint 34(sigma). The commandigma (sys) draws the norm-Bode plot of the system
sys. For scalar transfer functions this command plots the usizginitude Bode plot but for vector
transfer function it plots the norm of the transfer functi@msus the frequency. m]
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9.7 To probe further
Note 45 (General LQR) The most general form for a quadratic criteria is
3= /O "X OX(1) + U (ORUL) + 2¢ (O Nu(t)dt. 9.8)
Sincez = Gx+ Hu, the criterion in 9.2) is a special form of4.8) with
Q=GG, R=H'H+pl, N=GH
and ©.3 is a special form of4.8) with
Q=GQG, R=H'QH+pR, N = G'QH.
For this criteria, the optimal state-feedback LQR conémi still of the form
u=—Kx
but nowK is given by
K=RBP+N)
andP is a solution to the following\lgebraic Riccati Equation (ARE)
AP+PA+Q— (PB+N)RYBP+N)=0. O
Note46. A symmetrick x k matrix M is positive-definitef
XMx > 0,

for every nonzero vectore R¥. Positive-definite matrices are always nonsingular anid itheerses
are also positive-definite.

To test if a matrix is positive define one can compute its aigkres. If they are all positive the

matrix is positive-definite, otherwise it is not. MATLAB ® Hint 32 eig()

computes the eigenvalues of the

Note 50 (Multiplicative uncertainty) Since the Nyquist plot 0Go(jw) does not enter a circle of M4 > p.81
radius one around1, we have that

. 1 Go(jw) Go(j(/))
1+ G >1 — | =|1-— <1 — | <2
Tl == EL R v i
0
Note 53 (Equation 9.7). Whenz= [y yy]', we have that
Yyl Cx | C 10
=[5 =lonemd = o= lien H=|ce]
In this case,
P(s)} {1]
Ps)=| L = R(s),
z( ) [VSR/(S) ys y( )
whereR,(s) := C(sl — A)~1B, and therefore
. 1+ y2w? R (jw 1+ jyow||R(jw
Goljoo)| ~ YV IRUW)| _ 1+ vl R(jw)| .

VHHFp VHH+p
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9.8 Exercises

9.1. Verify using the diagram in Figurgl.1that, for the single-input casen= 1), the closed-loop
transfer functionT(s) from the reference to the process inputis given by

B 1
1+Go

Tu(s) (KF+N),

whereGy(s) = K(sl — A)~1B, and the closed-loop transfer functidpfrom the reference to the
controlled output is given by

TZ(S) = PZ(KF + N)a

1+ Gop
whereP,(s) = G(sl — A) !B+ H. O

9.2. Consider an inverted pendulum operating near the upriglitiequm position, with linearized

model given by
6] [0 1 e 0
ol=lr -l [2)

whereT denotes an applied torqué,the pendulum’s angle with a vertical axis pointing up, and
¢=1m,m= 1Kg,b = .1N/m/s,g = 9.8m/<.
1. Design a PD controller using LQR

2. Design a PID controller using LQR
Hint: Consider an “augmented” process model with stéte, z(t) = /5 8(s)ds. |
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10.1 Output Feedback

The state-feedback LQR formulation considered in Chaptesuffered from the drawback that the
optimal control law

u(t) = —Kx(t) (10.1)

required the whole stateof the process to be measurable. An possible approach tomwerthis
difficulty is to estimate the state of the process basedysolethe measured outpytand use

u(t) = —KX(t)
instead of 10.1), wherex(t) denotes an estimate of the process’ stt¢. In this chapter we
consider the problem of constructing state estimates.
10.2 Full-order observers
Consider a process with state-space model
X = Ax+ Bu, y=Cx (10.2)

wherey denotes the measured outputhe control input. We assume thatannot be measured and
our goal to estimate its value basedyon

Suppose we construct the estimatey Teplicating the process dynamics as in

%= A%+ Bu. (10.3)

93
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To see of this would generate a good estimatefare can define the state estimation egce x— X
and study its dynamics. Fromi@.2) and (0.3, we conclude that

e=Ax—AX= Ae

This shows that when the matrix is asymptotically stable the errerconverges to zeréor any
input u, which is good news because it means thevéntually converges toast — . However,
whenA is not stablee is unbounded ang grow further and further apart fromast — . To avoid
this, one includes a correction term 0(3:

X = AR+ Bu+L(y—9), § =CX, (10.4)

wherey'should be viewed as an estimateyadndL a givenn x k matrix. Whenx'is equal (or very
close) tox, theny'will be equal (or very close) tg and the correction term(y —y) plays no role.
However, wherx grows away fronx, this term will (hopefully!) correct the error. To see hovisth
can be done, we re-write the estimation error dynamics nolf@.2 and (L0.4):

é=Ax— AR— L(Cx—CX) = (A—LC)e.

Now e converges to zero as long As- LC is asymptotically stable, It turns out that, even when
Ais unstable, in general we will be able to selecto thatA— LC is asymptotically stable. The
system 10.4) can be re-write as

%= (A—LC)X+Bu+Ly, (10.5)

and is called dull-order observeifor the process. Full-order observers have two inputs—the p
mzt‘?ai?'thg"t'ﬁédg;e gf';fsrssta;‘; .cess’ control inpuu and its measured outpyt—and a single output—the state estimateFig-
is equal to the size of the process’Ur€ 10.1shows how a full-order observer is connected to the process.
statex.

z

u -
X = Ax+Bu

y

. X

X=(A-LC)X+Bu+Ly =

Figure 10.1.Full-order observer

10.3 LQG estimation

Any choice ofL in (10.4 for which A— LC is asymptotically stable will make converge tok, as
long at the process dynamics is given B Q. However, in general the outpytis affected by
measurement noise and the process dynamics are also dffgctiisturbance. In light of this, a
more reasonable model for the process is

X = Ax-+ Bu+ Bd, y=Cx+n, (10.6)

whered denotes a disturbance angneasurement noise. In this we need to re-write the estimatio
error dynamics for10.6 and (L0.4), which leads to

&= Ax+Bd—AR— L(Cx+n—C%) = (A—LC)e+Bd—Ln.

Because ofi andd, the estimation error will generally not converge to zerd, e would still like it
to remain small by appropriate choice of the malrixT his motivates the so callddnear-quadratic
Gaussian (LQG) estimation problem
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Problem 10.1(Optimal LQG) Find the matrix gair that minimizes the asymptotic expected value

of the estimation error: Note 55.A zero-mean white
noise process has an autocorre-

JLQG — limE [He(t)HZ]v lation of the form
t—o0 ,
_ _ _ Ru(ts,tz) := E[n(ta) n'(tz)]
whered(t) andn(t) are zero-mean Gaussian noise processes (uncorrelatecécimother) with = QN ot —t).

ower spectrum -
P P Such process isvide-sense sta-

w) = w) = Y. [ tionary in the sense that its mean
Si(@) = Q, (@) =R, is time-invariant and its auto-

Solution to the optimal LQG Problefr0.1 The optimal LQG estimator gaib is then x k matrix  correlationRity,t,) only depends

given by on the differencet := t; — to.
1 Its power spectrum is frequency-
L =PCRy independent and given by

andP is the unique positive-definite solution to the followiAtpebraic Riccati Equation (ARE)  s,(w) = /m R(1)e 197dT = Qy.

AP+ PA +BQuB — PCRy'CP=0. MATLAB ® Hint 35. kalman
computes the optimal LQG
When one uses the optimal gdinn (10.5, this system is called th€alman-Bucyfilter. estimator gairi. .. > p.98

A crucial property of this system is thAt— LC is asymptotically stable as long as the foIIowinﬁ_‘i?(te "\‘AG' g Sgg‘sr:t‘isgicg(;igit’:?f‘

two conditions hold: X Mx > 0, for every nonzero vec-
1. The system1(0.6 is observable. torx €RA.... >p.91
2. The system1(0.6 is controllable when we ignoreand regardl as the sole input.

Different choices ofQy andRy result in different estimator gairis

1. WhenRy is very small(when compared tQy), the measurement noiggs necessarily small
so the optimal estimator interprets a large deviatiory éfofn y as an indication that the
estimatexis bad and needs to be correct. In practice, this lead to iaa@eicesL and fast
poles forA— LC.

2. WhenRy isvery large the measurement noisés large so the optimal estimator is much more
conservative in reacting to deviationsyfrémy. This generally leads to smaller matrides
and slow poles foA— LC.

We will return to the selection dy andRy in Section10.6

10.4 LQG/LQR output feedback

We now go back to the problem of designing an output-feedbankoller for the process:
X = Ax+ Bu, y=Cx, z=Gx+Hu.
Suppose that we designed a state-feedback controller
u=—Kx (20.7)
that solves an LQR problem and constructed an LQG stateraisi
%= (A—LC)X+ Bu+Ly.

We can obtain an output-feedback controller by using theneséd statex in (10.7), instead of the

true statex. This leads to the following output-feedback controller MATLAB © Hint 36.

) reg(sys,K,L) computes
R = (A— LC))?—!— Bu+Ly= (A— LC— BK))?—}- Ly, u=—Kg, the LQG/LQR positive output-

feedback controller for the
with negative-feedbadkansfer matrix given by processsys with regulator gairk
and estimator gaib... » p.98

C(s) =K(sl—A+LC+BK) L.

This is usually known as abQG/LQR output-feedback controlland the resulting closed-loop is
shown in Figurel0.2
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z
u .
5 . X=Ax+B — =
%= (A—LC—BK)%+Ly +Bu
. z=Gx+Hu
u=Kx
- y=Cx

Figure 10.2.LQG/LQR output-feedback

10.5 Separation Principle

The first question to ask about an LQG/LQR controller is waetr not the closed-loop system will
be stable. To answer this question we collect all the egustivat defines the closed-loop system:

X = Ax—+ Bu, y=CXx, (10.8)
%= (A—LC)X+Bu+Ly, u=—Kg (10.9)

To check the stability of this system it is more conveniertdosider the dynamics of the estimation
errore:= x— X instead of the the state estimateld this effect we replace in the above equatigns ~
by x— e, which yields:

X = Ax+Bu= (A—BK)x+BKe y =Cx,
e=(A—LC)e u=—-K(x—e).

This can be written in matrix notation as
X A—BK BK X X
s} = g

Separation Principle. The eigenvalues of the closed-loop sys{@th8 are given by those of the
state-feedback regulator dynamics-ABK together with those of state-estimator dynamieslAC.

eigenvalue of one of the diagonal IN case these both matrices are asymptotically stable, sioeis the closed-loofi0.8.

blocks.

Note 57.B=B corresponds to an
input disturbancesince the pro-
cess becomes
X = Ax+Bu+Bd
= Ax+B(u+d).

10.6 Loop-gain recovery

We saw in Section8.4and9.5that state-feedback LQR controllers have desirable rolsstprop-
erties and that we can shape the open-loop gain by apprephatce of the LQR weighting param-
eterp and the choice of the controlled outputlt turns out that we can, to some extent, recover the
LQR open-loop gain for the LQG/LQR controller.

Loop-gain recovery. Suppose that the process is single-input/single-outpditesno zeros in the
right half-place Selecting

B:=B, Qni=1, Rvi=0, 0>0,

the open-loop gain for the output-feedback LQG/LQR colaralonverges to the open-loop gain for
the state-feedback LQR state-feedback controller ovengeaf frequencief, wmay as we make
o—0,ie.,

C(jw)P(jw) o020, K(jowl —1)7'B, Ve [0,wmay

In general, the largerunax is, the smalleto needs to be for the gains to match.
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Attention! 1. To achieve loop-gain recovery we need to chBge= o, even if this does not
accurately describe the noise statistidis means that the estimator may not be optimal for
the actual noise.

2. One should not make smaller than necessary because we do not want to recovesiome (

—20dB/decade magnitude decrease at high frequencies. ¢tigerave should make just
- Note 58.We need loop-recovery
small enough to get loop-recovery until just above or at sfoger.For larger values ofo, the ;"1 the cross-over frequency to

output-feedback controller may actually behave much b#ian the state-feedback one.  maintain the desired phase mar-
K gin, otherwise the LQG/LQR con-

3. Whenthe process_haeros inthe rlghF half-planéoop-gain recovery will generally only work =\ - may have a phase margin
up to the frequencies of the nonminimum-phase zeros. that is much smaller than that of
When the zeros are in tHeft half-plane but close to the axihe closed-loop will not be very the original LQR controller.
robust with respect to uncertainty in the position of theogerThis is because the controller

will attempt to cancel these zeros. a
Example 10.1(Aircraft roll-dynamics) Figure10.3(a)shows Bode plots of the open-loop gain for

the state-feedback LQR state-feedback controller vs.plea-doop gain for several output-feedback
LQG/LQR controller obtained for the aircraft roll-dynarsi; Example8.1 The LQR controller

Open-loop Bode Diagrams
From: u To: Out(1)

Magnitude (dB)
N
o

~©- sigma = 0.01
—— sigma = 1e-05
— sigma = 1e-08
_6{ — LQR loop-gain
(rho = 0.01, gamma=0.1)

-135[

Phase (deg)

-180

10’ 10" 10’ 10°
Frequency (rad/sec)

10° 10"

(a) Open-loop gain

Step Response
T

Amplitude

0.5

o sigma = 0.01
—— sigma = 1e-05
! — - sigma = 1e-08
— LQR loop-gain
(rho = 0.01, gamma=0.1)
T T T

0.2 0.4 0.6 0.8 1 12 14 16 18 2
Time (sec)

(b) Closed-loop step response

Figure 10.3.Bode plots and closed-loop step response for the open-laiopofithe LQR controllers in Exam-
ples10.1 11.2

was designed using the controlled outpu= [9 yé]', y=_.1andp = .01. For the LQG state-
estimators we useB = B andRy = o for several values off. We can see that, as decreases,
the range of frequencies over which the open-loop gain obthiput-feedback LQG/LQR controller
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matches that of the state-feedback LQR state-feedbackaaes. Moreover, at high frequencies the
output-feedback controllers exhibit much faster (anddsBttecays of the gain’s magnitude. O

10.7 MATLAB hints

MATLAB ® Hint 35 (kalman). The commandest,L,P]=kalman(sys,QN,RN) computes the
optimal LQG estimator gain for the process

X = AX+ Bu+ BBd, y =CxX+n,

whered(t) andn(t) are zero-mean Gaussian noise processes (uncorrelatecécimother) with
power spectrum

Su(w) =av, Sh(w) = RN, V.

The systensys should be a state-space model definedyy~ss (A, [B BB],C,0). Thiscommand
returns the optimal estimator gdinthe solutiorP to the corresponding Algebraic Riccati Equation,
and a state-space modsadt for the estimator. The inputs st are[u;y] and its outputs arg; X.

O

MATLAB ® Hint 36 (reg). The commandeg(sys,K,L) computes a state-space model for a
positiveoutput-feedback LQG/LQG controller for the process witdtetspace modelys with reg-
ulator gaink and estimator gain. a

10.8 Exercises

10.1. Consider an inverted pendulum on a cart operating near thghigquilibrium position, with
linearized model given by

p 01 0 O0fp 0
p| [0 0 —294 0 p+.325F
6| o o o 1|6 0
2] 0 0 1176 0| |6 -3

whereF denotes a force applied to the cartthe cart’s horizontal position, ar@ithe pendulum’s
angle with a vertical axis pointing up.

1. Design an LQG/LQR output-feedback controller that usdg the angled and the position
of the cartp.

2. Design an LQG/LQR output-feedback controller that usesangled, the angular velocitﬁ'i,
the position of the cam, and its derivative using LQG/LQR (full-state feedback).

Why use LQG when the state is accessible? ]



Chapter11

Set-point control

Contents
11.1 Nonzero equilibrium state andinput. . . . . . . .. .. ... . oL 99
11.2 State-feedback. . . . . . . . L 100
11.3 Output-feedback. . . . . . . . . .. 101
11.4 Toprobefurther . . . . . . . . . . . . . . 101

11.1 Nonzero equilibrium state and input

Often one does not want to makeas small as possible, but instead make it converge as fast as
possible to a given constasét-point value r This can be achieved by making the statend the

inputu of the process9.1) converge to valueg' andu* for which Note 59.We will see shortly how

to accomplish this.

AX +BU* =0, r =GX + Hu". (11.1)

The right equation makes sure tlrawill be equal tor whenx andu reachx* andu®, respectively.
The left-equation makes sure that when these values area@ac= 0 and therefore will remain
equal tox*, i.e.,x* is anequilibrium state

Given the desired set-pointfor x, computing X and u' is straightforward becausé1.]) is a

system of linear equations and in general the solution teetleguations is of the form Note 60.When  the  process

transfer-function has an integra-
tor, one generally gets® = 0.

X = Fr, u*=Nr. (11.2)

For example, when the number of inputs to the proogissequal to the number of controlled outputs

¢, we have Note 61.The matrix [4 B] is
A Bl [x| |0
G H||u| |r

invertible unless the process’
andF is ann x ¢ matrix given by the tom rows and right-most columns of[é E] ~LandN is an

1 transfer-function fromu to z
{X*} _ [A B} [O} (11.3) has a zero at the origin. This
mx ¢ matrix given by the bottorm rows and right-most columns of[ & &] -

u* G H r derivative effect will always make
z converge to zero when the input
converges to a constant.

Attention! When the number of process inpuisis larger than the number of controlled outputs
¢ we have arover-actuated systeand the system of equationkl(1) will generally have multiple
solutions. One of them is

R

99
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In this case, we can still expressandu* as in (L1.2.

When the number of process inpumss smaller than the number of controlled outpdise have

an under-actuated systeand the system of equations1(1) may not have a solution. In fact, a

solution will only exists for some specific referengesHowever, when it does exist, the solution
O

can still expresg* andu* asin (L1.2.

11.2 State-feedback

When one wantgto converge to a giveset-point value rthe state-feedback controller should be
Note 62.Why?.... » p. 101
u=—-K(Xx-x")+u*=—-Kx+ (KF+N)r, (11.4)

wherex* andu* are given by 11.2 andK is the gain of the optimal regulation problem. The
corresponding control architecture is shown in Figutel The state-space model for the closed-
loop system is given by

X = Ax+ Bu= (A—BK)x+ B(KF +N)r

z=Gx+Hu= (G—HK)x+H(KF+Nr.

u*
N
z
r X* + u —_—
M :
F K X=Ax+Bu
+ 5 _ +U

X

Figure 11.1.Linear quadratic set-point control with state feedback

Example 11.1(Aircraft roll-dynamics) Figure 11.2 shows step responses for the state-feedback
LQOR controllers in Exampl8.1, whose Bode plots for the open-loop gain are shown in Figuie
Figurell.2(a)shows that smaller values pflead to faster responses and Figliie?(b)shows that

Step Response

Step Response
14

Amplitude

02H1 02 — gamma = 0.01
- rho=1 —- gamma=0.1

—— gamma=0.3
(tho = 0.01)

3 4 5

Time (sec)

(b)

3 4 5
Time (sec)

(@)
Figure 11.2.Step responses for the closed-loop LQR controllers in Exadith1

larger values foy lead to smaller overshoots (but slower responses).
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11.3 Output-feedback

When one wantgto converge to a giveset-point value rthe output-feedback LQG/LQR controller

should be
Note 63.Why?... » p. 102

X= (A—LC—BK)X+L(CX —vy), u= KX+ u*, (11.5)

wherex* andu* are given by {1.2. The corresponding control architecture is shown in Fedur.3
The state-space model for the closed-loop system is given by
Note 64.When z =y, we have

m _ [( Ax+ B(KX+u*) } _ [ A BK } H N {BN} ; G=C, H=0 and in this case

y _ _ - _ _ _ _ Cx* =r. This corresponds to
X A—LC — BK)Xx+L(Cx* —Cx) LC A—LC—BK||x| " |LCF Cr i Fiare s v

_ X process has an integrator we get
z=CGx+H(Kx+u") = [G H K} [)4 +HNr N = 0 and obtain the usual unity-

feedback configuration.

u*

r — — .
oF Cx K= (A—LC—BK)X+Lv %= Ax+BuU
+ u=Kx + y=Cx

Figure 11.3.LQG/LQR set-point control

Example 11.2(Aircraft roll-dynamics) Figure10.3(b)shows step responses for the output-feedback
LQG/LQR controllers in Exampl&0.1, whose Bode plots for the open-loop gain are shown in Fig-

ure10.3(a) We can see that smaller valuesmfead to a smaller overshoot mostly due to a larger

gain margin. m]

11.4 To probe further

Note 62 (Set-point control with state-feedbackjo understand whyl(l.4 works, suppose we
define

Z=2z-r, X=X—X", G=u—u".
Then
%= Ax+Bu= A(X—X*) + B(u—u*) + AX" 4+ Bu*
Z=GXx+Hu—-r=G(x—X")+HUuU—-u")+GX +Hu —r
and we conclude that
%= A%+ B, 7= GX+Ha. (11.6)
By selecting the control signal ini{.4), we are setting
d=u—u"=—-K(Xx—x")=—KX,

which is the optimal state-feedback LQR controller thatimizes

Jor = /0 " (2 Qa(t)) + p (& (O)RG(E) ),

This controller makes the systerhl(6 asymptotically stable and therefaxed; Z all converge to
zero ad — o, which means that converges to. m]
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Note 63 (Set-point control with output-feedbackJo understand whyl(1.5 works suppose we
define

Z=2z-r, X=X—X"+X
Then
%= (A—LC)X (11.7)
X= (A—BK)x— LCX (11.8)
7Z=G(X—X) + HKX—r. (11.9)

1. SinceA— LC is asymptotically stable, we conclude frofil(7) thatX — 0 ast — co.
In practice, we can view the statef the controller as an estimate xjf— x.

2. SinceA— BK is asymptotically stable and-> 0 ast — o, we conclude fromX1.8 thatx — 0
ast — oo,

3. SincexX™— 0 andx — 0 ast — o, we conclude fromX1.9 thatz — r ast — co. m]

11.1. Verify equations {1.7), (11.8, and (L1.9. m]
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Introduction to nonlinear control

In this section we consider the control of nonlinear systeath as the one shown in Figuté.4

Our goal is to construct a state-feedback control law of tinnf
Note 65.This control-law implic-

U= k(X) itly assumes that the whole state
- can be measured.

that results in adequate performance for the closed-losigsy
x= f(x.k(x)).

Typically, at least we want to be bounded and converge to some desired referencernvalue

ut) eR %= fxu) X(t) e R"

utt) eR™ [ X(t) e R"
— x=f(xu)

u=Kk(x)

Figure 11.5. Closed-loop nonlinear system with

Figure 11.4.Nonlinear process witminputs state-feedback

Pre-requisites
1. Basic knowledge of nonlinear ordinary differential etjoas.
2. Basic knowledge of continuous-time linear controllesiga.

3. Familiarity with basic vector and matrix operations.
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Feedback linearization controllers
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12.1 Feedback linearization

In feedback linearization control design, we decomposetmrol signalu into two components
with distinct functions:

U= Up +V,
where

1. up is used to “cancel” the process’ nonlinearities, and

2. vis used to control the resulting linear system.

celeration Fyrag= — %cpAy|y| the drag force,
andu an applied force.

, 1 From Newton’s law:

91| Farag MYy = Farag— Mg+ U

= —%cpAYIyl —mg-+u,

y wheremis the vehicle’'s masg gravity’s ac-

Figure 12.1.Dynamics of a vehicle moving vertically in the atmosphere

107
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To understand how this is done, consider the vehicle showagiare12.1moving vertically in the

Note 66.For large objects mov- atmosphere. By Choosing

ing through air, the air resistance
is approximately proportional to . . 1 .
the square of the velocity, with a u=un(y)+Vv, Uni(y) = §CPAY|Y| +mg
drag forcegiven by .
X we obtain
Farag= *ECPA)"M .. 1 i . .. 1
my = —5CoAYlYl = Mg+ (Un(y) +v) =v = =V
where p is the air densityA the

cross-sectional area, and the In practice, we transformed the original nonlinear prodess a (linear) double integrator with
drag coefficient, which is 0.5 for transfer function fronv to y given by

a spherical object and can reach 2

for irregularly shaped objects]]. T (S) . 1
Faragalways points in the opposite

direction ofy. We can now use linear methods to find a controllenftinat stabilizes the closed-loop. E.g., a PD

controller of the form
v = Kpe+Kpé, e=r—y.

Figurel2.2shows a diagram of the overall closed-loop system. Fromrgutioutput” perspective,

the system in the dashed block behaves as a linear systertravitiier functiorT (s) := m_ls?'

I

I

r e \ ! u I

+m |+ 1 Y- I
: y = ——CpAyY|ly| — mg+u

() Kpe+Kpé . my = — 5 cPAYlY| —mg :

— 1 + |

| 1

| 1

| 1

| 1 " |

I EcpAy|y|+mg I

! Un| !

| 1

L _________ 1

Figure 12.2.Feedback linearization controller.

12.2 Generalized model for mechanical systems

The equations of motion of many mechanical systems can lieewin the following general form
Note 67.These include robot-

arms, mobile robots, airplanes, M(g)d+ B(q,q)q+ G(q) = F, (12.1)
helicopters, underwater vehicles,
hovercraft, etc. where
e e R¥is ak-vector with linear and/or angular positions called ¥eetor of generalized coor-
dinates

e F c R¥is ak-vector with applied forces and/or torques calledwbetor of generalized forces

e M(q) is ak x k non-singular symmetric positive-definite matrix called thass matrix
Note 46. A symmetricq x q ma-

trix M is positive definite if ¢ B(q,q) is ak x k matrix sometimes called tleentrifugal/Coriolis/friction matrix for systems
X Mx > 0, for every nonzero vec- with no friction we generally have
torxe RY. .. »p.91

¢B(a.9)q=0,  VgeR"
whereas for systems with friction

¢B(q,4)§>0,  VqeR,
with equality only wherg = 0;

e G(q) is ak-vector sometimes called thvector of conservative forces
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Examples
m
g
I 6
|
A
I
|
|
Figure 12.3.Inverted pendulum Figure 12.4.Two-link robot manipulator

Example 12.1(Inverted pendulum)The dynamics of the inverted pendulum shown in Figl2e3
are given by

m?6 = mg/'sind —bO + T,

whereT denotes a torque applied at the base, @isdthe gravity’s acceleration. This equation can
be identified with 12.1), provided that we define

q:=6, F:=T, M(q) := m¢?, B(q) :=b, G(q) := —mg/sing,

When the pendulum is attached to a cart and the input is this eaceleratiorg,"we haveT =
—m¢zcosh but this makes the problem more difficult, especially arofrd +11/2. ]

Example 12.2(Robot arm) The dynamics of the robot-arm with two revolution joints wimoin
Figurel2.4can be written as inlQ2.1), provided that we define

oofi) wf]

wheret; andt, denote torques applied at the joints. For this system
M(q) = 02m2 + 20105088, + £2(My +Mp) €5+ £1£,mp cOSH,
@ -= £2mp + (1,mp cOSB2 2mp

—2mzléllé_2925in62 —mzéllézézsinez]

Bla.q) = { Mpl10,6; Sin6 0

() =g [mzfz cosey ) ¢ (mi o)t 00591} |

whereg is the gravity’s acceleratior?[ p. 202—205]. m]

Example 12.3(Hovercraft) The dynamics of the hovercraft shown in Figdéa5can be written as
in (12.1), provided that we define

X (Fs+ Fp)cosB — F;sinf
q:=|y|, F:= |(Fs+Fp)sin6+F,cosb |,
0 L(Fs—Fp)

whereFs, Fp, andF, denote the starboard, portboard, and lateral fan force® vehicle in the
photograph does not have a lateral fan, which meangtha0. Itis therefore callednderactuated
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Figure 12.5.Hovercraft

because the number of controls @ndFy) is smaller than the number of degrees of freedzny,(

and®). For this system
m 0 O d 0 O
0 m 0Of, B(q):={0 d, 0]},

0 0 J 0 0 dy

M(q) :=

wherem = 5.5kg is the mass of the vehicld,= 0.047 kg n? its rotational inertiad, = 4.5 the
coefficient of linear frictiond,, = .41 the coefficient of rotational friction, antl= 0.123m the
moment arm of the forces. In these equations, the geomettyraass centers of the vehicle are
assumed to coincidé]. ]

12.3 Feedback linearization of mechanical systems

A mechanical system is calledlly actuatedwhen one has control over the whole vector or gen-
eralized forces. For such systems we regarég F as the control input and we can use feedback
linearization to design nonlinear controllers. In parécuchoosing

F=u=uy(q,q) +M(Qq)V, uni(9,9) == B(a,4)q+ G(a),
we obtain
M(a)d+B(a,9)4+G(a) =B(a,q)d+G(a) +M(q)v < =W

Expanding thé-vectorsgandyv in their components, we obtain

41 Vi
(0] V2
(o8 Vi

and therefore we can select eaglas if we were designing a controller for a double integrator
Gi = vi.

Attention! Measurement noise can lead to problems in feedback liretamzcontrollers. When
the measurements gfandq are affected by noise, we have

M(a)d+B(g,9)q+ G(d) = un(g+n,g+w) +M(q+n)v,

wheren is measurement noise in thesensors and/ the measurement noise in theensors. In this
case

M(a)§+B(g,9)q+ G(q) = B(q+n,q+w)(q+w) +G(g+n) + M(q+n)v (12.2)
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and (with some work) one can show that
4= (I+A)v+d, (12.3)
where

A:=M(g) H(M(g+n) —M(a)),
d:=M(a) *((B(a-+n.a+w) — B(G,6)d+B(a-+n,a+ww-+G(a+n) - 6(q) ).

SinceA andd can be very large, with feedback linearization controlleis particularly important
to make sure that the controller selectedv@ robust with respect to multiplicative uncertainty and
good at rejecting disturbances.

12.4 Exercises

12.1. Verify that (12.3 is indeed equivalent tal@.2), by solving the latter equation with respect to
g. O

12.2. Design a feedback linearization controllers to drive theeited pendulum in Exampt&2.1
to the up-right position. Use the following values for thergraeters:¢ = 1m, m= 1kg, b =
ANm1st andg = 9.8 ms2. Verify the performance of your system in the presence ofsues
ment noise using Simulink. ]
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13.1 Lyapunov stability

Although feedback linearization provides a simple mettodésign controllers for nonlinear sys-
tems. The resulting controllers are sometimes very sgaditi measurement noise because it pre-
vents a perfect cancellation of the nonlinearities. It suonit that such cancellation is not always
needed.

Consider again the vehicle shown in Figdi21and suppose that we simply want to control its
velocity y. For simplicity, we assume that the applied forcis constant and larger thang (i.e.,
there is an excess upward force) and that the units were clsnsthat all constant coefficient are
numerically equal to 1:

y=-yy+1
Since
-Wi+1=0 < y=1
we conclude that 1 is the ongquilibrium-pointfor the system, i.e.,
yt)=1, vt>0,
is the only possibleonstant trajectoryor the system. A question that may then arise is:
Will y(t) converge to 1 as++ o, wheny(0) # 1?

To study this question we will consider an “error” systemt tloaks at the difference fromto the
equilibrium-point 1. Definingc:=y— 1, we conclude that

X = —(x+1)|x+ 1| + 1. (13.1)

and the previous question could be reformulated as

113
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Will X(t) converge to 0 as++ o, when X0) # 0?
To address this question, suppose that we define
V(x) = x
and comput®'’s derivative with respect to time using the chain rule;

—2%%(x+2) x> -1

g_dv_av
Ax(X%+2x+2) x< -1

—at o ax < (13.2)

2X(— (X+1)|x+1[+1) = {

Figure13.1shows the right-hand-side of the above equation as a funofig. Three conclusions

20

301

-35 L L L L L I I

Figure 13.1.V vs. X

can be drawn from here:

BoundednessFor every initial conditiorx(0), |x(t)| will remain bounded for alt > 0, i.e., it will
not blow up. This is becaud&(x(t)) = x?(t) cannot increase.

Stability If we startx(0) very close to zero, ther(t) will remain very close to zero for all times
t > 0. This is becaus¥ (x(t)) = x(t) will always be smaller or equal than(x(0)).

Convergencex(t) — 0 ast — . This is because the right-hand side 8(2 is only equal to zero
whenx = 0 and therefor® will be strictly negative for any nonzeso

This finally provides an answer to the previous questides! x— 0 as t— .

When a system exhibits these three properties we saththatigin is globally asymptotically stable
This notion of stability for nonlinear systems was origlpgroposed by Aleksandr Lyapunov and
now carries his name.

Definition 13.1 (Lyapunov stability) Given a system
x= f(x), t>0,xcR", (13.3)
we say that:

(i) the trajectories are globally boundeif for every initial conditionx(0), there exists a scalar
a(x(0)) > 0 such that

X(t) <a(x(0)), vt=>0;

(i) the origin is globally stabldf the trajectories are globally bounded am¢k(0)) — 0 asx(0) —
0;
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(iii) the origin is globally asymptotically stabli it is globally stable and in additior(t) — 0 as
t — oo,

Attention! The requirementii) is rather subtle but very important. In essence, it saysitive¢
choose the initial conditior(0) very close to the origin, then the upper bounck(0)) will also be
very small and the whole trajectory stays very close to tlgiror m]

13.2 Lyapunov Stability Theorem

The technique used before to conclude that the origin isadlplsymptotically stable for the sys-
tem (13.]) is a special case of a more general method proposed by Aeékba Lyapunov. His may
contribution to nonlinear control was the realization thatappropriate choice of the function¥)
could make proving stability very simplie.the example above (and in factin most one-dimensional
systems)/ (x) = x? works well, but for higher dimensional systems the choic¥ @) is critical.

Lyapunov Stability Theorem. Suppose that there exists a scalar-valued functio® — R with
the following properties:

() V(x) is differentiable;

(i) V (x) is positive definitewhich means that {0) = 0 and

V(x) > 0, ¥x # 0.

(iii) V (x) is radially unboundedwnhich means that {k) — o whenever - o;
(iv) OxV(x) - f(x) is negative definitewhich means thdilkV (0) - f (0) = 0and Notation 6. Given a scalar func.
tion of n variables f (x1,...,Xm),

DXV(X) ’ f(x) <0, vx# 0. Uy f denotes the gradient df i.e.,

Then the origin is globally asymptotically stable for theteyn(13.3. The function \(x) iscalleda  Oxf(x1, %, ... .%m) =

Lyapunov function ] [g_xfl g_xfz %] .
The functionV (x) = x? considered before satisfies all the conditions of the LyapBtability
Note 68.Why? »p.115

Theorem for the systemi8.1) so our conclusion that the origin was globally asymptdiycstable
is consistent with this theorem.

Note 68 (Lyapunov Stability Theorem)When the variable is a scalar,

. dv  ov. oV
V= pri M Wf(x),
but whenx andf aren-vectors, i.e.,
X1 f1(x)
X2 f2(x)
x=f(x) < = . |,
Xn fn(X)
we have
L dv. 2oV,
=gt de. ” (X) = OxV(x) - F(x).

Condition(iv) thus require¥ (x) to strictly decrease as long# 0. Because of conditiofii), x # 0
is equivalent td/ (x) > 0 soV (x) must decrease all the way to zero. SiNge) is only zero at zero,
this necessarily implies that— O ast — co. m]
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Example 13.1. Consider the following system
y+ @+ y)(y+y) =0.
Definingx = [x xz]' =y y}’, this system can be written as=f (x) as follows:

X1 = X,
X2 = —(14[X2|) (X1 4 X2).

Suppose we want to show that the origin is globally asymgadii stable. A “candidate” Lyapunov
. function for this system is

ence. Fortunately several “artists” . 2 2
already discovered Lyapunov for V(X) := X+ (X1 +X2)°.

many systems of interest.

This function satisfies the requiremefi)s<iii) . Moreover,
OxV (X) - F(X) = 2X1%1 + 2(X1 + X2) (X1 + X2)
= 2% + 2(X1 4+ X2) (X2 — (14 [%2) (X1 + X2))
= 2X1 (=X + X1+ X2) 4 2(X1 + X2) (X2 — (14 |X2|) (X1 +X2))
= — 2%+ 2(X1 +X2) (X1 + X2 — (14 [X2|) (X1 +X2) )
= -2 — 2|xo|(x1 +X%2)? < 0.

Since we only have equality to zero when= x, = 0, we conclude thdiv) also holds and therefore
V(x) is indeed a Lyapunov function and the origin is globally apywtically stable. ]

13.3 Exercise

13.1. The average number of data-packets sent per second by agnaprthat uses the TCP proto-
col (e.g.,ftp) evolves according to an equation of the form:

. 1 2
r= RTTZ §pdropr(r+d)a

wherer denotes the average sending r&e,T denotes the round-trip time for one packetin seconds,
Pdrop the probability that a particular packet will be droppeddesthe network, and the average
sending rate of other data-flows using the same connectiiratés are measured in packets per
second. Typically one packet contains 1500bytes.

1. Find the equilibrium-pointeq for the sending rate.
Hint: When d= 0, your expression should simplify to

V32

feg= =——————.
& RTT Pdrop
This is known as the “TCP-friendly” equation.

2. Verify that the origin is globally asymptotically stalfler the system with state:=r — req.
O

13.4 LaSalle’s Invariance Principle

Consider now the system

y+yy|+y3=0
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Definingx = [x1 %] :=[y y]’, this system can be written as="f (x) as follows:
X1 = X, (13.4)
X2 = —Xa|Xa| — 3. (13.5)
A candidate Lyapunov function for this system is

x5 X
V(x) = 724—21

This function satisfies the requiremefi)s<iii) . However,
OV (X) - F(X) = XoXo + 5% = — 2|55
and therefore it does not satiqfy) because
OV(X)-f(x) =0 for x=0,x3 #0.
However,
OVKX)-f(x)=0 = x=0

soV can only stop decreasingxX$ converges to zero. Moreover, if we go back18§ we see that
X2(t) =0, vt must necessarily imply thag (t) = 0, Vt. So althouglV (x) is not a Lyapunov function,
it can still be used to prove that the origin is globally asyotigally stable. The argument just used
to prove that the origin is asymptotically stable is due t8.LaSalle:

LaSalle’s Invariance Principle. Suppose that there exists a scalar-valued functio®V — R that

satisfies the conditior($)—(iii) of Lyapunov Stability Theorem as well as Note 70.In general, LaSalle’s In-

variance Principle is stated in a

(iv) 0wV (x)- f(x) is negative semi-definitavhich means that more general form. .. > p. 119

OV (x)- f(x) <0, VX,
and, in addition, for every solution® for which
OV (x(1)) - F(x(t)) =0, ¥t >0 (13.6)
we must necessarily have that
X(t) =0, vt >0. (13.7)

Then the origin is globally asymptotically stable for theteyn(13.3. In this case the function{X)
is called aweak Lyapunov function ]

13.5 Liénard equation and generalizations

LaSalle’s Invariance principle is especially useful toyatability for systems with dynamics de-

scribed by thé.ieénard equation
Note 71.The system considered

v, W _ in Section13.4 was precisely of
y+bly.y)y+A(y) =0, iy

wherey is a scalar and(y,y), A (y) are functions such that

b(y,y) >0, Yy #0 (13.8)
Ay) #0, ¥y #0 (13.9)
A(y) = Oy)\ (z2dz> 0, Yy #0 (13.10)

lim A(y) = oo. (13.11)

y—reo
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This type of equation arises in numerous mechanical systemsNewton’s law.
Definingx= [x1 %] :=[y Y], the Lienard equation can be writtenxas T (x) as follows:
X1 = X2, (13.12)
Xz = —b(Xl,Xz)Xz —A (Xl). (13.13)

A candidate Lyapunov function for this system is
Note 72.This is how we got the

Lyapunov function for the system X2
in Section13.4 Verify! V(x) = 32 +A(Xa). (13.14)

This function satisfies the requiremefi)s<(iii) and
OxV (X) - F(X) = XoXo + A (X1) X1 = —b(x1,%2)%3 < 0.
Moreover, from 13.8 we conclude that
OV(X)-f(x) =0 = x=0.

Because 0f13.13, any trajectory withx,(t) = 0, Vt necessarily must havb(xl(t)) =0, Vt, which
in turn implies thak (t) = 0, Vt because of}3.9. Therefore/(x) is a weak Lyapunov function and
the origin is globally asymptotically stable.

The type of weak Lyapunov function used for the Lieénard ¢ignecan also be used for higher-
order dynamical system of the form

M(g)d+B(a,49)§+Lg=0, (13.15)

whereq is ak-vectors and(q), B(q,q), andL arek x k matrices withM(qg) andL symmetric and
positive definite.

Defining

X= {Xl] = [q] e R*
X2 q

the system13.15 can be written ag = f(x) as follows:
X1 = Xg,
% = —M(xg) "2 (B(xl, X2 )Xo + Lxl) .
A candidate Lyapunov function for this system is
V(X):= :—2L>(2M(x1)xz + %x’lel. (13.16)

This function satisfies the requiremefi)s<(iii) and
Note 73.Using the  product

rule: XM vy . 1, /dM(xg .
M9 L B since OV (X) - F(X) :)(ZM(xl)Xz—l—zX’z(%)xz—l-x’lel
My s a scalar, it is equal 1 dM(x
t((j)t its transpose and we get = —X’z (B(Xl,xz) 5 d(t ) )Xz
dOAM) _ oM 9 4 x GMy.

Using LaSalle’s Invariance Principle, we conclude thatdhgin is globally asymptotically stable

as long as

1d M(Xl)
B(x1,X2) — =
(x1,%e) = 5=

is positive definite. This will be used shortly to design coliers for mechanical systems.
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13.6 To probe further

Note 70 (LaSalle’s Invariance Principle)LaSalle’s Invariance Principle is generally stated in the
following form.

LaSalle’s Invariance Principle. Suppose that there exists a scalar-valued functio® — R that
satisfies the condition(§)—(iii) of Lyapunov Stability Theorem as well as

(iv)" OxV(x)- f(x) is negative semi-definitevhich means that
OV (x)- f(x) <0, Wx
Then the origin is globally stable for the systéb3.3. Moreover, let E denote the set of all points
for whichOxV (x) - f(x) =0, i.e.,
E:={xeR": OV (x)- f(x) =0},
and let M be the largest invariant set for the syst@i8.3 that is fully contained in E. Then every

solution to(13.3 approaches M as++ . In case M only contains the origin, the origin is gIobally?l\';tig:t‘x‘;itg/geﬁgg ikf’ee‘i["

asymptotically stable for the systdi8B.3. ery trajectory that starts insicd
The condition(iv)’ that appeared in Sectid(iv), requires that any solutiox(t) that stays inside the will remain inside this set forever.
setE forever, must necessarily be the identically zero [see ouél 3.6]. This means that the set

M can only contain the origin, because otherwise there woeldrinther solutiox(t) that would

start insideM C E and stay inside this set forever. a

13.7 Exercises

13.2. For the following systems, show that the origin is asymptily stable using the Lyapunov
function provided.

{i; :iir;/:g Vixy) =x+y° (13.17)
{;;:;(z&fl) V(xy) =X +y (13.18)
{;; :ijjg V(xy) =X +4y° (13.19)
{;: ):x4 ’ 5y V(xy) = ax’ +bxy+cy’ (13.20)

For the last system, determine possible values for the aotsst, b, andc (recall thatv must be
positive definite). ]

13.3. For the following systems, show that the origin is asymptily stable using the Lyapunov
function provided.

X=y V(X,Y) = X2+ 2 (13.21)
y=-—-X-y
X=Yy
_ V(x,y) = ax + by (13.22)
y=-yly|—3x
For the last system, determine possible values for the antsstandb (recall thatv must be positive
definite). m]

13.4. Consider the hovercraft model in Exampl2.3 Show that if the generalized force vector is
set toF = —q, then the origin is globally asymptotically stable. m]
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Chapter 14

Lyapunov-based designs
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14.1 Lyapunov-based controller

In Lyapunov-based designs one starts by selecting a caedigapunov function and then chooses
the control signal for which the trajectories of the clo$edp do indeed decrease along the chosen
Lyapunov function.

To understand how this can be done, consider again the eattioln in Figurd.2.1with units
chosen so that all constant coefficient are numerically lequia

y=-ylyl+1

and suppose we waptto converge to some constant reference valugefining the tracking error
e:=y—r, we conclude that

6= —éle[ + 1.

-1

the dynamics of the system can be writterxas f (x,u) as follows:

Setting the state

X1 = X2 (14.1)
Xo = —X2|X2| —1+u, (14.2)

and we would like to make the origin globally asymptoticatgble.

In view of what we saw for the Liénard equation, we will tryrtake
Note 75.Compare with equation
2 2 (13.14.

X X
V(x):=24+22

5 > A>0

121
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a Lyapunov function for the system by appropriate choice.ofhis function satisfies the require-
ments(i)—(iii) and

OV (X) - (X, U) = Xo¥o + A XX = —X5|%a| + Xo(— 14 U+ Axq).
A simple way to make the system Lyapunov stable is then tesele
—14+u+Ax1=0 & u=1-Axg=1-A(y—r),
which leads to
OV (%) - f (% u) = —X5[xe,

and therefore the candidatéx) becomes a weak Lyapunov function for the closed-loop:

X1 = X2,

X2 = —Xo|[Xao| — 1+ U(X1) = —X|Xo| — AXq.

Attention! A feedback linearization controller fot4.2 would cancel both the nonlinearityxy|x;|
and the—1 terms, using a controller of the form

u(x1,X2) = 14 Xo|x2| — Kpxg — Kpxz, Kp,Kp > 0.
However, in the presence of measurement noise this woulddethe following closed-loop system
X1 = X2
Xo = —Xo|Xo| — 14+ uU(Xg 4 N1, X2+ N2) = —KpXg — Kpxz +d
whered is due to the noise and is equal to
d := —Kpny — Kpny — Xo|Xo| + X2|X2 + N2| + N2|X2 4 Ny|.

The main difficulty with this controller is that, appears ird multiplied by x, so even with little
noise,d can be large ik is large.

Consider now the Lyapunov-based controller

uxp)) =1-2Axq
also in the presence of noise:
X1 =Xz
Xp = —Xo|Xo| — L+ U(Xg+ N1) = —Xo|Xo| — Ax1+d, d=-Ang.

This controller is not affected at all by noise in the meamert ofx, = y and the noise in the
measurement ofy =y —r is not multiplied by the state. a

14.2 Exercises

14.1. Design a controller for the systerti4.2 using the following candidate Lyapunov function

2
%

V(X):= 5 + Axgarctar{xy), A >0.
What is the maximum value af that this controller requires? Can you see an advantageg us
this controller with respect to the one derived before? a

14.2. Consider again system4.2 and the following candidate Lyapunov function

2
V(X):= X—22+/\x1arctanix1), A>0.
Find a Lyapunov-based control lawix;, x») that keeps
OV (%) - F(x,U) < =X,

always using the with smallest possible norm. This type of controller is edlapoint-wise min-
norm controllerand is generally very robust with respect to process unogyta m]



Nonlinear Control 123

14.3 Application to mechanical systems
Consider again a fully actuated mechanical system of theviaig form

M(a)d+B(a,q)q+G(q) =u (14.3)

and suppose that we want to makeonverge to some constant valueDefining

= e = "] e
X2 q

the system14.3 can be written ag = f(x,u) as follows:
X1 = Xp,
%o = —M (¥ + r)’l(B(xl—i—r,xz)xz—i—G(xl—i—r) - u).

Based on what we saw in Secti@B.5 we will try to make
Note 76.Compare with equation

1 (13.16.
V(X) = éxle(Xl‘f' r)X2+ %X/lxla > 0

a Lyapunov function for the system by appropriate choice.ofhis function satisfies the require-
ments(i)—(iii) and

. 1, /dM(Xg+r .
OV (X) - £(X) = XM (x1 + 1)sie + 5%2(%%2 + 1%
1dM(xq +r
= —x’z(B(x1+ r,X2)Xo — E%X2+ G(xg+r)—u-— ylxl).

Since in generat,B(x1 +r,X2)% < 0, a simple way to make the system Lyapunov stable is to select

1d™m r
_ E%XZJFG(MH)—U—VM: ¥aX2
1dM(xg+r
_ __MXZ-FG(X]_—FI’) — Y1X1 — YoXo
2 dt
1dM(a)

T2 dt

q+G(a) —ya(a—r) — y20,
which leads to

OxV (X) - f(X) = —XB(Xg + I, X2) X2 — YoXoXo.
and therefore the candidatéx) becomes a weak Lyapunov function for the closed-loop.

Attention! For several mechanical system

1dM(xi+r)

Xlz(B(Xj_ +, X2)X2 — 5 at

)Xz >0.

For those systems it suffices to select

Gx1+rn—u—yxp=¥yx < u=G(X1+r)—yXi— X
=Gg—yi(d—r) — G,
which leads to
1dM(x1+r)

2 dt
< —XoXo. |

OV (X) - f(X) = =X (B(xl +1,%2)X2 — )xz — XoB(X1 + 1, X2) X2 — YoXoXo
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14.4 Exercises

14.3. Design a Lyapunov based controller for the inverted penduwonsidered in Exercisi?.2and
compare its noise rejection properties with the feedbadaliization controller previously designed.
a

14.4. Re-design the controller in Exercidd.3to make sure that the control signal always remains
bounded. Investigate its noise rejection properties.

Hint: Draw inspiration from Exercise$4.1and14.2 ]
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