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Part I

System Identification

1





Introduction to System Identification

The goal ofsystem identificationis to utilize input/output experimental data to determine asystem’s
model. For example, one may apply to the system a specific input u, measure the observed discrete-
time outputy an try to determine the system’s transfer function (cf. Figure1).

u y
?

Figure 1. System identification from input/output experimental data

Pre-requisites

1. Laplace transform, continuous-time transfer functions, stability, and frequency response (briefly
reviewed here).

2. z-transform, discrete-time transfer functions, stability, and impulse/step/frequency responses
(briefly reviewed here).

3. Computer-control system design (briefly reviewed here).

4. Familiarity with basic vector and matrix operations.

5. Knowledge of MATLABR©/Simulink.

3
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Chapter 1

Computer-Controlled Systems

Contents

1.1 Computer control. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Continuous-time systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Discrete-time systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 Discrete vs. continuous-time transfer functions. . . . . . . . . . . . . . . . . . . 10
1.5 MATLAB R© hints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.6 To probe further. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.7 Exercise. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.1 Computer control

Figure1.1show the typical block diagram of a control system implemented using a digital computer.
Although the outputyc(t) of most physical systems vary continuously as a function of time, it can

computer process

sample

hold
r(t) uc(t) yc(t)ud(k)

yd(k)

Figure 1.1.Computer control architecture. The components in the dashed boxed can be regarded as a discrete-
time process to be controlled.

only be measured at discrete time instants. Typically, it issampledperiodically as shown in the left
plot of Figure1.2. Moreover, the control signaluc(t) cannot be changed continuously and typically
is held constant between sampling times as shown in the right plot ofFigure1.2. It is therefore
sometimes convenient to regard the process to be controlledas adiscrete-time systemwhose inputs

5
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Ts

Ts 2Ts 3Ts

yd(1)

yd(2)
yd(3)

yc(t)

. . .

Ts

Ts 2Ts 3Ts

ud(1)

ud(2)
ud(3)

uc(t)

. . .

Figure 1.2.Sampling (left) and holding (right)

and outputs are the discrete-time signals

yd(k) = yc(kTs), ud(k) = uc(kTs), k∈ {1,2,3, . . .}.

The identification techniques that we will study allow us to estimate the transfer function of this
discrete-time system. We can then use standard techniques from digital control to (approximately)
recover the underlying continuous-time transfer function. This is discussed in Section1.4below.

1.2 Continuous-time systems

uc(t)
yc(t)

Hc(s) =?

Figure 1.3.Continuous-time system

Consider the continuous-time system in Figure1.3and assume that the input and output signals
satisfy the following differential equation:

Notation 1. We denote by ˙yc(t)
andÿc(t) the first and second time
derivatives of the signalyc(t).
Higher-order derivatives of order
k ≥ 3 are denoted by denote by
y(k)(t).

y(n)c +βn−1y
(n−1)
c + · · ·+β2ÿc+β1ẏc+β0yc

= αmu(m)
c +αm−1u(m−1)

c + · · ·+α2üc+α1u̇c+α0uc. (1.1)

We recall that, given a signalx(t) with Laplace transformX(s), the Laplace transform of theℓth
Note 1.The (unilateral) Laplace
transformof a signalx(t) is given
by

X(s) :=
∫ ∞

0
e−stx(t)dt.

See [4, Appendix A] for a review
of Laplace transforms.

derivative ofx(t) is given by

sℓX(s)− sℓ−1x(0)− sℓ−2ẋ(0)−·· ·− x(ℓ−1)(0).

In particular, whenx and all its derivatives are zero at timet = 0, the Laplace transform of theℓth
derivativex(ℓ)(t) simplifies to

sℓX(s).

Taking Laplace transforms to both sides of (1.1) and assuming that bothy andu are zero at time zero
(as well as all their derivatives), we obtain

snYc(s)+βn−1sn−1Yc(s)+ · · ·+β2s
2Yc(s)+β1sYc(s)+β0Yc(s)

= αmsmUc(s)+αm−1sm−1Uc(s)+ · · ·+α2s2Uc(s)+α1sUc(s)+α0Uc(s).
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This leads to
MATLAB R© Hint 1.
tf(num,den) creates a
continuous-time transfer function
with numerator and denominator
specified bynum, den. . . � p. 12

MATLAB R© Hint 2.
zpk(z,p,k) creates a
continuous-time transfer function
with zeros, poles, and gain speci-
fied byz, p, k. . . � p. 12

MATLAB R© Hint 3.
pole(sys) and zero(sys)

compute the poles and zeros of a
system, respectively.

Yc(s) = Hc(s)Uc(s),

where

Hc(s) :=
αmsm+αm−1sm−1+ · · ·+α1s+α0

sn+βn−1sn−1+ · · ·+β1s+β0
, (1.2)

the (continuous-time) transfer functionof the system. The roots of the denominator are called the
polesof the system and the roots of the numerator are called thezerosof the system.

The system is(BIBO) stable if all poles have negative real part. In this case, for every input

Note 2.Since there are other no-
tions of stability, one should use
the term BIBO stable to clarify
that it refers to the property that
Bounded-Inputs lead to Bounded-
Outputs.

bounded signaluc(t), the outputyc(t) remains bounded.

1.2.1 Steady-state response to sine waves

Suppose that we apply a sinusoidal input with amplitudeA and angular frequencyω , given by

Note 3.The angular frequencyω
is measured in radian per second,
and is related to the (regular) fre-
quency f by the formula ω =
2π f , where f is given in Hertz or
cycles per second.

uc(t) = Acos(ωt), ∀t ≥ 0,

to the system (1.1) with transfer function (1.2). Assuming that the system is BIBO stable, the
corresponding output is of the form

yc(t) = gAcos(ωt +φ)
︸ ︷︷ ︸

steady-state

+ ε(t)
︸︷︷︸

transient

, ∀t ≥ 0, (1.3)

where the gaing and the phaseφ are given by the following formulas

g := |Hc( jω)|, φ := ∠Hc( jω), (1.4)

andε(t) is a transient signalthat decays to zero att → ∞ (cf. Figure1.4).

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−1

−0.5

0

0.5

1

t (sec)

u

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−0.2

−0.1

0

0.1

0.2

t (sec)

y

Figure 1.4. Response to a sinusoidal input with frequencyf = 1Hz, corresponding toω = 2π rad/sec. The
Bode plot of the system is shown in Figure1.5.

TheBode plotof a transfer functionHc(s) depicts
MATLAB R© Hint 4.
bode(sys) draws the Bode
plot of the systemsys. . . � p. 13

1. the norm ofHc( jω) in decibels [dB], which is given by 20log10

∣
∣Hc( jω)

∣
∣; and

2. the phase ofHc( jω)

both as a function of the angular frequencyω (in a logarithmic scale). In view of (1.3)–(1.4), the
Bode plot provides information about how much a sinusoidal signal is amplified and by how much
its phase is changed.
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Figure 1.5.Bode plot of a system with transfer functionHc(s) = 1
s+1 .

1.3 Discrete-time systems

process SH
uc(t) yc(t)

ud(k) = uc(kTs) yd(k) = yc(kTs)

Hc(s)

Hd(z)

Figure 1.6.Discrete-time system

Consider now the discrete-time system in Figure1.6and assume that the output can be computed
Note 4.Since the output cannot
depend on future inputs, we must
haven ≥ m for (1.5) to be physi-
cally realizable.

recursively by the following difference equation:

yd(k+n) =−βn−1yd(k+n−1)−·· ·−β2yd(k+2)−β1yd(k+1)−β0yd(k)

+αmud(k+m)+αm−1ud(k+m−1)+ · · ·+α2ud(k+2)+α1ud(k+1)+α0ud(k). (1.5)

To obtain an equation that mimics (1.1), we can re-write (1.5) as

yd(k+n)+βn−1yd(k+n−1)+ · · ·+β2yd(k+2)+β1yd(k+1)+β0yd(k)

= αmud(k+m)+αm−1ud(k+m−1)+ · · ·+α2ud(k+2)+α1ud(k+1)+α0ud(k). (1.6)

We recall that, given a signalx(k) with z-transformX(z), thez-transform ofx(k+ ℓ) is given by
Note 5.The (unilateral) z-
transformof a signalx(k) is given
by

X(z) :=
∞

∑
k=0

z−kx(k).

See [4, Section 8.2] for a review
of Laplacez-transforms.

zℓX(z)− zℓx(0)− zℓ−1x(1)−·· ·− zx(ℓ−1).

In particular, whenx is equal to zero before timek= ℓ, thez-transform ofx(k+ ℓ) simplifies to

zℓX(z).
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Taking z-transforms to both sides of (1.6) and assuming that bothyd andud are zero before time
n≥ m, we obtain

znYd(z)+βn−1z
n−1Yd(z)+ · · ·+β2z2Yd(z)+β1zYd(z)+β0Yd(z)

= αmzmUd(z)+αm−1zm−1Ud(z)+ · · ·+α2z2Ud(z)+α1zUd(z)+α0Ud(z).

This leads to
MATLAB R© Hint 5.
tf(num,den,Ts) creates a
discrete-time transfer function
with sampling time Ts and
numerator and denominator
specified bynum, den. . . � p. 12

MATLAB R© Hint 6.
zpk(z,p,k,Ts) creates a
transfer function with sampling
time Ts zeros, poles, and gain
specified byz, p, k. . . � p. 12

Yd(z) = Hd(z)Ud(z),

where

Hd(z) :=
αmzm+αm−1zm−1+ · · ·+α1z+α0

zn+βn−1zn−1+ · · ·+β1z+β0
, (1.7)

is called the(discrete-time) transfer functionof the system. The roots of the denominator are called
thepolesof the system and the roots of the numerator are called thezerosof the system.

The system is(BIBO) stableif all poles have magnitude strictly smaller than one. In this case,
Note 6.Since there are other no-
tions of stability, one should use
the term BIBO stable to clarify
that it refers to the property that
Bounded-Inputs lead to Bounded-
Outputs.

for every input bounded signalu(k), the outputy(k) remains bounded.

1.3.1 Steady-state response to sine waves

Suppose that we apply a sinusoidal input with amplitudeA and discrete-time angular frequency
Ω ∈ [0,π ], given by

Note 7.Discrete-time angular
frequencies take values from
0 to π. In particular, Ω = π
corresponds to the “fastest”
discrete-time signal:

ud(k) = Acos(πk) = A(−1)k.

. . . � p. 13

ud(k) = Acos(Ωk), ∀k∈ {0,1,2. . .},

to the system (1.1) with transfer function (1.2). Assuming that the system is BIBO stable, the
corresponding output is of the form

yd(k) = gAcos(Ωk+φ)
︸ ︷︷ ︸

steady-state

+ ε(k)
︸︷︷︸

transient

, ∀k∈ {0,1,2. . .}, (1.8)

where the gaing and phaseφ are given by Attention! For discrete-time sys-
tems the argument toH is ejΩ and
not just jΩ, as in continuous-time
systems. This means thatH(z)
will be evaluated over the unit cir-
cle, instead of the imaginary axis.

g := |Hd(e
jΩ)|, φ := ∠Hd(e

jΩ), (1.9)

andε(t) is a transient signalthat decays to zero atk→ ∞ (cf. Figure1.4).

TheBode plotof a transfer functionHd(z) depicts
MATLAB R© Hint 7.
bode(sys) draws the Bode
plot of the systemsys. . . � p. 13

1. the norm ofHd(ejΩ) in decibels [dB], which is given by 20log10

∣
∣Hd(ejΩ)

∣
∣; and

2. the phase ofHd(ejΩ)

as a function of the angular frequencyΩ (in a logarithmic scale). In view of (1.8)–(1.9), the Bode
plot provides information about how much a sinusoidal signal is amplified (magnitude) and by how
much its phase is changed.

1.3.2 Step and impulse responses

Suppose that we apply a discrete-time impulse, given by

u(k) = δ (k) :=

{

1 k= 0

0 k 6= 0
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Figure 1.7. Response to a sinusoidal input with frequencyf = 1Hz, ω = 2π rad/sec sampled with a period
equal toTs = .01 sec. The corresponding discrete-time frequency is givenby Ω = .02π and the Bode plot of
the system is shown in Figure1.8.

to the system (1.1) with transfer function (1.2). The corresponding outputh(k) is called theimpulse
responseand itsz-transform is precisely the system’s transfer function:

Hd(z) =
∞

∑
k=0

z−kh(k).

Consider now an input equal to a discrete-time step with magnitudeα, i.e.,

u(k) = s(k) :=

{

0 k< 0

α k≥ 0,

and lety(k) be the corresponding output, which is called thestep response. Since the impulseδ (k)
can be obtained from the steps(k) by

δ (k) =
s(k)− s(k−1)

α
, ∀k∈ {0,1,2. . .},

the impulse responseh(k) (which is the output toδ (k)) can be obtained from the outputy(k) to s(k)
by

h(k) =
y(k)− y(k−1)

α
, ∀k∈ {0,1,2. . .}.

This is a consequence of linearity (cf. Figure1.9).

1.4 Discrete vs. continuous-time transfer functions

When the sampling timeTs is small, one can easily go from continuous- to discrete-time transfer
functions shown in Figure1.10. To understand how this can be done, consider a continuous-time
integrator

ẏc = uc (1.10)

with transfer function

Hc(s) =
Yc(s)
Uc(s)

=
1
s
. (1.11)
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Figure 1.8.Bode plot of a system with transfer functionHd(s) =
.05

z−.95.

s(t) y(t)
Hd(z)

(a) step response

δ (k) = s(k)−s(k−1)
α h(k) = y(k)−y(k−1)

αHd(z)

(b) impulse response

Figure 1.9. Impulse versus step responses

Suppose that the signalsy andu aresampledeveryTs time units as shown in Figure1.2and that we
define the discrete-time signals

yd(k) = yc(kTs), ud(k) = uc(kTs), k∈ {1,2,3, . . .}.

Assuming thatuc(t) is approximately constant over an interval of lengthTs, we can take a finite
differences approximation to the derivative in (1.10), which leads to

yc(t +Ts)− yc(t)
Ts

= uc(t).

In particular, fort = kTs we obtain

yd(k+1)− yd(k)
Ts

= ud(k). (1.12)

process SH
uc(t) yc(t)

ud(k) yd(k)

Hc(s)

Hd(z)

Figure 1.10.Discrete vs. continuous-time transfer functions
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Taking thez-transform we conclude that
Note 8. In discrete-time, an inte-
grator has a pole atz= 1, whereas
in continuous-time the pole is at
s= 0.

zYd(z)−Yd(z)
Ts

=Ud(z) ⇔ Hd(z) =
Yd(z)
Ud(z)

=
1

z−1
Ts

. (1.13)

Comparing (1.11) with (1.13), we observe that we can go directly from a continuous-time transfer
function to the discrete-time one using the so calledEuler transformations:

MATLAB R© Hint 8. c2d and
d2c convert transfer functions
from continuous- to discrete-time
and vice-versa. . . � p. 13

s 7→ z−1
Ts

⇔ z 7→ 1+ sTs.

A somewhat better approximation is obtained by taking the right-hand-side of (1.12) to be the aver-
age ofud(k) andud(k+1). This leads to the so calledTustin or bilineartransformation:

Note 9.Why?. . . � p. 14

Note 10.The Euler transforma-
tion preserves the number of poles
and the number of zeros since it
replaces a polynomial of degree
n in s by a polynomial of the
same degree inz and vice-versa.
However, the Tustin transforma-
tion only preserves the number of
poles and can make discrete-time
zeros appear, for systems that did
not have continuous-time zeros.
E.g., the integrator system1s be-

comesTs(z+1)
2(z−1) . . . � p. 14

s 7→ 2(z−1)
Ts(z+1)

⇔ z 7→ 2+ sTs

2− sTs
.

1.5 MATLAB R© hints

MATLAB R© Hint 1, 5 (tf). The commandsys tf=tf(num,den)assigns tosys tf a MATLAB R©

continuous-time transfer function.num is a vector with the coefficients of the numerator of the sys-
tem’s transfer function andden a vector with the coefficients of the denominator. The last coefficient
must always be the zero-order one. E.g., to get2s

s2+3
you should usenum=[2 0];den=[1 0 3];

The commandsys tf=tf(num,den,Ts) assigns tosys tf a MATLAB R© discrete-time transfer
function, with sampling time equal toTs.

For transfer matrices,num andden are cell arrays. Typehelp tf for examples.

Optionally, one can specify the names of the inputs, outputs, and state to be used in subsequent plots
as follows:

sys tf=tf(num,den,...

’InputName’,{’input1’,’input2’,...},...
’OutputName’,{’output1’,’output2’,...},...
’StateName’,{’input1’,’input2’,...})

The number of elements in the bracketed lists must match the number of inputs,outputs, and state
variables. 2

MATLAB R© Hint 2, 6 (zpk). The commandsys tf=zpk(z,p,k)assigns tosys tf a MATLAB R©

continuous-time transfer function.z is a vector with the zeros of the system,p a vector with its poles,
andk the gain. E.g., to get 2s

(s+1)(s+3) you should usez=0;p=[1,3];k=2;

The commandsys tf=zpk(z,p,k,Ts) assigns tosys tf a MATLAB R© discrete-time transfer
function, with sampling time equal toTs.

For transfer matrices,z andp are cell arrays andk a regular array. Typehelp zpk for examples.

Optionally, one can specify the names of the inputs, outputs, and state to be used in subsequent plots
as follows:

sys tf=zpk(z,p,k,...

’InputName’,{’input1’,’input2’,...},...
’OutputName’,{’output1’,’output2’,...},...
’StateName’,{’input1’,’input2’,...})

The number of elements in the bracketed lists must match the number of inputs,outputs, and state
variables. 2



System Identification 13

MATLAB R© Hint 4, 7 (bode). The commandbode(sys) draws the Bode plot of the systemsys.
To specify the system one can use:

1. sys=tf(num,den), wherenum is a vector with the coefficients of the numerator of the sys-
tem’s transfer function andden a vector with the coefficients of the denominator. The last
coefficient must always be the zero-order one. E.g., to get2s

s2+3
one should usenum=[2

0];den=[1 0 3];

2. sys=zpk(z,p,k), wherez is a vector with the zeros of the system,p a vector with its poles,
andk the gain. E.g., to get 2s

(s+1)(s+3) one should usez=0;p=[1,3];k=2;

3. sys=ss(A,B,C,D), whereA,B,C,D are a realization of the system. 2

MATLAB R© Hint 8 (c2d andd2c). The commandc2d(sysc,Ts,’tustin’)converts the continuous-
time LTI modelsysc to a discrete-time model with sampling timeTs using the Tustin transforma-
tion. To specify the continuous-time systemsysc one can use:

1. sysc=tf(num,den), wherenum is a vector with the coefficients of the numerator of the
system’s transfer function andden a vector with the coefficients of the denominator. The
last coefficient must always be the zero-order one. E.g., to get 2s

s2+3
you should usenum=[2

0];den=[1 0 3];

2. sysc=zpk(z,p,k), wherez is a vector with the zeros of the system,p a vector with its poles,
andk the gain. E.g., to get 2s

(s+1)(s+3) you should usez=0;p=[1,3];k=2;

3. sysc=ss(A,B,C,D), whereA,B,C,D are a realization of the system.

The commandd2c(sysd,’tustin’) converts the discrete-time LTI modelsysd to a continuous-
time model, using the Tustin transformation. To specify thediscrete-time systemsysd one can
use:

1. sysd=tf(num,den,Ts), whereTs is the sampling time,num is a vector with the coefficients
of the numerator of the system’s transfer function andden a vector with the coefficients of
the denominator. The last coefficient must always be the zero-order one. E.g., to get2s

s2+3
you

should usenum=[2 0];den=[1 0 3];

2. sysd=zpk(z,p,k,Ts), whereTs is the sampling time,z is a vector with the zeros of the
system,p a vector with its poles, andk the gain. E.g., to get 2s

(s+1)(s+3) you should use
z=0;p=[1,3];k=2;

3. sysd=ss(A,B,C,D,Ts), whereTs is the sampling time,A,B,C,D are a realization of the
system. 2

1.6 To probe further

Note 7 (Discrete- vs. continuous-time frequencies). When operating with a sample periodTs, to
generate a discrete-time signalud(k) that corresponds to the sampled version of the continuous-time
signal

uc(t) = Acos(ωt), t ≥ 0

we must have

ud(k) = uc(kTs) = Acos(ωkTs) = Acos(Ωk),

where the last equality holds as long as we selectΩ = ωTs = 2π f Ts.
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Discrete-time angular frequencies take values from 0 toπ . In particular,Ω=π results in the “fastest”
discrete-time signal:

ud(k) = Acos(πk) = A(−1)k,

which corresponds to a continuous-time frequencyf = 1
Ts equal to half the sampling rate, also

known as the Nyquist frequency. 2

Note 9 (Tustin transformation). Consider a continuous-time integrator in (1.10) and assume that
u(t) is approximately linear on the interval[kTs,(k+1)Ts], i.e.,

u(t) =
(k+1)Ts− t

Ts
ud(k)+

t − kTs

Ts
ud(k+1), t ∈ [kTs,(k+1)Ts].

Then, foryd(k+1) to be exactly equal to the integral ofu(t) at timet = (k+1)Ts, we need to have

yd(k+1) = yd(k)+
∫ (k+1)Ts

kTs

((k+1)Ts− t
Ts

ud(k)+
t − kTs

Ts
ud(k+1)

)

dt

= yd(k)+
Ts

2
ud(k)+

Ts

2
ud(k+1).

Taking thez-transform we conclude that

zYd(z)−Yd(z)
Ts

=
Ud(z)+ zUd(z)

2
⇔ Hd(z) =

Yd(z)
Ud(z)

=
Ts(1+ z)
2(z−1)

.

Comparing this with (1.11), we observe that we can go directly from a continuous-time transfer
function to the discrete-time one using the so calledTustin or bilineartransformation:

s 7→ 2(z−1)
Ts(z+1)

⇔ z 7→ 2+ sTs

2− sTs
. 2

Note10 (Number of poles and zeros). The Euler transformation preserves the number of poles and
the number of zeros since the rule

s 7→ z−1
Ts

replaces a polynomial of degreen in s by a polynomial of the same degree inz and vice-versa.
However, the Tustin transformation

s 7→ 2(z−1)
Ts(z+1)

replaces a polynomial of degreen in sby aratio of polynomials of the same degree inz. This means
that it preserves the number of poles, but it can make discrete-time zeros appear, for systems that
did not have continuous-time zeros. E.g., the integrator system1

s becomes

Ts(z+1)
2(z−1)

,

which has a pole atz= 1 (as expected), but also a zero atz=−1. 2

1.7 Exercise

1.1. Suppose that you sample at 1KHz a unit-amplitude continuous-time sinusoiduc(t) with fre-
quency 10Hz. Write the expression for the corresponding discrete-time sinusoidud(k).
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2.1 Parametric identification

In parametric identificationone attempts to determine a finite number of unknown parameters that
characterize the model of the system. The following is a typical problem in this class:

Problem 2.1(Parametric transfer function identification). Determine the coefficientsαi andβi of
the system’srational transfer function

H(z) =
αmzm+αm−1zm−1+ · · ·+α1z+α0

zn+βn−1zn−1+ · · ·+β1z+β0
.

The number of polesn and the number of zerosmare assumed known.

This can be done using themethods of least-squares, which we introduce next, starting from a
simple line fitting problem and eventually building up to Problem2.1in Chapter3.

The methods of least-squares is generally attributed to Gauss [5] but the American mathemati-
cian Adrain [1] seems to have arrived at the same results independently [6]. A detailed treatment of
least-squares estimation can be found, e.g., in [7, Chapter 7].

2.2 Least-squares line fitting

Suppose that we have reasons to believe that two physicalscalar variables x and y are approximately
related by a linear equationof the form

y= ax+b, (2.1)

15
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y= voltage

x= current

R

(a) Voltage vs. current

y= pressure

x= height

(b) Pressure vs. height

Figure 2.1.Linear models

but we do not know the value of the constantsa andb. The variablesy andx could be, e.g., a voltage
and a current in a simple electric circuit, or the height of a fluid in a tank and the pressure at the
bottom of the tank (cf. Figure2.1).

Numerical values fora andb can bedetermined by conducting several experimentsand mea-
suring the values obtained forx andy. We will denote by(xi ,yi) the measurements obtained on the
ith experiment of a total ofN experiments. As illustrated in Figure2.2, it is unlikely that we have

x

y

y= ax+b

(xi ,yi)

(a) Measurement noise

x

y
y= ax+b

(xi ,yi)

(b) Nonlinearity

Figure 2.2.Main causes for discrepancy between experimental data and linear model

exactly

yi = axi +b, ∀i ∈ {1,2, . . . ,N}, (2.2)

because of measurement errors and also because often the model (2.1) is only approximate.

Least-squares identification attempts to find values fora andb for which the left- and the right-
hand-sides of (2.2) differ by the smallest possible error. More precisely, the values ofa andb leading
to the smallest possible sum of squares for the errors over the N experiments. This motivates the
following problem:

Note 11.Statistical interpretation
of least-squares. . . � p. 19 Problem 2.2(Basic Least-Squares). Find values fora andb that minimize the following Sum-of-

Squares Error (SSE):

SSE:=
N

∑
i=1

(axi +b− yi)
2.

Solution to Problem2.2. This problem can be solved using standard calculus. All we need to do is
solve







∂SSE
∂a

=
N

∑
i=1

2xi(axi +b− yi) = 0

∂SSE
∂b

=
N

∑
i=1

2(axi +b− yi) = 0
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for the unknownsa andb. This is a simple task because it amounts to solving a system of linear
equations:







2
( N

∑
i=1

x2
i

)
a+2

( N

∑
i=1

xi
)
b= 2

N

∑
i=1

xiyi

2
( N

∑
i=1

xi
)
a+2Nb= 2

N

∑
i=1

yi

⇔







â=
N(∑i xiyi)− (∑i xi)(∑i yi)

N(∑i x
2
i )− (∑i xi)2

b̂=
(∑i x

2
i )(∑i yi)− (∑i xiyi)(∑i xi)

N(∑i x
2
i )− (∑i xi)2

In the above expressions, we used ˆa andb̂ to denote the solution to the least-squares minimization.
These are called theleast-squares estimatesof a andb, respectively. 2

Attention! The above estimates fora andb are not valid when

N(∑
i

x2
i )− (∑

i
xi)

2 = 0, (2.3)

because this would lead to a division by zero. It turns out that (2.3) only holds when thexi obtained
Note 12.Why?. . . � p. 20in all experimentsare exactly the same, as shown in Figure2.3. Such set of measurements does not

x

y

Figure 2.3.Singularity in least-squares line fitting due to poor data.

provide enough information to estimate the parametera andb that characterize the line defined by
(2.1). 2

2.3 Vector least-squares

The least-square problem defined in Section2.2 can be extended to a more general linear model,
wherey is a scalar, z :=

[
z1 z2 · · · zm

]
an m-vector, and these variables are related by a linear

equation of the form
Notation 2. a·b denotes the inner
product ofa andb. . . � p. 19

Note 13.The line fitting problem
is a special case of this one forz=
[x 1] andθ = [a b].

y=
m

∑
j=1

zj θ j = z·θ , (2.4)

whereθ :=
[
θ1 θ2 · · · θm

]
is an m-vector with parameters whose values we would like to

determine.

To determine the parameter vectorθ , we conductN experiments from which we obtain mea-Attention! We are now using(i)
to denote theith experiment since
the subscript inzj is needed to de-
notes thejth entry of the vectorz.

surements
(
z(i),y(i)

)
, i ∈ {1,2, . . . ,N}, where eachz(i) denotes onem-vector and eachy(i) a scalar.

The least-squares problem is now formulated as follows:

Problem 2.3 (Vector Least-Squares). Find values forθ :=
[
θ1 θ2 · · · θm

]
that minimize the

following Sum-of-Squares Error (SSE):

SSE:=
N

∑
i=1

(
z(i) ·θ − y(i)

)2
.
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Solution to Problem2.3. This problem can also be solved using standard calculus. Essentially we
have to solve

∂SSE
∂θ1

=
∂SSE
∂θ2

= · · ·= ∂SSE
∂θm

= 0,

for the unknownθi . The equation above can also be re-written as
Notation 3. ∇x f (x) denotes the
gradient off (x). . . � p. 19 ∇θ SSE=

[
∂SSE
∂θ1

∂SSE
∂θ2

· · · ∂SSE
∂θm

]

= 0.

However, to simplify the computation it is convenient to write the SSE invector notation. Defining
Note 14.Vector notation is
convenient both for algebraic
manipulations and for efficient
MATLAB R© computations.

E to be anN-vector obtained by stacking all the errorsz(i) ·θ − y(i) on top of each other, i.e.,

E :=








z(1) ·θ − y(1)
z(2) ·θ − y(2)

...
z(N) ·θ − y(N)








N×1

,

we can write
Notation 4. Given a matrix M,
we denote the transpose ofM by
M′.

SSE= ‖E‖2 = E′E.

Moreover, by viewingθ as a column vector, we can write

E = Zθ −Y,

whereZ denotes aN×m matrix obtained by stacking all the row vectorsz(i) on top of each other,
andY anm-vector obtained by stacking all they(i) on top of each other, i.e.,

Z =








z(1)
z(2)

...
z(N)








N×m

, Y =








y(1)
y(2)

...
y(N)








N×1

.

Therefore

SSE= (θ ′Z′−Y′)(Zθ −Y) = θ ′Z′Zθ −2Y′Zθ +Y′Y. (2.5)

It is now straightforward to compute the gradient of theSSEand find the solution to∇θ SSE= 0:
Note 15.The gradient
of a quadratic function
f (x) = x′Qx + cx + d,
is given by ∇x f (x) =
x′(Q+Q′)+c. . . � p. 20

MATLAB R© Hint 9. Z\Y com-
putes directly (Z′Z)−1Z′Y in a
very efficient way, which avoids
inverting Z′Z by solving directly
the linear system of equations
in (2.6). This is desirable, be-
cause this operation is often
ill-conditioned.

∇θ SSE= 2θ ′Z′Z−2Y′Z = 0 ⇔ θ ′ =Y′Z(Z′Z)−1, (2.6)

which yields the followingleast-squares estimatefor θ :

θ̂ = (Z′Z)−1Z′Y. (2.7)

SinceZ′Z = ∑i z(i)
′z(i) andZ′Y = ∑i z(i)

′y(i), we can re-write the above formula as

θ̂ = R−1 f , R :=
N

∑
i=1

z(i)′z(i), f :=
N

∑
i=1

z(i)′y(i).

One can gauge thequality of the fitby computing theSSEachieved by the estimate (i.e., the mini-
mum achievable squared-error). Replacing the estimate (2.7) in (2.5) we obtain

SSE
‖Y‖2 =

‖Zθ̂ −Y‖2

‖Y‖2 = 1− Y′Z(Z′Z)−1Z′Y
Y′Y

= 1− Y′Zθ̂
Y′Y

. (2.8)

When thiserror-to-signal ratiois much smaller than one, the mismatch between the left- and right-
hand-sides of (2.4) has been made significantly smaller than the output. 2

Attention! The above estimate forθ is not valid when them×m matrix R is not invertible. Singu-
MATLAB R© Hint 10. svd(A)
provides a measure of how close
A is to being singular. . . � p. 19

larity of R is a situation similar to (2.3) in line fitting and it means that thez(i) are not sufficiently
rich to estimateθ . In practice, even whenR is invertible, poor estimates are obtained ifR is close to
a singular matrix. 2
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2.4 MATLAB R© hints

MATLAB R© Hint 10 (svd). The commandsvd(A) computes the singular values of the matrixA.
Thesingular valuesof a matrixA are the square-roots of the eigenvalues ofA′A. Singular values are
always real and nonnegative.

1. The largest singular value (writtenσmax[A]) provides a measure of how much a matrix can
amplify a vector. In particular,

‖Ax‖ ≤ σmax[A]‖x‖.

2. The smallest singular value (writtenσmin[A]) provides a measure of how little a matrix can
amplify a vector. In particular,

‖Ax‖ ≥ σmin[A]‖x‖.

For singular matricesσmin[A] = 0.

3. The ration between the largest and smallest singular values is called thecondition numberof
a matrix:

ρ [A] :=
σmax[A]
σmin[A]

.

For singular matrices, the condition number is equal to∞. Finite but large condition numbers
correspond to matrices that are nonsingular but “close” to being singular, in the sense that they
can become singular by making small changes in their entries. Because of this property, the
condition number provides a measure ofhow close a matrix is to being singular.

Inverting matrices with large condition numbers is very difficult and often results in large
numerical errors due to round-off. 2

2.5 To probe further

Notation 2 (Inner product). Given twom-vectors,a=
[
a1 a2 · · · am

]
anda=

[
a1 a2 · · · am

]
,

a ·b denotes the inner product ofa andb, i.e.,

a ·b=
m

∑
i=1

aibi .

2

Notation 3 (Gradient). Given a scalar function ofn variablesf (x1, . . . ,xm), ∇x f denotes the gradient
of f , i.e.,

∇x f (x1,x2, . . . ,xm) =
[

∂ f
∂x1

∂ f
∂x2

· · · ∂ f
∂xm

]

. 2

Note 11 (Statistical interpretation of least-squares). Suppose that the mismatch between left- and
the right-hand sides of (2.2) is due to uncorrelated zero-mean noise. In particular, that

yi = axi +b+ni, ∀i ∈ {1,2, . . . ,n},

where all theni are uncorrelated zero-mean random variables with the same varianceσ2, i.e.,

E[ni ] = 0, E[n2
i ] = σ2, E[ni n j ] = 0,∀i, j 6= i.

The Gauss-Markov Theorem stated below justifies the wide useof least-squares estimation.
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Theorem 2.1(Gauss-Markov). The best linear unbiased estimator (BLUE) for the parameters a
and b is the least-squares estimator.

Some clarification is needed to understand this theorem

1. The Gauss-Markov Theorem2.1compares all linear estimators, i.e., all estimators of theform

â= α1y1+ · · ·+αnyn, b̂= β1y1+ · · ·+βnyn,

where theαi ,βi are coefficients that may depend on thexi .

2. It then asks what is the choice for theαi ,βi that lead to an estimator that is “best” in the sense
that it is (i) unbiased, i.e., for which

E[â] = a, E[b̂] = b,

and (ii) results in the smallest possible variance for the estimation error, i.e., that minimizes

E[(â−a)2+(b̂−b)2].

The conclusion is that the least-squares estimator satisfies these requirements.

Unbiasedness, means that when we repeat the identification procedure manytime, although we may
never get ˆa= a andb̂= b, the estimates obtained will be clustered around the true values.Minimum
variance,means that the clusters so obtained will be as “narrow” as possible. 2

Note12 (Singularity of line fit). The estimates fora andb are not valid when

N(∑
i

x2
i )− (∑

i
xi)

2 = 0.

To understand when this can happen let us compute

N∑
i
(xi − µ)2 = N∑

i
x2

i −2Nµ ∑
i

xi +n2µ2

butNµ = ∑i xi , so

N∑
i
(xi − µ)2 = N∑

i
x2

i − (∑
i

xi)
2.

This means that we run into trouble when

∑
i

(xi − µ)2 = 0,

which can only occur when all thexi are the same and equal toµ . 2

Note 15 (Gradient of a quadratic function). Given am×m matrix Q and am-row vectorc, the
gradient of the quadratic function

f (x) = x′Qx+ cx=
m

∑
i=1

m

∑
j=1

qi j xix j +
m

∑
i=1

cixi .

To determine the gradient off , we need to compute:

∂ f (x)
∂xk

=
m

∑
i=1

m

∑
j=1

qi j xi
∂x j

∂xk
+

m

∑
i=1

m

∑
j=1

qi j x j
∂xi

∂xk
+

m

∑
i=1

ci
∂xi

∂xk
.
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However, ∂xi
∂xk

and
∂xj
∂xk

are zero wheneveri 6= k and j 6= k, respectively, and 1 otherwise. Therefore,
the summations above can be simplified to

∂ f (x)
∂xk

=
m

∑
i=1

qikxi +
m

∑
j=1

qk jx j + ck =
m

∑
i=1

(qik +qki)xi + ck.

Therefore

∇x f (x) =
[

∂ f (x)
∂x1

∂ f (x)
∂x2

· · · ∂ f (x)
∂xm

]

=
[

∑m
i=1(qi1+q1i)xi + c1 · · · ∑m

i=1(qim+qmi)xi + cm
]

= x′(Q+Q′)+ c. 2

2.6 Exercises

2.1 (Electrical circuit). Consider the electrical circuit in Figure2.4, where the voltageU across the
source and the resistorR are unknown. To determine the values ofU andR you place several test

+

−
U

R
A

B

r i

Ii

Vi

Figure 2.4.Electrical circuit

resistorsr i between the terminalsA, B and measure the voltagesVi and currentsIi across them.

1. Write a MATLAB R© script to compute the voltagesVi and currentsIi that would be obtained
whenU = 10V, R= 1kΩ, and ther i are equally spaced in the interval[100Ω,10kΩ]. Add to
the “correct” voltage and current values measurement noise. Use for the currents and for the
voltages Gaussian distributed noise with zero mean and standard deviation.1mAand 10mV,
respectively.

The script should take as input the numberN of test resistors.

2. Use least-squares to determine the values ofRandU from the measurements forN∈{5,10,50,100,1000}.
Repeat each procedure 5 times and plot the average error thatyou obtained in your estimates
versusN. Use a logarithmic scale. What do you conclude? 2

2.2 (Nonlinear spring). Consider a nonlinear spring with restoring force

F =−(x+ x3),

wherex denotes the spring displacement. Use least-squares to determine linear models for the spring
of the form

F = ax+b.

Compute values for the parametersa andb for

1. forces evenly distributed in the interval[−.1, .1],

2. forces evenly distributed in the interval[−.5, .5], and
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3. forces evenly distributed in the interval[−1,1].

For each case

1. calculate theSSE,

2. plot the actual and estimated forces vs.x, and

3. plot the estimation error vs.x. 2
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3.1 ARX Model

Suppose that we want to determine the transfer functionH(z) of the discrete-time system in Fig-
ure3.1. In least-squares identification, one converts the problemof estimatingH(z) into the vector

u(k) y(k)
H(z) =?

Figure 3.1.System identification from input/output experimental data

least-squares problem considered in Section2.3. This is done using the ARX model that will be
constructed below.

Thez-transforms of the input and output of the system in Figure3.1are related by

Y(z)
U(z)

= H(z) =
αmzm+αm−1zm−1+ · · ·+α1z+α0

zn+βn−1zn−1+ · · ·+β1z+β0
, (3.1)

where theαi and theβi denote the coefficients of the numerator and denominator polynomials of
H(z). Multiplying the numerator and denominator ofH(z) by z−n, we obtain the transfer function
expressed innegative powers of z:

Y(z)
U(z)

=
αmz−n+m+αm−1z−n+m−1+ · · ·+α1z−n+1+α0z−n

1+βn−1z−1+ · · ·+β1z−n+1+β0z−n

= z−(n−m) αm+αm−1z−1+ · · ·+α1z−m+1+α0z−m

1+βn−1z−1+ · · ·+β1z−n+1+β0z−n

23
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and therefore

Y(z)+βn−1z
−1Y(z)+ · · ·+β1z−n+1Y(z)+β0z−nY(z) =

αmz−n+mU(z)+αm−1z−n+m−1U(z)+ · · ·+α1z−n+1U(z)+α0z−nU(z).

Taking inversez-transforms we obtain
Note 16.We can view the differ-
encen− m between the degrees
of the denominator and numera-
tor of (3.1) as a delay, because the
outputy(k) at timek in (3.2) only
depends on the value of the input
u
(
k− (n−m)

)
at timek− (n−m)

and on previous values of the in-
put.

y(k)+βn−1y(k−1)+ · · ·+β1y(k−n+1)+β0y(k−n) =

αmu(k−n+m)+αm−1u(k−n+m−1)+ · · ·+α1u(k−n+1)+α0u(k−n). (3.2)

This can be re-written compactly as

y(k) = ϕ(k) ·θ (3.3)

where the(n+m+1)-vectorθ contains the coefficient of the transfer function and the vector ϕ(k)
the past inputs and outputs, i.e.,

θ :=
[
−βn−1 · · · −β1 −β0 αm αm−1 · · · α1 α0

]

ϕ(k) :=
[
y(k−1) · · · y(k−n) u(k−n+m) · · · u(k−n)

]
.

The vectorϕ(k) is called theregression vectorand the equation (3.3) is called anARX model, a short
form of Auto-Regression model with eXogeneous inputs.

3.2 Identification of an ARX model

We are now ready to solve the system identification Problem2.1introduced in Chapter2, by apply-
ing the least-squares method to the ARX model:

Solution to Problem2.1.

1. Apply a probe input signalu(k), k∈ {1,2, . . . ,N} to the system.

2. Measure the corresponding outputy(k), k∈ {1,2, . . . ,N}.

3. Determine the values for the parameterθ that minimize the discrepancy between the left- and
the right-hand-sides of (3.3) in a least-squares sense.

According to Section2.3, the least-squares estimate ofθ is given by
MATLAB R© Hint 11. PHI\Y
computes θ̂ directly, from the
matrix PHI= Φ and the vector
Y=Y.

θ̂ = (Φ′Φ)−1Φ′Y, (3.4)

where
Attention! When the system is at
rest beforek= 1, u(k) = y(k) = 0
∀k ≤ 0. Otherwise, if the past in-
puts are unknown, one needs to
remove fromΦ and Y all rows
with unknown data.

Φ :=






ϕ(1)
ϕ(2)

...
ϕ(N)




=






y(0) ··· y(1−n) u(1−n+m) ··· u(1−n)
y(1) ··· y(2−n) u(2−n+m) ··· u(2−n)

...
...

...
...

y(N−1) ··· y(N−n) u(N−n+m) ··· u(N−n)




 , Y :=






y(1)
y(2)

...
y(N)




 ,

or equivalently

MATLAB R© Hint 12. arx is
very convenient to perform
least-squares identification of
ARX models because it does
not require the need to explicitly
construct the matrixΦ and the
vectorY. . . � p. 25

θ̂ = R−1 f , R := Φ′Φ =
N

∑
k=1

ϕ(k)′ϕ(k), f := Φ′Y =
N

∑
k=1

ϕ(k)′y(k).

Thequality of the fitcan be assessed by computing the error-to-signal ratio

SSE
‖Y‖2 = 1− Y′Φθ̂

Y′Y
.
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When this quantity is much smaller than one, the mismatch between the left- and right-hand-sides
MATLAB R© Hint 13. compare
is useful to validate the quality of
the fit. . . � p. 27

of (3.3) has been made significantly smaller than the output. 2

Attention! Two common causes for errors in least-squares identifications of ARX models are:

1. incorrect construction of the matrixΦ and/or vectorY;

2. incorrect construction of the identified transfer function from the entries in the least-squares
estimateθ̂ .

Both errors can be avoided using the MATLABR© commandarx.

3.3 Known parameters

Due to physical considerations, one often knows one or more poles/zeros of the process. For exam-
ple:

1. one may know that the process has an integrator, which corresponds to a continuous-time pole
ats= 0 and consequently to a discrete-time pole atz= 1; or

2. that the process has a differentiator, which correspondsto a continuous-time zero ats= 0 and
consequently to a discrete-time zero atz= 1.

In this case, it suffices to identify the remaining poles/zeros, which can be done as follows: Suppose
that it is known that the transfer functionH(z) has a pole atz= λ , i.e.,

H(z) =
1

z−λ
H̄(z),

where H̄(z) corresponds to the unknown portion of the transfer function. In this case, thez-
Note 17.The transfer function
H̄(z) is proper only if H(z) is
strictly proper. However, even if
H̄(z) happens not to be proper,
this introduces no difficulties for
this method of system identifica-
tion.

transforms of the input and output of the system are related by

Y(z)
U(z)

=
1

z−λ
H̄(z),

and therefore

Ȳ(z)
U(z)

= H̄(z),

where

Ȳ(z) := (z−λ )Y(z) ⇒ ȳ(k) = y(k+1)−λy(k). (3.5)

This means that we can directly estimatēH(z) by computing ¯y(k) prior to identification and then
Note 18.The new output ¯y(k) is
not a causal function of the orig-
inal output y(k), but this is of
no consequence since we have
the wholey(k) available when we
carry out identification.

MATLAB R© Hint 14. One must
be careful in constructing the vec-
tor ȳ in (3.5) to be used by the
functionarx. . . � p. 26

regarding this variable as the output, instead ofy(k).

Attention! To obtain the original transfer functionH(z), one needs to multiply the identified func-
tion H̄(z) by the term 1

z−λ . 2

3.4 MATLAB R© hints

MATLAB R© Hint 12 (arx). The commandarx from the identification toolbox performs least-
squares identification of ARX models. To use this command onemust

1. Create a data object that encapsulates the input/output data using:

data=iddata(y,u,Ts);
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whereu andy are vectors with the input and output data, respectively, and Ts is the sampling
interval.

Data from multiple experiments can be combined using the commandmerge as follows:

dat1=iddata(y1,u1,Ts);

dat2=iddata(y1,u1,Ts);

data=merge(dat1,dat2);

2. Compute the estimated model using:

model=arx(data,[na,nb,nk])

wheredata is the object with input/output data;na, nb, nk are integers that define the de-
Note 19.MATLAB R© is an object
oriented language andmodel.a
is the propertya of the object
model.

grees of the numerator and denominator of the transfer function (see below); andmodel a
MATLAB R© object with the coefficients of the transfer function. The coefficient are returned
for negative powers of z. In particular, the estimated transfer function is given by

Note 20.Typically, one chooses
nb equal to the (expected) num-
ber of poles,nk equal to the (ex-
pected) input delay, andna =
nb − nk, which would be the
corresponding number of zeros.
In this case,y(k) is a function
of y(k− 1), . . . ,y(k− nb) and of
u(k − nk), . . . ,u(k − nb). See
equations (3.1)–(3.2). . . � p. 23

Y(z)
U(z)

=
z−nk

(
model.a(1)+model.a(2)z−1+ · · ·+model.a(na+1)z−na

)

model.b(1)+model.b(2)z−1+ · · ·+model.b(nb+1)z−nb
. (3.6)

The estimated discrete-time transfer function can be recovered using the MATLABR© command

sysd= tf(model,′Measured′)

The objectmodel contains a lot more information about the estimated transfer function, which
includes

1. model.da andmodel.db give the standard deviations associated with the estimatesof the
coefficient.

You should compare the value of each parameter with its standard deviation. A large value in
one or more of the standard deviations indicates that the matrix R := Φ′Φ is close to singular
and points to little confidence on the estimated value of thatparameter.

Note 21.Obtaining a standard de-
viation for one parameter that is
comparable or larger than its esti-
mated value typically arises in one
of three situations. . .

2. model.noise provides a measure of the quality of fit and is essentially thevalue of SSE
divided by the number of samples. However, this measure is not normalized by the norm-
square ofY, opposite to (2.8).

You can typeidprops idpoly at the MATLAB R© prompt to obtain more information about other
information that is available inmodel.

The MATLAB R© commandarx uses a more sophisticated algorithm than the one described in these
notes so the results obtained usingarx may not match exactly the ones obtained using the formula
(4.8). 2

MATLAB R© Hint 14(Known parameters). One must be careful in constructing the vector ¯y in (3.5)
to be used by the functionarx. In particular, its first element must be equal to

y(2)−λy(1),

as suggested by (3.5). Moreover, if we had values ofy(k) andu(k) for k ∈ {1,2, . . . ,N}, thenȳ(k)
will only have values fork∈ {1,2, . . . ,N−1}, because the last element of ¯y(k) that we can construct
is

ȳ(N−1) = y(N)− y(N−1).

Since the functioniddata only takes input/output pairs of the same length, this meansthat we need
to discard the last input datau(N). The following MATLAB R© commands could be used construct ¯y
from y and also to discard the last element ofu:
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bary=y(2:end)-lambda*y(1:end-1); u=u(1:end-1); 2

MATLAB R© Hint 13 (compare). The commandcompare from the identification toolbox allows
one to compare experimental outputs with simulated values from an estimated model. This is useful
to validate model identification. The command

compare(data,model)

plots the measured output from the input/output data objectdata and the predictions obtained from
the estimated modelmodel. See MATLABR© hints12, 21 for details on these objects. 2

3.5 To probe further

Note21 (Large standard deviations for the parameter estimates). Obtaining a standard deviation for
one parameter that is comparable or larger than its estimated value typically arises in one of three
situations:

1. The data collected is not sufficiently rich. This issue is discussed in detail in Section4.1. It can
generally be resolved by choosing a different input signalu for the identification procedure.

2. One has hypothesized an incorrect value for the number of poles, the number of zeros, of the
system delay. This issue is discussed in detail in Section4.4. It can generally be resolved by
one of three options:

• When encounters small estimated value for parameters corresponding to the terms in
the denominatorof (3.6) with the most negative powers in z, this may be resolved by
selecting a smaller value fornb;

• When encounters small estimated value for parameters corresponding to the terms in the
numeratorof (3.6) with themost negative powers in z, this may be resolved by selecting
a smaller value forna;

• When encounters small estimated value for parameters corresponding to the terms in the
numeratorof (3.6) with theleast negative powers in z, this may be resolved by selecting
a large value fornk.

3. One is trying to identify a parameter whose value is actually zero or very small.

When the parameter is one of the leading/trailing coefficients of the numerator/denominator
polynomials, this is can be addressed as discussed in the previous bullet. Otherwise, generally
there is not much one can do about it during system identification. However, since there is
a fair chance that the value of this parameter has a large percentage error (perhaps even the
wrong sign), we must make sure that whatever controller we design for this system is robust
with respect to errors in such parameter. This issue is addressed in Chapters6–7. 2

3.6 Exercises

3.1 (Known zero). Suppose that the process is known to have a zero atz= γ, i.e., that

H(z) = (z− γ)H̄(z),

whereH̄(z) corresponds to the unknown portion of the transfer function. How would you estimate
H̄(z)? What if you known that the process has both a zero atγ and a pole atλ? 2

3.2 (Selected parameters). The data provided was obtained from a system with transfer function

H(z) =
z− .5

(z− .3)(z− p)
,

wherep is unknown. Use the least-squares method to determine the value of p. 2



28 João P. Hespanha



Chapter 4

Practical considerations in
parametric identification

Contents

4.1 Choice of inputs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.2 Signal scaling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.3 Choice of sampling frequency. . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.4 Choice of model order. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.5 Combination of multiple experiments. . . . . . . . . . . . . . . . . . . . . . . . 39
4.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.1 Choice of inputs

The quality of least-squares estimates depends significantly on the inputu(k) used. The choice of
inputs should take into account the following requirements:

1. The input should besufficiently richso that the matrixR is nonsingular (and is well condi-
tioned).

(a) Single sinusoids should be avoided because a sinusoid offrequencyΩ will not allow
Note 22.Why? H1(z) =

1
z−1 and

H2(z) = z+2
z−3 have the same value

for z= ejπ/2 = j. Therefore they
will lead to the samey(k) when
u(k) is a sinusoid with frequency
π/2. This input will not allow us
to distinguish betweenH1 andH2.

us to distinguish between different transfer functions with exactly the same value at the
pointz= ejΩ.

(b) Good inputs include: square-waves, the sum of many sinusoids, or a chirp signal (i.e., a
signal with time-varying frequency).

2. Theamplitude of the resulting output y(k) should be much larger than the measurement noise.
In particular, large inputs are needed when one wants to probe the system at frequencies for
which the noise is large.

However, when the process is nonlinear but is being approximated by a linear model, large
inputs may be problematic because the linearization may notbe valid. As shown in Figure4.1,
there is usually an “optimal” input level that needs to be determined by trial-and-error. 2

3. The input should berepresentativeof the class of inputs that are expected to appear in the
feedback loop.

(a) The input should have strong components in the range of frequencies at which the system
will operate.

(b) The magnitude of the input should be representative of the magnitudes that are expected
in the closed loop.

29
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noise
dominates

optimal

nonlinear
behavior

SSE
‖y‖2

input magnitude

Figure 4.1.Optimal choice of input magnitude

Validation. The choice of input is perhaps the most critical aspect in good system identification.
After any identification procedure the following steps should be followed to make sure that the data
collected is adequate:

1. Check if the matrixR is far from singular. If not a different “richer” input should be used.
MATLAB R© Hint 12. When us-
ing the arx command, the sin-
gularity of the matrix R can be
inferred from the standard devia-
tions associated with the parame-
ter estimates. . . � p. 25,27

2. Check the quality of fit by computingSSE
‖Y‖2 . If this quantity is not small, one of the following

MATLAB R© Hint 12. When us-
ing the arx command, the qual-
ity of fit can be inferred from
the noise field in the estimated
model. . . � p. 25

is probably occurring:

(a) There is too much noise and the input magnitude needs to beincreased.

(b) The inputs are outside the range for which the process is approximately linear and the
input magnitude needs to be decreased.

(c) The assumed degrees for the numerator and denominator are incorrect (see Section4.4).

3. After an input signalu(k) passed the checks above, repeat the identification experiment with
the inputαu(k) with α = −1, α = .5. If the process is in the linear region, the measured
outputs should roughly by equal toαy(k) and the two additional experiments should approx-
imately result in the same transfer function. When one obtains larger gains in the experiment
with α = .5, this typically means that the process is saturating and one needs to decrease the
magnitude of the input.

Example 4.1(Two-cart with spring). To make these concepts concrete, we will use as a running ex-
ample the identification of the two-carts with spring apparatus shown in Figure4.2. From Newton’s

m1 m2

x1 x2

F

Figure 4.2.Two-mass with spring

law one concludes that

m1ẍ1 = k(x2− x1)+ f , m2ẍ2 = k(x1− x2), (4.1)

wherex1 andx2 are the positions of both carts,m1 andm2 the masses of the carts, andk the spring
constant. The forcef is produced by an electrical motor driven by an applied voltagev according to

f =
KmKg

Rmr

(

v− KmKg

r
ẋ1

)

, (4.2)

whereKm, Kg, Rm, andr are the motor parameters.

For this system, we are interested in taken the control inputto be the applied voltageu := v and
the measured output to be the positiony := x2 of the second cart. To determine the system’s transfer
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function, we replacef from (4.2) into (4.1) and take Laplace transforms to conclude that

{

m1s2X1(s) = k
(
Y(s)−X1(s)

)
+

KmKg
Rmr

(

U(s)− KmKg
r sX1(s)

)

m2s2Y(s) = k
(
X1(s)−Y(s)

)

⇒







(

m1s2+
K2

mK2
g

Rmr2 s+ k
)

X1(s) = kY(s)+ KmKg
Rmr U(s)

(
m2s2+ k

)
Y(s) = kX1(s)

⇒
(
m2s2+ k

)(

m1s2+
K2

mK2
g

Rmr2 s+ k
)

Y(s) = k2Y(s)+
kKmKg

Rmr
U(s)

Y(s)
U(s)

=

kKmKg
Rmr

(
m2 s2+ k

)(

m1s2+
K2

mK2
g

Rmr2 s+ k
)

− k2
(4.3)

where the large caps signals denote the Laplace transforms of the corresponding small caps signals.

From the first principles model derived above, we expect thiscontinuous-time system to have 4
poles and no zero. Moreover, a close look at the denominator of the transfer function in (4.3) reveals

Note 23.We can make use of the
knowledge that the continuous-
time system has 4 poles, be-
cause the corresponding discrete-
time transfer function will have
the same number of poles. How-
ever, the absence of zeros in
the continuous-time transfer func-
tions tell us little about the num-
ber of zeros in the correspond-
ing discrete-time transfer function
because the Tustin transformation
does not preserve the number of
zeros (cf. Note10). . . � p. 14

that there is no term of order zero, since the denominator is equal to

(
m2s2+ k

)(

m1s2+
K2

mK2
g

Rmr2 s+ k
)

− k2 = m2s2
(

m1s2+
K2

mK2
g

Rmr2 s+ k
)

+ km1s2+
kK2

mK2
g

Rmr2 s

and therefore the system should have one pole at zero, i.e., it should contain one pure integrator.

Our goal now is to determine the system’s transfer function (4.3) using system identification
from input/output measurements. The need for this typically stems from the fact that

1. we may not know the values of the system parametersm1, m2, k, km, Kg, Rm, andr; and

2. the first-principles model (4.1)–(4.2) may be ignoring factors that turn out to be important,
e.g., the mass of the spring itself, friction between the masses and whatever platform is sup-
porting them, the fact that the track where the masses move may not be perfectly horizontal,
etc.

Figure4.3(a)shows four sets of input/output data and four discrete-timetransfer functions iden-
tified from these data sets.

Key observations. A careful examination of the outputs of thearx command and the plots in
Figure4.3reveals the following:

1. The quality of fit appears to be very good sincearx reports a very small value for thenoise
parameter (around 10−10), which is suspiciously small when compared to the average value
of y2 (around 10−2).

2. The standard deviations associated with the denominatorparameters are small when compared
to the parameter estimates (ranging from 2 to 100 times smaller than the estimates).

3. The standard deviations associated with the numerator parameters appear to be worse, often
exceeding the estimate, whichindicate problems in the estimated transfer functions.

4. While difficult to see in Figure4.3(a), it turns out that the data collected with similar input
signals (square wave with a period of 2Hz) but 2 different amplitudes (2v and 4v) resulted in
roughly the same shape of the output, but scaled appropriately. However, the fact that this is
difficult to see in Figure4.3(a)because of scaling is actually an indication of trouble, as we
shall discuss shortly.

5. The integrator that we were expecting in the transfer functions is not there.
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(a) Four sets of input/output data used to estimate the two-mass system in Figure4.2. In all
experiments the input signalu is a square wave with frequencies .5Hz, 1Hz, 2Hz, and 2Hz,
respectively, from left to right and top to bottom. In the first three plots the square wave
switches from -2v to +2v, whereas in the last plot it switchesfrom -4v to +4v. All signals were
sampled at 1KHz.
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(b) Four discrete-time transfer functions estimated from the four sets of input/output data in
(a), sampled at 1KHz. The transfer functions were obtained using the MATLAB R© command
arx with na = 4, nb = 3, andnk = 1, which reflects an expectation of 4 poles and a delay of
one sampling period. The one period delay fromu(k) to y(k) is natural since a signal applied at
the sampling timek will not affect the output at the same sampling timek (See Note20, p.26).
The labels in the transfer functions refer to the titles of the four sets of input/output data in(a).

Figure 4.3.Initial attempt to estimate the discrete-time transfer function for the two-mass system in Figure4.2.
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6. The four sets of data input/output data resulted indramatically different identified transfer
functions.

The last three items are, of course, of great concern, and a clear indication that we are not getting a
good transfer function.

Fixes. The fact that we are not seeing an integrator in the identifiedtransfer functions is not too
surprising, since our probe input signals are periodic square waves, which has no component at the
zero frequency. The input that has the most zero-frequency component is the square wave with
frequency .5Hz (cf. top-left plot in Figure4.3(a)), for which less than a full period of data was
applied to the system. Not surprisingly, that data resultedin the transfer function that is closer to an
integrator (i.e., it is larger at low frequencies).

Since we know that the system has astructural poleat z= 1, we should force it into the model
using the technique seen in Section3.3. Figure4.4(a)shows the same four sets of input/output data
used to estimate the discrete-time transfer function, but the signal labeled “output” now corresponds
to the signal ¯y that we encountered in Section3.3. The new identified transfer functions that appear
in Figure4.4(b)are now much more consistent, mostly exhibiting differences in phase equal to 360
deg. However, the standard deviations associated with the numerator parameters continue to be
large, often exceeding the estimate. 2

4.2 Signal scaling

For the computation of the least-squares estimate to be numerically well conditioned, it is important
that the numerical values of both the inputs and the outputs have roughly the same order of magni-
tude. Because the units of these variable are generally quite different, this often requires scaling of
these variables. It is good practice to scale both inputs andoutputs so thatall variable take “normal”
values in the same range, e.g., the interval[−1,1].

Attention! After identification, one must then adjust the system gain toreflect the scaling performed
on the signals used for identification.

Suppose that one takes the original input/output data setu,y and constructs a new scaled data set
ū, ȳ, using

ū(k) = αuu(k), ȳ(k) = αyy(k), ∀k.

If one then uses ¯u andȳ to identify the transfer function

H̄(z) =
Ū(z)
Ȳ(z)

=
αu

αy

U(z)
Y(z)

,

in order to obtain the original transfer functionH(z) from u to y, one need to reverse the scaling:

H(z) =
U(z)
Y(z)

=
αy

αu
H̄(z). 2

Example 4.2(Two-cart with spring (cont.)). We can see in Figure4.4(a), that the input and output
signals used for identification exhibit vastly different scales. In fact, when drawn in the same axis,
the output signals appears to be identically zero.

Fix. To minimize numerical errors, one can scale the output signal by multiplying it by a suffi-
ciently large number so that it becomes comparable with the input. Figure4.4(a)shows the same
four sets of input/output data used to estimate the discrete-time transfer function, but the signal
labeled “output” now corresponds to a scaled version of the signal ȳ that we encountered in Sec-
tion 3.3.
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(a) Four sets of input/output data used to estimate the two-mass system in Figure4.2. In all
experiments the input signalu is a square wave with frequencies .5Hz, 1Hz, 2Hz, and 2Hz,
respectively, from left to right and top to bottom. In the first three plots the square wave
switches from -2v to +2v, whereas in the last plot it switchesfrom -4v to +4v. The signal
labeled “output” now corresponds to the signal̄y that we encountered in Section3.3. All
signals were sampled at 1KHz.
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(b) Four discrete-time transfer functions estimated from the four sets of input/output data in
(a), sampled at 1KHz. The transfer functions were obtained using the MATLAB R© command
arx with na= 3,nb= 3, andnk= 0, which reflects an expectation of 3 poles in addition to the
one atz= 1 and no delay fromu to ȳ. No delay should now be expected sinceu(k) can affect
y(k+ 1), which appears directly in ¯y(k) (See Note20, p. 26). A pole atz= 1 was inserted
manually into the transfer function returned byarx. The labels in the transfer functions refer
to the titles of the four sets of input/output data in(a).

Figure 4.4. Attempt to estimate the discrete-time transfer function for the two-mass system in Figure4.2,
forcing a pole at z= 1.
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(a) Four sets of input/output data used to estimate the two-mass system in Figure4.2. In all
experiments the input signalu is a square wave with frequencies .5Hz, 1Hz, 2Hz, and 2Hz,
respectively, from left to right and top to bottom. In the first three plots the square wave
switches from -2v to +2v, whereas in the last plot it switchesfrom -4v to +4v. The signal
labeled “output” now corresponds to ascaled version of the signal̄y that we encountered in
Section3.3. All signals were sampled at 1KHz.

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

−150

−100

−50

0

50

f [Hz]

m
ag

ni
tu

de
 [d

B
]

 

 

square_a2_f0.5.mat
square_a2_f1.mat
square_a2_f2.mat
square_a4_f2.mat

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

−200

−100

0

100

200

300

f [Hz]

ph
as

e 
[d

eg
]

 

 
square_a2_f0.5.mat
square_a2_f1.mat
square_a2_f2.mat
square_a4_f2.mat

(b) Four discrete-time transfer functions estimated from the four sets of input/output data in
(a), sampled at 1KHz. The transfer functions were obtained using the MATLAB R© command
arx with na= 3,nb= 3, andnk= 0, which reflects an expectation of 3 poles in addition to the
one atz= 1 and no delay fromu to ȳ. A pole atz= 1 was inserted manually into the transfer
function returned byarx and the output scaling was reversed back to the original units. The
labels in the transfer functions refer to the titles of the four sets of input/output data in(a).

Figure 4.5. Attempt to estimate the discrete-time transfer function for the two-mass system in Figure4.2,
forcing a pole atz= 1 and withappropriate output scaling.
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Key observation. While the transfer functions identified do not show a significant improvements
and the standard deviations associated with the numerator parameters continue to be large, Fig-
ure4.4(a)now shows a clue to further problems: the output signals exhibits significant quantization
noise. 2

4.3 Choice of sampling frequency

For a discrete-time model to accurately capture the process’ continuous-time dynamics, the sam-
pling frequency should be as large as possible. However, this often leads to difficulties in system
identification.

As we have seen before, least-squares ARX identification amounts to finding the values for the
parameters that minimize the sum of squares difference between the two sides of the following
equation:

y(k) =−βn−1y(k−1)−·· ·−β1y(k−n+1)+β0y(k−n)+

+αmu(k−n+m)+αm−1u(k−n+m−1)+ · · ·+α1u(k−n+1)+α0u(k−n). (4.4)

In particular, one is looking for values of the parameters that are optimal at predictingy(k) based on
inputs and outputs that for back to timek−n.

When the sampling period is very short, all the output values

y(k),y(k−1), . . . ,y(k−n)

that appear in (4.4) are very close to each other and often their difference is smaller than one quan-
tization interval of the analogue-to-digital converter (ADC) In this case, the pattern of output values
that appear in (4.4) is mostly determined by the dynamics of the ADC converter and the least-squares
ARX model will contain little information about the processtransfer function.

As we increase the sampling time, the difference between theconsecutive output values increases
and eventually dominates the quantization noise. In practice, one wants to chose a sampling rate that
is large enough so that the Tustin transformation is valid but sufficiently small so that the quantization
noise does not dominate. A good rule of thumb is to sample the system at a frequency20-40 times
larger than the desired closed-loop bandwidth for the system.

Down-sampling

It sometimes happens that the hardware used to collect data allow us to sample the system at frequen-
cies much larger than what is needed for identification—oversampling. In this case, one generally
needs todown-samplethe signals but this actually provides anopportunity to remove measurement
noise from the signals.

Suppose thaty(k) andu(k) have been sampled with a periodTlow but one wants to obtain signals
MATLAB R© Hint 15. A signal
y can by down-sampled as in
(4.5) using bary=y(1:L:end).
Down-sampling can also be
achieved with the command
bary=downsample(y,L). This
command requires MATLABR©’s
signal processing toolbox.

ȳ(k) andū(k) sampled with periodThigh := LTlow whereL is some integer larger than one.

The simplest method to obtain ¯y(k) andū(k) consists of extracting only one out of eachL samples
of the original signals:

ȳ(k) = y(Lk), ū(k) = u(Lk). (4.5)

Instead of discarding all the remaining samples, one can achieve some noise reduction by averaging,
MATLAB R© Hint 16. A signal y
can by down-sampled as in (4.6)
using bary=(y(1:L:end-2)

+ y(2:L:end-1) +

y(3:L:end))/3.

as in

ȳ(k) =
y(Lk−1)+ y(Lk)+ y(Lk+1)

3
, (4.6)

ū(k) =
u(Lk−1)+u(Lk)+u(Lk+1)

3
, (4.7)
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or even longer averaging. The down-sampled signals obtained in this way exhibit lower noise than
MATLAB R© Hint 17. Down-
sampling with more sophis-
ticated (and longer) filtering
can be achieved with the
command resample, e.g.,
bary=resample(y,1,L,1).
This command requires
MATLAB R©’s signal processing
toolbox.

the original ones because noise is being “averaged out.”

Example 4.3 (Two-cart with spring (cont.)). We can see, e.g., in Figure4.4(b) that the system
appears to have an “interesting” dynamical behavior in the range of frequencies from .1 to 10Hz.
“Interesting,” in the sense that the phase varies and the magnitude bode plot is not just a line. Since
the sampling frequency of 1kHz lies far above this range, we have the opportunity to down-sample
the measured signals and remove some of the measurement noise that was evident in Figure4.4(a).

Fix. To remove some noise quantization noise, we down-sampled the input and output signals
by a factor of 10 with the MATLABR© resample command. The new discrete-time frequency is
therefore now sampled only at 100Hz, but this still appears to be sufficiently large. Figure4.6(a)
shows the same four sets of input/output data used to estimate the discrete-time transfer function,
down-sampled from the original 1KHz to 100Hz. By comparing this figure with Figure4.5(a), we
can observea significant reduction in the output noise level.

Key observation. The transfer functions identified show some improvement, especially because
we are now starting to see some resonance, which would be expected in a system like this. More
importantly, nowall the standard deviations associated with the numerator and denominator pa-
rameters are reasonably small when compared to the parameter estimates(ranging from 2.5 to 30
times smaller than the estimates). 2

4.4 Choice of model order

A significant difficulty in parametric identification of ARX models is that to construct the regression
vectorϕ(k), one needs to know the degreen of the denominator. In fact, an incorrect choice forn
will generally lead to difficulties.

1. Selecting a value forn too small will lead to mismatch between the measured data andthe
model and theSSEwill be large.

2. Selecting a value forn too large is calledover-parameterizationand it generally leads toR
being close to singular. To understand why, suppose we have atransfer function

H(z) =
1

z−1
,

but for estimation purposes we assumed thatn= 2 and therefore attempted to determine con-
stantsαi , βi such that

H(z) =
α2z2+α1z+α0

z2+β1z+β0
.

If the model was perfect, it should be possible to match the data with anyαi , βi such that

α2z2+α1z+α0

z2+β1z+β0
=

z− p
(z−1)(z− p)

⇔
{

α2 = 0, α1 = 1, α0 =−p,

β1 =−1− p, β0 = p,

wherep can beany number. This means that the data is not sufficient to determine the values
of the parametersα0,β0,β1, which translates intoR being singular.

MATLAB R© Hint 18. When
using the arx MATLAB R©

command, singularity of R
can be inferred from standard
deviations for the parameters
that are large when compared
with the estimated parameter
values. . . � p. 27

When there is noise, it will never be possible to perfectly explain the data and the smallestSSE
will always be positive (either withn= 1 orn= 2). However, in general, different values ofp
will result in different values forSSE. In this case, least-squares estimation will produce the
specific value ofp that is better at “explaining the noise,” which is not physically meaningful.
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(a) Four sets of input/output data used to estimate the two-mass system in Figure4.2. In
all experiments the input signalu is a square wave with frequencies .5Hz, 1Hz, 2Hz, and
2Hz, respectively, from left to right and top to bottom. In the first three plots the square
wave switches from -2v to +2v, whereas in the last plot it switches from -4v to +4v. The
signal labeled “output” corresponds to a scaled version of the signal ¯y that we encountered in
Section3.3. All signals were down-sampled from 1 KHz to 100Hz.
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(b) Four discrete-time transfer functions estimated from the four sets of input/output data in
(a), sampled at 1KHz. The transfer functions were obtained using the MATLAB R© command
arx with na= 3,nb= 3, andnk= 0, which reflects an expectation of 3 poles in addition to the
one atz= 1 and no delay fromu to ȳ. A pole atz= 1 was inserted manually into the transfer
function returned byarx and the output scaling was reversed back to the original units. The
labels in the transfer functions refer to the titles of the four sets of input/output data in(a).

Figure 4.6. Attempt to estimate the discrete-time transfer function for the two-mass system in Figure4.2,
forcing a pole atz= 1, with appropriate output scaling, and with thesignals down-sampled to 100Hz.
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When one is uncertain about which values to choose formandn, the following procedure should be
followed

1. Select forn the smallest possible integer that is physically meaningful (conceivably 0).

2. Do least-square estimation withm= n.
Note 24.When the number of
polesn is chosen correctly, a num-
ber of zerosm too large will gen-
erally not lead to trouble so one
may as well chose the largest one
that is physically meaningful. If it
is known that there is a delay of at
leastd, one should makem= n−
d [cf. equation (3.2)]. . . � p. 24

(a) If theSSEis large andR is far from singular increasen and repeat the identification.

(b) If R is close to singular or theSSEdid not decrease significantly, thenn got too large, go
back to the previousn and stop.

One needs to exercise judgment in deciding when “theSSEis large” or when “R is far/close to
singular.” Physical knowledge about the model should play amajor role in deciding model orders.
Moreover, one should always be very concerned about identifying noise, as opposed to actually
identifying the process model.

Example 4.4(Two-cart with spring (cont.)). Figure4.7shows results obtained for the input/output
data set shown in the bottom-right plot of Figure4.6(a). The procedure to estimate the discrete-
time transfer functions was similar to that used to obtain the those in Figure4.6(b), but we let the
parameterna=nb that defines the number of poles (excluding the integrator atz= 1) range from 1
to 16. The delay parameternk was kept equal to 0.

As expected, the SSE error decreases as we increasena, but the standard deviation of the coef-
ficients increases as we increasena, and rapidly becomes unacceptably large. The decrease of the
standard deviation fromna = 4 to na = 5 is suspicious and indicates that, forna ≥ 4, one is most
likely identifying noise than the system dynamics. These results confirm our expectation thatna= 3
is a good choice. The corresponding transfer function is shown in Figure4.7(b).

Key observation. While the results improved dramatically with respect to theoriginal ones, the
standard deviations for the parameter estimates are still relatively high. We can see from Fig-
ure4.7(a)that even forna= 3, at least one standard deviation is still only about 40% of the value of
the corresponding parameter. This means that the data used is still not sufficiently rich to achieve a
reliable estimate for the transfer function. 2

4.5 Combination of multiple experiments

As discussed in Section4.1, the input used for system identification should be sufficiently rich to
make sure that the matrixR is nonsingular and also somewhatrepresentative of the class of all inputs
that are likely to appear in the feedback loop.To achieve this, one could use a single very long input
signalu(k) that contains a large number of frequencies, steps, chirp signals, etc. In practice, this is
often difficult so an easier approach is to conduct multiple identification experiments, each with a
different input signalui(k). These experiments result in multiple sets of input/outputdata that can

MATLAB R© Hint 12. merge al-
lows one to combine data for
this type of multi-input process-
ing. . . � p. 25

then be combined to identify a single ARX model.

Suppose, for example, that one wants to identify the following ARX model with two poles and
two zeros

Y(z)
U(z)

=
α2z2+α1z+α0

z2+β1z+β0
,

and that we want to accomplish this using on an input/output pair
{(

u1(k),y1(k)
)

: k= 1,2, . . . ,N1
}

of lengthN1 and another input/output pair
{(

u2(k),y2(k)
)

: k= 1,2, . . . ,N2
}
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(a) They-axis of the top plot shows the averageSSEerror per sample and they-axis of the
bottom plot shows the highest (worst) ratio between a parameter standard deviation and its
value. Each point in the plots corresponds to the results obtained for a particular choice of the
model order. In particular, to obtain these two plots we varied from 1 to 16 the parameterna=nb
(shown in thex-axis) that defines the number of poles (excluding the integrator atz= 1). The
delay parameternk was kept the same equal to 0.
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(b) Transfer functions corresponding to the identificationexperiments in(a). The transfer
function obtained forna = 3, nb= 3, andnk = 0 is shown in a thick dashed line.

Figure 4.7.Choice of model order. All results in this figure refer to the estimation of the discrete-time transfer
function for the two-mass system in Figure4.2, using the set of input/output data shown in the bottom-right plot
of Figure4.6(a), forcing a pole atz= 1, with appropriate output scaling, and with the signals down-sampled to
100Hz.
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of lengthN2. One would construct
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
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
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and, according to Section3.2, the least-squares estimate of

θ :=
[
−β1 −β0 αm α2 α1 α0

]

usingall the available datais still given by
MATLAB R© Hint 19. PHI\Y
computes θ̂ directly, from the
matrix PHI= Φ and the vector
Y=Y.

θ̂ = (Φ′Φ)−1Φ′Y. (4.8)

Example 4.5(Two-cart with spring (cont.)). As noted before, we can see in Figure4.7 that even
for na= 3, at least one standard deviation is still only about 40% of the value of the corresponding
parameter. This is likely caused by the fact that the all the results in this figure were obtained for
the input/output data set shown in the bottom-right plot of Figure 4.6(a). This input data will be
excellent to infer the response of the system to square wavesof 2Hz, and possibly to other periodic
inputs in this frequency range. However, this data set is relatively poor in providing information on
the system dynamics below and above this frequency.

Fix. By combining the data from the four sets of input/output datashown in Figure4.6(a), we
should be able to decrease the uncertainty regarding the model parameters.

Figure4.8shows results obtained by combining all four sets of input/output data shown in Fig-
ure 4.6(a). Aside from this change, the results shown follow from the same procedure used to
construct the plots in Figure4.7.

Key Observation. As expected, thestandard deviations for the parameter estimates decreased
significantlyand, forna= 3, all standard deviations are well below 20% of the values ofthe corre-
sponding parameter. However, one still needs to combine more inputs to obtain a high-confidence
model. In particular, the inputs considered provide relatively little data on the system dynamics
above 2-4Hz since the 2Hz square wave contains very little energy above its 2nd harmonic. One
may also want to use a longer time horizon to get inputs with more energy at low frequencies. 2

4.6 Exercises

4.1 (Input magnitude). A Simulink block that models a nonlinear spring-mass-damper system is
provided.

1. Use the Simulink block to generate the system’s response to step inputs with amplitude 0.25
and 1.0 and no measurement noise.

2. For each set of data, use the least-squares method to estimate the systems transfer function.
Try a few values for the degrees of the numerator and denominator polynomialsm andn.
Check the quality of the model by following the validation procedure outlines above.

Important: write MATLAB R© scripts to automate these procedures. These scripts should
take as inputs the simulation datau(k), y(k), and the integersm, n.
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(a) They-axis of the top plot shows the averageSSEerror per sample and they-axis of the
bottom plot shows the highest (worst) ratio between a parameter standard deviation and its
value. Each point in the plots corresponds to the results obtained for a particular choice of the
model order. In particular, to obtain these two plots we varied from 1 to 16 the parameterna=nb
(shown in thex-axis) that defines the number of poles (excluding the integrator atz= 1). The
delay parameternk was kept the same equal to 0.
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(b) Transfer functions corresponding to the identificationexperiments in(a). The transfer
function obtained forna = 3, nb= 3, andnk = 0 is shown in a thick dashed line.

Figure 4.8.Choice of model order. All results in this figure refer to the estimation of the discrete-time transfer
function for the two-mass system in Figure4.2, using all four sets of input/output data shown in Figure4.6,
forcing a pole atz= 1, with appropriate output scaling, and with the signals down-sampled to 100Hz.
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3. Use the Simulink block to generate the system’s response to step inputs and measurement
noise with intensity 0.01.

For the best values ofm andn determined above, plot theSSEvs. the step size. Which step-
size leads to the best model? 2

4.2 (Model order). Use the data provided to identify the transfer function of the system. Use the
procedure outlined above to determine the order of the numerator and denominator polynomials.
Plot the largest and smallest singular value ofRand theSSEas a function ofn.
Important: write MATLAB R© scripts to automate this procedure. These scripts should take as
inputs the simulation datau(k), y(k), and the integersm, n. 2

4.3 (Sampling frequency). Consider a continuous-time system with transfer function

P(s) =
4π2

s2+πs+4π2.

1. Build a Simulink model for this system and collect input/output data for an input square
wave with frequency .25Hz and unit amplitude for two sampling frequenciesTs = .25sec and
Ts = .0005sec.

2. Identify the system’s transfer function without down-sampling.

3. Identify the system’s transfer function using the data collected withTs = .0005sec but down-
sampled.

Important: write MATLAB R© scripts to automate this procedure. These scripts should take
as inputs the simulation datau(k), y(k), the integersm, n, and the down-sampling periodL.

4. Briefly comment on the results. 2
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Nonparametric identification
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5.1 Nonparametric methods

Nonparametric identification attempts to directly determine the model of a system,without assuming
that its transfer function is rational and that we known the number of poles or zeros.The following
are typical problems in this class:

Problem 5.1(Nonparametric frequency response identification). Determine thefrequency response
H(ejΩ) over a range of frequenciesΩ ∈ [Ωmin,Ωmax].

or

Problem 5.2 (Nonparametric time response identification). Determine theimpulse response h(k)
from timek= 0 to k= N.

Problem5.1 is useful for controller design based on loop-shaping or theNyquist criterion,
whereas Problem5.2 is useful for controller design based on the Ziegler-Nichols rules to tune PID
controllers [4]. For N large, one can also recover the transfer function from the impulse response by
taking thez-transform:

MATLAB R© Hint 20. fft(h)
computes the fast-Fourier-
transform (FFT) of the signal
h(k), k ∈ {1,2, . . . ,N}, which
provides the values ofH(ejΩ)
for equally spaced frequencies
Ω = 2πk

N , k ∈ {0,1, . . . ,N − 1}.
However, since we only care for
values ofΩ in the interval[0,π],
we should discard the second half
of fft’s output.

H(z) = Z [h(k)] =
∞

∑
k=0

h(k)z−k ≈
N

∑
k=0

h(k)z−k,

assuming thatN is large enough so thath(k)≈ 0 for k> N.

Throughout this chapter we will assume that thesystem is BIBO stable, i.e., that all poles of the
transfer functionH(z) have magnitude smaller than one or equivalently thath(k) converges to zero
exponentially fast.

A detailed treatment of this subject can be found, e.g., in [7, Chapter 7].

5.2 Time-domain identification

We start by discussing a few methods used to solve the time response identification Problem5.2.

45
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5.2.1 Impulse response method
Note 25.The main weaknessof
the impulse-response method is
that impulses are rarely represen-
tative of typical inputs that ap-
pear in closed loop so, especially
for nonlinear systems, we esti-
mate a regimen that may be far
from the dynamics that will ap-
pear in closed loop.

The impulse response of a system can be determines directly by starting with the system at rest and
applying animpulse at the input:

u(k) =

{

α k= 0

0 k 6= 0.

The output will be a (scaled) version of the impulse response, possibly corrupted by some measure-
ment noisen(k):

y(k) = αh(k)+n(k).

Therefore

h(k) =
y(k)
α

− n(k)
α

Hopefully the noise termn(k)/α is small when compared toh(k) and one can use the following
estimate for the impulse response:

ĥ(k) =
y(k)
α

, k∈ {1,2, . . . ,N}.

Attention! The choice ofα is generally critical to obtain a good estimate for the impulse response:

(i) |α| should belarge to make sure thatn(k)/α is indeed negligible when compared toh(k);
Note 26.Note that the estimate
ĥ(k) differs from the true value
h(k), precisely by:

ĥ(k) = h(k)+
n(k)

α
.

(ii) |α| should besmallto make sure that the process does not leave the region where alinear model
is valid and where it is safe to operate it open-loop.

As one increasesα, a simple practical test to check if one is leaving the linearregion of operation
is to do identification both with someα > 0 and−α < 0. In the linear region of operation, the
identified impulse-response does not change. See also the discussion in Section4.1. 2

5.2.2 Step response
Note 27.In general, steps are
more representative than pulses
in feedback loops so, in that re-
spect, the step response is a bet-
ter method than the impulse re-
sponse.

The impulse response of a system can also be determined by starting with the system at rest and
applying anstep at the input:

u(k) =

{

α k≥ 0

0 k< 0.

Thez-transform of the output will be given by

Y(z) = H(z)U(z)+N(z) = H(z)
α

1− z−1 +N(z),

whereN(z) denotes thez-transform of measurement noise. Solving forH(z) we obtain:

H(z) =
Y(z)− z−1Y(z)

α
− N(z)− z−1N(z)

α
Taking inversez-transforms, we conclude that

h(k) =
y(k)− y(k−1)

α
− n(k)−n(k−1)

α
.

Hopefully the noise termn(k)−n(k−1)
α is small when compared toh(k), and we can use following

estimate for the impulse response:

ĥ(k) =
y(k)− y(k−1)

α
, k∈ {1,2, . . . ,N}.
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Attention! The mainweaknessof the step-response method is that it can amplify noise because in
the worst casen(k)−n(k−1)

α can be twice as large asn(k)α (whenn(k−1) =−n(k)). Although this may
seem unlikely, it is not unlikely to have all then(k) independent and identically distributed with zero
mean and standard deviationσ . In this case,

Note 28.Why?. . . � p. 49

StdDev
[n(k)

α

]

=
σ
α
, StdDev

[n(k)−n(k−1)
α

]

=
1.41σ

α
,

which means that the noise is amplified by approximately 41%. 2

5.2.3 Other inputs

One can determine the impulse response of a system using any input and not just a pulse- or step-
input. Take an arbitrary inputu(k), with z-transformU(z). Thez-transform of the output will be
given by

Y(z) = H(z)U(z)+N(z),

whereN(z) denotes thez-transform of measurement noise. Solving forH(z) we obtain:

H(z) =U−1(z)
(
Y(z)−N(z)

)

Taking inversez-transforms, we conclude that

h(k) = Z
−1[U−1(z)]∗

(
y(k)−n(k)

)
,

where the∗ denotes the convolution operation. Hopefully the noise term is small when compared to
MATLAB R© Hint 21. The iden-
tification toolbox command
impulse performs impulse re-
sponse estimation for arbitrary
inputs. . . � p. 48

h(k), and we can use following estimate for the impulse response:

ĥ(k) = Z
−1[U−1(z)]∗ y(k), k∈ {1,2, . . . ,N}.

5.3 Frequency response identification

We now consider a couple of methods used to solve the frequency response identification Prob-
lem5.1.

5.3.1 Sine-wave testing

Suppose that one applies an sinusoidal input of the form,
Note sb:d-t-frequency.Discrete-
time angular frequencies Ω
take values from 0 toπ. When
operating with a sample period
Ts, to generate a discrete-time
signal ud(k) that corresponds
to the sampled version of the
continuous-time signal

uc(t) = Acos(ωt), t ≥ 0,

we should selectΩ = ωTs =
2π f Ts. . . � p. 13

u(k) = α cos(Ωk), ∀k∈ {1,2, . . . ,N}. (5.1)

Since we are assuming thatH(z) is BIBO stable, the measured output is given by

y(k) = α AΩ cos
(
Ωk+φΩ

)
+ ε(k)+n(k), (5.2)

where

1. AΩ := |H(ejΩ| andφΩ := ∠H(ejΩ) are the magnitude and phase of the transfer functionH(z)
atz= ejΩ;

2. ε(k) is a transient signal that converges to zero as fast ascγk, whereγ is the magnitude of the
pole ofH(z) with largest magnitude andc some constant; and

3. n(k) corresponds to measurement noise.

Note 29.To minimize the errors
caused by noise, the amplitude
α should be large. However, it
should still be sufficiently small
so that the process does not leave
the linear regime.

Whenn(k) is much smaller thanαAΩ and fork sufficiently large so thatε(k) is negligible, we have

y(k)≈ αAΩ cos
(
Ωk+φΩ

)
.

This allows us to recover bothAΩ := |H(ejΩ| andφΩ := ∠H(ejΩ) from the magnitude and phase
of y(k). Repeating this experiment for several inputs (5.2) with distinct frequenciesΩ, one obtains
several points in the Bode plot ofH(z) and, eventually, one estimates the frequency responseH(ejΩ)
over the range of frequencies of interest.
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5.3.2 Correlation method

Especially when there is noise, it may be difficult to determine the amplitude and phase ofy(k) by
inspection. Thecorrelation methodaims at accomplishing this task.

Suppose that the inputu(k) in (5.1) was applied, resulting in the measured outputy(k) given by
(5.2). In the correlation method we compute

KΩ :=
1
T

T

∑
k=1

e− jΩky(k) =
1
T

T

∑
k=1

(

cos(Ωk)− j sin(Ωk)
)

y(k).

Using the expression fory(k) in (5.2), we conclude after fairly straightforward algebraic manipula-
tions that

Note 30.Why?. . . � p. 49

KΩ =
α
2

H(ejΩ)+
α
2T

H∗(ejΩ)
e−2 jΩ−e−2 jΩ(T+1)

1−e−2 jΩ +
1
T

T

∑
k=1

e− jΩk(ε(k)+n(k)
)
.

As T → ∞, the second term converges to zero and the summation converges to thez-transform of
ε(k)+n(k) at the pointz= e− jΩ. We thus conclude that

KΩ → α
2

H(ejΩ)+ lim
T→∞

1
T

(
E(e− jΩ)+N(e− jΩ)

)
,

whereE(z) andN(z) denote thez-transforms ofe(k) andn(k), respectively. As long asn(k) and
Note 31.Since the process is
bounded,ε(k) converges to zero
and therefore it has no pure sinu-
soids. However, a periodic noise
term with frequency exactly equal
to Ω would lead to trouble.

Note 32.Even though the term
due toε(k) does not lead to trou-
ble asT → ∞, it is still a good idea
to start collecting data only after
the time at whichy(k) appears to
have stabilized into a pure sinu-
soid.

e(k) do not contain pure sinusoidal terms of frequencyΩ, thez-transforms are finite and therefore
the limit is equal to zero. This leads to the following estimate forH(ejΩ)

Note 33.KΩ is a complex number
so we get estimates for the ampli-
tude and phase ofH(ejΩ).

Ĥ(ejΩ) =
2
α

KΩ,

which is valid for largeT.

Attention! The mainweaknessesof the frequency response methods are:

(i) To estimateH(ejΩ) at a single frequency, one still needs a long input (i.e.,T large). In prac-
tice, this leads to a long experimentation period to obtain the Bode plot over a wide range of
frequencies.

(ii) It requires that we apply very specific inputs (sinusoids) to the process. This may not be possible
(or safe) in certain applications. Especially for processes that are open-loop unstable.

(iii) We do not get a parametric form of the transfer function; and, instead, we get the Bode plot
directly. This prevent the use of control design methods that are not directly based on the
process’ Bode plot.

Its keystrengthsare

(i) It is typically very robust with respect to measurement noise since it uses a large amount of data
to estimate a single point in the Bode plot.

(ii) It requires very few assumptions on the transfer function, which may not even by rational. 2

5.4 MATLAB R© hints

MATLAB R© Hint 21 (impulse). The commandimpulse from the identification toolbox performs
impulse response estimation from data collected with arbitrary inputs. To use this command one
must

1. Create a data object that encapsulates the input/output data using:
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data=iddata(y,u),

whereu andy are vectors with the input and output data.

2. Plot the estimated impulse response using:

impulse(dat),

or compute the response using

model=impulse(data),

wherem is a MATLAB R© object with an impulse-response model. The impulse response is
given bymodel.b. 2

5.5 To probe further

Note28 (Noise in step-response method). Whenn(k) andn(k−1) are independent, we have

Var[n(k)−n(k−1)] = Var[n(k)]+Var[n(k−1)].

Therefore

StdDev
[n(k)−n(k−1)

α

]

=

√

Var
[n(k)−n(k−1)

α

]

=

√

Var[n(k)]+Var[n(k−1)]
α2

When, both variables have the same standard deviationσ , we obtain

StdDev
[n(k)−n(k−1)

α

]

=

√

2σ2

α2 =

√
2σ
α

. 2

Note30 (Correlation method). In the correlation method one computes

KΩ :=
1
T

T

∑
k=1

e− jΩky(k) =
1
T

T

∑
k=1

(
cos(Ωk)− j sin(Ωk)

)
y(k)

Using the expression fory(k) in (5.2), we conclude that

KΩ =
α
T

AΩ

T

∑
k=1

(

cos(Ωk)cos(Ωk+φΩ)− j sin(Ωk)cos(Ωk+φΩ)
)

+
1
T

T

∑
k=1

e− jΩk(ε(k)+n(k)
)
.

Applying the trigonometric formulas cosacosb= 1
2(cos(a−b)+cos(a+b)) and sinacosb= 1

2(sin(a−
b)+ sin(a+b)), we further conclude that

KΩ =
αAΩ
2T

T

∑
k=1

(

cosφΩ + cos
(
2Ωk+φΩ

)
+ j sinφΩ − j sin

(
2Ωk+φΩ

))

+
1
T

T

∑
k=1

ejΩk(ε(k)+n(k)
)

=
αAΩ
2T

T

∑
k=1

ejφΩ +
αAΩ
2T

T

∑
k=1

e−2 jΩk− jφΩ +
1
T

T

∑
k=1

e− jΩk(ε(k)+n(k)
)

=
α
2

H(ejΩ)+
α
2T

H∗(ejΩ)
T

∑
k=1

e−2 jΩk+
1
T

T

∑
k=1

e− jΩk(ε(k)+n(k)
)
,

where we used the fact thatAΩejφΩ is equal to the valueH(ejΩ) of the transfer function atz= ejΩ

andAΩe− jφΩ is equal to its complex conjugateH∗(ejΩ). By noticing that the second term is the
summation of a geometric series, we can simplify this expression to

Note 34.Recall that the sum of a
geometric series is given by

T

∑
k=1

rk =
r − rT+1

1− r

.

KΩ =
α
2

H(ejΩ)+
α
2T

H∗(ejΩ)
e−2 jΩ−e−2 jΩ(T+1)

1−e−2 jΩ +
1
T

T

∑
k=1

e− jΩk(ε(k)+n(k)
)

2
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5.6 Exercises

5.1 (Step response). A Simulink block that models a pendulum with viscous friction is provided.

1. Use the Simulink block (without noise) to estimate the system’s impulse responsêh(k) using
both the impulse and step response methods.

What is the largest valueα of the input magnitude for which the system still remains within
the approximately linear region of operation?

Hint: to make sure that the estimate is good you can compare the impulses response from
steps and impulses.

2. Turn on the noise in the Simulink block and repeat the identification procedure above for a
range of values forα. For both methods, plot the error∑k‖ĥα(k)−h(k)‖ vs.α, whereĥα(k)
denotes the estimate obtained for an input with magnitudeα. What is your conclusion?

Take the estimatêh(k) determined in1 for the noise-free case as the ground truthh(k). 2

5.2 (Correlation method). Modify the Simulink block provided for Exercise5.1 to accept a sinu-
soidal input.

1. Estimate the system’s frequency responsêH(ejΩ) at a representative set of (log-spaced) fre-
quenciesΩi using the correlation method.

Select an input amplitudeα for which the system remains within the approximately linear
region of operation.

2. Turn on the noise in the Simulink block and repeat the identification procedure above for a

range of values forα. Plot the error∑i ‖ ̂Hα(ejΩi )−H(ejΩi )‖ vs.α, where ̂Hα(ejΩi ) denotes
the estimate obtained for an input with magnitudeα. What is your conclusion?

Take the estimatêH(ejΩ) determined in1 for the noise-free case as the ground truthH(ejΩ).

3. Compare your best frequency response estimatêH(ejΩ), with the frequency responses that
you would obtain by taking the Fourier transform of the best impulse responsêh(k) that you
obtained in Exercise5.1.

Hint: Use the MATLABR© commandfft to compute the Fourier transform. This command
gives youH(ejΩ) from Ω = 0 to Ω = 2π so you should discard the second half of the Fourier
transform (corresponding toΩ > π). 2
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Introduction to Robust Control

For controller design purposes it is convenient to imagine that weknowan accurate model for the
process, e.g., its transfer function. In practice, this is hardly ever the case:

1. When process models are derived fromfirst principles, they always exhibit constants that can
only be determined up to some error.

E.g., the precise values of masses, moments of inertia, and friction coefficients in models
derived from Newton’s laws; or resistances, capacitances,and gains, in electrical circuits.

2. When oneidentifies a model experimentally,noise and disturbances generally lead to different
results as the identification experiment is repeated multiple times. Which experiment gave the
true model? The short answer is none, all models obtained have some error.

3. Processes change due to wear and tear so even if a process was perfectly identified before
starting operation, its model will soon exhibit some mismatch with respect to the real process.

The goal of this chapter is to learn how to take process model uncertainty into account, while de-
signing a feedback controller.

Pre-requisites

1. Laplace transform, continuous-time transfer functions, frequency responses, and stability.

2. Classical continuous-time feedback control design using loop-shaping.

3. Knowledge of MATLAB/Simulink.
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Chapter 6

Robust stability

Contents

6.1 Model uncertainty. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
6.2 Nyquist stability criterion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
6.3 Small gain condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.4 MATLAB hints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
6.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

6.1 Model uncertainty

Suppose we want to control the spring-mass-damper system inFigure6.1, which has the following

y
m

k

u

b
Measuring the mass’ vertical positiony with
respect to the rest position of the spring, we
obtain from Newton’s law:

mÿ=−bẏ− ky+u

Figure 6.1.Spring-mass-damper system.

transfer function from the applied forceu to the spring positiony

P(s) =
1

ms2+bs+ k
. (6.1)

Typically, the massm, the friction coefficientb, and the spring constantk would be identified ex-
perimentally (or taken from some specifications sheet) leading to confidence intervalsfor these
parameters and not just a single value:

m∈ [m0− δ1,m0+ δ1], b∈ [b0− δ2,b0+ δ2], k∈ [k0− δ3,k0+ δ3].

The values with subscript0 are called thenominal valuesfor the parameters and theδi are called the
maximum deviationsfrom the nominal value.

In practice, this means that there aremany admissible transfer functions for the process—one
for each possible combination ofm, b, andk in the given intervals. Figure6.2shows the Bode plot

MATLAB R© Hint 22.
bode(sys) draws the Bode
plot of the systemsys. . . � p. 61

of (6.1) for different values of the parametersm, b, andk. The idea behindrobust controlis to design
a single controllers that achieves acceptable performance(or at least stability) for every admissible
process transfer function.
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Figure 6.2.Bode plot ofP(s) = 1
ms2+bs+k , for different values ofm∈ [.9,1.1], b∈ [.1, .2], andk ∈ [2,3]. Note

how the different values of the parameters lead to differentvalues for the resonance frequency. One can see
in the phase plot that it may be dangerous to have the cross-over frequency near the “uncertain” resonance
frequency since the phase margin may very a lot depending on the system parameters. In particular, one
process transfer function may lead to a large phase margin, whereas another one to an unstable closed-loop
system.

6.1.1 Additive uncertainty

In robust control one starts by characterizing the uncertainty in terms of the process’ frequency
response. To this effect on selects anominal process transfer function P0(s) and, for each admissible
process transfer functionP(s), one defines:

∆a(s) := P(s)−P0(s), (6.2)

which measures how muchP(s) deviates fromP0(s). This allows us to express any admissible
transfer functionP(s) as in Figure6.3. Motivated by the diagram in Figure6.3, ∆a(s) is called an
additive uncertainty block. P0(s) should correspond to the “most likely” transfer function, so that

+

+

yu

∆a(s)

P0(s)

P(s)

∆a(s) := P(s)−P0(s)

m
P(s) = P0(s)+∆a(s)

Figure 6.3.Additive uncertainty

the additive uncertainty block is as small as possible. In the example above, one would typically
choose the transfer function corresponding to the nominal parameter values:

P0(s) =
1

m0s2+b0s+ k0
.

To obtain a characterization of the uncertaintypurely in the frequency domain, one needs to specify
how large∆a( jω) may be for each frequencyω . This is done by determining a functionℓa(ω)
sufficiently large so that for every admissible process transfer functionP(s) we have

|∆a( jω)|= |P( jω)−P0( jω)| ≤ ℓa(ω), ∀ω .
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When one has available all the admissibleP(s) (or a representative set of them—such as in Fig-
ure6.2), one can determineℓa(ω) by simply plotting|P( jω)−P0( jω)| vs. ω for all theP(s) and
choosing forℓa(ω) a function larger than all the plots. Since in general it is not feasible to plot
all |P( jω)−P0( jω)|, one should provide some “safety-cushion” when selectingℓa(ω). Figure6.4
showsℓa(ω) for the Bode plots in Figure6.2.
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Figure 6.4. Additive uncertainty bounds for the process Bode plots in Figure6.2 with P0(s) := 1
m0s2+b0s+k0

,
m0 = 1, b0 = 1.5, k0 = 2.5. The solid lines represent possible plots for|P( jω)−P0( jω)| and the dashed one
represents the uncertainty boundℓa(ω). Note the large uncertainty bound near the resonance frequency. We
shall show shortly how to design a controller that stabilizes all processes for which the additive uncertainty
falls below the dashed line.

6.1.2 Multiplicative uncertainty

The additive uncertainty in (6.2) measures the difference betweenP(s) andP0(s) in absolute terms
and may seem misleadingly large when bothP(s) andP0(s) are large—e.g., at low frequencies when
the process has a pole at the origin. To overcome this difficulty one often defines instead

∆m(s) :=
P(s)−P0(s)

P0(s)
, (6.3)

which measures how muchP(s) deviates fromP0(s), relative to the size ofPo(s). We can now
express any admissible transfer functionP(s) as in Figure6.5, which motivates calling∆m(s) amul-
tiplicative uncertainty block. To characterize a multiplicative uncertainty one determines a function

+

+

yu

∆m(s)

P0(s)

P(s)
∆m(s) :=

P(s)−P0(s)
P0(s)

m
P(s) = P0(s)

(
1+∆m(s)

)

Figure 6.5.Multiplicative uncertainty

ℓm(ω) sufficiently large so that for every admissible process transfer functionP(s) we have

|∆m( jω)|= |P(s)−P0(s)|
|P0(s)|

≤ ℓm(ω), ∀ω .

One can determineℓm(ω) by plotting |P(s)−P0(s)|
|P0(s)| vs. ω for all admissibleP(s) (or a representative

set of them) and choosingℓm(ω) to be larger than all the plots. Figure6.6showsℓm(ω) for the Bode
plots in Figure6.2.
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Figure 6.6. Multiplicative uncertainty bounds for the process Bode plots in Figure 6.2 with P0(s) :=
1

m0s2+b0s+k0
, m0 = 1, b0 = 1.5, k0 = 2.5. The solid lines represent possible plots for|P( jω)−P0( jω)|

|P0( jω)| and the

dashed one represents the uncertainty boundℓm(ω). Note the large uncertainty bound near the resonance
frequency. We shall show shortly how to design a controller that stabilizesall processes for which the multi-
plicative uncertainty falls below the dashed line.

6.2 Nyquist stability criterion

The first question we address is: Given a specific feedback controllerC(s), how can we verify that it
stabilizes every admissible processP(s). When the admissible processes are described in terms of a
multiplicative uncertainty block, this amounts to verifying that the closed-loop system in Figure6.7
is stablefor every∆m( jω) with norm smaller thanℓm(ω). This can be done using the Nyquist

+

−

+

+

yur

∆m(s)

P0(s)C(s)

|∆m( jω)| ≤ ℓm(ω), ∀ω

Figure 6.7.Unity feedback configuration with multiplicative uncertainty

stability criterion, which we review next.

The Nyquist criterion is used to investigate the stability of the negative feedback connection in
Note 35.Figure6.8can represent
the closed-loop system in Fig-
ure6.7if we chooseG(s) :=

(
1+

∆m(s)
)
P(s)C(s).

Figure6.8. We briefly summarize it here. The textbook [4, Section 6.3] provides a more detailed

+

−

yr
G(s)

Figure 6.8.Negative feedback

description of it with several examples.

6.2.1 The Nyquist Plot

The first step consists of drawing theNyquist plot, which is done by evaluatingG( jω) from ω =−∞
MATLAB R© Hint 23.
nyquist(sys) draws the
Nyquist plot of the system
sys. . . � p. 62

toω =+∞ and plotting it in the complex plane. This leads to a closed-curve that is always symmetric
with respect to the real axis. This curve should be annotatedwith arrows indicating the direction
corresponding to increasingω .
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6.2.2 The Nyquist criterion

Count the number #ENC of clockwise encirclements by the Nyquist plot of the point−1. To do this,
we draw a ray from−1 to ∞ in anydirection and add one each time the Nyquist plot crosses the ray
in the clockwise direction (with respect to the origin of theray) and subtract one each time it crosses
the ray in the counter-clockwise direction. The final count gives #ENC.

Nyquist Stability Criterion. The total number ofunstable(i.e., in the right-hand-side plane) closed-
loop poles (#CUP) is given by

#CUP= #ENC+#OUP,

where#OUPdenotes the number of unstable (open-loop) poles of G(s). To have a stable closed-loop
one thus needs

#ENC=−#OUP. 2

Attention! Any poles ofG(s) on the imaginary axis should be moved slightly to the left of the axis
to avoid divisions by zero. E.g.,

G(s) =
s+1

s(s−3)
−→ Gε(s)≈

s+1
(s+ ε)(s−3)

G(s) =
s

s2+4
=

s
(s+2 j)(s−2 j)

−→ Gε(s)≈
s

(s+ ε +2 j)(s+ ε −2 j)
=

s
(s+ ε)2+4

,

for a smallε > 0. The criterion should then be applied to the “perturbed” transfer functionGε (s).
If we conclude that the closed-loop is stable forGε (s) with very smallε, then the closed-loop with
G(s) will also be stable and vice-versa. 2

Figure6.9shows the Nyquist plot of

G0(s) =C(s)P0(s), (6.4)

for the nominal process model

P0(s) :=
1

m0s2+b0s+ k0
, m0 = 1, b0 = 1.5, k0 = 2.5, (6.5)

(used in Figures6.4and6.6) and a PID controller

C(s) :=
10
s
+15+5s, (6.6)

To obtain this plot, we moved the single controller pole on the imaginary axis to the left-hand side of
the complex plane. Since this led to an open loop gain with no unstable poles (#OUP= 0) and there
are no encirclements of−1 (#ENC= 0), we conclude that the closed-loop system is stable. This
means that the given PID controllerC(s) stabilizes, at least, the nominal processP0(s). It remains to
check if it also stabilizes every admissible process model with multiplicative uncertainty.

6.3 Small gain condition

Consider the closed-loop system in Figure6.7and suppose that we are given a controllerC(s) that
stabilizes the nominal processP0(s), i.e., the closed-loop is stable when∆m(s) = 0. Our goal is to
find out if the closed-loop remains stable for every∆m( jω) with norm smaller thanℓm(ω).

SinceC(s) stabilizesP0(s), we know that the Nyquist plot of the nominal (open-loop) transfer
function

G0(s) =C(s)P0(s),
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Figure 6.9.Nyquist plot for the (open-loop) transfer function in (6.4). The right figure shows a zoomed view
of the origin. To avoid a pole over the imaginary axis, in these plots we moved the pole of the controller from
0 to−.01.

has the “right” number of encirclements (#ENC=−#OUP, where #OUP is the number of unstable
poles ofG0(s). To check is the closed-loop is stable from some admissible process transfer function

P(s) = P0(s)
(
1+∆m(s)

)
,

we need to draw the Nyquist plot of
Note 36.We are assuming that
G(s) and G0(s) have the same
number of unstable poles #OUP
and therefore stability is achieved
for the same number of encir-
clements #ENC= −#OUP. In
practice this means that the uncer-
tainty should not change the sta-
bility of any pole.

G(s) =C(s)P(s) =C(s)P0(s)
(
1+∆m(s)

)
= G0(s)+G0(s)∆m(s)

and verify that we still get the same number of encirclements.

G( jω)
G0( jω)

|G( jω)−G0( jω)|

|1+G0( jω)|

−1

Figure 6.10.Nyquist plot derivation of the small-gain conditions

The Nyquist plots ofG(s) andG0(s) differ by

|G( jω)−G0( jω)| = |G0( jω)∆m( jω)| ≤ |G0( jω)|ℓm(ω),

A simple way to make sure thatG( jω) andG0( jω) have the same number of encirclements is to
ask that the maximum difference between the two be smaller than the distance fromG0( jω) to the
point−1, i.e.,

|1+G0( jω)|> |G0( jω)|ℓm(ω) ⇔ |G0( jω)|
|1+G0( jω)| <

1
ℓm(ω)

∀ω .

This leads to the so calledsmall-gain condition:
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Small-gain Condition. The closed-loop system in Figure6.7is stable for every∆m( jω) with norm
Note 37.A mnemonic to remem-
ber (6.7) is that the transfer func-
tion whose norm needs to be
small is precisely the transfer
function “seen” by the∆m block
in Figure 6.7. This mnemonic
also “works” for additive uncer-
tainty. . . � p. 63

MATLAB R© Hint 24. To
check if (6.7) holds for
a specific system, draw
20log10

1
ℓm(ω) =−20log10ℓm(ω)

on top of the magnitude Bode plot
of the complementary sensitivity
function and see if the latter
always lies below the former.

smaller thanℓm(ω), provided that
∣
∣
∣

C( jω)P0( jω)

1+C( jω)P0( jω)

∣
∣
∣<

1
ℓm(ω)

, ∀ω . (6.7)

The transfer function on the left-hand-side of (6.7) is precisely thecomplementary sensitivity func-
tion:

T0(s) := 1−S0(s), S0(s) :=
1

1+C(s)P0(s)

for the nominal process. So (6.7) can be interpreted as requiring the norm of the nominal com-
plementary sensitivity function to be smaller than 1/ℓm(ω), ∀ω . For this reason (6.7) is called a
small-gaincondition.

Figure 6.11 shows the Bode plot of the complementary sensitivity function for the nominal
process in (6.5) and the PID controller in (6.6). In the same plot we can see the 20log10

1
ℓm(ω)

=

−20log10ℓm(ω), for the ℓm(ω) in Figure6.6. Since the magnitude plot ofT0( jω) is not always
below that of 1

ℓm(ω) , we conclude that the system may be unstable for some admissible processes.
However, if we redesign our controller to consist of an integrator with two lags

C(s) =
.005(s+5)2

s(s+ .5)2 , (6.8)

the magnitude plot ofT0( jω) is now always below that of 1
ℓm(ω) and we conclude that we have

stability for every admissible process. In this case, the price to pay was a low bandwidth. This
example illustrates a common problem in the control of systems with uncertainty:it is not possible

Note 38.Recall that the comple-
mentary sensitivity function is
also the closed-loop transfer func-
tion for the referencer to the out-
puty. Therefore good tracking re-
quires this function to be close to
1, whereas to reject large uncer-
tainty we need this function to be
much smaller than 1.

to get good reference tracking over ranges of frequencies for which there is large uncertainty.
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Figure 6.11.Verification of the small gain condition for the nominal process (6.5), the multiplicative uncertainty
in Figure6.6, and the PID controller (6.6). The solid line corresponds to the Bode plot of the complementary
sensitivity functionT0(s) and the dashed line to 1

ℓm(ω) (both in dB).

6.4 MATLAB hints

MATLAB R© Hint 22 (bode). The commandbode(sys) draws the Bode plot of the systemsys.
To specify the system one can use:
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Figure 6.12.Verification of the small gain condition for the nominal process (6.5), the multiplicative uncertainty
in Figure6.6, and the integrator with 2 lags controller (6.8). The solid line corresponds to the Bode plot of the
complementary sensitivity functionT0(s) and the dashed line to 1

ℓm(ω)
(both in dBs).

1. sys=tf(num,den), wherenum is a vector with the coefficients of the numerator of the sys-
tem’s transfer function andden a vector with the coefficients of the denominator. The last
coefficient must always be the zero-order one. E.g., to get2s

s2+3
one should usenum=[2

0];den=[1 0 3];

2. sys=zpk(z,p,k), wherez is a vector with the zeros of the system,p a vector with its poles,
andk the gain. E.g., to get 2s

(s+1)(s+3) one should usez=0;p=[1,3];k=2;

3. sys=ss(A,B,C,D), whereA,B,C,D are a realization of the system. 2

MATLAB R© Hint 23 (nyquist). The commandnyquist(sys) draws the Nyquist plot of the
systemsys. To specify the system you can use any of the commands in Matlab hint22.

Especially when there are poles very close to the imaginary axis (e.g., because they were actually
on the axis and you moved them slightly to the left), the automatic scale may not be very good
because it may be hard to distinguish the point−1 from the origin. In this case, you can use then
zoom features of MATLAB to see what is going on near−1: Try clicking on the magnifying glass
and selecting a region of interest; or try left-clicking on the mouse and selecting “zoom on (-1,0)”
(without the magnifying glass selected.) 2

6.5 Exercises

6.1 (Unknown parameters). Suppose one want to control the orientation of a satellite with respect
to its orbital plane by applying a thruster’s generated torque. The system’s transfer function is give
by

P(s) :=
10(bs+ k)

s2(s2+11(bs+ k))
,

where the values of the parametersb andk are not exactly known, but it is known that

.09≤ k≤ .4 .006≤ b≤ .03.

Find a nominal model and compute the corresponding additiveand multiplicative uncertainty bounds. 2
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6.2(Noisy identification). The Simulink block provided corresponds to a discrete-timesystem with
transfer function

H(z) =
α1z+α0

z2+β1z+β0
.

1. Use least-squares to estimate the 4 coefficients of the transfer function. Repeat the identifica-
tion experiment 25 times to obtain 25 estimates of the system’s transfer functions.

2. Convert the discrete-time transfer functions so obtained to continuous-time using the Tustin
transformation.

Hint: Use the MATLAB commandd2c.

3. Select a nominal model and compute the corresponding additive and multiplicative uncertainty
bounds. 2

6.3(Small gain). For the nominal process model and multiplicative uncertainty that you obtained in
Exercise6.2, use the small gain condition to verify if the following controllers achieve stability for
all admissible process models:

C1(s) = .3 C2(s) =
2

s+ .1
C3(s) =

20
s−30

C4(s) =
5(s+1)

(s+2)(s+3)
C5(s) =

2(s+1)
(s+ .3)2

Justify your answers with appropriate Bode plots. 2

6.4 (Robustness vs. performance). Justify the statement: “It is not possible to get good reference
tracking over ranges of frequencies for which there is largeuncertainty.” 2

6.5 (Additive uncertainty). Derive a small-gain condition similar to (6.7) for additive uncertainty.
Check if the mnemonic in Sidebar37still applies.

Hint: With additive uncertainty, the open-loop gain is given by

G(s) =C(s)P(s) =C(s)
(
P0(s)+∆a(s)

)
= G0(s)+C(s)∆a(s),

which differs fromG0(s) by C(s)∆a(s). 2
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Chapter 7

Control design by loop-shaping
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7.1 The loop-shaping design method

The goal of this chapter is to briefly review the loop-shapingcontrol design method for SISO sys-Note. The loop-shaping design
method is covered extensively,
e.g., in [4].

tems. The basic idea behind loop shaping is to convert the desired specifications on the closed-loop

e+

−
+

+

yur

d

n

P̂(s)Ĉ(s)

Figure 7.1.Closed-loop system

system in Figure7.1 into constraints on the open-loop gain

G0(s) :=C(s)P0(s).

The controllerC(s) is then designed so that the open-loop gainG0(s) satisfies these constraints.
The shaping ofG0(s) can be done using the classical methods briefly mentioned in Section7.3and
explained in much greater detail in [4, Chapter 6.7]. However, it can also be done using LQR state
feedback, as discussed in Section9.5, or using LQG/LQR output feedback controllers, as we shall
see in Section10.6.

7.2 Open-loop vs. closed-loop specifications

We start by discussing how several closed-loop specifications can be converted into constraints on
the open-loop gainG0(s).

65
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Stability. Assuming that the open-loop gain has no unstable poles, the stability of the closed-loop
system is guaranteed as long as the phase of the open-loop gain is above−180◦ at the cross-over
frequencyωc, i.e., at the frequency for whichNotation. The distance between

the phase ofG0( jωc) and−180◦

is called thephase margin. |G0( jωc)|= 1.

Overshoot. Larger phase margins generally correspond to a smaller overshoot for the step re-
sponse of the closed-loop system. The following rules of thumb work well when the open-loop gain
G0(s) has a pole at the origin, an additional real pole, and no zeros:

Note 39.Additional zeros and
poles at frequencies significantly
above the cross over generally
have little effect and can be
ignored. However, additional
dynamics below or around the
cross-over frequency typically
affect the overshoot; and make
determining the needed phase
margin to achieve a desired over-
shoot a trial and error process.

G0(s) =
k

s(s+ p)
, p> 0,

The following rules of thumb are useful to determine the value of the phase margin needed to obtain
the desired overshoot:

Phase margin overshoot
65◦ ≤ 5%
60◦ ≤ 10%
45◦ ≤ 15%

Reference tracking. Suppose that one wants the tracking error to be at leastkT ≪ 1 times smaller
than the reference, over the range of frequencies[0,ωT ]. In the frequency domain, this can be

Note 40.Typically one wants to
track low frequency references,
which justifies the requirement for
equation (7.1) to hold in an inter-
val of the form[0,ωT ].

expressed by

|E( jω)|
|R( jω)| ≤ kT , ∀ω ∈ [0,ωT ], (7.1)

whereE(s) andR(s) denote the Laplace transforms of the tracking errore := r − y and the refer-
ence signalr, respectively, in the absence of noise and disturbances. For the closed-loop system in
Figure7.1,

E(s) =
1

1+G0(s)
R(s).

Therefore (7.1) is equivalent to

1
|1+G0( jω)| ≤ kT , ∀ω ∈ [0,ωT ] ⇔ |1+G0( jω)| ≥ 1

kT
, ∀ω ∈ [0,ωT ].

This condition is guaranteed to hold by requiring that

|G0( jω)| ≥ 1
kT

+1, ∀ω ∈ [0,ωT ]. (7.2)

Disturbance rejection. Suppose that one wants input disturbances to appear in the output attenu-
ated at leastkD ≪ 1 times, over the range of frequencies[ωD1,ωD2]. In the frequency domain, this

Note 41.Typically one wants to
reject low-frequency disturbances
and thereforeωD1 and ωD2 in
(7.3) generally take low values.

can be expressed by

|Y( jω)|
|D( jω)| ≤ kD, ∀ω ∈ [ωD1,ωD2], (7.3)

whereY(s) andD(s) denote the Laplace transforms of the outputy and the input disturbanced,
respectively, in the absence of reference and measurement noise. For the closed-loop system in
Figure7.1,

Y(s) =
P0(s)

1+G0(s)
D(s),
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and therefore (7.3) is equivalent to

|P0( jω)|
|1+G0( jω)| ≤ kD, ∀ω ∈ [ωD1,ωD2] ⇔ |1+G0( jω)| ≥ |P0( jω)|

kD
, ∀ω ∈ [ωD1,ωD2].

This condition is guaranteed to hold as long as one requires that

|G0( jω)| ≥ |P0( jω)|
kD

+1, ∀ω ∈ [ωD1,ωD2]. (7.4)

Noise rejection. Suppose that one wants measurement noise to appear in the output attenuated at
leastkN ≪ 1 times, over the range of frequencies[ωN,∞). In the frequency domain, this can be

Note 42.Typically one needs to
reject high frequencies noise,
which justifies the requirement for
equation (7.5) to hold in an inter-
val of the form[ωN,∞).

expressed by

|Y( jω)|
|N( jω)| ≤ kN, ∀ω ∈ [ωN,∞), (7.5)

whereY(s) andN(s) denote the Laplace transforms of the outputy and the measurement noisen,
respectively, in the absence of reference and disturbances. For the closed-loop system in Figure7.1,

Y(s) =− G0(s)
1+G0(s)

N(s), (7.6)

and therefore (7.5) is equivalent to

|G0( jω)|
|1+G0( jω)| ≤ kN, ∀ω ∈ [ωN,∞) ⇔

∣
∣
∣1+

1
G0( jω)

∣
∣
∣≥ 1

kN
, ∀ω ∈ [ωN,∞).

This condition is guaranteed to hold as long as one requires that

∣
∣
∣

1
G0( jω)

∣
∣
∣≥ 1

kN
+1, ∀ω ∈ [ωN,∞) ⇔ |G0( jω)| ≤ kN

1+ kN
, ∀ω ∈ [ωN,∞). (7.7)

Robustness with respect to multiplicative uncertainty Suppose that one wants the closed-loop
to remain stable for every multiplicative uncertainty∆m( jω) with norm smaller thanℓm(ω). This
can be expressed by

|G0( jω)|
|1+G0( jω)| ≤

1
ℓm(ω)

, ∀ω , (7.8)

which is equivalent to
Note 43.While this condition is
similar to the one appearing in
(7.6), we now need it to holdfor
every frequencyand we no longer
have the “luxury” of simply re-
quiring |G0( jω)| to be small for
every frequency.

∣
∣
∣1+

1
G0( jω)

∣
∣
∣≥ ℓm(ω), ∀ω . (7.9)

We havetwo optionsto make sure that (7.9) hold:

1. As in the discussion for noise rejection, we can require|G0( jω)| to be small. In particular,
reasoning as before we may require that

∣
∣
∣

1
G0( jω)

∣
∣
∣≥ ℓm(ω)+1, ⇔ |G0( jω)| ≤ 1

1+ ℓm(ω)
(7.10)

This condition will hold for frequencies for which we can make |G0( jω)| small, typically
high frequencies.
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2. Alternatively, (7.9) may hold even when|G0( jω)| large, provided thatℓm(ω) is small. In
particular, since

∣
∣
∣1+

1
G0( jω)

∣
∣
∣≥ 1−

∣
∣
∣

1
G0( jω)

∣
∣
∣,

the condition (7.9) holds, provided that we require that

1−
∣
∣
∣

1
G0( jω)

∣
∣
∣≥ ℓm(ω) ⇔ |G0( jω)| ≥ 1

1− ℓm(ω)
(7.11)

This condition will hold for frequencies for which|G0( jω)| is large, typically low frequencies.

From the two conditions (7.10)–(7.11), one generally needs to be mostly concerned about (7.10).
This is because whenℓm(ω) is small, (7.9) will generally hold. However, whenℓm(ω) is large for
(7.9) to hold we needG0( jω) to be small, which corresponds to the condition (7.10). Hopefully,
ℓm(ω) will only be large at high frequencies, for which we do not need (7.2) or (7.4) to hold.

Table7.1 and Figure7.2 summarize the constraints on the open-loop gainG0( jω) discussed
above.

closed-loop specification open-loop constraint

overshoot≤ 10% (≤ 5%) phase margin≥ 60 deg (≥ 65 deg)
|E( jω)|
|R( jω)| ≤ kT , ∀ω ∈ [0,ωT ] |G0( jω)| ≥ 1

kT
+1, ∀ω ∈ [0,ωT ]

|Y( jω)|
|D( jω)| ≤ kD, ∀ω ∈ [ωD1,ωD2] |G0( jω)| ≥ |P0( jω)|

kD
+1, ∀ω ∈ [ωD1,ωD2]

|Y( jω)|
|N( jω)| ≤ kN, ∀ω ∈ [ωN,∞) |G0( jω)| ≤ kN

1+ kN
, ∀ω ∈ [ωN,∞)

|G0( jω)|
|1+G0( jω)| ≤

1
ℓm(ω)

, ∀ω |G0( jω)| ≤ 1
1+ ℓm(ω)

(

or |G0( jω)| ≥ 1
1− ℓm(ω)

)

Table 7.1.Summary of the relationship between closed-loop specifications and open-loop constraints for the
loop shaping design method

|G0( jω)|

ω
ωT

1
kT

+1

ωD2

|P0( jω)|
kD

+1

ωN

kN

1+ kN

1
1− ℓm(ω)

1
1+ ℓm(ω)

Figure 7.2.Typical open-loop specifications for the loop shaping design method

Attention! The conditions derived above for the open-loop gainG0( jω) aresufficientfor the origi-
nal closed-loop specifications to hold, but they are notnecessary. When the open-loop gain “almost”
verifies the conditions derived, it may be worth it to check directly if it verifies the original closed-
loop conditions.
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This is actually crucial for the conditions (7.10)–(7.11) that arise from robustness with respect to
multiplicative uncertainty, because around the crossoverfrequency|G0( jωc)| ≈ 1 will not satisfy
either of these conditions, but it will generally satisfy the original condition (7.8) (as long asℓm(ω)
is not too large). 2

7.3 Open-loop gain shaping

In classical lead/lag compensation, one starts with a basicunit-gain controller

C(s) = 1

and “adds” to it appropriate blocks to shape the desired open-loop gain Note. One actually does not
“add” to the controller. To be
precise, onemultiplies the con-
troller by appropriate gain, lead,
and lag blocks. However, this
does correspond to additions in
the magnitude (in dBs) and phase
Bode plots.

G0(s) :=C(s)P0(s),

so that it satisfies the appropriate open-loop constraints.This shaping can be achieved using three
basic tools.

1. Proportional gain. Multiplying the controller by a constantk moves the magnitude Bode plot
up and down, without changing its phase.

2. Lead compensation. Multiplying the controller by a lead block with transfer function

Clead(s) =
Ts+1

αTs+1
, α < 1

increases the phase margin when placed at the cross-over frequency. Figure7.3(a)shows the
Bode plot of a lead compensator. Note. A lead compensator also in-

creases the cross-over frequency,
so it may require some trial and
error to get the peak of the phase
right at the cross-over frequency.

3. Lag compensation. Multiplying the controller by a lag block with transfer function

Clag(s) =
s/z+1
s/p+1

, p< z

decreases the high-frequency gain. Figure7.3(b)shows the Bode plot of a lag compensator.Note. A lag compensator also in-
creases the phase, so it can de-
crease the phase margin. To avoid
this, one should only introduce
lag compensation away from the
cross-over frequency.

7.4 Exercises

7.1 (Loop-shape 1). Consider again the nominal process model and multiplicative uncertainty that
you obtained in Exercise6.2. Design a controller for this process that achieves stability for all
admissible process modelsand that exhibits:

1. zero steady-state error to a step input,

2. Phase Margin no smaller then 60degrees,

3. steady-state error for sinusoidal inputs with frequencies ω < 0.1rad/sec smaller than 1/50
(−34dB), and

4. Rise time no slower than .3sec. 2

7.2 (Loop-shape 2). Consider the following nominal transfer function ans uncertainty bound:

P0(s) =
1

s(1+ s/5)(1+ s/20)
, ℓm(ω) = |L( jω)|,

where

L(s) :=
2.5

(1+ s/20)2 .

Use loop-shaping to design a controller that achieves stability for all admissible process modelsand
that exhibits:
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1. steady-state error to a ramp input no larger than .01,

2. Phase Margin no smaller then 45degrees,

3. steady-state error for sinusoidal inputs with frequenciesω < 0.2rad/sec smaller than 1/250
(−50dB), and

4. attenuation of measurement noise by at least a factor of 100 (−40dB) for frequencies greater
than 200rad/sec. 2
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1

1
α

1
T

1
αT

ωmax=
1√
αT

φmax

(a) Lead

1

p
zp z

ωmax=
√

pz

(b) Lag

Figure 7.3. Bode plots of lead/lag compensators. The maximum lead phaseangle is given byφmax =

arcsin1−α
1+α ; therefore, to obtain a desired given lead angleφmax one setsα = 1−sinφmax

1+sinφmax
.
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Part III

LQG/LQR Controller Design
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Introduction to LQG/LQR controller
design

In optimal controlone attempts to find a controller that provides the best possible performance with
respect to some givenmeasure of performance.E.g., the controller that uses the least amount of
control-signal energy to take the output to zero. In this case the measure of performance (also called
theoptimality criterion) would be the control-signal energy.

In general, optimality with respect to some criterion is notthe only desirable property for a
controller. One would also like stability of the closed-loop system, good gain and phase margins,
robustness with respect to unmodeled dynamics, etc.

In this section we study controllers that are optimal with respect to energy-like criteria. These
are particularly interesting because the minimization procedureautomatically produces controllers
that are stable and somewhat robust.In fact, the controllers obtained through this procedure are
generally so good that we often use themeven when we do not necessarily care about optimizing
for energy. Moreover, this procedure is applicable tomultiple-input/multiple-outputprocesses for
which classical designs are difficult to apply.

Pre-requisites

1. Basic knowledge of state-space models (briefly reviewed here)

2. Familiarity with basic vector and matrix operations.

3. Knowledge of MATLAB/Simulink.
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Chapter 8

Review of State-space models
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8.1 State-space models

Consider the system in Figure8.1with m inputs andk outputs. Astate-spacemodel for this system

u(t) ∈ Rm
y(t) ∈ Rk

ẋ= f (x,u)

y= g(x,u)

Figure 8.1.System withm inputs andk outputs

relates the input and output of a system using the following first-order vector ordinary differential
equation

ẋ= f (x,u), y= g(x,u). (8.1)

wherex ∈ Rn is called the state of system. In this Chapter we restrict ourattention tolinear time-
invariant (LTI)systems for which the functionsf (·, ·) andg(·, ·) are linear. In this case, (8.1) has the

MATLAB R© Hint 25.
ss(A,B,C,D) creates a LTI
state-space model with realiza-
tion (8.2). . . � p. 80

special form

ẋ= Ax+Bu, y=Cx+Du, (8.2)

whereA is an×n matrix,B a n×mmatrix,C a k×n matrix, andD ak×mmatrix.

Example 8.1(Aircraft roll-dynamics). Figure8.2 shows the roll-angle dynamics of an aircraft [9,
p. 381]. Defining

x :=
[
θ ω τ

]′

we conclude that

ẋ= Ax+Bu

77
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roll-angle

roll-rate= ˙

applied torque

θ̇ = ω
ω̇ =−.875ω −20τ
τ̇ =−50τ +50u

Figure 8.2.Aircraft roll-angle dynamics

with

A :=





0 1 0
0 −.875 −20
0 0 −50



 , B :=





0
0
50



 .

If we have bothθ andω available for control, we can define

y :=
[
θ ω

]′
=Cx+Du

with

C :=

[
1 0 0
0 1 0

]

, D :=

[
0
0

]

. 2

8.2 Input-output relations

Note1. The (unilateral) Laplace
transformof a signalx(t) is given
by

X(s) :=
∫ ∞

0
e−stx(t)dt.

See [4, Appendix A] for a review
of Laplace transforms.

Thetransfer-functionof this system can be found by taking Laplace transforms of (8.2):
{

ẋ = Ax+Bu,

y =Cx+Du,
L−−−−−→

{

sX(s) = AX(s)+BU(s),

Y(s) =CX(s)+DU(s),

whereX(s), U(s), andY(s) denote the Laplace transforms ofx(t), u(t), andy(t). Solving forX(s),
we get

(sI−A)X(s) = BU(s) ⇔ X(s) = (sI−A)−1BU(s)

and therefore

Y(s) =C(sI−A)−1BU(s)+DU(s) =
(
C(sI−A)−1B+D

)
U(s).

Defining
MATLAB R© Hint 1.
tf(num,den) creates a transfer-
function with numerator and
denominator specified bynum,
den. . . � p. 12

MATLAB R© Hint 2.
zpk(z,p,k) creates a transfer-
function with zeros, poles,
and gain specified byz, p,
k. . . � p. 12

MATLAB R© Hint 26.
tf(sys ss) and zpk(sys ss)

compute the transfer-function
of the state-space model
sys ss. . . � p. 80

T(s) :=C(sI−A)−1B+D,

we conclude that

Y(s) = T(s)U(s). (8.3)

To emphasize the fact thatT(s) is ak×mmatrix, we call it thetransfer-matrixof the system (8.2).

The relation (8.3) between the Laplace transforms of the input and the output of the system is
only valid for zero initial conditions, i.e., whenx(0) = 0. The general solution to the system (8.2) in
thetime domainis given by

x(t) = eAtx(0)+
∫ t

0
eA(t−s)Bu(s)ds, (8.4)

y(t) =CeAtx(0)+
∫ t

0
CeA(t−s)Bu(s)ds+Du(t), ∀t ≥ 0. (8.5)
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Equation (8.4) is called thevariation of constants formula.
MATLAB R© Hint 27. expm
computes the exponential of a
matrix. . . � p. 80

Example 8.2(Aircraft roll-dynamics). The transfer-function for the state-space model in Exam-
ple8.1 is given by:

T(s) =

[ −1000
s(s+.875)(s+50)

−1000
(s+.875)(s+50)

]

2

8.3 Realizations

Consider a transfer-matrix

T(s) =








T11(s) T12(s) · · · T1m(s)
T21(s) T22(s) · · · T2m(s)

...
...

. . .
...

Tk1(s) Tk2(s) · · · Tkm(s)







,

where all theTi j (s) are given by a ratio of polynomials with the degree of the numerator smaller than
or equal to the degree of the denominator. It is always possible to find matricesA,B,C,D such that

MATLAB R© Hint 28.
ss(sys tf) computes a re-
alization of the transfer-function
sys tf. . . � p. 80

T(s) =C(sI−A)−1B+D.

This means that it is always possible to find a state-space model like (8.2) whose transfer-matrix is
preciselyT(s). The model (8.2) is called arealizationof T(s). Attention! Realizations are not

unique, i.e., several state-space
models may have the same trans-
fer function.8.4 Controllability and observability

The system (8.2) is said to becontrollable when given any initial statexi ∈ Rn, any final state
xf ∈ Rn, and any finite timeT, one can find an input signalu(t) that takes the state of (8.2) from xi

to xf in the interval of time 0≤ t ≤ T, i.e., when there exists an inputu(t) such that

xf = eATxi +

∫ T

0
eA(T−s)Bu(s)ds.

To determine if a system is controllable, one can compute thecontrollability matrix, which is defined
MATLAB R© Hint 29.
ctrb(sys) computes the
controllability matrix of the
state-space systemsys. Alter-
natively, one can use directly
ctrb(A,B). . . � p. 81

MATLAB R© Hint 30. rank(M)
computes the rank of a matrixM.

by

C :=
[
B AB A2B · · · An−1B

]
.

The system is controllable if and only if this matrix has rankequal to the sizen of the state vector.

The system (8.2) is said to beobservablewhen one can determine the initial conditionx(0) by
simply looking at the input and output signalsu(t) andy(t) on a certain interval of time 0≤ t ≤ T,
i.e., one can solve

y(t) =CeAtx(0)+
∫ t

0
CeA(t−s)Bu(s)ds+Du(t), ∀0≤ t ≤ T,

uniquely for the unknownx(0). To determine if a system is observable, one can compute theob-
MATLAB R© Hint 31.
obsv(sys) computes the
controllability matrix of the
state-space systemsys. Alter-
natively, one can use directly
obsv(A,C). . . � p. 81

servability matrix, which is defined by

O :=










C
CA
CA2

...
CAn−1










.

The system is observable if and only if this matrix has rank equal to the sizen of the state vector.
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Example 8.3(Aircraft roll-dynamics). The controllability and observability matrices for the state-
space model in Example8.1are given by:

C =





0 0 −1000
0 −1000 50875
50 −2500 125000



 , O =











1 0 0
0 1 0
0 1 0
0 −.875 −20
0 −.875 −20
0 .7656 1017.5











.

Both matrices have rank 3 so the system is both controllable and observable. 2

8.5 Stability

The system (8.2) is asymptotically stablewhen all eigenvalues ofA have negative real parts. In this
MATLAB R© Hint 32. eig(A)
computes the eigenvalues of the
matrixA. . . � p. 81

case, for any bounded inputu(t) the outputy(t) and the statex(t) are also bounded, i.e.,

‖u(t)‖ ≤ c1, ∀t ≥ 0 ⇒ ‖y(t)‖ ≤ c2, ‖x(t)‖ ≤ c3 ∀t ≥ 0.

Moreover, ifu(t) converges to zero ast → ∞, thenx(t) andy(t) also converge to zero ast → ∞.

Example 8.4(Aircraft roll-dynamics). The eigenvalues of the matrix theA matrix for the state-space
model in Example8.1are{0,−.875,−50} so the system is not asymptotically stable. 2

8.6 MATLAB hints

MATLAB R© Hint 25 (ss). The commandsys ss=ss(A,B,C,D) assigns tosys ss a MATLAB
LTI state-space model with realization

ẋ= Ax+Bu, y= Cx+Du.

Optionally, one can specify the names of the inputs, outputs, and state to be used in subsequent plots
as follows:

sys ss=ss(A,B,C,D,...

’InputName’,{’input1’,’input2’,...},...
’OutputName’,{’output1’,’output2’,...},...
’StateName’,{’input1’,’input2’,...})

The number of elements in the bracketed lists must match the number of inputs,outputs, and state
variables. 2

MATLAB R© Hint 26 (tf). The commandstf(sys ss) andzpk(sys ss) compute the transfer-
function of the state-space modelsys ss specified as in Matlab Hint25.

tf(sys ss) stores (and displays) the transfer function as a ratio of polynomials ons.

zpk(sys ss) stores (and displays) the polynomials factored as the product of monomials (for the
real roots) and binomials (for the complex roots). This formhighlights the zeros and poles of the
system. 2

MATLAB R© Hint 28(ss). The commandss(sys tf) computes the state-space model of the trans-
fer functionsys specified as in Matlab Hints1 or 2. 2

MATLAB R© Hint 27 (expm). The commandexpm(M) computes the matrix exponentialeM. With
the symbolic toolbox, this command can be used to computeeAt symbolically as follows:
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syms t

expm(A*t)

The first command definest as a symbolic variable and the second computeseAt (assuming that the
matrixA has been previously defined). 2

MATLAB R© Hint 29 (ctrb). The commandctrb(sys) computes the controllability matrix of the
systemsys. The system must be specified by a state-space model using, e.g.,sys=ss(A,B,C,D),
whereA,B,C,D are a realization of the system. Alternatively, one can use directlyctrb(A,B). 2

MATLAB R© Hint 31 (obsv). The commandobsv(sys) computes the observability matrix of the
systemsys. The system must be specified by a state-space model using, e.g.,sys=ss(A,B,C,D),
whereA,B,C,D are a realization of the system. Alternatively, one can use directlyobsv(A,C). 2

MATLAB R© Hint 32 (eig). The commandeig(A) computes the eigenvalues of the matrixA.
Alternatively, eig(sys) computes the eigenvalues of theA matrix for a state-space systemsys
specified bysys=ss(A,B,C,D), whereA,B,C,D are a realization of the system. 2
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Chapter 9

Linear Quadratic Regulation (LQR)
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9.1 Feedback configuration

Figure9.1shows the feedback configuration for theLinear quadratic regulation (LQR) problem.

−
y(t) ∈ Rk

z(t) ∈ Rℓ

u(t) ∈ Rm

processcontroller

Figure 9.1. Linear quadratic regulation (LQR) feedback configuration.Note thenegative feedbackand the
absence of a reference signal. Reference signals will be introduced in Chapter11.

In this configuration, the state-space model of the process is of the form

ẋ= Ax+Bu, y=Cx, z= Gx+Hu. (9.1)

and has two distinct outputs:

1. Themeasured output y(t) ∈ Rk corresponds to the signal(s) that can be measured and are
therefore available for control. If the controller transfer-matrix isC(s), we have

Y(s) =−C(s)U(s),

whereY(s) andU(s) denote the Laplace transforms of the process inputu(t) and the measured
outputy(t), respectively.

2. Thecontrolled output z(t) ∈ Rℓ corresponds to a signal that one would like to make as small
as possible in the shortest possible amount of time.
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Sometimesz(t) = y(t), which means that our control objective is to make the whole measured
output very small. However, when the outputy(t) is a vector, often one simply needs to make
one of the measured outputsy1(t) small. In this case, one choosesz(t) = y1(t).

Note 44.In the context of Exam-
ple 8.1, one could imagine that,
while both and θ and ω can
be measured, one may mostly
want to regulate the roll angle
θ . . . � p. 77

In some situations one chooses

z(t) =

[
y1(t)
ẏ1(t)

]

,

which means that we want to make both the measured outputy1(t) and its derivative ˙y1(t)
very small. Many other options are possible.

The choice ofz should be viewed as a design parameter. In Section9.5 we will study the
impact of this choice in the performance of the closed-loop.

9.2 Optimal Regulation

The LQR problem is defined as follows:

Problem 9.1 (Optimal LQR). Find the controller transfer-matrixC(s) that makes the following
Notation 5. Given anm-vector,

v=
[
v1 v2 · · · vm

]
,

‖v‖ denotes the Euclidean norm
of v, i.e.,

‖v‖ = v′v=
( m

∑
i=1

v2
i

) 1
2
.

criterion as small as possible

JLQR :=
∫ ∞

0
‖z(t)‖2+ρ ‖u(t)‖2dt, (9.2)

whereρ is a positive constant. 2

The term
∫ ∞

0
‖z(t)‖2dt

corresponds to theenergy of the controlled outputand the term
∫ ∞

0
‖u(t)‖2dt

to theenergy of the control signal.In LQR one seeks a controller that minimizes both energies.
However, decreasing the energy of the controlled output will require a large control signal and a
small control signal will lead to large controlled outputs.The role of the constantρ is to establish a
trade-off between these conflicting goals:

1. When we choseρ very large, the most effective way to decreaseJLQR is to use little control,
at the expense of a large controlled output.

2. When we choseρ very small, the most effective way to decreaseJLQR is to obtain a very small
controlled output, even if this is achieved at the expense ofa large control input.

Often theoptimal LQR problemis defined more generally and consists of finding the controller
Note 45.The most general form
for the quadratic criteria is

∫ ∞

0
x′Q̄x+u′R̄u+2x′N̄udt

. . . � p. 91

transfer-matrixC(s) that minimizes

JLQR :=
∫ ∞

0
z(t)′Qz(t)+ρu′(t)Ru(t)dt, (9.3)
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whereQ is an ℓ× ℓ symmetric positive-definite matrix,R an m×m symmetric positive-definite
Note 46.Other choices for the
matricesQ andR are possible but
one should always choose both
matrices to be positive-definite.
We recall that a symmetricq×
q matrix M is positive-definiteif
x′Mx > 0, for every nonzero vec-
tor x∈ Rq . . . � p. 91

matrix, andρ a positive constant.

Bryson’s rule A first choice for the matricesQ andR in (9.3) is given by theBryson’s rule[4,
p. 537]: selectQ andR diagonal with

Qii =
1

maximum acceptable value ofz2
i

, i ∈ {1,2, . . . , ℓ}

Rj j =
1

maximum acceptable value ofu2
j

, j ∈ {1,2, . . . ,m},

which corresponds to the following criteria

JLQR :=
∫ ∞

0

( ℓ

∑
i=1

Qii zi(t)
2+ρ

m

∑
j=1

Rj j u j(t)
2
)

dt.

In essence the Bryson’s rule scales the variables that appear in JLQR so that themaximum accept-
able value for each term is one. This is especially important when the units used for the different
components ofu andz make the values for these variables numerically very different from each
other.

Although Bryson’s rule sometimes gives good results, oftenit is just the starting point to a
trial-and-error iterative design procedure aimed at obtaining desirable properties for the closed-loop
system. In Section9.5we will discuss systematic methods to chose the weights in the LQR criterion.

9.3 State-Feedback LQR

In thestate-feedbackversion of the LQR problem (Figure9.2), we assume that the whole statex can
be measured and therefore it is available for control.

− x(t) ∈Rn

z(t) ∈ Rℓ

u(t) ∈ Rm

processcontroller

Figure 9.2.Linear quadratic regulation (LQR) with state feedback

Solution to the optimal state-feedback LQR Problem9.1. The optimal state-feedback LQR controller
MATLAB R© Hint 33. lqr com-
putes the optimal state-feedback
controller gainK. . . � p. 90

for the criteria (9.3) is a simple matrix gain of the form

u=−Kx (9.4)

whereK is them×n matrix given by

K = (H ′QH+ρR)−1(B′P+H ′QG)

andP is the unique positive-definite solution to the following equation

A′P+PA+G′QG− (PB+G′QH)(H ′QH+ρR)−1(B′P+H ′QG) = 0,

known as theAlgebraic Riccati Equation (ARE). 2
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9.4 Stability and Robustness

The state-feedback control law (9.4), results in a closed-loop system of the form
Note 47.A system ˙x = Ax+ Bu
is asymptotically stablewhen
all eigenvalues ofA have neg-
ative real parts. See Sec-
tion 8.5. . . � p. 80

ẋ= (A−BK)x.

A crucial property of LQR controller design is that thisclosed-loop is asymptotically stable(i.e., all
the eigenvalues ofA−BK have negative real part) as long as the following two conditions hold:

1. The system (9.1) is controllable.
Note 48.The definitions and tests
for controllability and observ-
ability are reviewed in Sec-
tion 8.4. . . � p. 79

2. The system (9.1) is observable when we ignorey and regardz as the sole output .

Attention! When selecting the
measured outputz, it is impor-
tant to verify that the observability
condition is satisfied.

Perhaps even more important is the fact that LQR controllersareinherently robust with respect
to process uncertainty. To understand why, consider the open-loop transfer-matrix from the process’
inputu to the controller’s output ¯u (Figure9.3). The state-space model fromu to ū is given by

−
x

uū
ẋ= Ax+BuK

Figure 9.3.State-feedback open-loop gain

ẋ= Ax+Bu, ū=−Kx,

which corresponds to the following open-loopnegativefeedbackm×m transfer-matrix

G0(s) = K(sI−A)−1B.

We focus our attention in single-input processes (m= 1), for whichG0(s) is a scalar transfer-function
Note 49.LQR controllers also ex-
hibit robustness properties for
multiple-input processes. How-
ever, in this caseG0(s) is am×m
transfer-matrix and one needs a
multi-variable Nyquist criterion.

and the following holds:

Kalman’s Inequality. When H′G= 0, the Nyquist plot of G0( jω) does not enter a circle of radius
one around−1, i.e.,

|1+G0( jω)| ≥ 1, ∀ω ∈ R. 2

Kalman’s Inequality is represented graphically in Figure9.4and has several significant implications,
which are discussed next.

−1−2

60o

G0( jω)

Im

Re

Figure 9.4.Nyquist plot for a LQR state-feedback controller
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Positive gain margin If the process’ gain is multiplied by a constantk> 1, its Nyquist plot simply
expands radially and therefore the number of encirclementsdoes not change. This corresponds to a
positive gain margin of+∞.

Negative gain margin If the process’ gain is multiplied by a constant.5 < k < 1, its Nyquist
plot contracts radially but the number of encirclements still does not change. This corresponds to a
negative gain margin of20log10(.5) =−6dB.

Phase margin If the process’ phase increases byθ ∈ [−60,60] degrees, its Nyquist plots rotates
by θ but the number of encirclements still does not change. This corresponds to aphase margin of
±60degrees.

+

+−

xu

∆m(s)

ẋ= Ax+BuK

|∆m( jω)| ≤ ℓm(ω), ∀ω

Figure 9.5.Unity feedback configuration with multiplicative uncertainty

Multiplicative uncertainty Kalman’s inequality guarantees that
Note 50.Why?... � p. 91∣

∣
∣
∣

G0( jω)

1+G0( jω)

∣
∣
∣
∣
≤ 2. (9.5)

Since, we known that the closed-loop system in Figure9.5 remains stable for every multiplicative
uncertainty block∆m( jω) with norm smaller thanℓm(ω), as long as

∣
∣
∣
∣

G0( jω)

1+G0( jω)

∣
∣
∣
∣
<

1
ℓm(ω)

, (9.6)

we conclude that an LQR controller providesrobust stability with respect to any multiplicative
uncertainty with magnitude smaller than12, because we then have

∣
∣
∣
∣

G0( jω)

1+G0( jω)

∣
∣
∣
∣
≤ 2<

1
ℓm(ω)

.

However, much larger additive uncertainties may be admissible: e.g., whenG0( jω)≫ 1, (9.6) will
hold for ℓm(ω) almost equal to 1; and whenG0( jω)≪ 1, (9.6) will hold for ℓm(ω) almost equal to
1/G0( jω)≫ 1.

Attention! Kalman’s inequality is only valid whenH ′G= 0. When this is not the case, LQR con-
trollers can be significantly less robust. This limits to same extent the controlled outputs that can be
placed inz.

For example, consider the process ˙x = Ax+Bu and suppose that we want to regulate a particular
outputy1 =C1x. Choosing

z= y1 =C1x

leads toG=C1 andH = 0 and thereforeH ′G= 0, for which Kalman’s inequality holds. However,
choosing

z=

[
y1

ẏ1

]

=

[
C1x
C1ẋ

]

=

[
C1x

C1Ax+C1Bu

]

=

[
C1

C1A

]

x+

[
0

C1B

]

u,
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leads to
Note 51.If the transfer function
from u to y1 has two more poles
than zeros, then one can show that
C1B= 0 andH = 0. In this case,
Kalman’s inequality holds also for
this choice ofz.

G=

[
C1

C1A

]

, H =

[
0

C1B

]

,

and therefore

H ′G= B′C′
1C1A,

which may not be equal to zero. 2

9.5 Loop-shaping control using LQR

Although Bryson’s rule sometimes gives good results, it maynot suffice to satisfy tight control
specifications. We will see next a few other rules that allow us to actually do loop-shaping using
LQR. We restrict our attention to the single-input case (m= 1) andR= 1, Q= I , which corresponds
to

JLQR :=
∫ ∞

0
‖z(t)‖2+ρ u(t)2dt.

Low-frequency open-loop gain For the range of frequencies for which|G0( jω)| ≫ 1 (typically
MATLAB R© Hint 34.
sigma(sys) draws the
norm-Bode plot of the system
sys. . . � p. 90

low frequencies), we have that

|G0( jω)| ≈ ‖Pz( jω)‖
√

H ′H +ρ

where

Pz(s) := G(sI−A)−1B+H

is the transfer function from the control signalu to the controlled outputz. To understand the
implications of this formula, it is instructive to considertwo fairly typical cases:

1. Whenz= y1, with y1 :=C1x scalar, we have

|G0( jω)| ≈ |P1( jω)|
√

H ′H +ρ
.

where

P1(s) :=C1(sI−A)−1B

is the transfer function from the control inputu to the outputy1. In this case,

(a) the “shape” of the magnitude of the open-loop gainG0( jω) is determined by the mag-
Note 52.Although the magnitude
of G0( jω) mimics the magnitude
of P1( jω), the phase of the open-
loop gainG0( jω) always leads to
a stable closed-loop with an ap-
propriate phase margin.

nitude of the transfer function from the control inputu to the outputy1;

(b) the parameterρ moves the magnitude Bode plot up and down (more preciselyH ′H+ρ).

2. Whenz=
[
y1 γ ẏ1

]′
, we can show that

Note 53.Why?. . . � p. 91 |G0( jω)| ≈ |1+ jγω | |P1( jω)|
√

H ′H +ρ
. (9.7)

In this case the low-frequency open-loop gain mimics the process transfer function fromu to
y, with an extra zero at 1/γ and scaled by 1√

H′H+ρ
. Thus

(a) ρ moves the magnitude Bode plot up and down (more preciselyH ′H +ρ),

(b) large values forγ lead to a low-frequency zero and generally result in a largerphase
margin (above the minimum of 60 degrees) and smaller overshoot in the step response.
However, this is often achieved at the expense of a slower response.
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High-frequency open-loop gain For ω ≫ 1, we have that

|G0( jω)| ≈ c
ω√ρ

,

for some constantc. We thus conclude the following:

1. LQR controllers always exhibit a high-frequency magnitude decay of−20dB/decade.

2. The cross-over frequency is approximately given by

c
ωcross

√ρ
≈ 1 ⇔ ωcross≈

c√ρ
,

which shows that the cross-over frequency is proportional to 1/
√ρ and generally small values

for ρ result in faster step responses.

Attention! The (slow)−20dB/decade magnitude decrease is the main shortcoming of state-feedback
LQR controllers because it may not be sufficient to clear high-frequency upper bounds on the open-
loop gain needed to reject disturbances and/or for robustness with respect to process uncertainty. We
will see in Section10.6that this can actually be improved with output-feedback controllers. 2

Example 9.1(Aircraft roll-dynamics). Figure9.6shows Bode plots of the open-loop gainG0(s) =
K(sI−A)−1B for several LQR controllers obtained for the aircraft roll-dynamics in Example8.1.
The controlled output was chosen to bez :=

[
θ γθ̇

]′
, which corresponds to
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(a) Open-loop gain for several values ofρ . This param-
eter allow us to move the whole magnitude Bode plot up
and down.
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(b) Open-loop gain for several values ofγ . Larger val-
ues for this parameter result in a larger phase margin.

Figure 9.6. Bode plots for the open-loop gain of the LQR controllers in Example9.1. As expected, for low
frequencies the open-loop gain magnitude matches that of the process transfer function fromu to θ (but with
significantly lower/better phase) and at high-frequenciesthe gain’s magnitude falls at−20dB/decade.

G :=

[
1 0 0
0 γ 0

]

, H :=

[
0
0

]

.

The controllers were obtained withR= 1, Q= I2×2, and several values forρ andγ. Figure9.6(a)
shows the open-loop gain for several values ofρ and Figure9.6(b)shows the open-loop gain for
several values ofγ.

Figure9.7shows Nyquist plots of the open-loop gainG0(s) =K(sI−A)−1B for different choices
of the controlled outputz. In Figure9.7(a)z :=

[
θ θ̇

]′
, which corresponds to

G :=

[
1 0 0
0 1 0

]

, H :=

[
0
0

]

.
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(b) H′G 6= 0

Figure 9.7.Bode plots for the open-loop gain of the LQR controllers in Example9.1

In this case,H ′G = [0 0 0] and Kalman’s inequality holds as can be seen in the Nyquist plot. In
Figure9.7(b), the controlled output was chosen to bez :=

[
θ τ̇

]′
, which corresponds to

G :=

[
1 0 0
0 0 −50

]

, H :=

[
0
50

]

.

In this case we haveH ′G= [0 0 −2500] and Kalman’s inequality does not hold. We can see from the
Nyquist plot that the phase and gain margins are very small and there is little robustness with respect
to unmodeled dynamics since a small perturbation in the process can lead to an encirclement of the
point−1. 2

9.6 MATLAB hints

MATLAB R© Hint 33 (lqr). The command[K,S,E]=lqr(A,B,QQ,RR,NN) computes the optimal
state-feedback LQR controller for the process

ẋ= Ax+Bu

with criteria

J :=
∫ ∞

0
x(t)′QQx(t)+u′(t)RRu(t)+2x′(t)NNu(t)dt.

For the criterion in (9.2) one should select

QQ= G′G, RR= H ′H +ρ I , NN= G′H

and for the criterion (9.3)

QQ= G′QG, RR= H ′QH+ρR, NN= G′QH.

(cf. Sidebar45). This command returns the optimal state-feedback matrixK, the solutionP to the
corresponding Algebraic Riccati Equation, and the polesE of the closed-loop system. 2

MATLAB R© Hint 34(sigma). The commandsigma(sys)draws the norm-Bode plot of the system
sys. For scalar transfer functions this command plots the usualmagnitude Bode plot but for vector
transfer function it plots the norm of the transfer functionversus the frequency. 2
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9.7 To probe further

Note45 (General LQR). The most general form for a quadratic criteria is

J :=
∫ ∞

0
x(t)′Q̄x(t)+u′(t)R̄u(t)+2x′(t)N̄u(t)dt. (9.8)

Sincez= Gx+Hu, the criterion in (9.2) is a special form of (9.8) with

Q̄= G′G, R̄= H ′H +ρ I , N̄ = G′H

and (9.3) is a special form of (9.8) with

Q̄= G′QG, R̄= H ′QH+ρR, N̄ = G′QH.

For this criteria, the optimal state-feedback LQR controller is still of the form

u=−K̄x

but nowK̄ is given by

K̄ = R̄−1(B′P̄+ N̄)

andP̄ is a solution to the followingAlgebraic Riccati Equation (ARE)

A′P+PA+ Q̄− (P̄B+ N̄)R̄−1(B′P̄+ N̄′) = 0. 2

Note46. A symmetrick× k matrixM is positive-definiteif

x′Mx> 0,

for every nonzero vectorx∈Rk. Positive-definite matrices are always nonsingular and their inverses
are also positive-definite.

To test if a matrix is positive define one can compute its eigenvalues. If they are all positive the
MATLAB R© Hint 32. eig(A)
computes the eigenvalues of the
matrixA. . . � p. 81

matrix is positive-definite, otherwise it is not. 2

Note 50 (Multiplicative uncertainty). Since the Nyquist plot ofG0( jω) does not enter a circle of
radius one around−1, we have that

|1+G0( jω)| ≥ 1 ⇒
∣
∣
∣
∣

1
1+G0( jω)

∣
∣
∣
∣
=

∣
∣
∣
∣
1− G0( jω)

1+G0( jω)

∣
∣
∣
∣
≤ 1 ⇒

∣
∣
∣
∣

G0( jω)

1+G0( jω)

∣
∣
∣
∣
≤ 2.

2

Note53 (Equation (9.7)). Whenz=
[
y γ ẏ

]′
, we have that

z=

[
y
γ ẏ

]

=

[
Cx

γCAx+ γCBu

]

⇒ G=

[
C

γCA

]

, H =

[
0

γCB

]

.

In this case,

Pz(s) =

[
Py(s)

γsPy(s)

]

=

[
1
γs

]

Py(s),

wherePy(s) :=C(sI−A)−1B, and therefore

|G0( jω)| ≈
√

1+ γ2ω2 |Py( jω)|
√

H ′H +ρ
=

|1+ jγω | |Py( jω)|
√

H ′H +ρ
. 2
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9.8 Exercises

9.1. Verify using the diagram in Figure11.1that, for the single-input case (m= 1), the closed-loop
transfer functionTu(s) from the referencer to the process inputu is given by

Tu(s) =
1

1+G0
(KF +N),

whereG0(s) = K(sI−A)−1B, and the closed-loop transfer functionTz from the referencer to the
controlled outputz is given by

Tz(s) =
1

1+G0
Pz(KF +N),

wherePz(s) = G(sI−A)−1B+H. 2

9.2. Consider an inverted pendulum operating near the upright equilibrium position, with linearized
model given by

[
θ̇
θ̈

]

=

[
0 1
g
ℓ − b

mℓ2

][
θ
θ̇

]

+

[
0
1

mℓ2

]

T

whereT denotes an applied torque,θ the pendulum’s angle with a vertical axis pointing up, and
ℓ= 1m,m= 1Kg, b= .1N/m/s,g= 9.8m/s2.

1. Design a PD controller using LQR

2. Design a PID controller using LQR

Hint: Consider an “augmented” process model with stateθ , θ̇ , z(t) =
∫ t

0 θ (s)ds. 2
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10.1 Output Feedback

The state-feedback LQR formulation considered in Chapter9.3suffered from the drawback that the
optimal control law

u(t) =−Kx(t) (10.1)

required the whole statex of the process to be measurable. An possible approach to overcome this
difficulty is to estimate the state of the process based solely on the measured outputy, and use

u(t) =−Kx̂(t)

instead of (10.1), where ˆx(t) denotes an estimate of the process’ statex(t). In this chapter we
consider the problem of constructing state estimates.

10.2 Full-order observers

Consider a process with state-space model

ẋ= Ax+Bu, y=Cx, (10.2)

wherey denotes the measured output,u the control input. We assume thatx cannot be measured and
our goal to estimate its value based ony.

Suppose we construct the estimate ˆx by replicating the process dynamics as in

˙̂x= Ax̂+Bu. (10.3)

93
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To see of this would generate a good estimate forx, we can define the state estimation errore:= x− x̂
and study its dynamics. From (10.2) and (10.3), we conclude that

ė= Ax−Ax̂= Ae.

This shows that when the matrixA is asymptotically stable the errore converges to zerofor any
input u, which is good news because it means that ˆx eventually converges tox ast → ∞. However,
whenA is not stablee is unbounded and ˆx grow further and further apart fromx ast → ∞. To avoid
this, one includes a correction term in (10.3):

˙̂x= Ax̂+Bu+L(y− ŷ), ŷ=Cx̂, (10.4)

whereŷ should be viewed as an estimate ofy andL a givenn× k matrix. When ˆx is equal (or very
close) tox, thenŷ will be equal (or very close) toy and the correction termL(y− ŷ) plays no role.
However, when ˆx grows away fromx, this term will (hopefully!) correct the error. To see how this
can be done, we re-write the estimation error dynamics now for (10.2) and (10.4):

ė= Ax−Ax̂−L(Cx−Cx̂) = (A−LC)e.

Now e converges to zero as long asA−LC is asymptotically stable, It turns out that, even when
A is unstable, in general we will be able to selectL so thatA− LC is asymptotically stable. The
system (10.4) can be re-write as

˙̂x= (A−LC)x̂+Bu+Ly, (10.5)

and is called afull-order observerfor the process. Full-order observers have two inputs—the pro-
Note 54.“Full-order” refers to
the fact that the size of its state ˆx
is equal to the size of the process’
statex.

cess’ control inputu and its measured outputy—and a single output—the state estimate ˆx. Fig-
ure10.1shows how a full-order observer is connected to the process.

z

y

x̂

u
ẋ= Ax+Bu

˙̂x= (A−LC)x̂+Bu+Ly

Figure 10.1.Full-order observer

10.3 LQG estimation

Any choice ofL in (10.4) for which A−LC is asymptotically stable will make ˆx converge tox, as
long at the process dynamics is given by (10.2). However, in general the outputy is affected by
measurement noise and the process dynamics are also affected by disturbance. In light of this, a
more reasonable model for the process is

ẋ= Ax+Bu+ B̄d, y=Cx+n, (10.6)

whered denotes a disturbance andn measurement noise. In this we need to re-write the estimation
error dynamics for (10.6) and (10.4), which leads to

ė= Ax+ B̄d−Ax̂−L(Cx+n−Cx̂) = (A−LC)e+ B̄d−Ln.

Because ofn andd, the estimation error will generally not converge to zero, but we would still like it
to remain small by appropriate choice of the matrixL. This motivates the so calledLinear-quadratic
Gaussian (LQG) estimation problem:
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Problem 10.1(Optimal LQG). Find the matrix gainL that minimizes the asymptotic expected value
Note 55.A zero-mean white
noise processn has an autocorre-
lation of the form

Rn(t1,t2) := E
[
n(t1)n′(t2)

]

= QN δ (t1− t2).

Such process iswide-sense sta-
tionary in the sense that its mean
is time-invariant and its auto-
correlationR(t1,t2) only depends
on the differenceτ := t1 − t2.
Its power spectrum is frequency-
independent and given by

Sn(ω) :=
∫ ∞

−∞
R(τ)e− jωτ dτ = QN.

of the estimation error:

JLQG := lim
t→∞

E
[
‖e(t)‖2],

whered(t) andn(t) are zero-mean Gaussian noise processes (uncorrelated fromeach other) with
power spectrum

Sd(ω) = QN, Sn(ω) = RN, ∀ω . 2

Solution to the optimal LQG Problem10.1. The optimal LQG estimator gainL is then× k matrix

MATLAB R© Hint 35. kalman
computes the optimal LQG
estimator gainL. . . � p. 98

given by

L = PC′R−1
N

andP is the unique positive-definite solution to the followingAlgebraic Riccati Equation (ARE)

Note46. A symmetricq× q ma-
trix M is positive definite if
x′Mx > 0, for every nonzero vec-
tor x∈ Rq. . . � p. 91

AP+PA′+ B̄QNB̄′−PC′R−1
N CP= 0.

When one uses the optimal gainL in (10.5), this system is called theKalman-Bucyfilter.

A crucial property of this system is thatA−LC is asymptotically stable as long as the following
two conditions hold:

1. The system (10.6) is observable.

2. The system (10.6) is controllable when we ignoreu and regardd as the sole input.

Different choices ofQN andRN result in different estimator gainsL:

1. WhenRN is very small(when compared toQN), the measurement noisen is necessarily small
so the optimal estimator interprets a large deviation of ˆy from y as an indication that the
estimate ˆx is bad and needs to be correct. In practice, this lead to largematricesL and fast
poles forA−LC.

2. WhenRN isvery large, the measurement noisen is large so the optimal estimator is much more
conservative in reacting to deviations of ˆy from y. This generally leads to smaller matricesL
and slow poles forA−LC.

We will return to the selection ofQN andRN in Section10.6.

10.4 LQG/LQR output feedback

We now go back to the problem of designing an output-feedbackcontroller for the process:

ẋ= Ax+Bu, y=Cx, z= Gx+Hu.

Suppose that we designed a state-feedback controller

u=−Kx (10.7)

that solves an LQR problem and constructed an LQG state-estimator

˙̂x= (A−LC)x̂+Bu+Ly.

We can obtain an output-feedback controller by using the estimated state ˆx in (10.7), instead of the
MATLAB R© Hint 36.
reg(sys,K,L) computes
the LQG/LQR positive output-
feedback controller for the
processsys with regulator gainK
and estimator gainL. . . � p. 98

true statex. This leads to the following output-feedback controller

˙̂x= (A−LC)x̂+Bu+Ly= (A−LC−BK)x̂+Ly, u=−Kx̂,

with negative-feedbacktransfer matrix given by

C(s) = K(sI−A+LC+BK)−1L.

This is usually known as anLQG/LQR output-feedback controllerand the resulting closed-loop is
shown in Figure10.2.
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−
y

z
u ẋ= Ax+Bu

z= Gx+Hu

y=Cx

˙̂x= (A−LC−BK)x̂+Ly

u= Kx̂

Figure 10.2.LQG/LQR output-feedback

10.5 Separation Principle

The first question to ask about an LQG/LQR controller is whether or not the closed-loop system will
be stable. To answer this question we collect all the equations that defines the closed-loop system:

ẋ= Ax+Bu, y=Cx, (10.8)

˙̂x= (A−LC)x̂+Bu+Ly, u=−Kx̂. (10.9)

To check the stability of this system it is more convenient toconsider the dynamics of the estimation
errore := x− x̂ instead of the the state estimate ˆx. To this effect we replace in the above equations ˆx
by x−e, which yields:

ẋ= Ax+Bu= (A−BK)x+BKe, y=Cx,

ė= (A−LC)e, u=−K(x−e).

This can be written in matrix notation as
[
ẋ
ė

]

=

[
A−BK BK

0 A−LC

][
x
e

]

, y=
[
C 0

]
[
x
e

]

.

Separation Principle. The eigenvalues of the closed-loop system(10.8) are given by those of the
Note 56.Any eigenvalue of a
block diagonal matrix must be an
eigenvalue of one of the diagonal
blocks.

state-feedback regulator dynamics A−BK together with those of state-estimator dynamics A−LC.
In case these both matrices are asymptotically stable, thenso is the closed-loop(10.8).

10.6 Loop-gain recovery

We saw in Sections9.4and9.5that state-feedback LQR controllers have desirable robustness prop-
erties and that we can shape the open-loop gain by appropriate choice of the LQR weighting param-
eterρ and the choice of the controlled outputz. It turns out that we can, to some extent, recover the
LQR open-loop gain for the LQG/LQR controller.

Loop-gain recovery.Suppose that the process is single-input/single-output and hasno zeros in the
right half-place.Selecting

Note 57.B̄= B corresponds to an
input disturbancesince the pro-
cess becomes

ẋ= Ax+Bu+ B̄d

= Ax+B(u+d).

B̄ := B, QN := 1, RN := σ , σ > 0,

the open-loop gain for the output-feedback LQG/LQR controller converges to the open-loop gain for
the state-feedback LQR state-feedback controller over a range of frequencies[0,ωmax] as we make
σ → 0, i.e.,

C( jω)P( jω)
σ → 0−−−−−−−−→ K( jω I −1)−1B, ∀ω ∈ [0,ωmax]

In general, the largerωmax is, the smallerσ needs to be for the gains to match.
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Attention! 1. To achieve loop-gain recovery we need to choseRN := σ , even if this does not
accurately describe the noise statistics.This means that the estimator may not be optimal for
the actual noise.

2. One should not makeσ smaller than necessary because we do not want to recover the (slow)
−20dB/decade magnitude decrease at high frequencies. In practice we should makeσ just

Note 58.We need loop-recovery
up to the cross-over frequency to
maintain the desired phase mar-
gin, otherwise the LQG/LQR con-
troller may have a phase margin
that is much smaller than that of
the original LQR controller.

small enough to get loop-recovery until just above or at cross-over.For larger values ofω , the
output-feedback controller may actually behave much better than the state-feedback one.

3. When the process haszeros in the right half-plane,loop-gain recovery will generally only work
up to the frequencies of the nonminimum-phase zeros.
When the zeros are in theleft half-plane but close to the axis,the closed-loop will not be very
robust with respect to uncertainty in the position of the zeros. This is because the controller
will attempt to cancel these zeros. 2

Example 10.1(Aircraft roll-dynamics). Figure10.3(a)shows Bode plots of the open-loop gain for
the state-feedback LQR state-feedback controller vs. the open-loop gain for several output-feedback
LQG/LQR controller obtained for the aircraft roll-dynamics in Example8.1. The LQR controller
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Figure 10.3.Bode plots and closed-loop step response for the open-loop gain of the LQR controllers in Exam-
ples10.1, 11.2.

was designed using the controlled outputz :=
[
θ γθ̇

]′
, γ = .1 andρ = .01. For the LQG state-

estimators we used̄B = B andRN = σ for several values ofσ . We can see that, asσ decreases,
the range of frequencies over which the open-loop gain of theoutput-feedback LQG/LQR controller
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matches that of the state-feedback LQR state-feedback increases. Moreover, at high frequencies the
output-feedback controllers exhibit much faster (and better!) decays of the gain’s magnitude. 2

10.7 MATLAB hints

MATLAB R© Hint 35 (kalman). The command[est,L,P]=kalman(sys,QN,RN) computes the
optimal LQG estimator gain for the process

ẋ= Ax+Bu+BBd, y= Cx+n,

whered(t) andn(t) are zero-mean Gaussian noise processes (uncorrelated fromeach other) with
power spectrum

Sd(ω) = QN, Sn(ω) = RN, ∀ω .

The systemsys should be a state-space model defined bysys=ss(A,[B BB],C,0). This command
returns the optimal estimator gainL, the solutionP to the corresponding Algebraic Riccati Equation,
and a state-space modelest for the estimator. The inputs toest are[u;y] and its outputs are[ŷ; x̂].

2

MATLAB R© Hint 36 (reg). The commandreg(sys,K,L) computes a state-space model for a
positiveoutput-feedback LQG/LQG controller for the process with state-space modelsys with reg-
ulator gainK and estimator gainL. 2

10.8 Exercises

10.1. Consider an inverted pendulum on a cart operating near the upright equilibrium position, with
linearized model given by







p
ṗ
θ̇
θ̈






=







0 1 0 0
0 0 −2.94 0
0 0 0 1
0 0 11.76 0













p
ṗ
θ
θ̇






+







0
.325

0
−.3







F

whereF denotes a force applied to the cart,p the cart’s horizontal position, andθ the pendulum’s
angle with a vertical axis pointing up.

1. Design an LQG/LQR output-feedback controller that uses only the angleθ and the position
of the cartp.

2. Design an LQG/LQR output-feedback controller that uses the angleθ , the angular velocitẏθ ,
the position of the cartp, and its derivative using LQG/LQR (full-state feedback).

Why use LQG when the state is accessible? 2
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Set-point control
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11.1 Nonzero equilibrium state and input

Often one does not want to makez as small as possible, but instead make it converge as fast as
possible to a given constantset-point value r. This can be achieved by making the statex and the

Note 59.We will see shortly how
to accomplish this.

inputu of the process (9.1) converge to valuesx∗ andu∗ for which

Ax∗+Bu∗ = 0, r = Gx∗+Hu∗. (11.1)

The right equation makes sure thatz will be equal tor whenx andu reachx∗ andu∗, respectively.
The left-equation makes sure that when these values are reached,ẋ= 0 and thereforex will remain
equal tox∗, i.e.,x∗ is anequilibrium state.

Given the desired set-pointr for x, computing x∗ and u∗ is straightforward because (11.1) is a
Note 60.When the process
transfer-function has an integra-
tor, one generally getsu∗ = 0.

system of linear equations and in general the solution to these equations is of the form

x∗ = Fr, u∗ = Nr. (11.2)

For example, when the number of inputs to the processm is equal to the number of controlled outputs
Note 61.The matrix

[
A B
G H

]
is

invertible unless the process’
transfer-function from u to z
has a zero at the origin. This
derivative effect will always make
z converge to zero when the input
converges to a constant.

ℓ, we have

[
A B
G H

][
x∗

u∗

]

=

[
0
r

]

⇔
[
x∗

u∗

]

=

[
A B
G H

]−1[0
r

]

, (11.3)

andF is ann× ℓ matrix given by the topn rows and right-mostℓ columns of
[

A B
G H

]−1
andN is an

m× ℓ matrix given by the bottomm rows and right-mostℓ columns of
[

A B
G H

]−1
.

Attention! When the number of process inputsm is larger than the number of controlled outputs
ℓ we have anover-actuated systemand the system of equations (11.1) will generally have multiple
solutions. One of them is

[
x∗

u∗

]

=

[
A B
G H

]′([
A B
G H

][
A B
G H

]′)−1[
0
r

]

.

99
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In this case, we can still expressx∗ andu∗ as in (11.2).

When the number of process inputsm is smaller than the number of controlled outputsℓ we have
an under-actuated systemand the system of equations (11.1) may not have a solution. In fact, a
solution will only exists for some specific referencesr. However, when it does exist, the solution
can still expressx∗ andu∗ as in (11.2). 2

11.2 State-feedback

When one wantsz to converge to a givenset-point value r, the state-feedback controller should be
Note 62.Why?. . . � p. 101

u=−K(x− x∗)+u∗ =−Kx+(KF +N)r, (11.4)

wherex∗ and u∗ are given by (11.2) and K is the gain of the optimal regulation problem. The
corresponding control architecture is shown in Figure11.1. The state-space model for the closed-
loop system is given by

ẋ= Ax+Bu= (A−BK)x+B(KF+N)r

z= Gx+Hu= (G−HK)x+H(KF+N)r.

−+ +

+r

x

x∗
z

u

u∗

ẋ= Ax+BuKF

N

Figure 11.1.Linear quadratic set-point control with state feedback

Example 11.1(Aircraft roll-dynamics). Figure11.2shows step responses for the state-feedback
LQR controllers in Example9.1, whose Bode plots for the open-loop gain are shown in Figure9.6.
Figure11.2(a)shows that smaller values ofρ lead to faster responses and Figure11.2(b)shows that
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Figure 11.2.Step responses for the closed-loop LQR controllers in Example 11.1

larger values forγ lead to smaller overshoots (but slower responses). 2
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11.3 Output-feedback

When one wantsz to converge to a givenset-point value r, the output-feedback LQG/LQR controller
should be

Note 63.Why?. . . � p. 102
˙̄x= (A−LC−BK)x̄+L(Cx∗− y), u= Kx̄+u∗, (11.5)

wherex∗ andu∗ are given by (11.2). The corresponding control architecture is shown in Figure11.3.
The state-space model for the closed-loop system is given by

Note 64.When z = y, we have
G = C, H = 0 and in this case
Cx∗ = r . This corresponds to
CF = 1 in Figure11.3. When the
process has an integrator we get
N = 0 and obtain the usual unity-
feedback configuration.

[
ẋ
˙̄x

]

=

[
Ax+B(Kx̄+u∗)

(A−LC−BK)x̄+L(Cx∗−Cx)

]

=

[
A BK

−LC A−LC−BK

][
x
x̄

]

+

[
BN
LCF

]

r

z= Gx+H(Kx̄+u∗) =
[
G HK

]
[
x
x̄

]

+HNr

+ − +

+r

y

Cx∗
z

u

u∗

ẋ= Ax+Bu

y=Cx

˙̄x= (A−LC−BK)x̄+Lv

u= Kx̄
CF

N

Figure 11.3.LQG/LQR set-point control

Example 11.2(Aircraft roll-dynamics). Figure10.3(b)shows step responses for the output-feedback
LQG/LQR controllers in Example10.1, whose Bode plots for the open-loop gain are shown in Fig-
ure10.3(a). We can see that smaller values ofσ lead to a smaller overshoot mostly due to a larger
gain margin. 2

11.4 To probe further

Note 62 (Set-point control with state-feedback). To understand why (11.4) works, suppose we
define

z̃= z− r, x̃= x− x∗, ũ= u−u∗.

Then

˙̃x= Ax+Bu= A(x− x∗)+B(u−u∗)+Ax∗+Bu∗

z̃= Gx+Hu− r = G(x− x∗)+H(u−u∗)+Gx∗+Hu∗− r

and we conclude that

˙̃x= Ax̃+Bũ, z̃= Gx̃+Hũ. (11.6)

By selecting the control signal in (11.4), we are setting

ũ= u−u∗ =−K(x− x∗) =−Kx̃,

which is the optimal state-feedback LQR controller that minimizes

JLQR :=
∫ ∞

0

(
z̃(t)′Qz̃(t)

)
+ρ

(
ũ′(t)Rũ(t)

)
dt,

This controller makes the system (11.6) asymptotically stable and therefore ˜x, ũ, z̃ all converge to
zero ast → ∞, which means thatzconverges tor. 2
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Note 63 (Set-point control with output-feedback). To understand why (11.5) works suppose we
define

z̃= z− r, x̃= x− x∗+ x̄.

Then

˙̃x= (A−LC)x̃ (11.7)
˙̄x= (A−BK)x̄−LCx̃ (11.8)

z̃= G(x̃− x̄)+HKx̄− r. (11.9)

1. SinceA−LC is asymptotically stable, we conclude from (11.7) thatx̃→ 0 ast → ∞.

In practice, we can view the state ¯x of the controller as an estimate ofx∗− x.

2. SinceA−BK is asymptotically stable and ˜x→ 0 ast →∞, we conclude from (11.8) thatx̄→ 0
ast → ∞.

3. Since ˜x→ 0 andx̄→ 0 ast → ∞, we conclude from (11.9) thatz→ r ast → ∞. 2

11.1. Verify equations (11.7), (11.8), and (11.9). 2
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Nonlinear Control
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Introduction to nonlinear control

In this section we consider the control of nonlinear systemssuch as the one shown in Figure11.4.
Our goal is to construct a state-feedback control law of the form

Note 65.This control-law implic-
itly assumes that the whole statex
can be measured.u= k(x)

that results in adequate performance for the closed-loop system

ẋ= f
(
x,k(x)

)
.

Typically, at least we wantx to be bounded and converge to some desired reference valuer.

u(t) ∈Rm x(t) ∈ Rn

ẋ= f (x,u)

u(t) ∈ Rm x(t) ∈ Rn

u= k(x)

ẋ= f (x,u)

Figure 11.4.Nonlinear process withm inputs Figure 11.5. Closed-loop nonlinear system with
state-feedback

Pre-requisites

1. Basic knowledge of nonlinear ordinary differential equations.

2. Basic knowledge of continuous-time linear controller design.

3. Familiarity with basic vector and matrix operations.
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Chapter 12

Feedback linearization controllers
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12.1 Feedback linearization

In feedback linearization control design, we decompose thecontrol signalu into two components
with distinct functions:

u= unl + v,

where

1. unl is used to “cancel” the process’ nonlinearities, and

2. v is used to control the resulting linear system.

u

y

Fdragg

From Newton’s law:

mÿ= Fdrag−mg+u

=−1
2

cρAẏ|ẏ|−mg+u,

wherem is the vehicle’s mass,g gravity’s ac-
celeration,Fdrag=− 1

2cρAẏ|ẏ| the drag force,
andu an applied force.

Figure 12.1.Dynamics of a vehicle moving vertically in the atmosphere
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To understand how this is done, consider the vehicle shown inFigure12.1moving vertically in the
Note 66.For large objects mov-
ing through air, the air resistance
is approximately proportional to
the square of the velocity, with a
drag forcegiven by

Fdrag=−1
2

cρAẏ|ẏ|

whereρ is the air density,A the
cross-sectional area, andc the
drag coefficient, which is 0.5 for
a spherical object and can reach 2
for irregularly shaped objects [8].
Fdragalways points in the opposite
direction ofẏ.

atmosphere. By choosing

u= unl(ẏ)+ v, unl(ẏ) :=
1
2

cρAẏ|ẏ|+mg,

we obtain

mÿ=−1
2

cρAẏ|ẏ|−mg+(unl(ẏ)+ v) = v ⇒ ÿ=
1
m

v.

In practice, we transformed the original nonlinear processinto a (linear) double integrator with
transfer function fromv to y given by

T(s) :=
1

ms2
.

We can now use linear methods to find a controller forv that stabilizes the closed-loop. E.g., a PD
controller of the form

v= KPe+KDė, e := r − y.

Figure12.2shows a diagram of the overall closed-loop system. From an “input-output” perspective,
the system in the dashed block behaves as a linear system withtransfer functionT(s) := 1

ms2
.

+ +

+−

r e uv

unl

y

1
2

cρAẏ|ẏ|+mg

mÿ=−1
2

cρAẏ|ẏ|−mg+uKPe+KDė

Figure 12.2.Feedback linearization controller.

12.2 Generalized model for mechanical systems

The equations of motion of many mechanical systems can be written in the following general form
Note 67.These include robot-
arms, mobile robots, airplanes,
helicopters, underwater vehicles,
hovercraft, etc.

M(q)q̈+B(q, q̇)q̇+G(q) = F, (12.1)

where

• q∈Rk is ak-vector with linear and/or angular positions called thevector of generalized coor-
dinates;

• F ∈Rk is ak-vector with applied forces and/or torques called thevector of generalized forces;

• M(q) is ak× k non-singular symmetric positive-definite matrix called themass matrix;
Note46. A symmetricq× q ma-
trix M is positive definite if
x′Mx > 0, for every nonzero vec-
tor x∈ Rq. . . � p. 91

• B(q, q̇) is ak×k matrix sometimes called thecentrifugal/Coriolis/friction matrix, for systems
with no friction we generally have

q̇′B(q, q̇)q̇= 0, ∀q̇∈R
k

whereas for systems with friction

q̇′B(q, q̇)q̇≥ 0, ∀q̇∈ R
k,

with equality only when ˙q= 0;

• G(q) is ak-vector sometimes called thevector of conservative forces.
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Examples
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Figure 12.3.Inverted pendulum Figure 12.4.Two-link robot manipulator

Example 12.1(Inverted pendulum). The dynamics of the inverted pendulum shown in Figure12.3
are given by

mℓ2θ̈ = mgℓsinθ −bθ̇ +T,

whereT denotes a torque applied at the base, andg is the gravity’s acceleration. This equation can
be identified with (12.1), provided that we define

q := θ , F := T, M(q) := mℓ2, B(q) := b, G(q) :=−mgℓsinθ ,

When the pendulum is attached to a cart and the input is the cart’s acceleration ¨z, we haveT =
−mℓz̈cosθ but this makes the problem more difficult, especially aroundθ =±π/2. 2

Example 12.2(Robot arm). The dynamics of the robot-arm with two revolution joints shown in
Figure12.4can be written as in (12.1), provided that we define

q :=

[
θ1

θ2

]

, F :=

[
τ1

τ2

]

.

whereτ1 andτ2 denote torques applied at the joints. For this system

M(q) :=

[
ℓ2

2m2
2+2ℓ1ℓ2cosθ2+ ℓ2

1(m1+m2) ℓ2
2+ ℓ1ℓ2m2cosθ2

ℓ2
2m2+ ℓ1ℓ2m2cosθ2 ℓ2

2m2

]

B(q, q̇) :=

[
−2m2ℓ1ℓ2θ̇2sinθ2 −m2ℓ1ℓ2θ̇2sinθ2

m2ℓ1ℓ2θ̇1sinθ2 0

]

G(q) := g

[
m2ℓ2cos(θ1−θ2)+ (m1+m2)ℓ1cosθ1

m2ℓ2cos(θ1−θ2)

]

.

whereg is the gravity’s acceleration [2, p. 202–205]. 2

Example 12.3(Hovercraft). The dynamics of the hovercraft shown in Figure12.5can be written as
in (12.1), provided that we define

q :=





x
y
θ



 , F :=





(Fs+Fp)cosθ −Fℓsinθ
(Fs+Fp)sinθ +Fℓcosθ

ℓ(Fs−Fp)



 ,

whereFs, Fp, andFℓ denote the starboard, portboard, and lateral fan forces. The vehicle in the
photograph does not have a lateral fan, which means thatFℓ = 0. It is therefore calledunderactuated
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x
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θ

ℓ
Fp
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Figure 12.5.Hovercraft

because the number of controls (Fs andFp) is smaller than the number of degrees of freedom (x, y,
andθ ). For this system

M(q) :=





m 0 0
0 m 0
0 0 J



 , B(q) :=





dv 0 0
0 dv 0
0 0 dω



 ,

wherem= 5.5 kg is the mass of the vehicle,J = 0.047 kg m2 its rotational inertia,dv = 4.5 the
coefficient of linear friction,dω = .41 the coefficient of rotational friction, andℓ = 0.123 m the
moment arm of the forces. In these equations, the geometry and mass centers of the vehicle are
assumed to coincide [3]. 2

12.3 Feedback linearization of mechanical systems

A mechanical system is calledfully actuatedwhen one has control over the whole vector or gen-
eralized forces. For such systems we regardu := F as the control input and we can use feedback
linearization to design nonlinear controllers. In particular, choosing

F = u= unl(q, q̇)+M(q)v, unl(q, q̇) := B(q, q̇)q̇+G(q),

we obtain

M(q)q̈+B(q, q̇)q̇+G(q) = B(q, q̇)q̇+G(q)+M(q)v ⇔ q̈= v.

Expanding thek-vectors ¨q andv in their components, we obtain







q̈1

q̈2
...

q̈k







=








v1

v2
...

vk








and therefore we can select eachvi as if we were designing a controller for a double integrator

q̈i = vi .

Attention! Measurement noise can lead to problems in feedback linearization controllers. When
the measurements ofq andq̇ are affected by noise, we have

M(q)q̈+B(q, q̇)q̇+G(q) = unl(q+n, q̇+w)+M(q+n)v,

wheren is measurement noise in theq sensors andw the measurement noise in the ˙q sensors. In this
case

M(q)q̈+B(q, q̇)q̇+G(q) = B(q+n, q̇+w)(q̇+w)+G(q+n)+M(q+n)v (12.2)
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and (with some work) one can show that

q̈=
(
I +∆

)
v+d, (12.3)

where

∆ := M(q)−1(M(q+n)−M(q)
)
,

d := M(q)−1
((

B(q+n, q̇+w)−B(q, q̇)
)
q̇+B(q+n, q̇+w)w+G(q+n)−G(q)

)

.

Since∆ andd can be very large, with feedback linearization controllersit is particularly important
to make sure that the controller selected forv is robust with respect to multiplicative uncertainty and
good at rejecting disturbances.

12.4 Exercises

12.1. Verify that (12.3) is indeed equivalent to (12.2), by solving the latter equation with respect to
q̈. 2

12.2. Design a feedback linearization controllers to drive the inverted pendulum in Example12.1
to the up-right position. Use the following values for the parameters:ℓ = 1 m, m= 1 kg, b =
.1 N m−1s−1, andg= 9.8 m s−2. Verify the performance of your system in the presence of measure-
ment noise using Simulink. 2
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13.1 Lyapunov stability

Although feedback linearization provides a simple method to design controllers for nonlinear sys-
tems. The resulting controllers are sometimes very sensitive to measurement noise because it pre-
vents a perfect cancellation of the nonlinearities. It turns out that such cancellation is not always
needed.

Consider again the vehicle shown in Figure12.1and suppose that we simply want to control its
velocity ẏ. For simplicity, we assume that the applied forceu is constant and larger thanmg (i.e.,
there is an excess upward force) and that the units were chosen so that all constant coefficient are
numerically equal to 1:

ÿ=−ẏ|ẏ|+1.

Since

−ẏ|ẏ|+1= 0 ⇔ ẏ= 1,

we conclude that 1 is the onlyequilibrium-pointfor the system, i.e.,

ẏ(t) = 1, ∀t ≥ 0,

is the only possibleconstant trajectoryfor the system. A question that may then arise is:

Will ẏ(t) converge to 1 as t→ ∞, whenẏ(0) 6= 1?

To study this question we will consider an “error” system that looks at the difference from ˙y to the
equilibrium-point 1. Definingx := ẏ−1, we conclude that

ẋ=−(x+1)|x+1|+1. (13.1)

and the previous question could be reformulated as

113
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Will x(t) converge to 0 as t→ ∞, when x(0) 6= 0?

To address this question, suppose that we define

V(x) = x2

and computeV ’s derivative with respect to time using the chain rule:

V̇ =
dV
dt

=
∂V
∂x

ẋ= 2x
(
− (x+1)|x+1|+1

)
=

{

−2x2(x+2) x≥−1

2x(x2+2x+2) x<−1.
(13.2)

Figure13.1shows the right-hand-side of the above equation as a function of x. Three conclusions

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−35

−30

−25

−20

−15

−10

−5

0

x

V̇

Figure 13.1.V̇ vs. x

can be drawn from here:

BoundednessFor every initial conditionx(0), |x(t)| will remain bounded for allt ≥ 0, i.e., it will
not blow up. This is becauseV

(
x(t)

)
= x2(t) cannot increase.

Stability If we startx(0) very close to zero, thenx(t) will remain very close to zero for all times
t ≥ 0. This is becauseV

(
x(t)

)
= x2(t) will always be smaller or equal thanV

(
x(0)

)
.

Convergencex(t)→ 0 ast → ∞. This is because the right-hand side of (13.2) is only equal to zero
whenx= 0 and thereforėV will be strictly negative for any nonzerox.

This finally provides an answer to the previous questions:Yes! x→ 0 as t→ ∞.

When a system exhibits these three properties we say thatthe origin is globally asymptotically stable.
This notion of stability for nonlinear systems was originally proposed by Aleksandr Lyapunov and
now carries his name.

Definition 13.1(Lyapunov stability). Given a system

ẋ= f (x), t ≥ 0, x∈ R
n, (13.3)

we say that:

(i) the trajectories are globally boundedif for every initial conditionx(0), there exists a scalar
α
(
x(0)

)
≥ 0 such that

x(t)≤ α
(
x(0)

)
, ∀t ≥ 0;

(ii) the origin is globally stableif the trajectories are globally bounded andα(x(0))→ 0 asx(0)→
0;
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(iii) the origin is globally asymptotically stableif it is globally stable and in additionx(t) → 0 as
t → ∞.

Attention! The requirement(ii) is rather subtle but very important. In essence, it says thatif we
choose the initial conditionx(0) very close to the origin, then the upper boundα(x(0)) will also be
very small and the whole trajectory stays very close to the origin. 2

13.2 Lyapunov Stability Theorem

The technique used before to conclude that the origin is globally asymptotically stable for the sys-
tem (13.1) is a special case of a more general method proposed by Aleksandr M. Lyapunov. His may
contribution to nonlinear control was the realization thatan appropriate choice of the function V(x)
could make proving stability very simple.In the example above (and in fact in most one-dimensional
systems)V(x) = x2 works well, but for higher dimensional systems the choice ofV(x) is critical.

Lyapunov Stability Theorem. Suppose that there exists a scalar-valued function V: Rn → R with
the following properties:

(i) V (x) is differentiable;

(ii) V (x) is positive definite, which means that V(0) = 0 and

V(x)> 0, ∀x 6= 0.

(iii) V (x) is radially unbounded, which means that V(x)→ ∞ whenever x→ ∞;

(iv) ∇xV(x) · f (x) is negative definite, which means that∇xV(0) · f (0) = 0 and
Notation 6. Given a scalar func-
tion of n variables f (x1, . . . ,xm),
∇x f denotes the gradient off , i.e.,

∇x f (x1,x2, . . . ,xm) =
[

∂ f
∂x1

∂ f
∂x2

· · · ∂ f
∂xm

]

.

∇xV(x) · f (x)< 0, ∀x 6= 0.

Then the origin is globally asymptotically stable for the system(13.3). The function V(x) is called a

Note 68.Why? � p. 115

Lyapunov function. 2

The functionV(x) = x2 considered before satisfies all the conditions of the Lyapunov Stability
Theorem for the system (13.1) so our conclusion that the origin was globally asymptotically stable
is consistent with this theorem.

Note68 (Lyapunov Stability Theorem). When the variablex is a scalar,

V̇ =
dV
dt

=
∂V
∂x

ẋ=
∂V
∂x

f (x),

but whenx and f aren-vectors, i.e.,

ẋ= f (x) ⇔








ẋ1

ẋ2
...

ẋn







=








f1(x)
f2(x)

...
fn(x)







,

we have

V̇ =
dV
dt

=
n

∑
i=1

∂V
∂xi

ẋi =
∂V
∂xi

fi(x) = ∇xV(x) · f (x).

Condition(iv) thus requiresV(x) to strictly decrease as longx 6= 0. Because of condition(ii) , x 6= 0
is equivalent toV(x)> 0 soV(x) must decrease all the way to zero. SinceV(x) is only zero at zero,
this necessarily implies thatx→ 0 ast → ∞. 2
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Example 13.1. Consider the following system

ÿ+(1+ |ẏ|)(y+ ẏ) = 0.

Definingx=
[
x1 x2

]′ :=
[
y ẏ

]′, this system can be written as ˙x= f (x) as follows:

ẋ1 = x2,

ẋ2 =−(1+ |x2|)(x1+ x2).

Suppose we want to show that the origin is globally asymptotically stable. A “candidate” Lyapunov
Note 69.Finding a Lyapunov
function is more an art than a sci-
ence. Fortunately several “artists”
already discovered Lyapunov for
many systems of interest.

function for this system is

V(x) := x2
1+(x1+ x2)

2.

This function satisfies the requirements(i)–(iii) . Moreover,

∇xV(x) · f (x) = 2x1ẋ1+2(x1+ x2)(ẋ1+ ẋ2)

= 2x1x2+2(x1+ x2)
(
x2− (1+ |x2|)(x1+ x2)

)

= 2x1(−x1+ x1+ x2)+2(x1+ x2)
(
x2− (1+ |x2|)(x1+ x2)

)

=−2x2
1+2(x1+ x2)

(
x1+ x2− (1+ |x2|)(x1+ x2)

)

=−2x2
1−2|x2|(x1+ x2)

2 ≤ 0.

Since we only have equality to zero whenx1 = x2 = 0, we conclude that(iv) also holds and therefore
V(x) is indeed a Lyapunov function and the origin is globally asymptotically stable. 2

13.3 Exercise

13.1. The average number of data-packets sent per second by any program that uses the TCP proto-
col (e.g.,ftp) evolves according to an equation of the form:

ṙ =
1

RTT2 −
2
3

pdropr(r +d),

wherer denotes the average sending rate,RTTdenotes the round-trip time for one packet in seconds,
pdrop the probability that a particular packet will be dropped inside the network, andd the average
sending rate of other data-flows using the same connection. All rates are measured in packets per
second. Typically one packet contains 1500bytes.

1. Find the equilibrium-pointreq for the sending rate.

Hint: When d= 0, your expression should simplify to

req=

√

3/2
RTT

√
pdrop

.

This is known as the “TCP-friendly” equation.

2. Verify that the origin is globally asymptotically stablefor the system with statex := r − req.
2

13.4 LaSalle’s Invariance Principle

Consider now the system

ÿ+ ẏ|ẏ|+ y3 = 0
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Definingx=
[
x1 x2

]′
:=

[
y ẏ

]′
, this system can be written as ˙x= f (x) as follows:

ẋ1 = x2, (13.4)

ẋ2 =−x2|x2|− x3
1. (13.5)

A candidate Lyapunov function for this system is

V(x) :=
x2

2

2
+

x4
1

4
.

This function satisfies the requirements(i)–(iii) . However,

∇xV(x) · f (x) = x2ẋ2+ x3
1ẋ1 =−|x2|x2

2

and therefore it does not satisfy(iv) because

∇xV(x) · f (x) = 0 for x2 = 0, x1 6= 0.

However,

∇xV(x) · f (x) = 0 ⇒ x2 = 0

soV can only stop decreasing ifx2 converges to zero. Moreover, if we go back to (13.5) we see that
x2(t) = 0,∀t must necessarily imply thatx1(t) = 0,∀t. So althoughV(x) is not a Lyapunov function,
it can still be used to prove that the origin is globally asymptotically stable. The argument just used
to prove that the origin is asymptotically stable is due to J.P. LaSalle:

LaSalle’s Invariance Principle. Suppose that there exists a scalar-valued function V: Rn →R that
Note 70.In general, LaSalle’s In-
variance Principle is stated in a
more general form. . . � p. 119

satisfies the conditions(i)–(iii) of Lyapunov Stability Theorem as well as

(iv)’ ∇xV(x) · f (x) is negative semi-definite, which means that

∇xV(x) · f (x)≤ 0, ∀x,

and, in addition, for every solution x(t) for which

∇xV
(
x(t)

)
· f
(
x(t)

)
= 0, ∀t ≥ 0 (13.6)

we must necessarily have that

x(t) = 0, ∀t ≥ 0. (13.7)

Then the origin is globally asymptotically stable for the system(13.3). In this case the function V(x)
is called aweak Lyapunov function. 2

13.5 Liénard equation and generalizations

LaSalle’s Invariance principle is especially useful to prove stability for systems with dynamics de-
scribed by theLiénard equation:

Note 71.The system considered
in Section13.4 was precisely of
this form.

ÿ+b(y, ẏ)ẏ+λ (y) = 0,

wherey is a scalar andb(y, ẏ), λ (y) are functions such that

b(y, ẏ)> 0, ∀ẏ 6= 0 (13.8)

λ (y) 6= 0, ∀y 6= 0 (13.9)

Λ(y) :=
∫ y

0
λ (z)dz> 0, ∀y 6= 0 (13.10)

lim
y→∞

Λ(y) = ∞. (13.11)
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This type of equation arises in numerous mechanical systemsfrom Newton’s law.

Definingx=
[
x1 x2

]′
:=

[
y ẏ

]′
, the Liénard equation can be written as ˙x= f (x) as follows:

ẋ1 = x2, (13.12)

ẋ2 =−b(x1,x2)x2−λ (x1). (13.13)

A candidate Lyapunov function for this system is
Note 72.This is how we got the
Lyapunov function for the system
in Section13.4. Verify! V(x) :=

x2
2

2
+Λ(x1). (13.14)

This function satisfies the requirements(i)–(iii) and

∇xV(x) · f (x) = x2ẋ2+λ (x1)ẋ1 =−b(x1,x2)x
2
2 ≤ 0.

Moreover, from (13.8) we conclude that

∇xV(x) · f (x) = 0 ⇒ x2 = 0.

Because of (13.13), any trajectory withx2(t) = 0,∀t necessarily must haveλ
(
x1(t)

)
= 0,∀t, which

in turn implies thatx1(t) = 0,∀t because of (13.9). ThereforeV(x) is a weak Lyapunov function and
the origin is globally asymptotically stable.

The type of weak Lyapunov function used for the Liénard equation can also be used for higher-
order dynamical system of the form

M(q)q̈+B(q, q̇)q̇+Lq= 0, (13.15)

whereq is ak-vectors andM(q), B(q, q̇), andL arek× k matrices withM(q) andL symmetric and
positive definite.

Defining

x=

[
x1

x2

]

:=

[
q
q̇

]

∈ R
2k,

the system (13.15) can be written as ˙x= f (x) as follows:

ẋ1 = x2,

ẋ2 =−M(x1)
−1
(

B(x1,x2)x2+Lx1

)

.

A candidate Lyapunov function for this system is

V(x) :=
1
2

x′2M(x1)x2+
1
2

x′1Lx1. (13.16)

This function satisfies the requirements(i)–(iii) and
Note 73.Using the product

rule: d(x′Mx)
dt = dx

dt
′
Mx +

x′M dx
dt + x′ dM

dt x. But since
dx
dt

′
Mx is a scalar, it is equal

to its transpose and we get
d(x′Mx)

dt = 2x′M dx
dt +x′ dM

dt x.

∇xV(x) · f (x) = x′2M(x1)ẋ2+
1
2

x′2
(dM(x1)

dt

)

x2+ ẋ′1Lx1

=−x′2
(

B(x1,x2)−
1
2

dM(x1)

dt

)

x2.

Using LaSalle’s Invariance Principle, we conclude that theorigin is globally asymptotically stable
as long as

B(x1,x2)−
1
2

dM(x1)

dt

is positive definite. This will be used shortly to design controllers for mechanical systems.
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13.6 To probe further

Note 70 (LaSalle’s Invariance Principle). LaSalle’s Invariance Principle is generally stated in the
following form.

LaSalle’s Invariance Principle. Suppose that there exists a scalar-valued function V: Rn →R that
satisfies the conditions(i)–(iii) of Lyapunov Stability Theorem as well as

(iv)” ∇xV(x) · f (x) is negative semi-definite, which means that

∇xV(x) · f (x)≤ 0, ∀x.

Then the origin is globally stable for the system(13.3). Moreover, let E denote the set of all points
for which∇xV(x) · f (x) = 0, i.e.,

E :=
{

x∈ R
n : ∇xV(x) · f (x) = 0

}
,

and let M be the largest invariant set for the system(13.3) that is fully contained in E. Then every
Note 74.A setM is said to be in-
variant for the system (13.3) if ev-
ery trajectory that starts insideM
will remain inside this set forever.

solution to(13.3) approaches M as t→ ∞. In case M only contains the origin, the origin is globally
asymptotically stable for the system(13.3).

The condition(iv)’ that appeared in Section(iv), requires that any solutionx(t) that stays inside the
setE forever, must necessarily be the identically zero [see equation (13.6)]. This means that the set
M can only contain the origin, because otherwise there would be another solutionx(t) that would
start insideM ⊂ E and stay inside this set forever. 2

13.7 Exercises

13.2. For the following systems, show that the origin is asymptotically stable using the Lyapunov
function provided.

{

ẋ=−x+ y− xy2

ẏ=−x− y− x2y
V(x,y) = x2+ y2 (13.17)

{

ẋ=−x3+ y4

ẏ=−y3(x+1)
V(x,y) = x2+ y2 (13.18)

{

ẋ=−x+4y

ẏ=−x− y3 V(x,y) = x2+4y2 (13.19)

{

ẋ= x+4y

ẏ=−2x−5y
V(x,y) = ax2+bxy+ cy2 (13.20)

For the last system, determine possible values for the constantsa, b, andc (recall thatV must be
positive definite). 2

13.3. For the following systems, show that the origin is asymptotically stable using the Lyapunov
function provided.

{

ẋ= y

ẏ=−x− y
V(x,y) = x2+ y2 (13.21)

{

ẋ= y

ẏ=−y|y|−3x
V(x,y) = ax2+by2 (13.22)

For the last system, determine possible values for the constantsa andb (recall thatV must be positive
definite). 2

13.4. Consider the hovercraft model in Example12.3. Show that if the generalized force vector is
set toF =−q, then the origin is globally asymptotically stable. 2
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14.1 Lyapunov-based controller

In Lyapunov-based designs one starts by selecting a candidate Lyapunov function and then chooses
the control signal for which the trajectories of the closed-loop do indeed decrease along the chosen
Lyapunov function.

To understand how this can be done, consider again the vehicle shown in Figure12.1with units
chosen so that all constant coefficient are numerically equal to 1

ÿ=−ẏ|ẏ|+1

and suppose we wanty to converge to some constant reference valuer. Defining the tracking error
e := y− r, we conclude that

ë=−ė|ė|+1.

Setting the state

x=

[
x1

x2

]

:=

[
e
ė

]

the dynamics of the system can be written as ˙x= f (x,u) as follows:

ẋ1 = x2 (14.1)

ẋ2 =−x2|x2|−1+u, (14.2)

and we would like to make the origin globally asymptoticallystable.

In view of what we saw for the Liénard equation, we will try tomake
Note 75.Compare with equation
(13.14).

V(x) :=
x2

2

2
+λ

x2
1

2
, λ > 0
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a Lyapunov function for the system by appropriate choice ofu. This function satisfies the require-
ments(i)–(iii) and

∇xV(x) · f (x,u) = x2ẋ2+λx1ẋ1 =−x2
2|x2|+ x2(−1+u+λx1).

A simple way to make the system Lyapunov stable is then to select

−1+u+λx1= 0 ⇔ u= 1−λx1 = 1−λ (y− r),

which leads to

∇xV(x) · f (x,u) =−x2
2|x2|,

and therefore the candidateV(x) becomes a weak Lyapunov function for the closed-loop:

ẋ1 = x2,

ẋ2 =−x2|x2|−1+u(x1) =−x2|x2|−λx1.

Attention! A feedback linearization controller for (14.2) would cancel both the nonlinearity−x2|x2|
and the−1 terms, using a controller of the form

u(x1,x2) = 1+ x2|x2|−KPx1−KDx2, KP,KD > 0.

However, in the presence of measurement noise this would lead to the following closed-loop system

ẋ1 = x2

ẋ2 =−x2|x2|−1+u(x1+n1,x2+n2) =−KPx1−KDx2+d

whered is due to the noise and is equal to

d :=−KPn1−KDn2− x2|x2|+ x2|x2+n2|+n2|x2+n2|.
The main difficulty with this controller is thatn2 appears ind multiplied byx2 so even with little
noise,d can be large ifx2 is large.

Consider now the Lyapunov-based controller

u(x1) = 1−λx1

also in the presence of noise:

ẋ1 = x2

ẋ2 =−x2|x2|−1+u(x1+n1) =−x2|x2|−λx1+d, d =−λn1.

This controller is not affected at all by noise in the measurement ofx2 = ẏ and the noise in the
measurement ofx1 = y− r is not multiplied by the state. 2

14.2 Exercises

14.1. Design a controller for the system (14.2) using the following candidate Lyapunov function

V(x) :=
x2

2

2
+λx1arctan(x1), λ > 0.

What is the maximum value ofu that this controller requires? Can you see an advantage of using
this controller with respect to the one derived before? 2

14.2. Consider again system (14.2) and the following candidate Lyapunov function

V(x) :=
x2

2

2
+λx1arctan(x1), λ > 0.

Find a Lyapunov-based control lawu(x1,x2) that keeps

∇xV(x) · f (x,u)≤−x2
2|x2|,

always using theu with smallest possible norm. This type of controller is called apoint-wise min-
norm controllerand is generally very robust with respect to process uncertainty. 2
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14.3 Application to mechanical systems

Consider again a fully actuated mechanical system of the following form

M(q)q̈+B(q, q̇)q̇+G(q) = u (14.3)

and suppose that we want to makeq converge to some constant valuer. Defining

x=

[
x1

x2

]

:=

[
q− r

q̇

]

∈ R
2k,

the system (14.3) can be written as ˙x= f (x,u) as follows:

ẋ1 = x2,

ẋ2 =−M(x1+ r)−1
(

B(x1+ r,x2)x2+G(x1+ r)−u
)

.

Based on what we saw in Section13.5, we will try to make
Note 76.Compare with equation
(13.16).

V(x) :=
1
2

x′2M(x1+ r)x2+
γ1

2
x′1x1, γ1 > 0

a Lyapunov function for the system by appropriate choice ofu. This function satisfies the require-
ments(i)–(iii) and

∇xV(x) · f (x) = x′2M(x1+ r)ẋ2+
1
2

x′2
(dM(x1+ r)

dt

)

x2+ γ1ẋ′1x1

=−x′2
(

B(x1+ r,x2)x2−
1
2

dM(x1+ r)
dt

x2+G(x1+ r)−u− γ1x1

)

.

Since in generalx′2B(x1+ r,x2)x2 ≤ 0, a simple way to make the system Lyapunov stable is to select

− 1
2

dM(x1+ r)
dt

x2+G(x1+ r)−u− γ1x1 = γ2x2

⇔ u=−1
2

dM(x1+ r)
dt

x2+G(x1+ r)− γ1x1− γ2x2

=−1
2

dM(q)
dt

q̇+G(q)− γ1(q− r)− γ2q̇,

which leads to

∇xV(x) · f (x) =−x′2B(x1+ r,x2)x2− γ2x′2x2.

and therefore the candidateV(x) becomes a weak Lyapunov function for the closed-loop.

Attention! For several mechanical system

x′2
(

B(x1+ r,x2)x2−
1
2

dM(x1+ r)
dt

)

x2 ≥ 0.

For those systems it suffices to select

G(x1+ r)−u− γ1x1 = γ2x2 ⇔ u= G(x1+ r)− γ1x1− γ2x2

= Gq− γ1(q− r)− γ2q̇,

which leads to

∇xV(x) · f (x) =−x′2
(

B(x1+ r,x2)x2−
1
2

dM(x1+ r)
dt

)

x2− x′2B(x1+ r,x2)x2− γ2x′2x2

≤−γ2x′2x2. 2
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14.4 Exercises

14.3. Design a Lyapunov based controller for the inverted pendulum considered in Exercise12.2and
compare its noise rejection properties with the feedback linearization controller previously designed.

2

14.4. Re-design the controller in Exercise14.3to make sure that the control signal always remains
bounded. Investigate its noise rejection properties.

Hint: Draw inspiration from Exercises14.1and14.2. 2
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