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Summary

Controller realization for stable switching




Switched system

parameterized family of vector fields = f;: R" — R" peq

switching signal = piecewise constant signal ¢ : [0,00) — Q parameter set

S = set of admissible pairs (o, X) with ¢ a switching signal and x a signal in R"
= f.(x) r=plo,c”,27) (o,2) €S8

switching times

c=1 c=3 o=z c=1 | |
O o O t

z:=p3,1,27) x:=p(2,3,27) T p(1,2,27)

A solution to the switched system is a pair (X, o) € S for which
1. on every open interval on which o is constant, x is a solution to

&= forr)(x) time-varying ODE
2. atevery switching time t, x(t) = p(o(t), o=(t), x(t) )

Three notions of stability

Definition (class K function definition): o is independent

The equilibrium point x,, is stable if 3 a. € K: of x(t,) and o
[IX(t) — Xeqll < a(lX(to) = Xegll) V1= 15> 0, [IX(tg) — Xell < €

along any solution (x, o) € S to the switched system

Definition:

The equilibrium point x,, € R" is asymptotically stable if

it is Lyapunov stable and for every solution that exists on [0,00)
X(t) — Xgq @S t—o00.

Definition (class KL function definition):
The equilibrium point x,, € R is uniformly asymptotically stable if 3 BeKL:
[IX(t) = Xeqll < BUIIX(to) = Xeqll,t — o) VE= 1,20 .
along any solution (x, o) € S to the switched system B is independent
of x(t,) and o

exponential stability when B(s,t) = c e*ts with ¢c,A >0




Stability under arbitrary switching

= f.(x) r=plo,c”,27) (o,2) €S8

S, = set of all pairs (o, X) with o AP, 9, X) =XVpge xeR"
piecewise constant and x piecewise no resets
continuous any switching signal is
admissible
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Can we change the switching system to make it stable?

Example #11: Roll-angle control

roll-angle

N0

dis uniquely determined by u

0 + 508750 + 43.750 = —1000u and the initial conditions
input-output model
u 7
— process >
state-space realization Ap bp

9_ 0 1 0 0
rp = 9 = Ip= 0 0 1| xp + 0 u
g —5H0.875 —43.75 0 —1000




Example #11: Roll-angle control

roll-angle w=20

\9

measurement
. . . noise
set-point control = drive the roll angle @1to a desired value 8 qtrence 0
Breterence Curack set-point u 0 ( l;—
T _ controller process +
Example #11: Roll-angle control
measurement
set-point control = drive the roll angle @to a desired value . ¢erence EO'SG
0 etrack u 2] l +

+ .
reference set-point
—( J——> rocess —( )
controller . +

;

controller 1 controller 2
w4 6314 7hlu+ 4471 U+ 9744+ 4.7 x 1050 + 1.2 x 1084
= 6.7¢ + 340e + 316¢ = IU”(d 8¢ + 322¢ + 316¢)
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Switching controller

switching signal taking measurement
G values in Q={1,2} noise
n
B eference Btrack itchi u o l+
switching
rocess —( )
controller P i

) Figure No_ 8 =10 x|
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How to build the
switching controller
to avoid instability ?

Realization theory (siso)

nth order input-output model uyeR
Y+ oy Y 4t an 1+ any = /™Y 44 Bl i+ Bau

state-space model for short a(y) = B(u)
r=Ar + bu x € R = state
Yy =cr

Definition:

(A, b, c) is called a realization of the input-output model if the two models have
the same solution y for every given u and zero initial conditions.

Theorem:
1. (A, b, ¢) is a realization of the IO model if and only if
e(sl — A)~1p = A(s) f..r(s] = sf‘ +as" 4 -+ a-n_.ls + a,
a(s) B(s) = Bis" L4+ Bu1s+ B

2. Any nth order 10 model has a realization with x € R"

3. If all roots of a(s) have negative real part, A can be chosen asymptotically stable
4. For any nonsingular matrix T € R™™_if (A, b, ¢) is a realization of an 10 model
then (TAT-L, Th, cT-1) is also a realization of the same model




Realization theory (siso)

nth order input-output model uyeR
Y oy Y b a1t any = B o B+ Bau
state-space realization of the 10 model for short a.(y) = B(u)
* = Ax + bu X € R™ = state
Yy =cr

Suppose A is asymptotically stable: 3P >0,PA+ A’ P = -1

(P¥2 AP-12, P12, cP-12) s also a realization of the 10 model

A b c
P2 AP+ PAYP Y =Pl <
— _/
,\/,
A+ A

Theorem:

Given any nth order input-output model for which all roots of a(s) have negative

real parts, it is always possible to find a realization for it, for which
A+A'=Q<0

Switching between input-output models
M= {ay(y) = B4(u) : g € Q } = finite family of nth order input-output models

Theorem:

There exists a family of realizations for M
R={(A,b,Cc):aeQ}

such that the switched system
r=A,x

is exponentially stable for arbitrary switching

Why?
1t Choose realizations such that A, + A’ =-Q,<0Vqe Q
2nd The function V(z) = 2’ z is a common Lyapunov function for the switched
system: continuously differentiable, positive definite, radially unbounded,
av

aﬂq.zr =2'(Ag+ AY)e = —2'Qqr <0 Vx #0

system is uniformly asymptotically stable = exponentially stable




Back to switching controllers...

controller 1
w4 63u4 7Hlu+4471u
= 6.7¢ + 340¢ + 316¢

controller 2

U+ 9744+ 4.7 x 1050 + 1.2 x 1084

= 10°(48¢ 4 322¢ + 316¢)

realization: 2 = [12 + g1 realization: 2 = Fhz + goe
w=hz = hyz
—63 =23 =17 4 =074 =459 =229 8192
Fy =] 32 0 0 g = |0 Fo = | 1024 0 0 go = 0
0o 8 0| 0 0 512 0 0
ho=[17 27 31] hy = [5859 38 0.074]
measurement
c noise
l n
e [TCF _ |
Hreference + track =1+ Jat u ip=Apxp + bpil 0 +
o —
u=hsz 0 =cprp +

;

Back to switching controllers...

Cchn ) - measurement
switching signal taking noise
l values in Q:={1,2} n
erefere%-k Cirack z=IF,z+4 gse u rp = Aprp+ bpu 0 Cl>+
u=hyz 0=cpzp *

overall system:

.i.’p _ flp
2| [~gocp

&= Ag + by (Ores — 1)

b‘?{:o] [I:p] + [({i] (Orer — n)

4, = .'l‘n r‘}.;u"}rjl
e —‘r}q("p J'Iq

}qEQ::{I,Z}

Assuming each controller was properly designed, each A, is asymptotically
stable but the overall switched systems could still be unstable
This can be avoided by proper choice of the controller realizations




Youla parameterization (non-switched systems)

Assume process is asymptotically stable

Q v Yy~
real process
(asympt. stable) %

process copy

1. If the real process and its copy have the same initial conditions =v =0Vt
otherwise v converges to zero exponentially fast
2. Since the Q system is asymptotically stable, u converges to zero exponentially fast

No matter what we choose for Q, as long as it is asymptotically
stable, the overall system is asymptotically stable

Youla parameterization (non-switched systems)

Assume process is asymptotically stable

real process

1. If the real process and its copy have the same initial conditions =v =0Vt
otherwise v converges to zero exponentially fast
2. Since the Q system is asymptotically stable, u converges to zero exponentially fast

No matter what we choose for Q, as long as it is asymptotically
stable, the overall system is asymptotically stable




Youla parameterization (non-switched)

Assume process is asymptotically stable

Q
_ (asympt. stable)

real process

process copy

Theorem [Youla-Bongiorno]:

1. For any asymptotically stable Q, this controller asymptotically stabilizes the
overall system

2. Any controller that asymptotically stabilizes the overall system is of this form,
for an asymptotically stable Q with the same 10 model as:

controller
process

Why?

a similar parameterization also exists when
the process is not asymptotically stable...

“Youla” realizations

——()—> Q

+ (asympt. stable)

Y
process copy
. realization for the
realization for Q
process copy
J’Q = A rg + b roe = Apxe 4+ bpu
U =crg y=cprc

realization for the controller
J:-'(_' . _-'-1;3 t‘)pf £ 0
Gl = 5] ]+ )

10 [z

tQ In general these realizations are not minimal




and back again to multiple controllers...

——| controller 1 —— — () Q,
L process copy
e u
——> controller 2 ——> —>Oﬁ Q,

.| Ap bpey| 0
T [bq"f’ Aq ] . [""J ‘

L process copy

(Ag, bg, ¢) realization for Q,

y=1[0 ¢]-
Switching controller
(e}
e \Y u
—( )| switched Q
+
y
process copy
Switched Q realization for the

;f‘,‘Q = Ig rg + 50 v

U= CrlQ

process copy

switched controller

z = fo: _|_Ho( -"'lr; = |:_-'“1,‘3 b}_’Eq:I bq -
u=hg,z boer g
cq = [0 r.'q]

10



Switched closed-loop

to = Apro + bov u y v
Q=g real process O
U= Cog +

——| process copy

1. If the real process and its copy have the same initial conditions =v =0Vt
otherwise v converges to zero exponentially fast

2. If the switched Q system is asymptotically stable, u converges to zero
exponentially fast and the overall system is asymptotically stable

Always possible by appropriate choice of realizations for each Q,
(e.g., by choosing realizations so that V(z) =z’ z is a common Lyapunov function)

Switched closed-loop

= ie‘r e + En Y

real process

_ L= CoXQ

te = Apre +bpu the construction in this
slide is only valid for

stable processes

y=cprc

Theorem:

For every family of input-output controller models, there always exist a family a
controller realizations such that the switched closed-loop systems is
exponentially stable for arbitrary switching.

One can actually show that there exists a common
quadratic Lyapunov function for the closed-loop.

In general the realizations are not minimal
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Non-asymptotically stable processes

1t Pick one stabilizing “nominal” controller

u
——()—] real process

L controller O

asymptotically stable

Non-asymptotically stable processes

2nd repeat previous construction

u y

Q ()] real process E

(asympt. stable) [ -
controller O

closed-loop
copy

-0

Nachy

Theorem [Youla-Bongiorno]:

1. For any asymptotically stable Q, this controller asymptotically stabilizes the
overall system

2. Any controller that asymptotically stabilizes the overall system is this form,

for an appropriately chosen Q: desi
esired controller
—0
closed-loop
cop Why?
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Non-asymptotically stable processes

2nd repeat previous construction
u y
Q () real process ()

(asympt. stable) -
} contrallar O

1. Q will be stable as long as the controller 0 is stable
2. other more complicated constructions exist when
one cannot find a stable controller 0

Theorem [Youla-Bongiorno]:

1. For any asymptotically stable Q, this controller asymptotically stabilizes the
overall system

2. Any controller that asymptotically stabilizes the overall system is this form,

for an appropriately chosen Q: desired controller
— controller 0
closed-loop
cop

Why?
Switching controller
switching signal taking measurement
G values in @={1,2} 20'59
0 etrack u 2] l +

+ . .
reference switching ()
—( rocess
T _ controller P +
.} Figure No_ 8 19 [=] 3
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By proper choice of
the controllers
realization we can
have stability for
arbitrary switching.
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Next lecture...

Stability under slow switching

Dwell-time switching
Average dwell-time
Stability under brief instabilities
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