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Summary

Stability under arbitrary switching
e Instability caused by switching
e Common Lyapunov function

e Converse results

e Algebraic conditions




Switched system

parameterized family of vector fields = f;: R" — R" peq

switching signal = piecewise constant signal ¢ : [0,00) — Q parameter set

S = set of admissible pairs (o, X) with ¢ a switching signal and x a signal in R"
= f.(x) r=plo,c”,27) (o,2) €S8

switching times

o=1 c=3 o=z c=1 | |
O o O t

z:=p3,1,27) x:=p(2,3,27) T p(1,2,27)

A solution to the switched system is a pair (X, o) € S for which
1. on every open interval on which o is constant, x is a solution to

&= forr)(x) time-varying ODE
2. atevery switching time t, x(t) = p(o(t), o=(t), x(t) )

Time-varying systems vs. Hybrid systems vs. Switched systems

Time-varying system = for each initial condition x(0) there is only one solution

&= fo(r)(®) (all f, locally Lipschitz)

Hybrid system = for each initial condition g(0), x(0) there is only one solution

= f(q,) (g, 2) =@(q™,27)

Switched system = for each x(0) there may be several solutions, one for each
admissible ¢

= f.(x) r=plo,c”,27) (o,2) €S8

the notions of stability, convergence, etc.
must address “uniformity” over all solutions




Three notions of stability

Definition (class K function definition): o is independent

The equilibrium point x,, is stable if 3 o € K: of x(t,) and o
[IX() = Xegll < aullX(te) = Xeqll) V1= 16> 0, [IX(te) — Xegll< €

along any solution (x, o) € S to the switched system

Definition:

The equilibrium point x,, € R™ is asymptotically stable if

it is Lyapunov stable and for every solution that exists on [0,00)
X(t) — Xgq as t—oo0.

Definition (class KL function definition):
The equilibrium point x,, € R™ is uniformly asymptotically stable if 3 Be K L:
[IX(1) = Xeqll < BUX(te) = Xegll,t = to) VE=1,>0 .
along any solution (x, o) € S to the switched system B is independent
of x(t;) and

exponential stability when B(s,t) = c e*tswith c,A >0

Stability under arbitrary switching

= f.(2) r=plo,c”,27) (o,2) €8
S, = set of all pairs (o, X) with o AP, 0, X) =xVpgeR,xeR"
piecewise constant and x piecewise N0 resets
continuous any switching

signal is admissible

If one of the vector fields f;, g € Q is unstable then the switched system is unstable

Why?
1. because the switching signals o(t) = q V' t is admissible
2. for this o we cannot find au.eX such that

[IX() = Xegll < allX(te) = Xeqll) V1= 16> 0, [IX(te) — Xegll< €
(must less for all 6)

Buteven if all f;, g € Q are stable the switched system may still be unstable ...




Stability under arbitrary switching
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Lyapunov’s stability theorem (ODEsS5)

&= fl(x) reR"

Definition (class K function definition):
The equilibrium point x,, € R™ is (Lyapunov) stable if 3 o € K:
[IX(1) = Xeqll < al]X(te) = Xegll) ¥ = 15> 0, [IX(tp) — Xeqll < €

Theorem (Lyapunov):
Suppose there exists a continuously differentiable, positive definite, radially
unbounded function V: R" — R such that

v

5% (z—2eq) f(2) <0 Yz e R"
Then x,, is a Lyapunov stable equilibrium and the solution always exists
globally. Moreover, if = 0 only for z = x,, then x,, is a (globally) asymptotically
stable equilibrium.

Why?

V can only stop decreasing when x(t) reaches X,

but V must stop decreasing because it cannot become negative
Thus, x(t) must converge to X,,

Common Lyapunov function

&= fo(x) (o, x) € San

Theorem:

Suppose there exists a continuously differentiable, positive definite, radially

unbounded function V: R" — R such that
AV )
;—J(: — Zeg) fo(2) W (2) <0 YzeR™ g€ Q

Then
1. the equilibrium point x,, is Lyapunov stable
2. ifW(z) = 0 only for z = x,, then x, is (glob) uniformly asymptotically stable.

The same V could be used to prove stability for all the unswitched systems

&= fq()




Common Lyapunov function

T = f(,[.l.’} {O',_J.'TJ € Sall

Theorem:

Suppose there exists a continuously differentiable, positive definite, radially
unbounded function V: R" — R such that
IV .
(-2 fy(z) SW(z) <0 VzeR" geQ
dx
Then
1. the equilibrium point x,, is Lyapunov stable

2. if W(z) = 0 only for z = x,, then X, is (glob) uniformly asymptotically stable.
Why? (for simplicity consider x,, = 0)
1st Take an arbitrary solution (o, x) and define v(t) := V(x(t) )Vt >0
Vv A
b= So(@)E = (@) fa (@) < W (a(t) <0
2 Therefore ~ 7° or
v(t) == V(z(t)) < v(0) := V(x(0)) Yt >0

V( x(t) ) is always bounded

Some facts about functions of class K, KL

a(s) € K
class K = set of functions a : [0,00)—[0,00) that are
1. continuous
2. strictly increasing
3. a(0)=0

class K = subset of K containing those functions that are unbounded

a(s) e K

Lemma 1: If a0, € K'then a(s) := a,(ay(s)) € K (same for K)

Lemma 2: If a € % then a is invertible and ol € K a(s) € Ky
y=a(s)

s=a'(y) s
Lemma 3: If V: R" — R is positive definite and radially unbounded function
then 3 0,0, K : o (XD S V) < a(IXl) VxeRn
e N

X < e V(X)) oyt (V) < [Ix]




Common Lyapunov function

T = f(,[.l.’} {O',_J.'TJ € Sall

Theorem:
Suppose there exists a continuously differentiable, positive definite, radially
unbounded function V: R" — R such that
(-2 fy(z) SW(z) <0 VzeR" geQ
dx
Then
1. the equilibrium point x,, is Lyapunov stable
2. if W(z) = 0 only for z = x,, then X, is (glob) uniformly asymptotically stable.

Why? (for simplicity consider x,, = 0) |

X < o V(X
2n Therefore <0 (VE)

v(t) = I-"—(.L:({.)) <v(0y= 1-"'(.1:({'})) Yt >0
3Since 3 ay,0,€K,: ay(lIxl) < V(X) < oIl

<

V( x(t) ) is always bounded
lz()]] < a7 (V(z(t))) < a7 (V(2(0))) < ai'(az(llz(0)])))  VE>0

o, monotone

Common Lyapunov function

&= fo(x) (o, x) € San

Theorem:

Suppose there exists a continuously differentiable, positive definite, radially

unbounded function V: R" — R such that
AV )
;—J(: — Zeg) fo(2) W (2) <0 YzeR™ g€ Q

Then
1. the equilibrium point x,, is Lyapunov stable
2. ifW(z) = 0 only for z = x,, then x, is (glob) uniformly asymptotically stable.

Why? (for simplicity consider x,, = 0)
39Since J oy 0,e K, oK) < V) < oy(lIX])
lz()]| < a7 (V(z(1)) < a7 (V(2(0))) < a7t (as([2(0)])))  VE>0
4t Defining a(s) := o~ }(a,(s)) € K'then
lz(@)]] < a(lleO)l) V>0
stability ! (1. is proved)




Common Lyapunov function

T = f(,[.l.’} {O',_J.'TJ € Sall

Theorem:

Suppose there exists a continuously differentiable, positive definite, radially
unbounded function V: R" — R such that
IV .
(-2 fy(z) SW(z) <0 VzeR" geQ
dx
Then
1. the equilibrium point x,, is Lyapunov stable

2. if W(z) = 0 only for z = x,, then X, is (glob) uniformly asymptotically stable.

Why? (for simplicity consider x,, =0, W(z) - 0 asz — co) ;" (V) < Iixll
1t AslongasW - 0asz — oo, Joz€ K

W (z) < —as(||z]]) < —as(az'(V(z)))
2nd Take an arbitrary solution (o, x) and define v(t) := V(x(t) )Vt >0

IV %
b= S @)i = T (@) o (@) < W(a(1) < —o(2)

Some more facts about functions of class K, KL

Bs.H)
class KL = set of functions f3:[0,00)x[0,00)—[0,00) s.t.
1. for each fixed t, B(-,t) € K (for each fixed t)
2. for each fixed s, B(s,-) is monotone .
decreasing and B(s,t) — 0 as t—oo S
B(s.H)

' (for each fixed s)

Lemma 3: Given a € X, in case
v < —a(v)
then 3 B € KL such that
{(!'.) S _B('!'(I-D), t— t’:ﬂ) t 2 I!{}

n~Hn(s)+1) 5>0 N [T dr
=)

After some work ... A(s, 1) =
0 s=10




Common Lyapunov function

T = f(,[.l.’} {O',_J.'TJ € Sall

Theorem:
Suppose there exists a continuously differentiable, positive definite, radially
unbounded function V: R" — R such that
(-2 fy(z) SW(z) <0 VzeR" geQ
dx
Then
1. the equilibrium point x,, is Lyapunov stable
2. if W(z) = 0 only for z = x,, then X, is (glob) uniformly asymptotically stable.

Why? (for simplicity consider x,, = 0, W(z) + 0 as z — o0)
2nd Take an arbitrary solution (o, x) and define v(t) := V(x(t) )Vt >0

Y . av .
0= ()i = 5 (2)fo () < W(2(t) < —a(v)
dx dx .
3 Then class KL function
o(t) < B(v(0),t) >0 (check !11)
4t Going back to x... independent of ¢
()] < a7 (Blaz(l=(O)I]), 1)) >0
Example
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Converse result
= f,(x) (7, 2) € San

Theorem:
Assume Q is finite. The switched system is uniformly asymptotically stable (on
S, if and only if there exists a common Lyapunov function, i.e., continuously
differentiable, positive definite, radially unbounded function V: R" — R such that
av

Note that...

1. This result generalized for infinite Q but one needs extra technical
assumptions

2. The sufficiency was already established. It turns out that the existence of a
common Lyapunov function is also necessary.

3. Finding a common Lyapunov function may be difficult.
E.g., even for linear systems V may not be quadratic

(z =2 ff(2) SW(z) <0 VzeR"\{0}, g€ Q

10
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stable.m
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Algebraic conditions for stability under arbitrary switching

t=Asx  (0,7) € Sa linear switched system
Suppose 3m >n, M € R™" full rank & { B,e R™™:q e Q }:
MA,=B,M VgeQ
Defining z := M x
t=Mer=MA,z =B, Mxr =B,z

Theorem: If V(z) = 2’ z is a common Lyapunov function for
z= B,z (()_'i

=Bz =2 (B, + H;};)

ie.,
B;—l—Bq(U Vg € Q

then the original switched system is uniformly (exponentially) asymptotically stable

Why?

1. If V(z) =2’ zis a common Lyapunov function then z converges to zero
exponentially fast

2. z=Mx=Mz=M Mx= (M M)*M’z=x= xconverges to zero
exponentially fast

11



Algebraic conditions for stability under arbitrary switching

&= Asx (0,2) € Sa linear switched system
Suppose 3m >n, M € R™" full rank & { B, € R™™:q e Q }:
MA,=B,M Voge
Defining z := M x
i=Mr=MA,e = B, Mz = B, 7

Theorem: If V(z) =z’ z is a common Lyapunov function for

=B,z av
o (,—b’,j,: = (B, + H;};)

ie., E

B, + B, <0 Yqge Q
then the original switched system is uniformly (exponentially) asymptotically stable

It turns out that ...
If the original switched system is uniformly asymptotically stable then such an M
always exists (for some m> n) but may be difficult to find...

Commuting matrices
r=A,zx (o, 2) € San linear switched system

2(t) = o (t, T)x(r) state-transition matrix (c-dependent)

b, (t,7) = eAopt=t) gAa_){tk=th=1) o Ag(r(t1=7) t>r

ty, t,, t, ..., t, = switching times of o in the interval [t,7)

Recall: in general eM eN = eM+N = eNeMynlessMN=NM

Suppose that for all p,g € Q A, A= A A,
P (u‘: T] _ Pf1a(rk)[r—f-k)+"1a(ek_lJ[fk—f-k—l]+"'+n‘1n(,—}“l—"]
(=3 ] I
— ¢ZeeoAdTa — H ATy

q€Q T,=totaltimes=qon (t 1)
Assuming all A, are asymptotically stable: 3 ¢,1, > 0 [lea ]| < ¢ et

|©s(t, 7)|| < d@lemrLaTa = (Qlg—At-7)
|Q| = # elements in Q

12



Commuting matrices

t=A,x  (o,7) € Sa linear switched system
z(t) = @4 (t, 7)x(7) state-transition matrix (c-dependent)
P, (t,7) = eAat(t=tr) Ao _te—teor) A y(ti-7) t>r

ty, t,, tg, ..., t, = switching times of & in the interval [t,7)

Recall: in general eM eN = eM*N = eNeMynless MN=N M

Theorem:
If Qis finite all A;, g € Q are asymptotically stable and
A A =AA, VpgeQ
then the switched system is uniformly (exponentially) asymptotically stable

Triangular structures

t=Asx  (0,7) € Sa linear switched system
Theorem:
If all the matrices A, g € Q are asymptotically stable and upper triangular or all
lower triangular then the switched system is uniformly (exponentially)
asymptotically stable

Why?

One can find a common quadratic Lyapunov function of the form V(x) = x’ P x
with P diagonal... check!

13



Triangular structures

t=A,x  (o,7) € Sa linear switched system
Theorem:
If all the matrices A, g € Q are asymptotically stable and upper triangular or all
lower triangular then the switched system is uniformly (exponentially)
asymptotically stable

Theorem:

If there is a nonsingular matrix T € R™" such that all the matrices common similarity
By=TA,T* (TB, T=A) transformation

are upper triangular or all lower triangular then the switched system is

uniformly (exponentially) asymptotically stable

Why?
1%t The B, have a common quadratic Lyapunov function V(x) =x’ P x, i.e.,
PB,+B,/P<0
a’ Pq A A’
2" Therefore QA 3 3 QA
PTT!B,+B/ T*"T'P<0 = TPTT!B,T+T BT T PT<0

Q := T’PT is a common Lyapunov function

Commuting matrices

t=Asx  (0,7) € Sa linear switched system
Theorem:
If Qis finite all A, g € Q are asymptotically stable and
A A =AA, VpgeQR

then the switched system is uniformly (exponentially) asymptotically stable

Another way of proving this result...
From Lie Theorem if a set of matrices commute then there exists a common
similarity transformation that upper triangularizes all of them

There are weaker conditions for simultaneous triangularization
(Lie Theorem actually provides the necessary and sufficient condition
= Lie algebra generated by the matrices must be solvable)

14



Commuting vector fields

&= fs(x)  (0,2) €San nonlinear switched system

Theorem: If all unswitched systems

&= fy(x) qgEQ
are asymptotically stable and
afy ofy .
: ==/ Yp, Q
dx Jq da Iy P.q €

then the switched system is uniformly asymptotically stable

For linear vector fields becomes: A, A, x =A;A X VX € R" p,geQ

Next lecture...

Controller realization for stable switching
Stability under slow switching

» Dwell-time switching

* Average dwell-time

 Stability under brief instabilities

15



