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Summary

» Computational methods to construct multiple Lyapunov
functions—L inear Matrix Inequalities (LMIs)
» Applications (vision-based control)




Current-state dependent switching
% = 1xq € R™ g € Q} = (not necessarily disjoint) covering of R", i.e., Uy xq = R"

Current-state dependent switching

S[yx] = set of all pairs (o, X) with ¢ piecewise constant and x piecewise
continuous such that v t, o(t) = g is allowed only if x(t) €

Thus (o, x) € S[x] if and only if X(t) € 3¢ V't

Multiple Lyapunov functions

= f.(x) r=ple,0”,27) (o, 2) € S C S[x]
Theorem:

Suppose there exists o, € K, a, € K and a family of continuously
differentiable, functions V: R" — R, q € @ such that
, av,
Va(2) 2 aa(]l=]]), a—:(:]fq(:) <—ax(llell)  Vge @, zexy
and at any z € R" where a switching signal in S can jump from p to q
Vo(2) > Vq(pla. . 2))

Then the origin is (glob) uniformly asymptotically stable.




Multiple Lyapunov functions (linear)

r=A,x r=u (o,2) € § C S[x]

no resets

Theorem:

Suppose there exist constants 5, ¢ > 0 and symmetric matrices P, € R™", q € Q

such that o )
2 Pyz > ||| ;f(_;lfqu + PiAy)z < —€||2]|” Vg€ Q, z€ x4

and at any z € R" where a switching signal in S can jump from p to q
Pz < 2P check!
Then the origin is uniformly asymptotically stable (actually exponentially).

Giventhe A, q € &
can we find P, q € €and y :={ y,: g € &} so that we have stability?

stabilization through choice
of switching regions

Multiple Lyapunov functions (linear)

&= Az r=a (o,2) € S C S[Y]

no resets
Theorem:

Suppose there exist constants 5, ¢ > 0 and symmetric matrices P, € R™", q € Q
such that o )
Sz > d||alP H(ALPy + PyAg)z < —ell2lP Vg€ Q, z € xg
and at any z € R" where a switching signal in S can jump from p to g
/
Pz <2 b2 check!
Then the origin is uniformly asymptotically stable (actually exponentially).

Given P, g € Q, suppose we choose:

Xg ={z €R":2'Pz> P,z Vpe Q}
={zeR": 7' Pz = max ' Pyz}
sigma must be equal for switching to be possible

jump condition

atz € R" from p to g, we . S
to (one of) the largest = ploq = is always satisfied

V(@) =7 P,z must have V(z) = V,(2)




Multiple Lyapunov functions (linear)

r= A,z r=x" (o,2) € § C S[y]

no resets
Theorem:

Suppose there exist constants 5, ¢ > 0 and symmetric matrices P, € R™", q € Q
such that o )
2 Pyz > ||| ;f(_;lfqu + PiAy)z < —€||2]|” Vg€ Q, z€ x4
and at any z € R" where a switching signal in S can jump from p to q
Pz < 2P check!
Then the origin is uniformly asymptotically stable (actually exponentially).

It is sufficient to find Py, g € Q such that
Cqu"" > 5”3”2 :{(‘”'1:;'Pfr + PyAq)z < _f”-7||2 Vg€ Q, 2 €xq

Xqg ={z €R":2'Pyz> 2P,z Vpe Q}
or equivalently Vg € Q:

JPiz> P VpeEQ = 2Pz > 6|z Z(ALP, + PyAg)z < —e||z?

Finding multiple Lyapunov functions
We need to find P;,q € QsuchthatvVq € Q

dPiz> P VpeQ = H P> 0|l (AYP + PyAy)z <~z
Suppose we can find P, q € Q and constants v, ., p,, > 0, p,q € Q such that

Py>0I+ Y ppg(Py—Py)

re\{q}
AP+ PpAg < —el = Y 3 4(Py—P)
PEQ\{q)
Then
2 Pyz > 0||2|)*+ Z Hpg? (Py— Pp)z
peQ\{q}
YA Py + PyAy)z < —€|2|]*— Z Yp.g? (Pg— Pp)z
reQ\iq}

>0whenz’ P z>2"P,zV peq




Constructing multiple Lyapunov functions

r= A,z r=a (o,2) € § C S[y]

no resets
Theorem:

Suppose there exist constants 5, v, 1,, > 0, p,d € Q and symmetric matrices
P,€ R™", g € Q such that

Py>0I+ Y ppg(Py—Py)
reQ\{q}
AP+ PpAg < —el = Y 3 4(Py—P)
rPE€Q\{yg)
Then, for

Xqg ={z €R":2'Pyz> 2P,z Vpe Q}

the origin is uniformly asymptotically stable (actually exponentially).

Linear Matrix Inequality (LMI)

F(x) >0 where F : R™ — R™n = affine function
(i.e., F(x)-F(0) is linear)
System of linear matrix inequalities:

Fi(z) >0 _
- Fi(z) 0 - 0
Fa(x) >0 0 Faz) -~ 0
, & Flz) >0 F(z):= . .
' _ single LMI SR R
Fi(x) >0
System of linear matrix equalities and inequalities
X single LMI
F(z)>0 f__('b) 20 F(z) 0 0
; - & Glz)y >0 = 0 G(z) 0 >0
Gz)=10 o 0 0 —Gz)
—G(x) >0

(however most numerical
solvers handle equalities
separately more efficiently)

There are very efficient methods to solve LMIs (type ‘help Imilab’ in MATLAB)




Back to constructing multiple Lyapunov functions

r=A,x r=x" (o,2) € § C S[y]
no resets

Theorem: Py—Py =0
Suppose there exist constants(@, & v, 4, Hyq > 0, p.0 € Q ndmatrices
P,€ R™", g € Q such that

Py >0l + Z tp,q(Py — Py)
reQ\{q}

APy + PyAg < —el — Z Yp.a(Pg— Pp)
peQ\{q}

Then, for
Xg ={z €R": 2Pz > 2P,z Vpe Q)

the origin is uniformly asymptotically stable (actually exponentially).

LMI on the unknowns 3, € >0, v, 4, 1, €ER, P, € R™, p,g € Q,

Only useful if we have the freedom to choose the switching region y,

Convex polyhedral regions
= Ay r=ux" (o,2) € § C S[x]

%o 0 € Q = convex polyhedral with disjoint interiors

D i

cellge Q: component-wise

Xgq = {z eR": E, [i] > U} E, € BMex(n+1)

boundary between regions p, q € Q:

Xq N xp C {Z eER™: f;;q I:I:I = 0} fl".ﬂ' = pr+l




Constructing multiple Lyapunov functions

r= A,z r=x" (o,2) € § C S[y]

Xq = {: eR": E, H > 0} Xg M Xp C {: ER™: £, [1] = 0}

Theorem:
Suppose there exist
1. symmetric matrices P, € R g € Q
2. vectorsk,,€R™, p,g € Q
3. constantse, 6 >0
4. symmetric matrices with nonnegative entries U,,W,, g € Q (not nec. pos. def)
such that for every p,g € Q for which y, and y, have a common boundary
Py = Py = kpqfpg + fpakig
andvVgeQ
P, — ETW,E, > én" 1l = [Lin  O1xn)

NP AT, + PT AT+ EJ U By < —cIT'TT

could be generalized
to affine systems, i.e.,
T =A,x+ b,
(homework!)

the origin is uniformly asymptotically stable (actually exponentially).

LMI on the unknowns Pq, kpq, 0, &, Uq, Wq

Constructing multiple Lyapunov functions

&= Az r=ua" (o,2) € S C S[Y]
Xg = {5 eER™: Ly I:j > 0} Xg M Xp C {3 ER": ﬁrr; [i] = U}
*
Pq— Pp = kpq ;:r; f fmk;q
Py — EIWoEq > o™l 1= [Inxn Oixn]

n'Alnp, + p0"AN + EIUE, < —1"T1

Why? E
Consider multiple Lyapunov functions:  V,(z) := [z* 1] P, H g€ Qg

15t On the boundary between y, and y;:

Frg H —0 = V() =)




Constructing multiple Lyapunov functions

r=A,x r=x" (o,2) € § C S[y]

Xq = {: (S ?\Qn : Eq [i] 2 0} Xq n Xp C {3 S TR” N f;q [i] = 0}

RJ' - Pi" = ka{f;rq + f?’f:‘ k;;q
Py — EJW,E, > "™ 1:=[lnxn O1xn]
nrATnP, + P A+ EJ U, E, < —cl'T

Why? .
Consider multiple Lyapunov functions  V,(z) := [:T 1] P, { ]

mony: V)= 17,]]

= [:T 1] (Pq — ’L‘g‘“"-q Eq) ['] + [:T |] hgl-",-'}; Iy [ﬂ

> [T 1] (P — EfW,E,) [I

>l At [f] = a?

Constructing multiple Lyapunov functions

r= A,z r=ua" (o,2) € § C S[x]

Xq = {: ER™: E, [i] > 0} XqNxp C {: ER™: f,, ['i] = U}

RJ' - Pi" = ka{f;rq + f?’f:‘ k;;q
Py— EJW,E, > 611"l 1:=[lnxn O1xn]
nrArne, + PN AN+ ETU,E, < —al'T1 ™

Why? .

Consider multiple Lyapunov functions v, (z) := [z 1] P, H g€ Q
314.0n

av,

0—:"(:)_4(,; = [T ] @t Alnp, + P AL H
= gatarne, + et fo,e) [[] - e, ]

R T H S




Example: Vision-based control of a flexible manipulator

mtip b\f\ flex mtip

Y flex \_

flexible manipulator

ebase
Ibase
4t dimensional small bending approximation
Mtip !"Eb—tip = "I‘["ﬂex({}base - gtip) + ”}ﬂex {'qllmsc- - (jtip)
Jrt:u::s«:-obase - _bbaseolmse + ‘.;"ﬂex(ﬂtip - obase) + {'b”ex{ntip - obase} + kmotm'”-
Control objective: drive 0y, to zero, using feedback from

Opae — €NCoder at the base

04, — machine vision (essential to increase the damping of the
flexible modes in the presence of noise)

Example: Vision-based control of a flexible manipulator
mtip

To achieve high accuracy in the
measurement of 0, the camera
must have a small field of view

W B
I
Ouase Ouip|  101ip] < O
feedback output: Y= [ base  Ouip)|  16rip] < Oma
obase |'q|.i|)| > gmax

Control objective: drive 6y, to zero, using feedback from

0. — €ncoder at the base

0y, — machine vision (essential to increase the damping of the
flexible modes in the presence of noise)




Switched process

[gbase gtip]/

|6tip| S gmax
e y
——{ manipulator T——
u F——eo
Hbasé

Switched process

[gbase gtip]/
|6tip| S gmax

controller 1 |—_ / \ /

) manipulator £

controller 2 — )
/\ gbasé/

\

controller 1 optimized for feedback from 6
and
controller 2 optimized for feedback only from 6,

and 0,

base

E.g., LQG controllers that minimize  limy_co 7 F [LT 07, + .‘jfip - pu"}d!]
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Switched system

|9tip | > gmax ?

r= .-"l|;l'.‘ r = .-"lg;l‘,‘
ﬁl.ip = Ciip& ﬁl.ip = Ciip&
feedback connection |0sip| < Omax? feedback connection
with controller 1 with controller 2
(Bya5¢ and 0, available) (only 6, available)

Jrlii = [('Iip Gm:zx] fl') = [(‘lip _gm:zx]

Ey = [_r‘lip _Gm:zx] Ey o= |:_f"ri|_w 'qmax:| By = [("lip _onm.\']

Ctip Omax

-0

max ema>< etip

Closed-loop response

|
no switching
(feedback only from 6,,_)

6tip(t)
0 10 20 30 40 50 60
5
with switching
/\ (close to 0 feedback also from 496[,)
0 /\\/‘
\ 6tip(t)
| | |
I ™1
_50 10 20 30 40 50 60
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Visual servoing

Goal:  Drive the position x of the end-effector to a reference point r

u control u control
law law
encoder-based control mixed vision/encoder-based control
« reference r in pre-specified position « reference r determined from the camera
« end-effector position x determined from measurement r,
the joint angles « end-effector position x determined

from the joint angles

Visual servoing

Goal: Drive the position x of the end-effector to a reference point r

mixed
vision/encoder
-based control

X

&

N control
law

control
law

encoder-based control
control law c vision-based control
« reference r determined from the
camera measurement r,
Typically guarantees zero error, <7« end-effector position x determined
even in the presence of manipulator from the camera measurement x,
and camera modeling errors




Prototype problem

Goal: Drive the position (x,, X,) of the end-effector to the reference point (ry, r,),
using visual feedback

end-effector
reference .

. (X1, %)
(ry, 1)

Y

N (X3, 0)
For simplicity: :
1. Normalized pin-hole camera moves along a straight line perpendicular to its
optical axis

X =X =X } camera measurements

= X, V2= r, (robot & reference)

2. Feedback linearized kinematic model for the motions of robots and camera

Stabilizability by output-feedback

% =U X =U, X =U, y,=2"% y,=0"%
XZ r2
Can we design an output-feedback controller that asymptotically stabilizes the
equilibrium point
X =1 X, =T, Xg =
forsomea e R?

Local linearization around equilibrium yields:

i1 u, ~ o—r X,
< | yi| 1)1 L —1[| | not detectable
X2 |=| U v, I X,
X u, 2 210 0 -1 X,

Manifestation of a fundamental limitation on the class of
controllers that asymptotically stabilize the system...
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Stabilizability by output-feedback

. . . X, — X I, — X
X=Uu  X=U X, =U, y =——=2 y,=+—=2 1)
XZ rZ
Can we design an output-feedback controller that asymptotically stabilizes the
equilibrium point

X, =1 X, =T, X3 =
forsomea e R?

Lemma: There exist no locally Lipschitz functions
F: R" x R? x [0,00) — R" G: R" x R? x [0,00) — RR3
for which the closed-loop system defined by (1) and
z=F(z,y1,ya,1) [u] o 153] =Gz, y1,y2,1)
has an asymptotically stable equilibrium point with
X = X =1

Stabilizability by output-feedback

. . . X, — X - X,
X = Xy = U, X3 =U; i = X Y, = r 1)
2 2

This limitation is not caused by lack of controllability/observability

Lemma 2: For every ry, 1, € R, the system (1) is observable. Moreover, there
exists a constant input which allows one to uniquely determine the initial state by
observing the output over any finite interval ( t,, t;+T ). Indeed, for

u;=u,=0 = robot stopped
u;=1 = camera moving at constant speed
there exists a state reconstruction function h; for which measured outputs
inal stat X (t, +T) X (t,) sT I
inal state i
X, (to +T) (= X, (to) = h‘r( J- [y1 ty, Y, tY2] dt}*‘ P
Xy(ty +T) | | Xo(t)+T | b — N

relative position with respect to reference
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Limitation on asymptotic stabilization

Goal: Drive the position (x,, x,) of the end-effector to the reference point (ry, r,),
using visual feedback

referencg""'--._ (X, %) —— system is at equilibrium (1)
(ry.rp) ™. end-effector

-(Xl X,) - system is not at equilibrium (I1)

(o, 0)

To disambiguate between cases | and Il,
the camera must move away from (o, 0)

$

This would violate the stability of the equilibrium point in case |

Limitation on asymptotic stabilization

Goal: Drive the position (x,, X,) of the end-effector to the reference point (ry, r,),
using visual feedback

reference ™, (X %) - system is at equilibrium (1)
(r,r,) ™. end-effector
.(xl X,) > system is not at equilibrium (I1)
(a, 0) any position for camera

There is no need to stabilize the camera and the state of the controller to a
fixed equilibrium. It is sufficient t6 make the set
G={lnhrnazZ] eR™: aeR,zeR"}
asymptotically stable
any state for controller
The set G is asymptotically stable if Ve >0, 35 > 0 such that Vt, >0
d(xp, G) <8 = d(x(),G)<e solution to closed-loop

and d(x(t), G) > 0ast— oo (required to exist globally)
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Hybrid controller

look mode

= g = 0,

ug =1

= robot stopped, camera moving

i=1[m ty w2 ty]) = collectinformation for reconstruction

T=1= timer Relies on the camera motion to

T> T« | estimate the robot’s position w.r.t.

=0 t:=0 the target.

TH()\'(“

=1

= move towards reference at constant speed

(ne(©1])

Hybrid controller

look mode:

=uy =0, uz=1

= robot stopped, camera moving

[y, tin !'.yg] = collect information for reconstruction

T=1= timer

TH()\'(“

= move towards reference at constant speed
=1

(ne(©11)

Theorem:

For any Ty Tmove > 0, 1t €(0,1], the hybrid controller renders the set
G={[nrnazZ]l eR™: aeR,zeR"}

asymptotically stable for the closed-loop system.

For p =1, the the set G is reached in finite time.
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Stateflow simulation

end-effector

reference .
N (X1, %)

(r;, 1) =(0,1)

(p=1)

v

(%3, 0)

15

Next lecture...

Applications: Supervisory control
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