research supported by NSF

Stochastic Hybrid Systems:
Modeling, analysis, and applications to
networks and biology

Jodo P. Hespanha

Center for Control Engineering
and Computation

University of California
at Santa Barbara

Talk outline UCSB

1. A model for stochastic hybrid systems (SHSs)
Examples:
e network traffic under TCP
« networked control systems
3. Analysis tools for SHSs
e Lyapunov
e moment dynamics
4. More examples ...

Collaborators:
Stephan Bohacek (U Del), Katia Obraczka (UCSC),
Junsoo Lee (Sookmyung Univ.), Mustafa Khammash (UCSB)

Students:
Abhyudai Singh (UCSB), Yonggang Xu (UCSB)

Disclaimer: This is an overview, details in papers referenced...




continuous T

dynamics

g2(x) > 07 ..
T ¢3() z = da(z) guard

conditions

reset-map"s
z(t) e R" = continuous state by convention

q(t) € 9={1,2,...} = discrete state } right-continuous

we assume here a deterministic system so the invariant
sets would be the exact complements of the guards

Ay (a)dt = a(@)
continuous
dynamics
A 1 f!]n’f
Ao(x)dt . §
@ ¢3(@) 2 dal@) transition intensities
(probability of transition
T ¢o(T) ininterval (¢, t+dt])
/\;%[-J',]f”
reset-maps
q(t) € ©={1,2,...} = discrete state
z(t) e R" = continuous state
Continuous dynamics: .
T = f(q,z,t)
Transition intensities:
Ae(q, z,t) ted{l,...,m}
Reset-maps (one per transition intensity):
(%x)’_)(be(%x?t) £€{17~-'7m}




Stochastic Hybrid Systems

/\1fa]n’|' ml—>¢1
continuous
dynamics
/\ ;f r)di
Ao(x)dt .
T ¢3() x'—>¢4 o
transition intensities
/ (probability of transition
T — polx ininterval (¢, t+dt])
/\;{,[.!'L:H’JJIf

reset- maps

Special case: When all A, are constant, transitions are controlled by a
continuous-time Markov process

— >
A\ specifies g
(independently of x)

State space: q(t) € 9={1,2,...} = discrete state

X(t) € R" = continuous state
Continuous dynamics:
= f(q,z,t) f:OxR"x[0,00) = R"
Transition intensities:
Ae(q,z,t) Aot QX R" x [0,00) = [0,00) £€{l,...,m}
Reset-maps (one per transition intensity): # of transitions =

(q,m) = ¢5(Qa$7t) Pp: Q@ X R™ x [0,00) S OxR" (¢ {1,’m}

Results:

1. [existence] Under appropriate regularity (Lipschitz) assumptions, there exists a
measure “consistent” with the desired SHS behavior

2. [simulation] The procedure used to construct the measure is constructive and
allows for efficient generation of Monte Carlo sample paths

3. [Markov]  The pair (q(t), x(t) ) € Qx R is a (Piecewise-deterministic) Markov
Process (in the sense of M. Davis, 1993)

[HSCC'04]




Stochastic Hybrid Systems with diffusion UCSB

)\1(96’) ol

stochastic
diff. equation -

)\2 (1’

x — x 33 =
@3(x) iz transition intensities

reset-maps

Continuous dynamics: .~ w = Brownian motion process
i = f(g,2.t) + gz, )i
Transition intensities:
Ae(q, z,t) ted{l,...,m}
Reset-maps (one per transition intensity):
(q,x) — de(q,x,t) Led{l,...,m}

transmits receives

data packets data packets

‘ ——= network D o= @
i

packets dropped
with probability Pgrep

congestion control = selection of the rate r at which the server transmits packets
feedback mechanism = packets are dropped by the network to indicate congestion




Example I: TCP congestion control UCSB

e
transmits receives
data packets data packets

‘ =L\ network D o=
;

packets dropped
with probability Pyrq,

congestion control = selection of the rate r at which the server transmits packets
feedback mechanism = packets are dropped by the network to indicate congestion

TCP (Reno) congestion control: packet sending rate given by
w(t) congestion window (internal state of controller)

r(t) =
o _ RTT(t)  round-trip-time (from server to client and back)
e initially wis setto 1

« until first packet is dropped, w increases exponentially fast  (slow-start)

« after first packet is dropped, w increases linearly  (congestion-avoidance)

« each time a drop occurs, w is divided by 2 (multiplicative decrease)

Example I: TCP congestion control UCSB

e

Pdrop T dt

w»—>1\

80 q = cong-avoid

q = slow-start

~ log2
Y= RrRrT"

w
pdrop T.MH % W= 5

per-packet,  pejs sent _ peks dropped
dropprob. ™ " persec T persec

# of packets
already sent

TCP (Reno) congestion control: packet sending rate given by
congestion window (internal state of controller)

r(®) RTT(t)  round-trip-time (from server to client and back)
e initially wis setto 1
« until first packet is dropped, w increases exponentially fast  (slow-start)
» after first packet is dropped, w increases linearly  (congestion-avoidance)
» each time a drop occurs, w is divided by 2 (multiplicative decrease)




long-lived TCP flows on-off TCP flows
(no delays) (no delays)

Pdrop T dt
4 = cong-avoid

wF'(s)dt
RTT(1- F(s))

wF'(s)dt
RTT(1- F(s))

w
w i —
2

on-off TCP
flows with delay

Tdelay

Iong—Iivéd TCP
flows with delay

[P —

[SIGMETRICS'03]

Example II: Estimation through network

——

process state-estimator
&= Az + B | white noise i=Ai
disturbance
T
z(t)  a(ty)
- e = =(_decoder
o network o
for simplicity:

« full-state available

* N0 measurement noise
* N0 quantization

* no transmission delays

encoder logic = determines when to send measurements to the network
decoder logic = determines how to incorporate received measurements




Stochastic communication logic

process state-estimator
& = Az + Bu|  white noise &= Ag
disturbance
T
z(t) a(t
> network o
for simplicity:

« full-state available
* N0 measurement noise
* O quantization
* no transmission delays
encoder logic = determines when to send measurements to the network

1. keep track of remote estimate &

2. send measurements stochastically

3. probability of sending data increases as Z deviates from x

decoder logic = determines how to incorporate received measurements

4. upon reception of x(t), reset &(tx) to x(tx)

i i i i UCSB
Stochastic communication logic UCSB
process state-estimator
& = Az + B, . white noise 3= A%
disturbance
i
t
e network _—
for simplicity:
+ full-state available
* N0 measurement noise
* N0 quantization
] * no transmission delays
Error dynamics: e:=xz — 2

prob. of sending data in [¢,t+dt)
depends on current error e

er— 0 reset error to zero




Stochastic communication logic UCSB

e
process state-estimator
&= Az + B| white noise &= Az
disturbance
T
z(t)  a(ty)
- " e = =(_decoder
> network
with:
* measurement noise
s quantization

« transmission delay
error at encoder side

prob. of sending data in [¢,t+dt)
based on data sent A€enc(t)) dt

depends on current encoder error e,

[ Cenc = A€enc + B
— - Cdec = Aegec + Bw

eenc(t) — reset error to nonzero

error at decoder side random variables

! €dec(t+T7) =1
based on data received

[ACTRA04]

Example lIl: And now for something completely different.. UCSB

Decaying-dimerizing chemical reactions (DDR):

cl ¢ 3
S, —> 0 S, —> 0 25,2 S,
Cy
SHS model azat caz(z1 — 1)dt population of
. species S
T — :vl -2
x1— o — 1 Zo > o+ 1
To — T — 1
x> T+ 2
Xo— 9 — 1
"population of
. Comadt Capdt species S,
reaction rates
Inspired by Gillespie’s Stochastic Simulation Algorithm for molecular reactions [Gillespie, 76]




Example IlI: And now for something completely different.. UCSB

bt Bt

Decaying-dimerizing chemical reactions (DDR):

Cy c g
1— 0 S, —> 0 2S, 2 'S,
Cy
SHS model crz1di car1 (@ — Dat population of
Disclaimer:

Several other important applications missing. E.g.,
= air traffic control [Lygeros,Prandini, Tomlin]
x1— x; —1 | ® queuing systems [Cassandras]

= economics [Davis]

XTo— To — 1
T — ]+ 2
$2D—>{L’2—1

"population of
comadt Caodt species S,

reaction rates

Inspired by Gillespie’s Stochastic Simulation Algorithm for molecular reactions [Gillespie, 76]

Generalizations of the SHS model UCSB

Az)dt @ (@)

T

1. Stochastic resets can be obtained by considering multiple intensities/reset-maps

pA(z)dt v = 1)
>
- p1(z) w.p.p
\/ w2(z) wop.1l—p
(1= p)A(z)dt z — p2(x)

One can further generalize this to resets governed by to a
continuous distribution [see paper]

x ~ pu(q, z, dx)




Generalizations of the SHS model

glr) =07 @ ¢(2)

T

2. Deterministic guards can also be emulated by taking limits of SHSs

Ac(z) == ced@)/e
_ z = ()
A ()dt 4

T

barrier
function

el 0*
T
The solution to the hybrid system with a deterministic guard is obtained as € | 0*

This provides a mechanism to regularize systems
with chattering and/or Zeno phenomena...

Example: Bouncing-ball

y<0,y<0?

NG D,

Y —cy

¢ € (0,1) = energy absorbed at impact

The solution of this deterministic hybrid
system is only defined up to the Zeno-time

Y Zeno-time

10



Ay, y)dt
. g . ee Ve <0
l Ac(y,9) = {0 750
Y
y— —cy
¢ € (0,1) = energy absorbed at impact
e=1072 »1 e=1073 e=10"
A \\ N \\ N
ARTRVA AR IRTAR
VNV WARRRRA L e, A
AR R AR,
mean (blue) 95% confidence intervals (red and green)

Analysis—Lie Derivative

= f(x,t) xR
Given scalar-valued function ¢ : R* x [0,00) — R
d oY oY
derivative -
along solution
to ODE Ly
Lie derivative of 1)
One can view L as an operator
space of scalar space of scalar
functions on - functions on
R” x [0,00) R” x [0,00)

L, completely defines the system dynamics

11



Generator of a SHS UCSB

=

T = f(anv t) +g(Qa Z, t)’lb )\Z((Lx,t) (q’x) — Qﬁe(q_’x_’t)
continuous dynamics . .
transition intensities reset-maps
Given scalar-valued function ¢ : @ x R x [0,00) — R
e g€NETAt for the SHS

%E[w(q, z,t) =E [(Lw)(q,z,t) Dynkin’s formula
(in differential form)

where
(LY) (g, x,t) :== %f(q,x, t) + % Lie derivative
ox ot . L
instantaneous variation

m /—/H

+ Z (d)((;bf(qv x7t)7t) - 'd)(% T, t)) /\Z(qv J,’,t) T reset term
=1 intensity
1 ,0% I

+ étrace (g(q,:z:,t) @g(q,x,t)) s (iffUSION term

L completely defines the SHS dynamics

Disclaimer: see following paper for technical assumptions [HSCC'04]

Generator of the SHS with diffusion

F ="l o ) L olg > )90 N . — —

Attention:
These systems may have problems of existence of solution due to jumps!

(stochastic Zeno)

GiV
E.g. xdt 1dt

wh
z— 22
T 2z

. no local solution
no global solution

for z(0) > 1
“‘jumping makes “probability of multiple jumps in short
jumping more likely” interval not sufficiently small”

L completely defines the SHS dynamics

Disclaimer: see following paper for technical assumptions [HSCC'04]

12



Stochastic communication logics

error dynamics
in remote estimation

) a T 0 PN N I V0%
(L)(e,t) = 5 Ae+ 2 + [0(0.1) — (e, | A( +§mu(;; o H)

Long-lived TCP flows

long-lived TCP flows
(with slow start)

congestion

slow-start -
avoidance

w
2
) log 2 hp w ) . Pdropt!
(L)(gounty = 4 wt G+ [p(en ) — v T =
o a1 O

dwrRTT "ot T g=cq

13



Lyapunov-based stability analysis UCSB

error dynamics

in NCS Ae) dt d E[w(e)] = E [(Lzﬁ)(e)] Dynkin’s formula
dt

é = Ae+ Bw i
(L)) = 22 e + [6(0) — ()] Me) + 5 trace (B2 2 B)

e—0

Expected value of error:

We)=e = (L)) = (A-Ae))e
2" moment of the error:
Y(e) =€'Pe = (Lip)(e) =€ [(A - ?1)/13 + P(A - %e)l)] e + trace (B'PB)

Lyapunov-based stability analysis UCSB

error dynamics

in NCS Ae) d

in (e)dt %E[lb(e)} =E [(Lqﬁ)(e)} Dynkin’s formula

é = Ae+ Bw .
(L)(e) = 9 Ae + [0(0) ~w(e)] M) + 3 trace (B0 5 B)

er— 0

Expected value of error:
We)=e = (L)) = (A-Ae))e
2" moment of the error:
G(e) = e'Pe = (Ly)(e) = ¢ [(A - %1)'13 n P(A - ?1)] e + trace (B'PB)

For constant rate: A(e) =y

%E[e] =(A—~I)E[¢] %E[e’Pe] < —uElePel+e¢, p,ec>0

assuming (A—vy/2 I') Hurwitz

14



Lyapunov-based stability analysis

error dynamics

in NCS Ae)dt ¢ -
" E[(e)] = E [(Ldj)(e)] Dynkin’s formula
é = Ae+ Bw 2
_ o 1 0%
(L) (e) = S A+ [¢(0) - w(e)]x(e) + 5 trace (B = B)
e—0
One can show... both always true Vy > 0 if A Hurwitz
. (no jumps needed for boundedness)
For constant rate: A(e) =y
1. E[e]—0 as long as y > R[A(A)] getting more moments
2. E[|lel"]bounded aslongasy>2m R[A(A)] . . boundedrequies

higher jump intensities
For polynomial rates: A(e) = (¢’ Pe)* P>0,k>0

1. E[e]—0 (always) Moreover, one can achieve the
2. E[lle|™]bounded Vm same E[ || e ]|2] with a smaller
number of transmissions. ...

[ACTRA'04, CDC'04]

Analysis—Moments for SHS state UCSB

e

fo(q,x,t) )‘f(qvxat) (qax) :st(q_ax_at)

continuous dynamics o -
transition intensities reset-maps

z (scalar) random variable with mean p and variance 2

2 o?
P(zZe‘zZO)ﬁ— P(\z—u|26)§—2
¢ El|z —a["] €
P(lz—a|l>¢) < —
Markov inequality Tchebychev inequality
(Ve>0) Bienaymé inequality

(Ve>0,acR , neN)

often a few low-order moments suffice to study a SHS...

15



Polynomial SHSs

E=J@ot)tolez iy (q,a,1) (0,7) = ¢elq™, 27, 1)

continuous dynamics o -
transition intensities reset-maps

Given scalar-valued function ¢ : @ x R x [0,00) — R
e generator for the SHS
%E[w(q, z,t) =E [(Lw)(q,x,t) Dynkin’s formula

(in differential form)

where ‘ ‘
9 i)
(L) (g, z,t) == %f(q,x,t) n a_if

+ 3 (¥(0ela.2.1).8) — v,z 1)) (g 2.1)
=1
1 o?

+ 5 trace (g(q, x,t)/a—;fg(q, x,t))

A SHS is called a polynomial SHS (pSHS) if its generator maps
finite-order polynomial on z into finite-order polynomials on x
Typically, when

v flgzt) z—g(gnt) o Mg, x,t) x> ¢lg z,t)
are all polynomials V ¢, ¢

x(t) € R qt) € 0={1,2,...}
continuous state discrete state

Mgl g g =g > for short (™)
g 2) = { P

Uncentered moment:
P (1) = E [ (q(t), 2(t))]

Eg MOV =Pl =a) 00 = B a0 ,]

g OO = B[220 L= ] u "0 0) = B [11(0) L= ]

16



X(t) e R qt) € 9={1,2,...}
continuous state discrete state

(m) (0.2) = g g g =q > for short (™)
¢ 0 q#7q
Uncentered moment:

i () = B [p{™ (q(t), 2(t)]

For polynomial SHS. ...

e L L) e (q.2)
monomial on x polynomial on z linear comb. of
monomial test functions

, d .
i = G B (0,2) = B[(Lo{™) g,2)] = D aunfl)
i=1

linear moment dynamics

long-lived
TCP flows
Pdrop T dt
q = cong-avoid
w E
k
)= ]
1 P
(1) — _ (2
H RTT? 2!*
2 P
~(2) _ (1) _ 2F (3)
pi = RTT? 7 1 7
3 . p
(3) _ (2 _ P
77 L

17



on-off TCP flows

long-lived (exp. distr. files)

TCP flows

Pdrop T dt

q = cong-avoid

RN W - k
I [r"]=E [ 5 ) . fok _ w
RTT /.Lca = E[?" Iq:ca] = E qu:ca
.(0)] r -1,(0) (1) (1)
m__1 P 2 - OHIIM‘E‘S)JF %‘1‘55 * %(ftfa
rrT? 2V Q) Togi Mot — (% + P)pss
Y 2 3p . 50 pu& — Luly)
1 = —— ) — =@ pee rwe (), lg2z () 1 @
RTT* 4 Hss"| | "RTT #offﬂ“' RITHss — (% +p)/'i55
a® = 3 u® p @ ISR R R S C i ¢ T Th
2 . (2 T Wy (0 2 . (3)
RIT1T 8 _n%.;i ﬁ'ﬁ’lT'”":[xlf] 3 }—?f%,:;,(,.;} (4 p}..':;j
ftca mrrica + §uss’ — (§ + )pcd

Experimental evidence indicates that the (steady-state)
sending rate is well approximated by a Log-Normal distribution

0.07 .

PDF of the congestion
window size w

0 10 20 30 40 50

zLog-Normal = E[%] = (1;[[22]])3

r Log-Normal
(on each mode)

Efr?|q=q? <Na,2)3
Hag,1

3 _
Hg3 = E[r” | ¢ =qlugo ® —————=3 Ha,0 = Ha0
= q [ | ] q E[’V’ | q= q]g q q

Data from: Bohacek, A stochastic model for TCP and fair video transmission, INFOCOM'03
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long-lived
TCP flows
Pdrop T dt
q = cong-avoid
w %
(k) k w”
pr = Ert =E [RTTIJ
PO— o
RTT? 2

. 2 3p Py 3
(2) _ (1) 2
7 (,,m)

finite-dimensional
nonlinear ODEs

on-off TCP flows
(exp. distr. files)
dt
o wdt
kRTT
Parop T dt
w1
510
> -JMH% “"_*g
k
k) ._ k _ w
,U((:a) = E[?" Iq:ca] =E [quzca]
0)7 r -1, (0 1 1 b
:uogf oﬁl /Léff)) % Mia ) k(él)((:a)
Hgb) off 'uoff ( + p)
- (0) pﬂ( ) M(l)
flca ~wo (0) b k ca
AV = J?TT‘ f‘nﬁ + mr’rm*« - (3 +Z’)!l»
P i + 5l — ( + B
o Togf Wo (0 og 2 (0)
;,f_’) Hu—’r‘{[,rf]"' R”Fis}_(f"'f)}ﬂxj f.iJ—;?‘
bf’ (1) 0) ; pt? .' : (0] pl2) -
(@] [rfresed + s (B5)° = (2 + e (M)

long-lived TCP flows
with delay
(one RTT average)

0.1~
L moment dynamics in responseto |
0oa- Pdrop abrupt change in drop probability
’ 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
20 T T I T T T T T T
\ sending rate mean
100~ -
] | | | ] ] | ] |
0 1 2 3 4 5 6 7 8 9 10
10 T T T T T T
e k sending rate std. deviation
50~ 3
1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

—— Monte Carlo (with 99% conf. int.)

—— reduced model

19



Truncated moment dynamics (revisited)y UCSB

et

For polynomial SHS...
k
i = B (g,2)] = E[Lo{™) @ 0)| = D aun™)
i=1

linear moment dynamics
Stacking all moments into an (infinite) vector g

infinite-dimensional linear ODE
In TCP analysis...

ud
1l lower order
uy moments of interest fr=Ap+Biji -

Hoo =
Mgg) _ moments of interest n Oﬁﬁ]pggf :‘Tr?é:gnbzf
u@ | [ F that affect 1 dynamics #

Truncation by derivative matching UCSB

infinite-dimensional linear ODE

/loo = Acofltco
fi=Ap+ Bj U= Av+ By(v)
truncated linear ODE nonlinear approximate
(nonautonomous, not nec. stable) moment dynamics

Assumption: 1) u and v remain bounded along solutions to
fioo = Acofico and 7 = Av + Bp(v)

2) fleo = Aoolteo i (incrementally) asymptotically stable

. . dk dku
Theorem: V&>0 INstif CH_9V
FTC TR Vke{1,...,N}

then
[1(t) = v(@®)|| < B(|ulto) — v(to)|l,t —to) +9,  VE>to >0
class KL function

Disclaimer: Just a lose statement. The “real” theorem is stated in [HSCC'05]

20



Truncation by derivative matching UCSB

=
) infinite-dimensional linear ODE
Moo = Ao oo
L=Ap+ Bi v =Av+ Bp(v)
truncated linear ODE nonlinear approximate
(nonautonomous, not nec. stable) moment dynamics

Assumption: 1) p and v remain bounded along solutions to
floo = Acolice and = Av + Bp(v)

2) fico = Aoclioo IS (incrementally) asymptotically stable

. k k
Theorem: V &>0 3 Nsit.if %:%, Vke{l,...,N}

then
1) —v(t)|| < B(llu(to) — v(to)ll,t —to) +0,  VE >t >0
class ICL function

Proof idea:
1) N derivative matches = u & v match on compact interval of length T'
2) stability of A =- matching can be extended to [0,00)

Truncation by derivative matching UCSB

-
infinite-dimensional linear ODE

® Given &, finding NV is very difficult
© In practice, small values of N (e.g., N = 2) already yield good results

© Canuse
dbp  drw
Atk T dtk’

to determine @(-): =1 — boundary condition on ¢

Vke {1,...,N}
Assu

k=2 — linear PDE on ¢

. . dk dku
Theorem: V&>0 INstif CH_9V
FTC R Vke{1,...,N}

then
() —v(®)|| < B(l|lpto) — v(to)ll,t —to) +0,  VE>1t>0

Proof idea: class ICL function

1) N derivative matches = u & v match on compact interval of length 7'
2) stability of A, = matching can be extended to [0,00)




Decaying-dimerizing molecular reactions (DDR):
C:
! ) 3
S, —> 0 S, — 0 25,2 'S,
Cq
"ﬂ(lyow —c1 +c3 2¢cy —c3 0 0 } "#(1,0)
- (0,1) -2 —Cc4 —C2 R 0 0 (0,1)
H 2 2 H
/:L({‘)’O) _ 0 Co 0 0 0 Iu<2’0)
- (0.2) c1 — 2c3 4ey —2c1 + 4cg 0 4ey ©0.2)
H -2 cq4+co @ —2¢4 — 2¢o —c3 H
ﬂ(l’l) c3 —2¢4 —% 2cy —C1+cC3—cC4—C2 H(l’l)
0 0
O 0 re{lf%.l]:-"
+]—=2c3 0 [ r2.1:-‘
0 (& H -
g —c3
P = Blwr] uC =Bt O = Bl
pOY = Eles] 4O =Efad]  u®" = Efe}as)
u(l’l) = E[z122]

Truncated DDR model

Decaying-dimerizing molecular reactions (DDR):
C1 C g
S, — 0 S, —> 0 25, <2 S,
Cyq
[(10) —c1 +c3 2¢4 —cs3 0 0 (1.0
ACSY -3 —C4—C2 3 0 0 JRCEY
2 (2,0) | 0 C2 0 0 0 (2,0)
I.L(O 2 e — 23 dey —2c¢1 + 4cs 0 4ey M(o 2)
[ *%3 cq+ C2 cgs —2c4 — 202 —C3 [
ﬂ(l’l) Cc3 —2cy —% 2cy —C1+c3—cC4—C2 u(l’l)
0 0
0 0 {,l.l:l"""}"
+ |—2¢3 0 |F -’."{';"l_.. }2} by matching
0 €3 010 A 1) dku dkv
L —cg i Vk e {1,2}
for deterministic distributions
[IJRC, 2005]
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Monte Carlo vs. truncated model UCSB

et

populations means

4 T T
ot ]
E[4]
- ]
1 CE[%] ]
o5 1 R PR EER— s 5 )
x10° Fast time-scale
(transient)
populations standard deviations
T — o : ; SEEA ‘ 7
i ]
i Std[z,] 1
0 (;.5 ’1 1’.5 ‘2 2‘.5 ‘3 3‘.5 ‘4 4‘.5 5
x10°
populations correlation coefficient
oob (2] 1 (lines essentially
4 PLEaT2 5 undistinguishable
103 1 at this scale)
YTes 1 182 255 a5 a4 a5 s

Parameters from: Rathinam, Petzold, Cao, Gillespie, Stiffness in stochastic chemically reacting
systems: The implicit tau-leaping method. J. of Chemical Physics, 2003

Monte Carlo vs. truncated model UCSB

et

1q

‘ : ‘ ‘ Slow time-scale
0 05 1 15 2 25 3 35 4 45 5 .
evolution

populations standard deviations

T T T T

i Std[z,]

I I I I L n
0 0.5 1 15 2 25 3 35 4 45 5

populations correlation coefficient

e T T T

il v » Ao AR

error only noticeable when

i populations become very small
O_E/ZE:Z | (a couple of molecules,
i ‘ ‘ L ‘ ‘ ‘ L] still adequate to study cellular
0 05 1 15 2 25 3 35 4 45 5 reactions)

Parameters from: Rathinam, Petzold, Cao, Gillespie, Stiffness in stochastic chemically reacting
systems: The implicit tau-leaping method. J. of Chemical Physics, 2003
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1.

2.

3.

Conclusions UCS

B

=

A simple SHS model (inspired by piecewise deterministic Markov Processes)
can go a long way in modeling network traffic

The analysis of SHSs is generally difficult but there are tools available
(generator, Lyapunov methods, moment dynamics, truncations)

This type of SHSs (and tools) finds use in several areas
(traffic modeling, networked control systems, molecular biology, population
dynamics in ecosystems)
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