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In tro duction to Robust Con trol

For controller designpurposesit is convenient to imagine that we know an accurate model
for the process,e.g., its transfer function. In practice, this is hardly ever the case:

1. When processmodels are derived from �rst principles, they always exhibit constants
that can only be determined up to someerror.

E.g., the precisevaluesof masses,moments of inertia, and friction coe�cien ts in mod-
els derived from Newton's laws; or resistances,capacitances,and gains, in electrical
circuits.

2. When one identi�es a model experimentally, noiseand disturbancesgenerally lead to
di�eren t results as the identi�cation experiment is repeated multiple times. Which
experiment gave the true model? The short answer is none, all models obtained have
someerror.

3. Processeschange due to wear and tear so even if a processwas perfectly identi�ed
before starting operation, its model will soon exhibit somemismatch with respect to
the real process.

The goal of this chapter is to learn how to take processmodel uncertainty into account,
while designinga feedback controller.

Pre-requisites

1. Laplace transform, continuous-time transfer functions, frequency responses,and sta-
bilit y.

2. Classicalcontinuous-time feedback control designusing loop-shaping.

3. Knowledgeof MATLAB/Sim ulink.
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Lecture # 1

Robust stabilit y

Con ten ts

1.1 Model uncertainty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Nyquist stabilit y criteria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Small-Gain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 MATLAB hints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.1 Mo del uncertain ty

Supposewe want to control the spring-mass-damper system in Figure 1.1, which has the
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Measuring the mass' vertical position y
with respect to the rest position of the
spring, we obtain from Newton's law:

m •y = � b_y � ky + u

Figure 1.1. Spring-mass-damper system.

following transfer function from the applied force u to the spring position y

P(s) =
1

ms2 + bs+ k
: (1.1)

Typically, the massm, the friction coe�cien t b, and the spring constant k would bemeasured
experimentally (or taken from somespeci�cations sheet) leading to con�dence intervals for
theseparametersand not just a single value:

m 2 [m0 � � 1; m0 + � 1]; b 2 [b0 � � 2; b0 + � 2]; k 2 [k0 � � 3; k0 + � 3]:

3
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The valueswith subscript 0 are called the nominal values for the parametersand the � i are
called the maximum deviations from the nominal value.

In practice, this means that there are many admissible transfer functions for the pro-
cess|one for each possiblecombination of m, b, and k in the given intervals. Figure 1.2Matlab hin t 1. bode(sys)

draws the Bode plot of the
system sys. . .

shows the Bode plot of (1.1) for di�eren t values of the parameters m, b, and k. The idea
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Figure 1.2. Bode plot of P (s) = 1
ms 2 + bs+ k , for di�eren t values of m 2 [:9; 1:1], b 2 [:1; :2], and

k 2 [2; 3].

behind robust control is to designa single controllers that achievesacceptableperformance
(or at least stabilit y) for every admissibleprocesstransfer function.

1.1.1 Additiv e uncertain t y

In robust control one starts by characterizing the uncertainty in terms of the process'fre-
quencyresponse. To this e�ect on selectsa nominal processtransfer function P0(s) and, for
each admissibleprocesstransfer function P(s), one de�nes:

� a(s) := P(s) � P0(s); (1.2)

which measureshow much P(s) deviatesfrom P0(s). This allowsusto expressany admissible
transfer function P(s) as in Figure 1.3. Motiv ated by the diagram in Figure 1.3, � a(s) is
called an additive uncertainty block. P0(s) should correspond to the \most likely" transfer
function, so that the additiv e uncertainty block is as small as possible. In the example
above, one would typically choose

P0(s) =
1

m0s2 + b0s + k0
:

To obtain a characterization of the uncertainty purely in the frequencydomain, one needs
to specify how large � a(j ! ) may be for each frequency ! . This is done by determining a
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� a(s) := P (s) � P0(s)

m

P(s) = P0(s) + � a(s)

Figure 1.3. Additiv e uncertainty

function `a(! ) su�cien tly large so that for every admissibleprocesstransfer function P(s)
we have

j� a(j ! )j = jP(j ! ) � P0(j ! )j � `a(! ); 8! :

When one has available all the admissible P(s) (or a representativ e set of them|suc h as
in Figure 1.2), one can determine `a(! ) by simply plotting jP(j ! ) � P0(j ! )j vs. ! for all
the P(s) and choosing for `a(! ) a function larger than all the plots. Since in general it is
not feasible to plot all jP(j ! ) � P0(j ! )j, one should provide some\safety-cushion" when
selecting`a(! ). Figure 1.4 shows `a(! ) for the Bode plots in Figure 1.2.
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Figure 1.4. Additiv e uncertainty bounds for the processBode plots in Figure 1.2 with P0(s) :=
1

m 0 s2 + b0 s+ k 0
, m0 = 1, b0 = 1:5, k0 = 2:5. The solid lines represent possibleplots for jP (j ! )� P0(j ! )j

and the dashed one represents the uncertainty bound ` a(! ).

1.1.2 Multiplicativ e uncertain t y

The additiv euncertainty in (1.2) measuresthe di�erence betweenP(s) and P0(s) in absolute
terms and may seemmisleadingly large when both P(s) and P0(s) are large|e.g., at low
frequencieswhen the processhas a pole at the origin. To overcomethis di�cult y one often
de�nes instead

� m (s) :=
P(s) � P0(s)

P0(s)
; (1.3)

which measureshow much P(s) deviates from P0(s), relative to the sizeof Po(s). We can
now expressany admissibletransfer function P(s) as in Figure 1.5, which motivates calling
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P(s) = P0(s)
�
1 + � m (s)

�

Figure 1.5. Multiplicativ e uncertainty

� m (s) a multiplicative uncertainty block. To characterize a multiplicativ e uncertainty one
determines a function `m (! ) su�cien tly large so that for every admissible processtransfer
function P(s) we have

j� m (j ! )j =
jP(s) � P0(s)j

jP0(s)j
� `m (! ); 8! :

One can determine `m (! ) by plotting jP (s) � P0 (s) j
jP0 (s) j vs. ! for all admissible P(s) (or a repre-

sentativ e set of them) and choosing `m (! ) to be larger than all the plots. Figure 1.6 shows
`m (! ) for the Bode plots in Figure 1.2.
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Figure 1.6. Multiplicativ e uncertainty bounds for the process Bode plots in Figure 1.2 with
P0(s) := 1

m 0 s2 + b0 s+ k 0
, m0 = 1, b0 = 1:5, k0 = 2:5. The solid lines represent possible plots for

j P ( j ! ) � P0 ( j ! ) j
j P0 ( j ! ) j and the dashed one represents the uncertainty bound `m (! ).

1.2 Nyquist stabilit y criteria

The �rst question we address is: Given a speci�c feedback controller C(s), how can we
verify that it stabilizes every admissible processP(s). When the admissible processesare
described in terms of a multiplicativ e uncertainty block, this amounts to verifying that the
closed-loop systemin Figure 1.7 is stable for every � m (j ! ) with norm smaller than `m (! ).
This can be done using the Nyquist stabilit y criterion, which we review next.

The Nyquist criterion is used to investigate the stabilit y of the negative feedback con-
nection in Figure 1.8. We brie
y summarizeit here. The textb ook [1, Section 6.3] providesSidebar 1. Figure 1.8 can

represent the closed-loop
system in Figure 1.7 if we
choose G(s) :=�
1 + � m (s)

�
P (s)C(s).

a more detailed description of it with several examples.
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Figure 1.8. Negative feedback

1.2.1 The Nyquist Plot

The �rst step consistsof drawing the Nyquist plot, which is done by evaluating G(j ! ) from Matlab hin t 2.
nyquist(sys) draws the
Nyquist plot of the system
sys. . .

! = �1 to ! = + 1 and plotting it in the complex plane. This leads to a closed-curve
that is always symmetric with respect to the real axis. This curve should be annotated with
arrows indicating the direction corresponding to increasing! .

A tten tion! Any poles of G(s) on the imaginary axis should be moved slightly to the left
of the axis to avoid divisions by zero. E.g.,

G(s) =
s + 1

s(s � 3)
� ! G� (s) �

s + 1
(s + � )(s � 3)

G(s) =
s

s2 + 4
=

s
(s + 2j )(s � 2j )

� ! G� (s) �
s

(s + � + 2j )(s + � � 2j )
=

s
(s + � )2 + 4

;

for a small � > 0. The criterion should then be applied to the \p erturb ed" transfer function
G� (s). If we conclude that the closed-loop is stable for G� (s) with very small � , then the
closed-loop with G(s) will also be stable and vice-versa.

1.2.2 The Nyquist criterion

Count the number #ENC of clockwise encirclements by the Nyquist plot of the point � 1.
To do this, we draw a ray from � 1 to 1 in any direction and add oneeach time the Nyquist
plot crossesthe ray in the clockwise direction (with respect to the origin of the ray) and
subtract oneeach time it crossesthe ray in the counter-clockwise direction. The �nal count
gives#ENC.

Nyquist Stabilit y Criterion. The total number of unstable (i.e., in the right-hand-side
plane) closed-loop poles (#CUP ) is given by

#CUP = #ENC + #OUP ;
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where #OUP denotesthe number of unstable (open-loop) poles of G(s). To have a stable
closed-loop one thus needs

#ENC = � #OUP :

Figure 1.9 shows the Nyquist plot of

G0(s) = C(s)P0(s); (1.4)

for the nominal processmodel

P0(s) :=
1

m0s2 + b0s + k0
; m0 = 1; b0 = 1:5; k0 = 2:5; (1.5)

(used in Figures 1.4 and 1.6) and a PID controller

C(s) :=
10
s

+ 15+ 5s: (1.6)

Since the open loop system has no unstable poles (#OUP = 0) and there are no encir-
clements of � 1 (#ENC = 0), we concludethat the closed-loop systemis stable. This means
that the given PID controller C(s) stabilizes,at least, the nominal processP0(s). It remains
to check if it also stabilizes every admissibleprocessmodel with multiplicativ e uncertainty.
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Figure 1.9. Nyquist plot for the (open-loop) transfer function in (1.4). The right �gure shows a
zoomed view of the origin. To avoid a pole over the imaginary axis, in these plots we moved the
pole of the controller from 0 to � :01.

1.3 Small-Gain

Consider the closed-loop system in Figure 1.7 and supposethat we are given a controller
C(s) that stabilizesthe nominal processP0(s), i.e., the closed-loop is stablewhen� m (s) = 0.
Our goal is to �nd out if the closed-loop remainsstable for every � m (j ! ) with norm smaller
than `m (! ).
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SinceC(s) stabilizes P0(s), we know that the Nyquist plot of the nominal (open-loop)
transfer function

G0(s) = C(s)P0(s);

hasthe \righ t" number of encirclements (#ENC = � #OUP, where#OUP is the number of
unstable polesof G0(s). To check is the closed-loop is stable from someadmissibleprocess
transfer function

P(s) = P0(s)
�
1 + � m (s)

�
;

we needto draw the Nyquist plot of Sidebar 2. We are
assuming that G(s) and
G0 (s) have the same number
of unstable poles #OUP and
therefore stabilit y is achieved
for the same number of
encirclements
#ENC = � #OUP . In
practice this means that the
uncertain ty should not
change the stabilit y of any
pole.

G(s) = C(s)P(s) = C(s)P0(s)
�
1 + � m (s)

�
= G0(s) + G0(s)� m (s)

and verify that we still get the samenumber of encirclements.

PSfrag replacements

G(j ! )
G0(j ! )

jG(j ! ) � G0(j ! )j

j1 + G0(j ! )j

� 1

Figure 1.10. Nyquist plot derivation of the small-gain conditions

The Nyquist plots of G(s) and G0(s) di�er by

jG(j ! ) � G0(j ! )j = jG0(j ! )� m (j ! )j � jG0(j ! )j `m (! );

A simple way to make sure that G(j ! ) and G0(j ! ) have the samenumber of encirclements
is to ask that the maximum di�erence between the two be smaller than the distance from
G0(j ! ) to the point � 1, i.e.,

j1 + G0(j ! )j > jG0(j ! )j `m (! ) ,
jG0(j ! )j

j1 + G0(j ! )j
<

1
`m (! )

8! :

This leadsto the so called small-gain condition:

Small-gain Condition. The closed-loop systemin Figure 1.7 is stablefor every � m (j ! ) Matlab hin t 3. To check if
(1.7) holds, draw
20 log10

1
` m ( ! ) =

� 20 log10 `m (! ) on the
magnitude Bode plot of the
complementary sensitivit y
function and seeif the latter
always lies below the former.

with norm smaller than `m (! ), provided that

�
�
�

C(j ! )P0(j ! )
1 + C(j ! )P0(j ! )

�
�
� <

1
`m (! )

; 8! : (1.7)
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The transfer function on the left-hand-sideof (1.7) is preciselythe complementarysensitivity
function:Sidebar 3. Recall that the

complementary sensitivit y
function is also the
closed-loop transfer function
for the reference r to the
output y.

T0(s) := 1 � S0(s); S0(s) :=
1

1 + C(s)P0(s)

for the nominal process. So (1.7) can be interpreted as requiring the norm of the nominalSidebar 4. A mnemonic
that can be used to
remember (1.7) is that the
transfer function whose
norm needs to be small is
precisely the transfer
function \seen" be the � m
block in Figure 1.7.

complementary sensitivity function to be smaller than 1=`m (! ), 8! . For this reason(1.7) is
called a small-gain condition.

Figure 1.11 shows the Bode plot of the complementary sensitivity function for the nom-
inal processin (1.5) and the PID controller in (1.6). In the same plot we can see the
20log10

1
` m ( ! ) = � 20log10 `m (! ), for the `m (! ) in Figure 1.6. Since the magnitude plot of

T0(j ! ) is not always below that of 1
` m ( ! ) , we concludethat the system may be unstable for

someadmissibleprocesses.However, if we redesignour controller to consistof an integrator
with two lags

C(s) =
:005(s + 5)2

s(s + :5)2 ; (1.8)

the magnitude plot of T0(j ! ) is now alwaysbelow that of 1
` m ( ! ) and weconcludethat wehave

stabilit y for every admissible process. In this case,the price to pay was a low bandwidth.
This exampleillustrates a commonproblem in the control of systemswith uncertainty: it is
not possibleto get good reference tracking over rangesof frequenciesfor which there is large
uncertainty.
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Figure 1.11. Veri�cation of the small gain condition for the nominal process(1.5), multiplicativ e
uncertainty in Figure 1.6, and the PID controller (1.6). The solid line corresponds to the Bode plot
of the complementary sensitivit y function T0(s) and the dashed line to 1

` m ( ! ) (both in dB).
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Figure 1.12. Veri�cation of the small gain condition for the nominal process(1.5), multiplicativ e
uncertainty in Figure 1.6, and the integrator with 2 lags controller (1.8). The solid line corresponds
to the Bode plot of the complementary sensitivit y function T0(s) and the dashedline to 1

` m ( ! ) (both
in dBs).

1.4 MA TLAB hin ts

Matlab Hin t 1 (bode). The commandbode(sys) draws the Bode plot of the systemsys.
To specify the system one can use:

1. sys=tf(num,den) , where numis a vector with the coe�cien ts of the numerator of the
system's transfer function and den a vector with the coe�cien ts of the denominator.
The last coe�cien t must always be the zero-order one. E.g., to get 2s

s2 +3 one should
usenum=[2 0];den=[1 0 3];

2. sys=zpk(z,p,k) , where z is a vector with the zerosof the system,p a vector with its
poles,and k the gain. E.g., to get 2s

(s+1)( s+3) one should usez=0;p=[1,3];k=2 ;

3. sys=ss(A,B,C,D) , where A,B,C,D are a realization of the system. �

Matlab Hin t 2 (nyquist ). The command nyquist(sys) draws the Nyquist plot of the
system sys. To specify the system you can useany of the commandsin Matlab hint 1.

Especially when there are poles very close to the imaginary axis (e.g., becausethey were
actually on the axis and you moved them slightly to the left), the automatic scalemay not
be very good becauseit may be hard to distinguish the point � 1 from the origin. In this
case,you can use then zoom features of MATLAB to seewhat is going on near � 1: Try
clicking on the magnifying glassand selectinga region of interest; or try left-clicking on the
mouseand selecting\zo om on (-1,0)" (without the magnifying glassselected.) �
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1.5 Exercises

Exercise 1 (Unkno wn parameters). Supposeone want to control the orientation of a
satellite with respect to its orbital plane by applying a thruster's generated torque. The
system's transfer function is give by

P(s) :=
10(bs+ k)

s2(s2 + 11(bs+ k))
;

where the valuesof the parametersb and k are not exactly known, but it is known that

:09 � k � :4 :006� b � :03:

Find a nominal model and compute the corresponding additiv e and multiplicativ e uncer-
tainty bounds. �

Exercise 2 (Noisy iden ti�cation). The Simulink block provided correspondsto a discrete-
time system with transfer function

H (z) =
� 1z + � 0

z2 + � 1z + � 0
:

1. Use least-squaresto estimate the 4 coe�cien ts of the transfer function. Repeat the
identi�cation experiment 25 times to obtain 25 estimates of the system's transfer
functions.

2. Convert the discrete-time transfer functions so obtained to continuous-time using the
Tustin transformation.

Hint: Use the MATLAB command d2c.

3. Select a nominal model and compute the corresponding additiv e and multiplicativ e
uncertainty bounds. �

Exercise 3 (Small-gain). For the nominal processmodel and multiplicativ e uncertainty
that you obtained in Exercise 2, use the small gain condition to verify if the following
controllers achieve stabilit y for all admissibleprocessmodels:

C1(s) = :3 C2(s) =
2

s + :1
C3(s) =

20
s � 30

C4(s) =
5(s + 1)

(s + 2)(s + 3)
C5(s) =

2(s + 1)
(s + :3)2

Justify your answers with appropriate Bode plots. �

Exercise 4 (Robustness vs. performance). Justify the statement: It is not possible
to get good referencetracking over ranges of frequenciesfor which there is large uncer-
tainty. �

Exercise 5 (Additiv e uncertain t y). Derive a small-gain condition similar to (1.7) for
additiv e uncertainty. Check if the mnemonic in Sidebar 4 still applies.

Hint: With additiv e uncertainty, the open-loop gain is given by

G(s) = C(s)P(s) = C(s)
�
P0(s) + � a(s)

�
= G0(s) + C(s)� a(s);

which di�ers from G0(s) by C(s)� a(s). �



Lecture # 2

Con trol design by loop-shaping

Con ten ts

2.1 The loop-shapingdesignmethod . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2 Open-loop vs. closed-loop speci�cations . . . . . . . . . . . . . . . . . . . . . 14
2.3 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.1 The loop-shaping design metho d

+

-
+

+

e

PSfrag replacements

yur

d

n

P0(s)C(s)

Figure 2.1. Closed-loop system

The basic idea behind control designby loop-shapingis to convert the desiredspeci�ca-
tions on the closed-loop system in Figure 2.1 into constraints on the open-loop gain

G0(s) := C(s)P0(s):

The controller C(s) is then designedso that the open-loop gain G0(s) satis�es the appro-
priate constraints.

The shapingof G0(s) to satisfy the appropriate constraints canbedoneusing the classical
methods described in [1, Chapter 6.7], such as PID, Lead, or Lag compensation. We will
seelater that loop-shapingcan also be done using LQR/LQG.

13
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2.2 Op en-lo op vs. closed-lo op speci�cations

In the remaining of this section we discusshow several closed-loop speci�cations can be
converted to constraints on the open-loop gain G0(s).

Stabilit y Assuming that the open-loop gain hasnot unstable poles,stabilit y of the closed-
loop is guaranteed as long as the phaseof the open loop gain is above � 180 degreesat the
cross-over frequency ! c, i.e., at the frequency for which

jG0(j ! c)j = 1:

The distance betweenthe phaseof G0(j ! c) and � 180 degreesis the phasemargin. Larger
phase margins generally corresponds to a smaller overshoot for the step response of the
closed-loop system.

Reference trac king Suppose that one wants the tracking error to be at least kT � 1
times smaller than the reference,over the range of frequencies[0; ! T ]. In the frequency
domain, this can be expressedby

jE(j ! )j
jR(j ! )j

� kT ; 8! 2 [0; ! T ]; (2.1)

whereE(s) and R(s) denote the Laplace transforms of the tracking error e := r � y and the
referencesignal r , in the absenceof noiseand disturbances. For the closed-loop system in
Figure 2.1,

E(s) =
1

1 + G0(s)
R(s);

and therefore (2.1) is equivalent to

1
j1 + G0(j ! )j

� kT ; 8! 2 [0; ! T ] , j1 + G0(j ! )j �
1

kT
; 8! 2 [0; ! T ]:

This condition is guaranteed to hold by requiring that

jG0(j ! )j �
1

kT
+ 1; 8! 2 [0; ! T ]:

Disturbance rejection Supposethat one wants measurement input disturbancesto ap-
pear in the output attenuated at least kD � 1 times, over the range of frequencies[0; ! D ].
In the frequencydomain, this can be expressedby

jY(j ! )j
jD (j ! )j

� kD ; 8! 2 [0; ! D ]; (2.2)
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where Y (s) and D(s) denote the Laplace transforms of the output y and the input distur-
banced, in the absenceof referenceand measurement noise. For the closed-loop system in
Figure 2.1,

Y (s) =
P0(s)

1 + G0(s)
D (s);

and therefore (2.2) is equivalent to

jP0(j ! )j
j1 + G0(j ! )j

� kD ; 8! 2 [0; ! D ] , j1 + G0(j ! )j �
jP0(j ! )j

kD
; 8! 2 [0; ! D ]:

This condition is guaranteed to hold by requiring that

jG0(j ! )j �
jP0(j ! )j

kD
+ 1; 8! 2 [0; ! D ]:

Noise rejection Suppose that one wants measurement noise to appear in the output
attenuated at least kN � 1 times, over the range of frequencies[! N ; 1 ). In the frequency
domain, this can be expressedby

jY(j ! )j
jN (j ! )j

� kN ; 8! 2 [! N ; 1 ); (2.3)

where Y (s) and N (s) denote the Laplace transforms of the output y and the measure-
ment noise n, in the absenceof referenceand disturbances. For the closed-loop system in
Figure 2.1,

Y(s) = �
G0(s)

1 + G0(s)
N (s);

and therefore (2.3) is equivalent to

jG0(j ! )j
j1 + G0(j ! )j

� kN ; 8! 2 [! N ; 1 ) ,
�
�
�1 +

1
G0(j ! )

�
�
� �

1
kN

; 8! 2 [! N ; 1 ):

This condition is guaranteed to hold by requiring that

�
�
�

1
G0(j ! )

�
�
� �

1
kN

+ 1; 8! 2 [! N ; 1 ) , jG0(j ! )j �
kN

1 + kN
; 8! 2 [! N ; 1 ):

Robustness with resp ect to multiplicativ e uncertain t y Supposethat onewants the
closed-loop to remain stable for every multiplicativ e uncertainty � m (j ! ) with norm smaller
than `m (! ). This can be expressedby

jG0(j ! )j
j1 + G0(j ! )j

�
1

`m (! )
; 8! ; (2.4)
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which is equivalent to
�
�
�1 +

1
G0(j ! )

�
�
� � `m (! ); 8! :

This condition is guaranteed to hold if for every ! either one of the following conditionsSidebar 5. Typically , (2.5)
will hold for high-frequencies
(for which jG0(j ! )j is small),
whereas (2.6) will hold for
low-frequencies (for which
jG0(j ! )j is large).

holds

1. j 1
G0 ( j ! ) j � 1 and

�
�
�

1
G0(j ! )

�
�
� � 1 � `m (! ) , jG0(j ! )j �

1
1 + `m (! )

(2.5)

2. j 1
G0 ( j ! ) j � 1, `m (! ) < 1 and

1 �
�
�
�

1
G0(j ! )

�
�
� � `m (! ) , jG0(j ! )j �

1
1 � `m (! )

(2.6)

A tten tion! Noneof the conditions derivedabovefor the open-loop gain G0(j ! ) is necessary
for the original closed-loop speci�cations to hold. When the open-loop gain \almost" veri�es
the conditions derived, it may be worth it to check directly if it veri�es the original closed-
loop conditions.

This is actually necessaryfor the conditions (2.5){(2.6) that arise from robustness with
respect to multiplicativ e uncertainty, becausearound the crossover frequencyjG0(j ! c)j � 1
will not satisfy either of theseconditions, but it will generally satisfy the original condition
(2.4) (as long as `m (! ) is not too large). �

2.3 Exercises

Exercise 6 (Lo op-shap e 1). Consideragain the nominal processmodel and multiplicativ e
uncertainty that you obtained in Exercise2. Designa controller for this processthat achieves
stabilit y for all admissibleprocessmodels and that exhibits:

1. zero steady-state error to a step input,

2. PhaseMargin no smaller then 60degrees,

3. steady-state error for sinusoidal inputs with frequencies! < 0:1rad/sec smaller than
1/50 (� 34dB), and

4. Rise time no slower than .3sec. �

Exercise 7 (Lo op-shap e 2). Consider the following nominal transfer function ans uncer-
tainty bound:

P0(s) =
1

s(1 + s=5)(1 + s=20)
; `m (! ) = jL (j ! )j;
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where

L (s) :=
2:5

(1 + s=20)2
:

Use loop-shaping to design a controller that achieves stabilit y for all admissible process
models and that exhibits:

1. steady-stateerror to a ramp input no larger than .01,

2. PhaseMargin no smaller then 45degrees,

3. steady-state error for sinusoidal inputs with frequencies! < 0:2rad/sec smaller than
1/250 (� 50dB), and

4. attenuation of measurement noiseby at least a factor of 100 (� 40dB) for frequencies
greater than 200rad/sec. �
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