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Summary

Properties of hybrid automata

sequence properties
safety properties
liveness properties
ensemble properties




Solution to a hybrid automaton

=flg,z)  (g,2)=®(q,27) ¢q€Q zelR”

- CDZ(qu_) =q,?

Definition: A solution to the hybrid automaton is a pair of right-continuous signals
z:[0,00) = R q:[0,00) = Q
such that
1. z is piecewise differentiable & g is piecewise constant

2. on any interval (t;,t,) on which g is constant continuous evolution
/ Ja(t),

)ydr ¥t E [ty 1)

3.(qt),x(t)) = (¢~ (1), =~ (1)) Vi>0 discrete transitions

Hybrid signals

Definition: A hybrid time trajectory is a (finite or infinite) sequence of closed intervals
t={[vt] iy <7, ti=1,,1712, ... }
(if T is finite the last interval may by open on the right)
T = set of hybrid time trajectories

Definition: Foragivent={[t,t)] it <t} 1. =73, 1712, ...} T
a hybrid signal defined on rwith values on X’is a sequence of functions

x={z,: [y,T] =X =12, ...}
x : T — X = hybrid signal defined on t with values on X

E.g., t:={[0,1], [L.1], [L1], [L+00] }, = == { t/2, 1/4 , 3/4, 1/t }

3/4 1t
t/2
1/4 t
o——————+o A hybrid signal can
[0,1] [1,1] take multiple values for
[1,1] [1400) the same time-instant
[




Execution of a hybrid automaton

¢ =flgx) (¢,2) =P(q,27) q¢€Q, z€R”

= ch(qwx‘) =q,?

Definition: An execution of the hybrid automaton is a pair of hybrid signals
z:tT—R? qg:1—Q t={[v,t)]:1=12,...}yeT

such that
1.onany [t;,t}] € 1, g; is constant and continuous evolution
t
zi(t) = 2 (t1) + / flai(mi), zi(7))dr Yt € 1, 7]
. Tr
2. (q(rig1), 2(mi41)) = ®(q(7]), 2(7])) discrete transitions

Sequence Properties (signals)

Xq = set of all piecewise continuous signals  x:[0, T) — R", T € (0, o]
Qy;; = set of all piecewise constant signals g:[0,T)=Q, Te(0, ]

Sequence property =p : Q
E.g.,

sig X Xsig — {false,true}

false otherwise

plg,z) = {Lrue q(t) € {1,3}, z(t) > 2(t + 3), Vi

A pair of signals (g, X) € Qg x X4 satisfies p if p(q, x) = true

A hybrid automaton H satisfies p (write H = p ) if
p(q, z) = true, for every solution (g, x) of H

Sequence analysis = Given a hybrid automaton H and a sequence property p
show that HFE p
When this is not the case, find a witness
(9, X) € Qg x Xgq such that p(q, x) = false

(in general for solution starting on a given set of initial states H, C Q x R")




Sequence Properties (hybrid signals)

X,sig = set of all hybrid signals x = { x; }
Qysiq = set of all hybrid signals q = { q; }

Sequence property =p : Q,
E.g.,

sig = thig — {false,true}

(¢.2) true q(t) € {1,3}, (1) > x(t +3), VI
(g, x) =
P false otherwise short for:
X(t) > x;(t+3) Vi:te [t,r7],
Vj:it3e [

(¢.2) true ¢; € {1,3}, xi(7) < 2ip1(migr), Vi
g, x) =
P, false otherwise

A pair of signals (q, X) € Qg X Xysiq Satisfies p if p(q, x) = true

A hybrid automaton H satisfies p (write H = p ) if
p(q, z) = true, for every solution (g, x) of H

(in general for solution starting on a given set of initial states H, C Q x R")

Temporal logic formulas
Sequence properties are typically specified by temporal logic formulas

Propositional Logic (PL) primitives: SAV = S
additional First-Order Logic (FOL) primitives: V 3

additional Temporal Logic (TL) primitives: O (always) ¢ (eventually)
o (next time) p (until)
p, g = propositions with free time variable t

O p)(t) & Vit pt)

(O p)(t) & 3>t p(t)
(o p)(ty) & ptyh)
(Lap)t) <& Ft>tqt) AVret,t) p(r)

Some possible combinations:

1. “responsiveness” (always, eventually)

COpt) < V>t 3>t p() © p)(t,)

2. “persistence” (eventually, always)
©UOpt) < Ft>t, Vit pt)




Example #1: Bouncing ball

X, <0&Xx,<07?

Assuming that x,(0) > 0, the hybrid automaton satisfies:

D{x >0} (short for (O { x,(t) > 03)(0) )

O{x, =0}

Oo{x,=0}

00{x <1}
Oplt) <« Vit p®)
©Op)t) < Ft=t, p®)
@O0pP() & Vit It>t pt)
©UOp() & Ft>t, V>t pt)

Safety properties

Given a signal x:[0,T) — R", Te(0,00], x™:[0,T) — R"is called a prefix to x
if T'<T&X(t) =x(t) Vte[0,T")

safety property = a sequence property p that is:
1. nonempty, i.e., 3 (q,x) such that p(qg,x) = true
2. prefix closed, i.e., given signals (q,x)
p(a, X) = p(g*, x*)
for every prefix (q%, x*) to (q, x)
3. limit closed, i.e., given an infinite sequence of signals
(G2Xp) » (G2:Xp), (G.X3), €tC.
each element satisfying p such that
(9% is @ prefix to (G, Xy.q) vk
then (g,x) := lim,_, _ (q,,X,) also satisfies p

“Something bad never happens:”’
1. nontrivial
2. a prefix to a good signal is always good
3. if something bad happens, it will happen in finite time




(Technical parenthesis)

Given a signal x:[0,T) — R", Te(0,00], x™:[0,T%) — R"is called a prefix to x
if T'<T&X'(t) =x(t) Vte[0,T)

safety property = ...
3. limit closed, i.e., given an infinite sequence of signals
(G2%1) , (A2:%5), (Gg:Xs), €tC.
each element satisfying p such that
(GX) is @ prefix to (G, Xies) vk
then (g,x) := lim_, . (q,.X,) also satisfies p

Limit in what sense?

Prefix induces a relation R in the set of signals X,
R:={(x"x): x"isaprefixtox }
This relation is a partial order (for short we write x*< x when (x",X)€R):
1. reflexive, ie., a<aVa
2. antisymmetric, i.e., a<b, b<a = a=b
3. transitive, i.e., a<b, b<c = a<c
Limit in the sense induced by the partial order: given x; <x, <x; < ...
lim,_, . X, = sup { x,: k>1} = unique function x such that x > x, V k
& x <yVy:y>xVk (def. of sup)

Examples
E.g., p(q, x) =0 (q(t),x(t) € ¥  where ¥ C Qx R" is a nonempty set
W)
‘ x, satisfies p

X, does not

this is a safety property:
nonempty, prefix closed,
limit closed

Other safety properties:
p(g, X) = x(t) > 0Vt (closed F)
p(g, X) =x(t) >0Vt (open F)

Nonsafety property:
p(a, X) = inf, x(t) > 0 (not of the form above; not limit closed, Why?)




Liveness properties

Given a signal x:[0,T) — R", Te(0,00], x™:[0,T*) — R"is called a prefix to x
if T'<T&X'(t) =x(t) Vte[0,T)

liveness property = a sequence property p with the property that for
every finite (9%, x*) € Qg x X4 there is some (g, X)
€ Qg x Xq Such that:
1. (g*, x*) is a prefix to (q, x)
2. (g, x) satisfies p

“*Something good will eventually happen:™
for any sequence there is a good continuation.

E.g., p(g, x) = ¢ (qt).x(t)e 7 where £ C Qx R" is a nonempty set
p(@,x) =0 (qt).xt)e F (always, eventually: V t,>t,, 3 t> t,)
p(@,x) =0 O (qt).x(t)e F (eventually, always: 3 t,>t,, V t> t,)
p(q,X) =3 L>000|x|| <L what does it mean?

p(q,X) =V e>0 O O||x||<e what does it mean?

very rich class, more difficult to verify

Completeness of liveness/safety

Theorem 1: If p is both a liveness and a safety property then every (g, X) €

Qg x Xq Satisfies p, i.e., p is always true (trivial property)

By contradiction suppose there is a solution x that does not satisfy p

x(t)
M *0)

b

by making t; — co we
construct sequence of
“good” signals that
converges to x
U
by safety x must be
“good”

take arbitrary t,,
by liveness must have a
“good” continuation x’

by safety must be
“good” at least until t,




Completeness of liveness/safety

Theorem 1: If p is both a liveness and a safety property then every (g, X) €

Qg X X satisfies p, i.e., p is always true (trivial property)

Theorem 2: For every nonempty (not always false) sequence property p
there is a safety property p, and a liveness property p, such that:
(9,x) satisfies p if and only if (q,x) satisfies both p, an p,

Thus if we are able to verify safety and liveness properties we
are able to verify any sequence property.

But sequence properties are not all we may be interested in...

“ensemble properties” = property of the whole family of solutions
e.g., stability (continuity with respect to initial conditions) is not a
sequence property because by looking a each solution (g, x) individually
we cannot decide if the system is stable. Much more on this later...

Can one find sequence properties that
guarantee that the system is stable or unstable?

Next lecture...

Reachability

* transition systems

« reachability algorithm

 backward reachability algorithm

« invariance algorithm

« controller design based on backward reachability




