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Intro duction to nonlinear
control

In this sectionwe considerthe cortrol of nonlinear systemssuch asthe oneshown in Figure 1.

Our goal is to construct a state-feedba& cortrol law of the form Sidebar 1. This control-la w
implicitly assumesthat the
u= k(X) whole state x can be
measured.

that results in adequate performancefor the closed-lcop system
x=f xKk(x) :

Typically, at least we want x to be bounded and corvergeto somedesired referencevalue
r.

u(t) 2 R™ x(t) 2 R
x=f(x;u)

Figure 2. Closed-loop nonlinear system with
state-feedbadk

u(t) 2 R"™ x(t) 2 R
= f (x;u)

R —

X

Figure 1. Nonlinear processwith m inputs

Pre-requisites
1. Basic knowledge of nonlinear ordinary di erential equations.
2. Basic knowledge of contin uous-time linear controller design.

3. Familiarit y with basic vector and matrix operations.
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Lecture # 1

Feedback linearization
controllers
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1.1 Feedback linearization

In feedbadk linearization cortrol design, we decomposethe cortrol signal u into two com-
ponerts with distinct functions:

where

u= up +v,

1. uyp is usedto \cancel" the process'nonlinearities, and

2. v is usedto cortrol the resulting linear system.

To understand how this is done, considerthe vehicle shovn in Figure 1.1 moving vertically
in the atmosphere. By choosing

1 .
u=un(y)+v; uni(y) = EcAmH mg;

we obtain

1 - 1
my = EcAym mg+ (Un(W+Vv)=v ) y= v

3

Sidebar 2. For large
objects moving through air,
the air resistance is
approximately prop ortional
to the square of the velocity,
with a drag force given by

1 -
Farag = ECA Yivi

where is the air density, A
the cross-sectional area, and
c the drag coe cien t, which
is 0.5 for a spherical object
and can reach 2 for
irregularly shaped objects
[3]. Farag always points in
the opposite direction of y.



Sidebar 3. These include

robot-arms, mobile robots,

airplanes, helicopters,
underwater vehicles,
hovercraft, etc.
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u
From Newton's law:
A
9| Frg my = Fae Mo+ U
1 .
= EC A YIVI mg + u;
Ly where m is the vehicle's mass, g grav-

ity's acceleration, Faag =  3CA Yjyj
the drag force, and u an applied force.

Figure 1.1. Dynamics of a vehicle moving vertically in the atmosphere

In practice, we transformed the original nonlinear processinto a (linear) double integrator
with transfer function from v to y given by

1
T(s) := X

We can now use linear methods to nd a cortroller for v that stabilizes the closed-lap.
E.g., a PD cortroller of the form

v=Kpe+ Kpeg e=r y:

Figure 1.2 shows a diagram of the overall closed-lmp system. From an \input-output”
perspective, the systemin the dashedblock behavesasa linear systemwith transfer function

T(s) = =is.

I
rooL e v L _u 1 | y
I L
%@% er+ KDe_ %}Q%my: ECAYJMJ mg+u ! =
I I
) A l
I I
1 1. l
I —CAVyjyi + mg I
| Un 2 |
Lo I

Figure 1.2. Feedbad linearization controller.

1.2 Generalized model for mechanical systems

The equationsof motion of many medanical systemscan be written in the following general
form

M(a)e+ B(qaa+ G(a) = F; (1.1)

where
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q2 R¥ isak-vectorwith linear and/or angular positions called the vector of genealized
coordinates;

F 2 R¥ isak-vector with applied forcesand/or torques called the vector of genealized
forces;
M (q) isak k non-singular symmetric positive-de nite matrix calledthe massmatrix ; Sidebar 4. A symmetric

] ] ) ) o o ) matrix M is positive-de nite
B(qg;q) isak k matrix sometimescalled the centrifugal/Coriolis/friction matrix, for if x°™M x > 0,8x 6 0...
systemswith no friction we generally have

dB(gda=0; 892 R
whereasfor systemswith friction

dB(ada 0, 892 R;
with equality only when g = 0;

G(q) is a k-vector sometimescalled the vector of conservative forces

Examples

Figure 1.3. Inverted pendulum Figure 1.4. Two-link robot manipulator

Example 1 (Inverted pendulum). The dynamics of the inverted pendulum shown in
Figure 1.3 are given by

m2®*=mg sin  b_+ T;

where T denotesa torque applied at the base, and g is the gravity's acceleration. This
equation can be identi ed with (1.1), provided that we de ne

q:= ; Fi=T, M(g) == m'?; B(a) := b; G(g) == mg sin ;

When the pendulum is attached to a cart and the input is the cart's accelerationz, we have
T = m'zcos but this makesthe problem more dicult, especially around = =2.
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Example 2 (Rob ot arm). The dynamics of the robot-arm with two revolution joints
shown in Figure 1.4 can be written asin (1.1), provided that we de ne

q= ' Fa= 1
2 2

where 1 and , denotetorques applied at the joints. For this system

Sm3+ 27175008 2+ “E(My+ my) 5+ T17amacos

M = . NN
@ 5ma+ "1 oMy cos Zm,
B(qq) = 2mz'1 228N 2 M2 128N o
' ' m2\1\2_15in 2 0
g M22c0f 1 2)+ (Mp+mz)1C0S 1 |
G(g:=g :

mz2coy 1 2)

where g is the gravity's acceleration[1, p. 202{205].

Figure 1.5. Hovercraft

Example 3 (Ho vercraft). The dynamics of the hovercraft showvn in Figure 1.5 can be
written asin (1.1), provided that we de ne

23 2 .
X (Fs+ Fp)cos  F- sin

q:=4yd; F:=4(Fs+ Fp)sin + F-cos 9;
(Fs  Fp)

whereFs, Fp, and F- denotethe starboard, portb oard, and lateral fan forces. The vehiclein
the photograph doesnot have a lateral fan, which meansthat F- = 0. It is therefore called
underactuated becausethe number of controls (Fs and F;) is smaller than the number of
degreesof freedom(x, y, and ). For this system

2 3 2
m 0 O d 0 O

M(:=40 m 05; B(:=40 d, 05;
0 0 J 0 0 d

3
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where m = 5:5kg is the massof the vehicle,J = 0:047kgm? its rotational inertia, d, = 4:5
the coe cien t of linear friction, di = :41the coe cien t of rotational friction, and™ = 0:123m
the moment arm of the forces. In these equations, the geometry and masscerters of the
vehicle are assumedto coincide [2].

1.3 Feedback linearization of mechanical systems

A mecdhanical systemis called fully actuated when one has control over the whole vector or
generalizedforces. For such systemswe regard u := F asthe control input and we can use
feedbadk linearization to designnonlinear cortrollers. In particular, choosing

F=u=un(gq+M(@QV; Uni (G; @) := B(g; g+ G(a);
we obtain
M(de+ B(gda+ G(a) = B(gaga+ G(a) + M(g)v , €=V
Expanding the k-vectors¢ and v in their componerts, we obtain
2 3 2 3
Cil Vi
WA
& Vi

and therefore we can selectead v; asif weweredesigninga controller for a double integrator
& = Vi

Atten tion! Measuremen noisecan lead to problemsin feedbad linearization controllers.
When the measuremets of q and g are a ected by noise,we have

M(ge+ B(gda+ G(g) = un(g+ n;g+ w) + M(g+ n)v;

wheren is measuremei noisein the g sensorsand w the measuremen noisein the g sensors.
In this case

M(ge+ B(gaa+ G(g) = B(g+ n;a+ w)(a+ w)+ G(q+ n)+ M(g+ n)v  (1.2)
and (with somework) one can show that
q= | + v+ d; (1.3)

where

M(@ *M(g+n) M(g ;
M(g) ' B(gq+n;g+w) B(ga g+ B(g+ ng+ ww+ G(g+n) G(g) :

Since and d canbe very large, with feedbad linearization cortrollers it is particularly im-
portant to make surethat the controller selectedfor v is robust with respectto multiplicativ e
uncertainty and good at rejecting disturbances.

d:



Matlab hint 1. eig(A)
computes the eigenvalues of
the matrix A ..
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1.4 To prob e further

Sidebar 4. A symmetric k k matrix M is positive-de nite if
xMx > 0;

for every nonzerovector x 2 R¥. Positive-de nite matrices are always nonsingular and their
inversesare also positive-de nite.

To test if a matrix is positive de ne one can compute its eigenvalues. If they are all positive
the matrix is positive-de nite, otherwiseit is not (cf. Matlab Hint 1).

Matlab Hint 1 (eig). The command eig(A) computesthe eigervalues of the matrix A
Alternativ ely, eig(sys) computesthe eigervaluesof the A matrix for a state-spacesystem
sys speci ed by sys=ss(A,B,C,D) , where A,B,C,D are a realization of the system.

1.5 Exercises

Exercise 1. Verify that (1.3) is indeed equivalent to (1.2), by solving the latter equation
with respectto €.

Exercise 2. Designa feedbad linearization cortrollers to drive the inverted pendulum in
Example 1 to the up-right position. Use the following valuesfor the parameters: * = 1m,
m = 1kg, b= :1Nm s ! and g = 9:8ms 2. Verify the performance of your systemin
the presenceof measuremem noise using Simulink.
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Ly apunov stablilit y
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2.1 Lyapunov stabilit y

Although feedbadk linearization provides a simple method to design cortrollers for nonlin-
ear systems. The resulting cortrollers are sometimesvery sensitive to measuremen noise
becauseit preverts a perfect cancellation of the nonlinearities. It turns out that such can-
cellation is not always needed.

Consider again the vehicle showvn in Figure 1.1 and supposethat we simply want to
cortrol its velocity y. For simplicity, we assumethat the applied force u is constart and
larger than mg (i.e., there is an excessupward force) and that the units were chosensothat
all constart coe cien t are numerically equalto 1:

Since

y= vyiyi+ &L

yiyi+1=0 , y=1;

we concludethat 1 is the only equilibrium-point for the system,i.e.,

y(t)=1; 8t 0

is the only possibleconstant trajectory for the system. A questionthat may then arise is:

9
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Will y(t) convemgeto 1 ast! 1, wheny(0) 6 1?

To study this question we will consideran \error" systemthat looks at the di erence from
y to the equilibrium-point 1. De ning x := y 1, we concludethat

X= (X+ 1jx+ 1+ 1 (2.1)
and the previous question could be reformulated as
Will x(t) convergeto O ast! 1, whenx(0) 6 0?
To addressthis question, supposethat we de ne
V(x) = x?
and compute V's derivative with respect to time using the chain rule:

dav. = @ . . 2X2(x + 2) X 1
VL= —=—Xx=2X X+ Djx+1+1 = 2.2
dt @&~ ( ) : 2X(X2+ 2x+2) x< 1L 22)

Figure 2.1 shows the right-hand-side of the above equation as a function of x. Three con-

0

210 : . 4

A5 4

20 4

25 4

30 -

35 I I I
) R

Figure 2.1. \Lvs. x

clusionscan be drawn from here:

Boundedness For every initial condition x(0), jx(t)j will remain boundedforallt 0, i.e.,
it will not blow up. This is becauseV x(t) = x2(t) cannot increase.

Stabilit y If we start x(0) very closeto zero, then x(t) will remain very closeto zero for
all imest 0. This is becauseV x(t) = x?(t) will always be smaller or equal than
V x(0) .

Convergence x(t)! Oast! 1. This is becausethe right-hand side of (2.2) is only
equalto zerowhen x = 0 and therefore \L will be strictly negative for any nonzerox.

This nally provides an answer to the previous questions: Yes! x ! Oast! 1.
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When a system exhibits these three properties we say that the origin is glokally asymp-
totically stable This notion of stability for nonlinear systemswas originally proposed by
Aleksandr Lyapunov and now carries his name.

Denition 1 (Ly apunov stabilit y). Given a system
x = f(x); t 0, x2R"; (2.3)
we say that:

(i) the trajectories are glokally bounded if for every initial condition x(0), there exists a
scalar x(0) 0 suc that

x(t) x(0) ; 8t O0;

(ii) the origin is glotkally stableif the trajectories are globally boundedand (x(0)) ! 0Oas
x(0)! 0;

(iii) the origin is glokally asymptotically stableif it is globally stable and in addition x(t) ! 0
ast! 1.

Atten tion! The requiremert (ii) is rather subtle but very important. In essencejt says
that if we choosethe initial condition x(0) very closeto the origin, then the upper bound
(x(0)) will alsobe very small and the whole tra jectory stays very closeto the origin.

2.2 Lyapunov Stabilit y Theorem

The technique usedbeforeto concludethat the origin is globally asymptotically stablefor the
system(2.1) is a special caseof a more generalmethod proposedby Aleksandr M. Lyapunov.
His may cortribution to nonlinear control was the realization that an appropriate choice of
the function V(x) could make proving stability very simple. In the example above (and in
fact in most one-dimensionalsystems) V (x) = x? works well, but for higher dimensional
systemsthe choice of V (x) is critical.

Ly apuno v Stabilit y Theorem. Suppse that there exists a salar-valued function V :
R" ! R with the following properties:

(i) V(x) is dier entiable;
(i) V(x) is positive de nite , which means that vV (0) = 0 and

V(x)> 0 8x 6 0:

(i) V(x) is radially unbounded which meansthat V(x)! 1 wheneverx! 1 ;

(iv) r xV(x) f(x) is negative de nite , which meansthat r \VV(0) f (0) = 0 and Notation 1. Given a scalar
function of n variables
r«V(x) f(x)<0 8x 6 O f(X1;::7;Xm), r xf denotes
the gradient of f, i.e.,
r th (X1;X2500 1 Xm) =
@ a a '

@1 @2 @m



Sidebar 5. Why?

Sidebar 6. Finding a
Lyapunov function is more
an art than a science.
Fortunately seweral \artists"
already discovered Ly apunov
for many systems of interest.
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Then the origin is glokally asymptotically stablefor the system (2.3). The function V(x) is
called a Lyapunov function.

The function V(x) = x? consideredbefore satis es all the conditions of the Lyapunov
Stability Theorem for the system(2.1) soour conclusionthat the origin wasglobally asymp-
totically stable is consistert with this theorem.

Sidebar 5 (Ly apunov Stabilit y Theorem). When the variable x is a scalar,

av. @& @&
L= ar @X_— @f (x);
but when x and f are n-vectors,i.e.,
2 3 2
X1 f1(x)
WA
x=1t0) . §.2=8§ . L
Xo  fa(X)

we have

dv _ X @ @

= — = —Xj = —
da @ GY
Condition (iv) thusrequiresV (x) to strictly decreaseaslongx 6 0. Becauseof condition (ii),

x 6 0 is equivalert to V(x) > 0 soV(x) must decreaseall the way to zero. SinceV (x) is
only zero at zero, this necessarilyimplies that x ! Oast! 1.

fi(x) =r 4yV(x) f(x):

Example 4. Considerthe following system
y+ @+jyiy+y) =0

Dening x= X1 Xz 0.= y LO, this system can be written asx = f (x) asfollows:
X1 = Xz,
X2 = (1+ ]X2))(X1+ X2):

Supposewe want to show that the origin is globally asymptotically stable. A \candidate"
Lyapunov function for this systemis

V(X) := X3+ (X1 + X2)2:
This function satis es the requiremerts (i){(iii). Moreover,

rxV(x) f(x)= 2xixa+ 2(x1 + x2)(X1 + X2)

2X1X2 + 2(X1 + X2) X2 (1 + [X2])(X1 + X2)

2x1( X1+ X1+ X2) + 2(Xg + X2) X2 (1+ jX2f)(X1 + X2)
23+ 2(X1 + X2) X1+ X2 (L4 jX2))(X1 + X2)
2x2 2jxaj(x1 + x2)% O

Since we only have equality to zero when x; = x, = 0, we concludethat (iv) also holds
and therefore V (x) is indeed a Lyapunov function and the origin is globally asymptotically
stable.
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2.3 Exercise

Exercise 3. The averagenumber of data-padkets sert per secondby any program that uses
the TCP protocol (e.g., ftp ) ewlvesaccordingto an equation of the form:
; 1
— RTT?Z

2
§pdrop r(r +d;

wherer denotesthe averagesendingrate, RTT denotesthe round-trip time for one packet
in seconds pqrep the probability that a particular padket will be dropped inside the network,
and d the averagesendingrate of other data- o ws using the sameconnection. All rates are
measuredin packets per second. Typically one padket contains 1500bytes.

1. Find the equilibrium-p oint req for the sendingrate.
Hint: When d = 0, your expression should simplify to
P
€ RTTP Parep
This is known as the \TCP-friend ly" equation.

2. Verify that the origin is globally asymptotically stable for the systemwith state x :=
r req.

2.4 LaSalle's Invariance Principle
Consider now the system
y+vyiyi+y*=0
Dening x= X1 Xz 0.= y 10, this system can be written asx = f (x) asfollows:

X1 = X2, (2.4)
X2= Xoxa x5 (2.5)

A candidate Lyapunov function for this systemis

x5 x}
V(x) = 72 + Zl:
This function satis es the requiremerts (i){(iii). However,
rxV(x) f(X) = XoXo + X3xa = | X2jX5
and therefore it doesnot satisfy (iv) because

ryV(x) fxX)=0 for x,=0; x; 6 0:



Sidebar 7. In general,
LaSalle's Invariance
Principle is stated in a more
general form. ..

Sidebar 8. The system
considered in Section 2.4 was
precisely of this form.
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Howewer,
r«V(x) fxX)y=0 ) X2=0

soV can only stop decreasingif x, convergesto zero. Moreover, if we go bad to (2.5) we
seethat x,(t) = 0, 8t must necessarilyimply that x;(t) = 0, 8t. So although V (x) is not
a Lyapunov function, it canstill be usedto prove that the origin is globally asymptotically
stable. The argumert just usedto prove that the origin is asymptotically stable is due to
J. P. LaSalle:

LaSalle's Invariance Principle. Suppse that there exists a salar-valued function V :
R" ! R that satis es the conditions (i){(ii) of Lyapunov Stability Theorem as well as

(iv)' r xV(x) f(x) is negative semi-de nite, which means that
r«V(x) f(x) 0; 8x;
and, in addition, for every solution x(t) for which
r«V x(t) f x(t) =0, 8 0 (2.6)
we must necessarily havethat
x(t)=0; 8 O (2.7)

Then the origin is glokally asymptotically stablefor the system(2.3). In this casethe function
V (x) is called a weak Lyapunov function.

2.5 Lienard equation and generalizations

LaSalle'sInvarianceprinciple is especially usefulto prove stabilit y for systemswith dynamics
described by the Lienard equation:

y+by;y+ (y)=0;

wherey is a scalarand b(y;y), (y) are functions such that

b(y;y) > 0; 8y 60 (2.8)
(y) 6 OZ' 8y6 0 (2.9)
(y):= ' (2)dz > 0; 8y 6 0 (2.10)
0
lim (y)=1: (2.11)
yll

This type of equation arisesin numerous medanical systemsfrom Newton's law.

Dening x = X1 X2 0.= y 10, the Lienard equation can be written asx = f (x) as
follows:

X1 = X (2.12)
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X2 = b(xi;x2)x2  (X): (2.13)
A candidate Lyapunaov function for this systemis Sidebar 9. This is how we
2 got the Lyapunov function
X for th tem in Section 2.4.
V(X) = 72 + ( X1): (2.14) \?érify? system in section
This function satis es the requiremerts (i){(ii) and
VX)) f(X)=xXaXo+ (X1)xa= b(X1ix2)x3 O
Moreover, from (2.8) we concludethat
r<V(x) f(xX)=0 ) X2 = 0
Becauseof (2.13), any trajectory with x,(t) = 0, 8t necessarilymust have x3(t) = O,
8t, which in turn implies that x;(t) = 0, 8t becauseof (2.9). Therefore V (x) is a weak
Lyapunov function and the origin is globally asymptotically stable.
The type of weak Lyapunov function usedfor the Lienard equation can also be usedfor
higher-order dynamical system of the form
M (d)e+ B(g; Qg+ Lg = O; (2.15)
where g is a k-vectors and M (qg), B(g;@), and L are k k matrices with M (g) and L
symmetric and positive de nite.
De ning
x= b= 9o R
X2 a
the system(2.15) can be written asx = f (x) asfollows:
X1 = Xz,
X2= M(x1) ' B(X1;X2)Xz + Lxq :
A candidate Lyapunov function for this systemis
1 1
V(x) := EX(Z)M (X1)X2 + Ex‘l’Lx 1 (2.16)
This function satis es the requiremerts (i){(ii) and Sidebar 10. Using the
. d(x"M x) _
1 dMm product rule: ==gr— =
V00 100 = XM ke + 2x8 T ik, S5+ XM 825 200
d But since ‘é—’; M x is a scalar,
- 0 . 1dm (X1) . it is equal to its transp ose
X3 B(X1;X2) X2: 3
2 dt and we get W =

Using LaSalle's Invariance Principle, we concludethat the origin is globally asymptotically 2xM 9% + x04M

stable aslong as

1dM (x

is positive de nite. This will be usedshortly to designcortrollers for medanical systems.
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2.6 To prob e further

Sidebar 7 (LaSalle's Invariance Principle). LaSalle'sInvariance Principle is generally
stated in the following form.

LaSalle's Invariance Principle. Suppse that there exists a salar-valued function V :
R" ! R that satis es the conditions (i){(iii) of Lyapunov Stability Theorem as well as

(iv)" r xV(x) f(x) is negative semi-de nite, which means that

r«vV(x) f(x) 0; 8x:

Then the origin is glokally stablefor the system (2.3). Moreover, let E denotethe set of all
points for whichr 4V (x) f(x)= 0, i.e.,

E:= x2R":ryW(x) f(x)=0;

Sidebar 11. A setM is and let M be the largestinvariant setfor the system (2.3) that is fully contained in E. Then
said to be invariant for the  every solution to (2.3) approachesM ast! 1 . In caseM only contains the origin, the

system (2.3) if every L .
ra jectory that starts inside  ON9IN 1S glokally asymptotically stablefor the system (2.3).

M will remain inside this set

forever. The condition (iv)' that appearedin Section (iv), requiresthat any solution x(t) that stays
inside the set E forever, must necessarilybe the identically zero [seeequation (2.6)]. This
meansthat the setM can only contain the origin, becauseotherwisethere would be another
solution x(t) that would start inside M  E and stay inside this set forever.

2.7 Exercises

Exercise 4. For the following systems,show that the origin is asymptotically stable using
the Lyapunov function provided.

(

X= x+ Xy 2

y= x ;/ xzy Viay) = x*+y? (2.17)
( x= X3+ yh

Y= yix+ 1) VOGy) = xE Y (2.18)
(

)Xz; o jﬁl V(y) = X2+ 4y? (2.19)
(

sy ViGy) = @+ byt o (220)

For the last system, determine possiblevaluesfor the constarts a, b, and c (recall that V
must be positive de nite).
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Exercise 5. For the following systems,show that the origin is asymptotically stable using
the Lyapunov function provided.

=y V(X y) = x%+ y? (2.21)
LT

=y V(xy) = ax? + by (2.22)

y= vy 3x

For the last system, determine possiblevaluesfor the constarts a and b (recall that V must
be positive de nite).

Exercise 6. Consider the hovercraft model in Example 3. Show that if the generalized
force vectoris setto F = @, then the origin is globally asymptotically stable.
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Lecture # 3

Ly apuno v-based designs

Contents

3.1 Lyapunov-basedcortroller . . . . . ... .. ... ... ... .. ...
3.2 EXErCiSes . . . . . . . e
3.3 Application to mechanical systems . . . . . ... ... ... ... ..
3.4 EXerciSes . . . . . . . e

3.1 Lyapunov-based controller

In Lyapunov-baseddesignsone starts by selectinga candidate Lyapunov function and then
choosesthe control signal for which the tra jectories of the closed-lop do indeed decrease

along the chosenLyapunov function.

To understand how this can be done, consideragain the vehicle shown in Figure 1.1 with

units chosensothat all constart coe cien t are numerically equalto 1

y= vyvi+1

and supposewe want y to corvergeto someconstart referencevaluer. De ning the tracking

error e:= y r, we concludethat

e= ¢gg+ 1

Setting the state
X = Xl = €
X2 €

the dynamics of the systemcan be written asx = f (x; u) as follows:

X1 = X2
X2 = XojXz] 1+ u;

19

(3.1)
(3.2)



Sidebar 12. Compare with
equation (2.14).
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and we would like to make the origin globally asymptotically stable.

In view of what we saw for the Lienard equation, we will try to make

X3 X2
\% =224+ 2L >0
(X) > >

a Lyapunov function for the system by appropriate choice of u. This function satis es the
requiremerts (i){(ii) and

V(X)) fOGU)= XoXo + X 1X3 = X5jX2) + Xo( 1+ U+ X 1):
A simple way to make the system Lyapunov stable is then to select
1+u+ x1=0 u=1l x:=1 (y r);
which leadsto
r«V(x) f(xu)= x3jxaj;
and therefore the candidate V (x) becomesa weak Lyapunov function for the closed-laop:

X1 = Xz,
X2 = XojXz] 1+ u(X1) = XXz X 1!

Atten tion! A feedbad linearization controller for (3.2) would cancelboth the nonlinearity
X2jX2j and the 1 terms, using a cortroller of the form

u(x1;X2) = 1+ x2jX2j Kpxy Kpxz; Kp;Kp > 0:

However, in the presenceof measuremem noisethis would lead to the following closed-lmp
system

X1 = X2
X2 = XojX2j 1+ u(Xi+ nixp+ny)= Kpxy Kpxp+d

where d is due to the noiseand is equal to
d:i= Kpny Kpnz XzjXoj + XzJX2 + N2j + N2jXz + Npj:

The main di cult y with this cortroller is that n, appearsin d multiplied by x, soeven with
little noise,d can be large if x; is large.

Consider now the Lyapunov-basedcortroller
u(x)) =1 X1
alsoin the presenceof noise:

X1 = X2
X2 = XgjXzj 1+ u(X1+ ni)= XojXx2j X1+ d; d= nq

This controller is not a ected at all by noisein the measuremen of X, = y and the noisein
the measuremen of x; = y r is not multiplied by the state.
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3.2 Exercises

Exercise 7. Designa cortroller for the system(3.2) usingthe following candidate Lyapunov
function

2
V(x) = %2 + X parctan(xy); > 0

What is the maximum value of u that this controller requires? Can you seean advantage
of using this cortroller with respect to the one derived before?

Solution to Exercise 7. For the given candidate Lyapunov function, we have that

X
r xV(x) f(x;u) —12 + arctan(xy) X3+ X2X»

1+ Xxg
X1 ..
= —+ + +
1+ x2 arctan(xi) Xz + Xo( Xgjxzj 1+ u)
= X3jXaj + X2 XLy arctan(x;) 1+ u :
1+ x?
To make the system stable, we can select
X1 X1
+ arctan(x l1+u=0 |, u=1 arctan(x1):
1+ x2 (x1) 1+ x2 (xa)

Since 1:‘—;{ % we concludethat with this controller

Exercise 8. Consider again system (3.2) and the following candidate Lyapunov function

2
V(x) = %2 + X parctan(xy); > 0

Find a Lyapunov-basedcontrol law u(xj;X2) that keeps
rxVe) fFoou)  x3ixa;

always using the u with smallestpossiblenorm. This type of cortroller is called a point-wise
min-norm controller and is generally very robust with respect to processuncertainty.

Solution to Exercise 8. As seenin Exercise 7, for the given candidate Lyapunov function,
we have that

r«V(x) foxu)=  x3xaj + x2 arctan(x;) 1+ u :

X1
+
1+ x?
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sowe needto choosethe u with smallest norm such that
0:

X1X2 X parctan(xi;) Xz + Xaou
1+ XE 2 1 2 2
0, we can simply chooseu = 0. Otherwise, we needto

In case ;5% + X 2arctan(xi) Xz
1
make X,u negative just enoughto keepthe whole term zero (as in Exercise7). This leads

to
0 I54 + Xarctan(xy) Xz 0
u= 1
1 #{ arctan(xy) %} + X parctan(xy) Xz > O
Xl +X1

This controller follows the principle: If it ain't broken, dorit x it.

3.3 Application to mechanical systems

Consider again a fully actuated medanical system of the following form
M (a)e+ B(g;q)g+ G(q) = u (3-3)
and supposethat we want to make q convergeto someconstart value r. De ning
x= b= 4 T R
X2 a

the system(3.3) can be written asx = f (x; u) asfollows:

X1 = Xz;
Xo= M(X1+71) P B(Xs+ rxa)xa+ G(X1+r1) U :
Sidebar 13. Compare with Basedon what we saw in Section 2.5, we will try to make
equation (2.16).
— 1 0 1.0, .
V(x) := §X2M (X1 + r)xz + 7xlxl, 1>0

a Lyapunov function for the system by appropriate choice of u. This function satis es the

requiremerts (i){(ii) and

+
r«V(x) f(x)=xIM(xq+ rx,+ %xg W X2+ 1x§x1
+
= X9 B(x1+ r;x2)Xx2 %Wxg+ G(X1+r) U 1X1 :

Sincein generalx9B (x1 + r;x2)x2 0, a simple way to make the system Lyapunov stable

is to select

+
%Wxﬁe(xﬁr) U X1 = 2%



Nonlinear control 23

1dM(a+n)

, u= 3 . 2+ G(xg+ 1) X1 2X2
1dMm
= M9 60@ i@ 0w
which leadsto
ryV(x) f(x)= xIB(X1+ r;x2)xa  2XIX2:

and therefore the candidate V (x) becomesa weak Lyapunov function for the closed-lap.
Atten tion! For seweral mechanical system

1AM+ )

0 . .
X5 B(Xg+ r;x2)x 0:
2 B(xs1 2)X2 5 at 2
For those systemsit su ces to select
G(Xl + r) u 1X1 = 2Xo s u= G(X]_ + r) 1X1 2X2

= Gq (g 1) 24,
which leadsto

1dM +
ryV(x) f(x)= x5 B(x1+ r;x2)xz E* Xo  XOB(X1+ IX2)Xa  2X9X2

Oy -
2X5X2!

3.4 Exercises

Exercise 9. Design a Lyapunov based cortroller for the inverted pendulum considered
in Exercise 2 and compare its noise rejection properties with the feedbadk linearization
cortroller previously designed.

Exercise 10. Re-designthe cortroller in Exercise 9 to make sure that the cortrol signal
always remains bounded. Investigate its noiserejection properties.

Hint: Draw inspiration from Exercises7 and 8.
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