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Abstract

We develop a Finite Horizon Maximum Likelihood Estimator (FHMLE) that fuses Inertial
Measurement Unit (IMU) and radio frequency (RF) measurements over a sliding window of finite
length for three-dimensional navigation. Available RF data includes pseudo–ranges, angles of
transmission (AoT), and Doppler shift measurements. The navigation estimates are obtained by
solving a finite-dimensional nonlinear optimization using a primal-dual interior point algorithm
(PDIP). The benefits of the proposed estimation method are highlighted using simulations
results comparing the FHMLE approach with an Unscented Kalman Filter (UKF), in a scenario
where an aircraft approaches a carrier, with RF measurements from beacons aboard the carrier,
and low-cost IMU measurements aboard the aircraft. When the Geometric Dilution of Precision
is large, we found that the FHMLE is able to achieve smaller estimation errors than the UKF,
which tends to carry a bias throughout the trajectory.

Keywords: Navigation, Maximum likelihood estimation, Moving horizon estimation, Kalman
filtering, GNSS.

1 Introduction

Integrated navigation here refers to the estimation of the position and orientation of a moving
rigid body, based on a fusion of measurements collected from radio frequency (RF) beacons and
an Inertial Measurement Unit (IMU). The RF beacons provide timing information from which we
extract pseudo-range measurements (i.e., ranges up to an unknown constant due a clock offset), angle
of transmission (AoT) measurements constructed by processing the signals transmitted/received by
an antenna array, and velocity measurements obtained from the Doppler shift on the RF carrier
frequency.

The fusion of pseudo-range with IMU measurements is a well-studied problem for Global Naviga-
tion Satellite Systems (GNSS) [4], in which the satellites play the role of the RF beacons. However,
our setup presents a few key differences: First, we are interested in scenarios where the RF beacons
are localized to a relatively small region of space, which would lead to very poor Geometric Dilution
of Precision (GDoP) [4] in a GNSS setting. Second, we are also interested in scenarios where the
number of beacons is small, in particular, fewer than the minimum of four beacons required for a
system operating just with pseudo-range measurements and asynchronous clocks. Third, in addi-
tion to the usual pseudo-range measurements, we also have angle of transmission measurements,
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which as we will show, can compensate for the lack of beacons and poor GDoP. The use of an-
gle of transmission or angle of arrival measurements in integrated navigation is discussed in [13],
while localization using Doppler measurements is discussed in [2]. This work is especially relevant
to GPS-denied scenarios, where only a small number of ground-based beacons are available, for
example when navigating using Signals of Opportunity [18].

In this paper, we construct a maximum-likelihood estimator (MLE) for the position and orien-
tation of a moving rigid body that fuses all available measurements (RF and IMU) over a finite
window of time with constant length T , and ending at the current time t0. Considering a finite
window of time (and consequently a finite number of measurements) and finitely parameterizing the
position/orientation over the time window pt0 ´ T, t0s, enables us to compute the maximum likeli-
hood estimate numerically using a nonlinear programming solver. In this work, we use a primal-dual
interior-point (PDIP) method that has been optimized for real-time computations [11].

A UKF approach for navigation in the GNSS setting appears in [26] and an attitude observer
and EKF combination is considered in [6]. Our approach is in contrast to this type of Kalman filter-
ing based approaches that recursively compute estimates and require approximations to nonlinear
dynamics and non-Gaussian noise. Extended Kalman Filters (EKFs) locally linearize nonlinear
dynamics and measurement equations, while the Unscented Kalman Filter (UKF) assumes that
the prior and posterior distributions are adequately approximated by a finite set of “sigma points”
[14]. A key benefit of the approach proposed here is that we need not assume that the posterior
distribution of the state estimate is Gaussian, which is an important assumption in the derivations
of both the EKF and UKF. Nonlinear measurements or dynamics often result in non-Gaussian
posterior distributions, which can cause Kalman filter-based methods to diverge or converge to
sub-optimal solutions, depending on initialization and measurement history [7, 23]. However, in
a FHMLE approach, we are able to re-initialize independently at each step, as well as compute
solutions for multiple initializations. This prevents the filter from getting “stuck” on a suboptimal
trajectory. Furthermore, EKFs and UKFs are designed for additive Gaussian noises, however such
an assumption on the AoT measurements is problematic because an error in direction should be
constrained to the unit-sphere. There are several well-studied unit-sphere distributions from the
field of Directional Statistics, including the von Mises-Fisher and Kent distributions.

Finite horizon MLE techniques also differ from Kalman filtering-based approaches in that the
former discards old measurements. While this appears to be a disadvantage at first, it also means
that the effect of outliers or poor initializations is quickly attenuated. In the context of our problem,
we will see that the use of a finite horizon helps the system rapidly recover from the effect of
measurements taken over unfavorable geometries (i.e. all beacons localized to a small region of
space). Our finite horizon MLE is heavily inspired by the literature on Moving Horizon Estimation
(MHE) [24], which also considers a finite window of measurements, but typically also includes a
penalty term to account to the “missing” measurements. A sliding window approach to GNSS/INS
integration appeared in [9]. The effect of changing the length of the sliding window is considered in
[28].

One final benefit of an approach that reduces state estimation to a numerical optimization lies
in the ability to incorporate constraints into the design of the estimator. These constraints can
be used, e.g., to restrict estimates to known bounds. For example, we can add constraints on bias
terms for IMU sensors or on the position/orientation/velocity of the rigid body. Such constraints
add additional information that can greatly improve the estimation accuracy. We note that equality
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constrained versions of both EKFs and UKFs also exist [24], but they rely on projections, and suffer
from many of the challenges mentioned above.

To illustrate the potential of our approach we present simulation results obtained from a scenario
in which an aerial vehicle lands on an aircraft carrier and estimates its positions using an affordable
IMU unit and measurements from RF beacon on board of the aircraft. The vehicle starts a few
kilometers away from the aircraft, which presents a very unfavorable geometry [4] since all RF
beacons are localized very close to each other (in comparison to the distance between aircraft and
beacons). Our results show that the FHMLE is especially attractive to estimate the parameters
mostly affected by this challenging geometry, consistently leading to smaller estimation error in
regions with poor geometry.

This paper is organized as follows: In Section 2, we introduce the measurement models and like-
lihood functions to formulate the FHMLE optimization. The conversion of the maximum likelihood
estimation to a numerical optimization is discussed in Section 3, together with a brief description
of the nonlinear programming solver that we use. In Section 4, we review the construction of an
Unscented Kalman Filter that could also be used to solve the problem considered here. Finally,
Section 5 presents simulation results for an integrated aerial navigation system based on RF beacons
aboard an aircraft carrier. We use these simulations to compare the performance of the FHMLE
and the UKF.

2 Finite Horizon MLE for Navigation

Consider a coordinate frame B attached to a rigid body that moves with respect to an inertial frame
C and denote by pp,Rq P SEp3q the instantaneous position and orientation of the frame B with
respect to C. Our goal is to estimate pptq P R3 and Rptq P SOp3q over an interval t P pt0´T, t0s based
on a set of measurements Ypt0´T,t0s taken by sensors attached to B during the interval pt0 ´ T, t0s.
Here, SEp3q denotes the special Euclidean group and SOp3q the special orthogonal group in three
dimensions [19].

We denote by `
`

Ypt0´T,t0s | p,R
˘

the likelihood of the set of measurements Ypt0´T,t0s given the
time evolutions p and R of the position and orientation of B with respect to C, respectively. This
notation enables us to express the maximum-likelihood estimator (MLE) as

pp̂, R̂q– arg max
pPP,RPR

`
`

Ypt0´T,t0s | p,R
˘

,

where P andR denote “admissible” sets for the functions pptq and Rptq, t P pt0´T, t0s that define the
position and orientation of B with respect to C, respectively. For p and R, to be “admissible”, they
must be compatible with the dynamics of the rigid body, with the understanding that in order to
solve (8) numerically, the sets P,R must be parameterized using a finite number of parameters. We
defer further discussion on the parameterization of these sets to Section 3.1 and focus the remainder
of this section on the construction of the likelihood function that appears in (8).

2.1 Pseudorange Measurements

The pseudorange measurement ρkptq associated with the reception of an RF message from beacon
k at time t is typically defined as

ρkptq– cpt´ tsentq,
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Figure 1: RF measurements: pseudorange, angle of transmission, Doppler shift.

where tsent denotes the time at which the message was sent and c is the RF propagation speed. Let
bk be the position in the coordinate frame C of the beacon that transmitted the message. Assuming
that the receive antenna is at the origin of the coordinate frame B, under ideal conditions we would
have

ρkptq “ }pptq ´ bk},

where ‖¨‖ denote the Euclidean norm of a vector (see Figure 1). However, the send time tsent and
the receive time t are measured with respect to two clocks that are not perfectly synchronized. In
addition, the RF detection circuit introduces a stochastic error in the measurement of the receive
time. Denoting by ∆ptq the offset between the transmitter and receiver clocks and assuming a
zero-mean Normal distribution with variance σ2

ρ for the stochastic component of the error, the
pseudorange measurement ρkptq is a Normal random variable with mean }p ´ bptqq} ` c∆ptq and
variance σ2

ρ, leading to the following likelihood function:

`
`

ρkptq|pptq,∆ptq
˘

“

exp
´

´

`

ρkptq´‖pptq´bk‖`c∆ptq
˘2

2σ2
ρ

¯

?
2πσρ

. (1)

2.2 Angle of Transmission Measurements

The angle of transmission measurement AoTkptq associated with the reception of an RF message
from beacon k at time t is defined by the unit vector pointing from the beacon to the receive
antenna. Under ideal conditions we would have

AoTkptq “
pptq ´ bk
}pptq ´ bk}

(2)

(see Figure 1), but RF detection errors will also introduce a stochastic error in this measurement.
We assume that the measurement follows a von Mises-Fisher unimodal isotropic distribution on the
unit sphere in R3, with mean direction given by (2) and concentration parameter κ ą 0 [1], which
leads to the following likelihood function:

`
`

AoTkptq|pptq
˘

“

κ exp
´

κ ppptq´bkq
1AoTkptq

‖pptq´bk‖

¯

2πpeκ ´ e´κq
. (3)
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Figure 2: Weighted GDOP for various measurements

Note that a high value for the concentration parameter κ ą 0 of a von Mises-Fisher distribution
corresponds to a distribution tightly clustered around the mean, and consequently less noise on
AoTk, whereas the limiting case κÑ 0` corresponds to the uniform distribution. For non-isotropic
distributions of the AoT error, one could base the likelihood on the Kent distribution instead [15].

Figure 2 shows the Weighted Geometric Dilution of Precision (WGDOP) for various sets of mea-
surement types over the sample trajectory and beacon positions used in the simulations of Section 5.
WGDOP is an approximation of the position and clock offset estimation error that is obtained from
the inverse of the Fisher Information matrix of the weighted least squares problem with linearized
measurements [22]. Note that GDOP is infinite with only three pseudorange measurements and no
AoT. Adding AoT measurements significantly improves WGDOP, with diminishing returns between
two and three angle measurements.

2.3 Doppler Shift Measurements

The relative motion between transmitter and receiver antennas creates a Doppler shift

∆fkptq– f reck ptq ´ f ck

between the carrier frequency f reck ptq, measured by the RF detector at time t, and the original
carrier frequency f ck transmitted by beacon k. Under ideal conditions we would have

∆fkptq “ ´
f ck
c

ˆ

d

dt
}pptq ´ bk}

˙

“ ´
f ck
c

ppptq ´ bkq
1 9pptq

}pptq ´ bk}
,

but due to measurement errors we assume that the perceived Doppler shift is a zero-mean Normal
distribution with variance σ2

f , leading to the following likelihood function:

`
`

∆fkptq| 9pptq
˘

“

exp
´

´

`

∆fkptq`
fck
c

ppptq´bkq
1 9pptq

‖pptq´bk‖
˘2

2σ2
f

¯

?
2πσf

¨ (4)
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2.4 IMU Measurements

An accelerometer attached to the frame B produces a measurement amptq of the proper acceleration
expressed in B, which is given by

amptq– Rptqp:pptq ´ gq ` abptq,

where g denotes the local gravity vector expressed in the inertial frame C, for example g “
“

0 0 9.8065
‰

in the North-West-Up (NWU) inertial navigation frame. Additionally, abptq is an
additive bias introduced by the sensor. For simplicity, we assume that the accelerometer is cali-
brated to remove the effect of other deterministic errors such as scale factor and non-orthogonality
errors [25], and that this measurement is further corrupted by additive zero-mean Gaussian noise
with covariance matrix Σa, so that we obtain the following likelihood function

`
`

amptq|:pptq, Rptq
˘

“

exp
´

´1
2 ‖amptq ´Rptqp:pptq ` gq ´ abptq‖2Σ´1

a

¯

?
2π3 det Σa

(5)

where ‖x‖2Λ denotes the quadratic form x1Λx.

A rate-gyro attached to B produces a measurement ωmptq of the angular velocity expressed in
B, given by

ωmptq– Rptqωptq ` ωbptq

where the entries of the angular velocity vector ω “ r ωx ωy ωz s are can obtained from

9RptqR1ptq “

„

0 ´ωzptq ωyptq
ωzptq 0 ´ωxptq
´ωyptq ωxptq 0



and ωbptq denotes an additive bias introduced by the sensor. We similarly assume that the gyroscope
is calibrated to remove other deterministic errors, and is corrupted by additive zero-mean Gaussian
noise with covariance matrix Σω, and we obtain the following likelihood function:

`
`

ωmptq|Rptq, 9Rptq
˘

“

exp
´

´1
2 ‖ωmptq ´Rptqωptq ´ ωbptq‖2Σ´1

ω

¯

?
2π3 det Σω

. (6)

A magnetometer attached to B produces a measurement mmptq of the local magnetic field
expressed in B, given by

mmptq– Rptqm

wherem denotes the direction/intensity of the local magnetic north expressed in the inertial frame C.
Assuming that this measurement is corrupted by additive zero-mean Gaussian noise with covariance
matrix Σm, we obtain the following likelihood function:

`
`

mmptq|Rptq
˘

“

exp
´

´1
2 ‖mmptq ´Rptqm‖2Σ´1

m

¯

?
2π3 det Σm

. (7)

For simplicity, we assume here that the magnetometer has been calibrated to remove the effect of
any soft and hard iron distortions.
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2.5 Total Likelihood Function

While our main goal is to estimate the position pptq and orientation Rptq of the rigid body attached
to the coordinate frame B, the likelihood of the sensor measurements that we have introduced above
depend on three other quantities that need to be estimated in addition to pptq and Rptq: the offset
∆ptq P R between the clock of the beacons and the clock of the RF receiver, the accelerometer bias
abptq P R3, and the rate-gyro bias ωbptq P R3. In light of this, our maximum-likelihood estimator
(MLE) is actually of the form

pp̂, R̂, ∆̂, âb, ω̂bq– arg max
pPP,RPR,∆PD,

abPAb,
ωbPΩb

`
`

Ypt0´T,t0s | p,R,∆, ab, ωb

˘

, (8)

where D, Ab, and Ωb denote admissible sets for the functions ∆ptq, abptq, and ωbptq.

Assuming that the random variables associated with the likelihood functions given by (1), (3),
(4), (5), (6), and (7) are all conditionally independent, and given the trajectories p P P, R P R,∆ P

D, ab P Ab, and ωb P Ωb, the likelihood function `
`

Ypt0´T,t0s | p,R,∆, ab, ωb

˘

in (8) is obtained
as the product of the pdfs in (1), (3), (4), (5), (6), (7) for each of the measurements available in
Ypt0´T,t0s taken by sensors in the interval pt0 ´ T, t0s.

Since each of the pdfs in (1), (3), (4), (5), (6), (7) is from the exponential family, rather than
performing the maximization in (8), we instead solve the following optimization

pp̂, R̂, ∆̂, âb, ω̂bq– arg min
pPP,RPR,∆PD,

abPAb,
ωbPΩb

´ log `
`

Ypt0´T,t0s | p,R,∆, ab, ωb

˘

, (9)

which has the same set of minima tp,R,∆, ab, ωbu.

3 Numerical Optimization

This section addresses two key aspects of involved in solving (9): first, the parameterization of
the sets of admissible functions, and second, the numerical method used to solve the resulting
optimization.

3.1 Trajectory Parameterization

To solve (9) using a numerical solver, we need to use finite parameterizations for the sets of admissible
functions P,R,D,Ab,Ωb.

For temperature compensated IMU sensors, the accelerometer and rate-gyro biases drift very
slowly so we can typically neglect changes in the biases over time intervals of length T on the order
of tens of seconds [20]. This corresponds to sets Ab,Ωb consisting of signals in R3 that are constant
over the whole interval pt0 ´ T, t0s and can be parameterized, for example by

Ab –
 

a P R3 : }a} ď La
(

, Ωb –
 

ω P R3 : }ω} ď Lω
(

,

where La and Lω denote maximum norms for the accelerometer and biases, typically obtained from
the manufacturers datasheets.
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Temperature-compensated clock circuits typically exhibit a very small drift over time intervals
of tens of seconds [17]. However, pseudoranges are extremely sensitive to such errors (recall that,
at light speed, 1 nano second corresponds to about 0.3 meters), so we consider a richer class of
admissible functions for the clock offset D. Specifically, we allow the set D of admissible clock
offsets to contain not only constant offsets but also constant clock drifts, denoted by β, over the
time interval of interest. This corresponds to a set of linear functions of the form:

D –
 

βpt´ t0q ` φ : |β ´ 1| ď L∆, φ P R
(

,

where L∆ denotes the maximum mismatch between the frequencies of the two clocks.

For a model-free parameterization of the sets P and R, we draw inspiration from direct col-
location methods for trajectory optimization [3], and parameterize admissible trajectories pptq,
t P pt0 ´ T, t0s with the values of the function pptq at a fixed set of N times

τ1 – t0 ´ T ă τ2 ă ¨ ¨ ¨ ă τN´1 ă τN – t0, (10)

which means that P is parameterized by
`

ppτ1q, ppτ2q, . . . , ppτN q
˘

P R3N . (11)

Following the collocation methods terminology, we refer to the τi as knots. While splines provide a
very general and attractive option to interpolate the value of pptq and its derivatives between the
knots, for numerical efficiency, the results presented here use a different and more computationally
efficient approach: We take the knots, τi, to be the times at which we have measurements, meaning
that we do not need to interpolate pptq between the knots, but we do need to compute the first and
second derivatives of pptq for the likelihood functions of the Doppler and accelerometer measurements
in (4) and (5), respectively. We evaluate these derivatives using the Lyness and Moler algorithm
[16], which for second-order polynomials and equally spaced knots τi ´ τi´1 — h leads to

9ppτiq “
ppτi`1q ´ ppτi´1q

2h
, :ppτiq “

ppτi`1q ´ 2ppτiq ` ppτi´1q

h2
, @k P t2, . . . , N ´ 1u. (12)

Formally, this means that P is the linear subspace of functions from pt0 ´ T, t0s to R3 whose first
and second derivatives at each knot τi are equal to those of the third-order Lagrange polynomial
that interpolates the function at the three knots closest to τi. In view of (12), this particular set
P has the desirable feature that the values of ppτiq and its derivatives 9ppτiq and :ppτiq are all linear
combinations of at most three of the optimization parameters in (11).

To parameterize the admissible set of orientations R, we follow a similar approach, except that
we represent rotation matrices using unit quaternions. In particular, we parameterize an admissible
trajectory Rptq, t P pt0 ´ T, t0s by a sequence of unit quaternions,

`

qpτ1q, qpτ2q, . . . , qpτN q
˘

P SUp2qN

corresponding to the orientations at the knots in (10). We then take R to be the linear subspace of
functions from pt0 ´ T, t0s to SUp2qN whose first and second derivatives at each knot τi are equal
to those of the 3rd order Lagrange polynomial that interpolates the function at the 3 knots closest
to τi, which means that we can again obtain simple formulas for 9qpτiq and 9Rpτiq using the Lyness
and Moler algorithm. These derivatives are needed for the likelihood function of the rate-gyro
measurements in (6).
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Remark 1 (Known dynamics). The above approach to constructing the sets P and R has the
advantage that it does not require knowledge of the specific rigid body dynamics. However, when
such a model is known incorporating these dynamics may potentially decrease the estimation errors.
To understand how this could be accomplished within the framework of this paper, suppose that
the motion of the rigid body attached to the coordinate frame B follows dynamics of the following
general form:

9x “ fpx, tq, pptq “ G
`

xptq
˘

, Rptq “ H
`

xptq
˘

, x P Rn. (13)

The sets P and R are naturally parameterized by the initial conditions to (13) as follows:

P – tpx0 : x0 P Rnu, R– tRx0 : x0 P Rnu,

where

px0ptq– Gpϕpt;x0, t0 ´ T qq, Rx0ptq– Hpϕpt;x0, t0 ´ T qq, (14)

and ϕpt;x0, t0´T q denotes the solution to (13) with initial condition xpt0´T q “ x0. To follow this
approach, we would not need to solve (13) explicitly as (14) seems to imply. Instead, and inspired
again by direct collocation methods, we would parameterize the sets by the values of xpτiq at the
knot points and regard (13) as optimization constraints at the knot points. l

3.2 Primal-Dual Interior-Point Solver

For the parameterizations of the admissible sets discussed in Section 3.1, the optimization in (9) is
of the form

fpx̂q “min
 

fpxq : F pxq ě 0, Gpxq “ 0, x P Rnx
(

, (15)

where x̂ denotes the optimizer of f . We solve this optimization numerically using a second-order
Primal-Dual Interior Point (PDIP) method. While this class of methods only guarantees convergence
when the function fpxq is convex and the constraints F pxq ě 0, Gpxq “ 0 define a convex set [5],
in practice PDIP methods they perform well on a much wider class of problems. The particular
solver that we use is generated by the MATLAB R© toolbox TensCalc [10, 11]. This toolbox generates
specialized C-code solvers for optimization problems like (15) and is especially fast for optimizations
up to a few thousands of optimization variables and constraints. Short solve times are achieved by a
combination of features that include automatically detecting and exploring the sparsity structure of
the Hessian matrix of fpxq and the Jacobian matrices of F pxq and Gpxq to speed up each iteration
of the PDIP iteration, reusing intermediate computations within and across iterations, and the use
of code that improves the efficiency of micro-processor pipelining and caching [11].

3.2.1 Solver Complexity for Sparse Problems

The key challenge with FHMLE is that, at each time step, we need to solve the optimization in
(9). However, it turns that the specialized C-code solvers produced by the MATLAB R© toolbox
TensCalc [10, 11] are very efficient for the type of optimizations needed by FHMLE. Due to the

9



independence of measurements across time and the numerical method used to handle dynamics in
(12), we note that the Hessian matrix associated with the optimization in (15) is sparse because

B2f

Bpp,RqpτiqBpp,Rqpτjq
“ 0,

for all indices i and j such that |i ´ j| ą 1. This means that the number of nonzero entries of
the Hessian increases linearly with the number of knots. Solve times for state-of-the-art methods
of inverting sparse matrices scale essentially linear with the number of nonzero elements [8]. The
computational complexity of a second-order PDIP method is determined by the complexity of
inverting the Hessian matrix B2f

Bxx1 , therefore PDIP solve times increase linearly with the size of time
window considered [5].

3.2.2 Implementation for FHMLE

One limitation of second-order PDIP methods is that the optimization criterion fpxq and the con-
straint function F pxq, Gpxqmust be twice-differentiable. This is not the case in our problem, because
the likelihood functions associated with the angle of transmission in (3) and the Doppler shift in
(4) contain a division by }pptq ´ bk} that is not differentiable at the point pptq “ bk. However, one
can confidently exclude such points from the set of admissible pptq, because this would imply that
the rigid body was collocated with the beacon. Nevertheless, we have found that the convergence
of the solver was improved by introducing the additional slack optimization variables

rkptq–
ppptq ´ bkq

1AoTkptq

‖pptq ´ bk‖
, (16)

which enabled us to rewrite (3) as

f
`

AoTkptq|pptq
˘

“
κ exppκrkptqq

2πpeκ ´ e´κq
(17)

subject to the following constraint that enforces (16):

‖pptq ´ bk‖ rkptq “ ppptq ´ bkq1AoTkptq. (18)

Note that both (17) and (18) are smooth everywhere, as opposed to the original likelihood in (3).
A similar procedure can be applied to smooth the likelihood of the Doppler measurements in (4).
While the use of slack variables increases the size of the optimization, the added numerical stability
generally decreases the number of iterations for the solver, and overall results in smaller solve times.

Remark 2 (Regularization and a-priori information). Solver convergence is sometimes improved by
introducing L2-regularization terms on some variables, e.g., in the IMU biases ab and ωb. From a
Bayesian perspective, this is equivalent to placing a Gaussian prior on those variables and simply
amounts to including additional quadratic additive terms in (9). Similarly, box inequality con-
straints placed on optimization variables, which may also be viewed as priors, can improve solver
convergence. l
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4 Unscented Kalman Filter Estimator

To test the effectiveness of our approach against the prior state of the art, we used an Unscented
Kalman Filter (UKF) to solve the same estimation problem. In essence, the UKF uses the unscented
transform to extend Kalman Filtering to scenarios with nonlinear dynamics or measurements. The
unscented transform uses a set of “sigma points” to represent the first two moments of a given
distribution. In a UKF, the unscented transform takes the estimated mean x̂ptq and variance P̂xptq
at time t, and computes sigma points s1ptq, s2ptq, ..., sn`1ptq each in Rn, for n the dimension of the
state x. It can be shown that a correct choice of the n ` 1 sigma points fully describes the first
two moments of a distribution [14]. These sigma points are simulated through the noisy process
and measurements to obtain sigma points of the predicted state and measurement at time at a
subsequent time. The UKF then performs the same update as the usual Kalman filter through the
inverse unscented transform. The key benefit of an UKF is that the it is generally less sensitive to
filter divergence [7] than Kalman filters extensions that rely on local linearization like the EKF [27].
The UKF in this simulation was designed with the same modeling assumptions as the FHMLE,
except that the AoT measurements were modeled as independent and identical Gaussian noises in
the azimuth and elevation angles of the origin of B with respect to C. The resulting simulated
distribution is similar to the von Mises-Fisher distribution, especially for large values of κ, and
preserves the notion of angle as belonging to the unit sphere.

5 Simulations

The FHMLE and a tightly integrated UKF were compared in a simulated scenario where an aerial
vehicle approaches an aircraft carrier from the south in a North-West-Up (NWU) inertial frame.
Three RF beacons were placed on board the aircraft carrier: two at the start of the landing strip
(one on each side separated by 40 meters) and one on the control tower (44 meters north of the
western forward beacon and 35 meters above the deck). The noise parameters for the sensors are
summarized in Table 1. The values corresponding to the RF measurements (pseudorange, angle of
transmission, and Doppler shift) were obtained through detailed Monte Carlo simulations of the RF
signal processing that leads to these measurements and the IMU sensor parameters were obtained
from InvenSense’s MPU-6050 MEMS IMU datasheets [12].

A FHMLE horizon length of one second with a measurement frequency of 20 Hz leads to an
optimization over 20 knots. The accelerometer bias, gyroscope bias, and clock drift are assumed
constant over each window, since each changes relatively slowly to the scale of a second. This leads
to an optimization in 268 variables with 140 equality constraints, corresponding to the simulation
displayed in Figure 3. Despite the Hessian being 408ˆ408, at most 9000 elements are nonzero,
or around 5.4% of the matrix entries. Since the number of nonzero matrix entries scales linearly,
while the size of the matrix scales quadratically, we expect the percentage of nonzero elements to
decrease with horizon length. No regularization was used for the FHMLE, however box constraints
were placed on the position and bias terms to improve convergence.

5.1 Filter Initialization

The FHMLE and the UKF estimators both depend on how they are initialized: At every time, the
FHMLE nonlinear solver needs to be initialized with a state estimate that is the starting point for
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Parameter Symbol Value
RF propagation speed c 299792458 m/s
RF carrier frequency f ck 5.4 GHz
pseudorange noise variance σρ 1 m
angle of transmission noise concentration κ 2 ¨ 104

Doppler shift noise variance σf .1 Hz
gravity field g

”

0
0

9.8065

ı

m/s2

accelarometer noise covariance matrix Σa .15 I3ˆ3 [m/s2]
rate-gyro noise covariance matrix Σω .05 I3ˆ3 [rad/s]
local magnetic field m

”

40000
0
0

ı

[nT]
magnetometer noise covariance matrix Σm 400 I3ˆ3 [nT]
measurements sampling frequency h 20Hz
FHMLE horizon length T 1 sec

Table 1: Simulation parameters.

the PDIP iterations. The state of the UKF filter needs to be initialized at the start of an experiment
(and whenever the filter diverges).

Each pair pAoTi, AoTjq of angle of transmission measurements, corresponding to beacons i and
j, provides a position estimate p̄ij at the point p that is closest to the corresponding AoT rays:

p̄ij – min
p,αi,αj

}p´ bi ` αiAoTi}
2 ` }p´ bj ` αjAoTj}

2.

We initialized the FHMLE estimator using the straight line trajectory that better fits these p̄ij
and that is compatible with the Doppler velocity measurements (which is a simple least squares
problem). While this initial estimate may not be particularly good at fitting the pseudo-range
measurements and the IMU measurements, the PDIP was able to very reliably converge from this
initialization to the maximum likelihood estimate in a small number of iterations. We note that
with three angle of transmission measurements, we can get three estimates p̄ij by selecting pi, jq
equal to p1, 2q, p2, 3q, or p2, 3q. Initializing with these 3 options, we selected the one which converged
to the largest value for the likelihood function. The same algorithm is then used to initialize the
UKF at the start of each trial.

5.2 Results and Discussion

Figure 3 compares the estimation errors and 1-σ bounds for the UKF and FHMLE over 1000 Monte
Carlo trials of measurements generated as in Section 2. These plots show that the UKF has a
significant initial position bias and is noisier towards the beginning of the trajectory. Figure 4 shows
the empirical distributions of the norms of UKF and FHMLE position errors over two segments of
trajectory: the the first 10 seconds of the trajectory where geometry is poor, as well as the final
20 seconds where geometry is improved. This figure confirms that the UKF is heavier tailed in the
first 10 seconds, while the performance of the two methods is comparable in the final 20. This is
likely due to a combination of poor geometry and the fact that the UKF uses an approximation of
the von Mises-Fisher distribution, while the FHMLE is able to handle the exact equations. Figure 5
demonstrates that by increasing κ to 2.5 ¨ 104 and using a higher cost IMU (In this example a
Honeywell HG-1700 IMU [20] with Σa “ 0.03I3ˆ3 m{s2), we enter a regime where the UKF is
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(a) position estimation errors (b) velocity estimation errors

(c) attitude estimation errors (d) bias estimation errors

Figure 3: Monte Carlo positions, velocities, orientation, and bias average errors with sigma bounds
(solid red: FHMLE average error, dashed red: FHMLE 1-σ error, dot-dashed black: UKF average
error, dotted black: UKF 1-σ error).

actually more effective than the FHMLE at estimating position, especially in the final 20 seconds.
Figure 3 also shows that FHMLE estimates of attitude, velocity, and bias terms are all either
comparable or clearly better than those of the UKF.

Figure 6 shows a sample MC trial for position and attitude errors, demonstrating that the UKF
position estimates are smoother than the FHMLE estimates. However this comes with the drawback
that the effects of noisy measurements taken in segments with poor geometry on estimates persist
for longer than in the FHMLE, which can recover more quickly from unexpectedly poor quality
measurements. This is the primary tradeoff between the two methods. Both FHMLE and UKF
attitude estimates are nonsmooth, but errors are quite small.

Figure 7 shows the errors in position and velocity of the FHMLE without angle measurements.
Because the initialization described above is not available without angle measurements, the filter
is initialized with truth at the start of the trials and then warm starts are used throughout the
rest of the trajectory. Regularization as in Remark 2 was observed to be necessary for convergence
of the FHMLE without AoT measurements. Comparing Figures 3 and 7 demonstrates that the
FHMLE performs significantly better in position and velocity estimates with AoT measurements
than without. This matches the intuition given by Weighted GDOP in Figure 2.

To validate the usefulness of the proposed FHMLE algorithm for more general maneuvers, we
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(a) first 10 seconds (b) final 20 seconds

Figure 4: Empirical distribution of ‖p̂´ p‖ in the first 10 and final 20 seconds respectively. Red rep-
resents the FHMLE error, grey the UKF error, and dark red sections are where the two distributions
overlap.

(a) first 10 seconds (b) final 20 seconds

Figure 5: Empirical distribution of ‖p̂´ p‖ in the first 10 and final 20 seconds respectively, with
κ “ 2.5 ¨ 104 and Σa “ 0.03 I3ˆ3 m{s

2. Red represents the FHMLE error, grey the UKF error, and
dark red sections are where the two distributions overlap.

consider the case where the aircraft completes a banked circle of diameter 600 meters, centered
1500 meters from the deck of the carrier. Such a maneuver is common in the lead up to the carrier
approach. The Monte Carlo results over 100 Monte Carlo trials are shown in Figure 8. We see the
effect of bias and multimodal behavior in the UKF estimates. The UKF estimates appear to have
lower variance in most cases than the FHMLE estimates, while the FHMLE estimates appear to be
unbiased.

Figure 9 shows the effect of horizon length on runtime and root mean-squared error (RMSE).
The FHMLE runtime for the one second horizon used for Figures 3-7 is around 11ms, while the UKF
runtime in Matlab is around 5ms, and both are well below our sampling time for RF measurements
(50ms). This plot shows that we can use a window up to around 2 seconds in length without
average runtimes exceeding 30 ms. The computation times also grow approximately linearly with
the window length, as suggested by the discussion in Section 3.2.1 The RMSE also decreases with
horizon length, however these gains are offset by the latency introduced in estimation, especially for
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(a) position estimation errors (b) attitude estimation errors

Figure 6: Position and attitude estimation errors over a singe MC trial (solid red: FHMLE error,
dot-dashed black: UKF error).

(a) position error without AoT (b) velocity error without AoT

Figure 7: Position and velocity Monte Carlo estimation errors without angle of transmission mea-
surements (solid red: FHMLE average error, dashed red: FHMLE 1-σ error).

a rapidly moving vehicle. The determination of optimal window lengths is explored further in [28].

6 Conclusions

Navigation using RF beacons is useful in GPS-denied environments or when relying on Signals of
Opportunity. We derived a Finite Horizon Maximum Likelihood Estimator for integrated navi-
gation using realistic RF measurements. Benefits of the finite horizon approach include avoiding
linearization, naturally accommodating constraints, and allowing for a richer class of noise models.
This paper shows that, by using appropriate numerical methods, FHMLE in integrated navigation
is effective and compares favorably to a UKF in when using low-cost IMUs and in situations with
poor geometry, especially when making use of AoT measurements.

Our simulation results show that the FHMLE tends to produce estimates that, while having a
smaller estimation error can be less smooth than those obtained from a UKF. In moving horizon
estimation (MHE), this is often resolved by adding to the optimization cost terms that penalize the
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(a) position estimation errors (b) attitude estimation errors

Figure 8: Position and attitude estimation errors over 100 MC trials of a 600m diameter banked
circle. Red represents the FHMLE error, grey the UKF error, and dark red sections are where the
two distributions overlap..
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Figure 9: Average Runtimes and RMSE for various horizon lengths.

distance between the current estimate and the one obtained with the previous window of measure-
ments [9, 21]. Experimenting with this option and understanding its implications in the context of
maximum likelihood estimation is an important topic for future research. Other topics for future
research include the development of FHMLE approaches to the “loose integration” of RF and IMU
measurements (as in [4]) and the simultaneous estimation of position/orientation and the param-
eters of the noise distributions (covariance matrices for Gaussian distributions and concentration
parameters for the von Mises-Fisher distribution).
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