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Abstract— We consider the control of impulsive systems with  only available at jump times. The notatiar{t, ) indicates

jumps triggered by a renewal process, that is, the intervals the limit from the left of a functionz(¢) at the pointty,
betweenju_mps are independent and identically distributed. The except atty where, by convention(t;) = xzo. The times
control action and output measurement are assumed to take bet tive i — ¢ LR > 0

place only at jump times. Necessary and sufficient conditions, PEWeen consecutive jump§ T Ukt T M R }, )
in the form of LMIs, are given for mean square stabilizability ~ are assumed independent and identically distributed.fi.i.

and detectability for the class of systems considered. An infinite with a common cumulative distributiod”. The variables
horizon quadratic optimal control problem is solved, under (>, 'k > 0}, calledjump points are i.i.d. random variables
appropriate stabilizability and detectability properties. The taking values on a discrete finite s& and are assumed to

class of impulsive renewal systems is shown to be especially, . . .
suited to model networked control systems utilizing CSMA-type be independent of theh, k > 0}. We restrict our analysis

protocols, with stochastic intervals between transmissions and t0 linear mapsz, j, b andec. _ _
packet drops. In this setting, the analysis and synthesis tools  The class of systems (1) was considered in the homoge-

mentioned _above are used to (i) prove that_ for an emula_tion- nous casei(= 0) in [2], [3] and [4]. In [2] the nomenclature
based design, stability of the closed-loop is preserved if the impulsive system driven by renewal processes was used for

distribution of the intervals between transmissions assigns high , . ;
probability to fast sampling (ii) illustrate through a benchmark this class of systems, motivated by the fact that the process

example the potential advantages of controller direct-design — <
over an emulation-based design. N(t) = max{k € Zzo : 1 <1} (2)

that counts the number of jumps up to timis a renewal pro-

. INTRODUCTION : . .
i . cess [5]. Here, we abbreviate the nomenclature to impulsive
Networked control systems are spatially distributed SySypaya) systems. In [4], necessary and sufficient condition

tems for which the communication between sensors, actugq, given for mean square stability, stochastic stabiityd
tors, and controllers is supported by a shared communh:aticpnean exponential stability of the homogenous version of

network. Over the last decade t_here has bgen a consider I)a_ The present paper builds upon these conditions. For
amount of work on .the_ analysis and .deS|gn of networke ioneering work for systems with i.i.d. parameters see, e.g
control systems, taking into account different networkreha 6], 7], [8].

acteristics such as packet drops, time-varying samplind, a
network delays [1].

In [2], a class of systems is proposed which allows for th
modeling of networked control systems with stochastic in
tervals between transmission, packet drops and timefngryi
protocols. A controlled version of this class is considered

the present paper and takes the form

In the first part of this paper, we give synthesis results
ertaining to a controlled impulsive renewal system taking
e form (1). We start by introducing notions of mean
square stabilizability and mean square detectability fiis t
class of systems. Our definitions parallel those for LTI
systems (e.g. [9]) and Markov Jump Linear Systems (MJLS,
e.g. [10]).We give necessary and sufficient conditions for
z(t) = alx(t)), t#t verifying these two properties in terms of LMIs. It is shown
2(ty) ik 2(t), 21) + bk, g, 2k), 1) tha_lt if the system (1) ef>$h.|b|ts these two p_ropertles, thelr\qh
Z exists an output stabilizing controller. Finally, we catei
ye = clka(ty), =) an infinite horizon quadratic cost optimal control problem
z(ty) = wo, to =0,t € R, k € Z>o, that parallels the well-known LQR problem. We show that

where z(t) denotes the system’s state, a control to be if @ Riccati-like equation has an appropriately defined sta-

applied at jump times, angl, a measurement signal that isbilizing solution, then the optimal control law is given by
a simple state-feedback law. Stabilizability and detatitab
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of impulsive renewal systems in [2], permitted the studylependence ow is generally dropped. The expected value
of stochastic intervals between transmissions and stichass denoted byE(.).

packet drops. It was shown that the exploitation of the The random variables, are assumed i.i.d. with a common
stochastic properties of the inter-transmission intsnain distribution F' that has support on a given interal 7], T €
lead to less conservative results than a worst case analyRis, U {+oo}, which means that

[11]. A class of stochastic protocols was also used in [12],

in an emulation based framework, and in [13] in a direct- 0<F(z)<1l, z€l0,T), F(T)=1 3)
design framework. The analysis was restricted to the case .
where the intervals between transmissions are exporigntiaWe assume some regularity dﬁ namely that#'(0) = 0
distributed, but a significant contribution was made to dpeid anq that this function can be written .ﬁs: Fi+ 122, where

the gap between the stochastic models of networked contrt 'S @n absoIL_Jter cor_mnuous funcUdﬂl(t)_ —Jo .f(s)d‘.g’
systems and the actual network protocols that lie beneath t r some plensny_functlorf(_a:) >0, andF is a piecewise
control algorithms, such as Ethernet and Wireless g02.11.constant increasing function that captures possible atom

Following this line of research, we address scenarios i%omts {a;} where the cumulative distribution places mass

networked control systems for which the impulsive renewa wi}. The |_ntegral with respect to the monotone function
system is an appropriate model for analysis and controll&} then defined as

synthesis. These scenarios are based on Carrier Sense Mul-y” T

tiple Access (CSMA) type protocols, which are prevalent in /0 G(x)F(dx) = /o G(z) f(x)da + ZwiG(ai)’ )
network links. By considering i.i.d. inter-transmissioner- ‘

vals, we can broaden the class of scenarios considered]in [l#here G(z) is generally a matrix-valued function.

and [13], in which the analysis was restricted to exponéytia  The random variables; belong to a finite discrete set
distributed inter-transmission intervals. We then showhotaking the formz := {1,...,n,} and are assumed i.i.d.
the tools provided in the first part of the paper can be usegith Pz, = i] = p; for any k, where}""* p;, = 1.

to Compare an emulation-based approach with a Controller|n [4], the fo”owing S|mp||f|ed Version of the System (1)
direct-design approach. Regarding emulation-based wmlesigs considered

we assume that a continuous-time stabilizing controller ha

been designed, without regard to the network charactesisti z(t) = Ax(t), t#t

We show that stability of the closed-loop is preserved if a(ty) = Jax(ty), x(ty) =m0, to=0. (5)
the distribution of the inter-sampling times assigns high

probability to fast sampling. As with periodic constantSince the system (5) is fully specified by the pad, J) and
sampling, this result shows that an emulation-based desigme distributionF’, for short we use the notatiofy, J)r to

is an appropriate choice when the sampling is sufficientlyefer to this system. Necessary and sufficient conditiors ar
fast. However, as illustrated in a benchmark example, fagiven in [4] for the following stability notions.

less frequent sampling it may fail to guarantee closed-loop Definition 1: The system (5) is

stability in a mean square sense. For the same example, WH Mean Square StablgMSS) if for any =
show that if one directly designs a controller that takes int limy— 00 Efz(t)"2()] = 0 ’

account the network constraints (direct design), it is {nbss (i) Stochastic StabléSS) if for anyuo,

to guarantee mean square closed-loop stability even when f+oo E[z(t)"2(t)dt < co.

sampling does not occur frequently and emulation would faitiii) Mean ExpOonentiaIIy Stable (ME$)there exists con-
The remainder of the paper is organized as follows. = gtantsc anda such that for anyzo,

Section Il introduces some preliminaries and reviews the E[z(t)Tz(t)] < cexp(—at)azlz, Yiso.

results of [3]. Section IIl presents a set of basic generg{ijle these three stability notions may not be equivalerg, on

results pertaining to the stability and stabilization o th .54 show that they are equivalent under mild assumptions.
system (1). Section IV illustrates the application of thesg, example, they are equivalent when

results to networked control systems and is followed by the

proofs of the main results in Section V. Section VI contains T

final conclusions and discusses directions for future reea L (8) = /O exp(—sy)F(dy) < 00, Vs<omaxze(xi(4)) (6)
Notation: For two column vectorg, y, (z,y) := [z y"]". _ i

The notation diagA4, ... A,]) indicates a block diagonal Meaning that the moment generating functiog) of F(¢)
matrix with blocksA;. Then x n identity and zero matrices 'S defined fors less than twice the maximum real part of the

are denoted by,, and0,,, respectively. Further notation will eigenvalues ofA. This condition assures that the expected
be added when necessary. value of any quadratic function of the state remains finite

between jump times and, in particular,

[l. PRELIMINARIES AND BACKGROUND Elz(ty, )" Pr(ty,,)|=(t)] =

We denote by(2, B, P) the underlying probability space - T -
of the stochastic processt; w), w € €, defined by (5). The o (te) /O exp(A”y) P exp(Ay) F(dy)a(tx) < oo



In the following theorem we summarize the results of [4], Taking into account the two characterizations of mean
relevant for the present paper. The following definitions arsquare stability (i) and (ii) of Theorem 2, one concludes
needed to state this result: that stabilizability and detectability are dual concepts i

T the sense that detectability 6€, (A, J))r is equivalent to
/ exp(A”s)Pexp(As)F(ds)  (7)  stabilizability of (A7, J7),CT)p.

OT The detectability and stabilizability properties of (9)nca
Ear(P) = / exp(As)Pexp(ATs)F(ds)  (8) be used to analyze the relation between MSS and the input-
0 output properties of (9). Let? be the set of sequences

Theorem 2:Assuming that (6) holds, the system (5) isof r.v.s v = (vg,v1,...), such that (i) eachy; € R? is

MSS, SS, and MES if and only if any one of the followingcausally obtained fror{hy, & < i} and {zx, k < k}, i.e,,

Ea(P)

conditions hold v; is adapted to the natural filtration associated with the
. Coor ) {hi, & < i} and {z, k < i}; (i) v has bounded norm,
(_Z') Fpso S ‘SA(P)J; P <0 defined as
(ZZ) dpso: Jc‘:AT(P)J — P <0. ||1}||2 — ZE(HkaZ)

k>0

Notice that the conditions (i) and (i) can be viewe
as LMIs on the unknown matrip. In fact, for example,
JTE4(P)J — P is an affine function ofP, and by choosing
a basisB; for the linear space of symmetric matrices, w
can write P = Zfil b;B;, N = % and express (ii)

dWe say that the system (9) is input-output stablg i C?
whenu € C™.

o Lemma 3:Suppose that the system (9) is stabilizable and
detectable. Then the system (9) is input-output stabledf an
only it is MSS.

as N N As with LTI systems, a separation principle also holds for
. the impulsive renewal system (9). In particular, givesuch
ZbiBi >0 Zbi[‘] €a(Bi)J - Bi] > 0. that (4, J+ LC)r is MSS, andK such that A, J + BK) g

=1 =1 is MSS, the following output feedback controller results in

I11. DISCRETECONTROL OFIMPULSIVE RENEWAL a MSS closed-loop system.
SYSTEMS .
We start by considering the following simplified version B(t) = A(t), t#h
of (1) L(ty) = (J+BK+LC)(t) — Ly, 11)
I(t) _ A:L'(t), t% tk U = K.ﬁ’j‘(t;), .f?(ta) = i‘o, to =0.
x(ty) = Jx(t,) + Buyg, 9 Theorem 4:If the system (9) is detectable and stabilizable
gy = Cx(ty), x(ty)=Jxo, to=0. there exists an output feedback controller that makes the

R - closed-loop MSS. One such controller is given by (11).
A. Stabilizability and Detectability 1) Conditions for testing stabilizability and detectatyifi

Intuitively, the system (9) is stabilizable if one can findThe next Theorem provides necessary and sufficient condi-
a feedback control law of the formy, = Kuz(t, ) that tions for testing stabilizability in terms of LMIs

stabilizes the resulting closed-loop. Formally, the sys(6) Theorem 5:The system (9) is stabilizable if and only if
is said to bemean square stabilizablevhich is abbreviated . .
as((A,J), B)r is stabilizable, if there exists a matri ¢ Ipog : [JEAE?PT))(Z)BW W™B +P§AT (P)J } -

R™*™ such that(A, J + BK) g is MSS.

The system (9) is said to lmeean square detectablehich
is abbreviated asC, (A, J))r is detectable, if there exists a
matrix L € R™*? such that(A,J + LC)r is MSS. If the
system (9) is detectable it is possible to estimate in a mean

(12)
In this case (A, J + BK)r is MSS for K = W&, (P)~ .
The dual result for detectability is stated as follows.
Theorem 6:The system (9) is detectable if and only if

square sense the state of the system (9) given the output. Ia _ Ea(P) Ea(P)J + NC = 0. (13)
fact, defining the estimator P01 J7E4(P) + CTNT P '
() = Ai(t), t#t In this case (A, J + LC)p is MSS forL = £4(P)"'N.

a(ty) = Ja(ty)+ Bug + L(CZ(ty ) — yi),

B. Infinite horizon quadratic optimal control
i(ta) = Ig, to =0,

In this section, we consider the following infinite horizon

and the error variable := & — , we have that quadratic optimal control problem for the system (9)
é(t) = Ae(t), t#t Problem 7:
o0 +oo
e(tr) = (J+LO)e(ty), elty) = eo,to =0, (10) _ + ) )
: O (uneRmk>0} 0 Elz(t)" Qcx(t)]dt + ZE[UkUk]

and therefore the estimator error goes to zero in a mean k=0

square sense. subject to  (9)



where the minimization is taken over control sequenggs C. Extensions to the index and jump points dependent case
that (i) are causally obtained from the(t,’), i.e., ux IS The next definition and theorem provide extensions of the
adapted to the natural filtration associated with the secrienprevious results stated for the system (9), to the more géner

x(t),); (ii) stabilize the system (9) in a mean square sensgystem (1). We take the linear maps in (1) to be of the form
i.e., Elz(t)"z(t)] — 0.

To solve Problem 7 we introduce the following Ricatti- b(k,uk,zr) = Bifug
type equation c(kyug,zi) = Clruy
JTELP)T — P+ Q— ik, a(ty ), ze) = Jtalty). (19)
JTEA(P)B(I + BTEA(P)B) 'BTE4(P)J =0, Since the homogeneous version of system (1) is fully speci-
(14) fied by the matrix4, the set of matriced;*, the distribution
where F', and the probability vectas, for short we use the notation
T |y (A, J*)(F,p to refer to this system. The dependency of the
Q= / / J" exp(A"t)Q. exp(At)JF(dy). matricesB;*, C;* andJ,* on the jump index is assumed
o Jo

to be periodic with periodk, e.g., Bj, = B}, for any
We say that a symmetric solutiaf of (14) is stabilizingif i € Z. We defineS := {1,..., K} and use the notatiofk]
(A, J + BK(P)) is MSS, where to indicate the remainder after division @y. In particular,
- - kl=kr, if keS8, [k]=1Ifk=K+1
K(P) = =B(I + B"€4(P)B) ™ B"€(P) . (15) | ]Definition 12: Tr[1e] system (1) with maps (19) is
The next theorem, gives the optimal control law for the (i) Mean Square Stable (MSS) if for evefy,, ko),
Problem 7. _ o _ lim Efz(t)z(t)] = 0.
Theorem 8:Suppose that there exists a stabilizing solution t—+o0
to (14). Then the optimal control law to the Problem 7 is(ii) Stabilizable if there exists matricesk,., x € S} such
given by that (A, J;* + Bi* K))(r,p) IS MSS.
uPt = K(P)ay,. (16) (iii) Detectable if there exists matriceld.,;, x € S} such
1) Conditions for the existence of a stabilizing solution to  that (A, J;* + Ly CrF ) (r,p) IS MSS.
(14): The presentation in this subsection follows closely the Theorem 13:Assuming that (6) holds, the system (1) with
presentation in [10] for a related MJLS problem. Defining maps (19) is
(i) Mean Square Stable if and only if there exists matrices

P(P) = JEA(P)J +Q — a7 {P. >0,k € S} such that, forx € S,
J"EA(P)B(I + B"EA(P)B) ' B"E4(P)J -
we can rewrite (14) a®(P) — P = 0. We say thatP is the Z;pi(J;)TSA(P[nH])Ji - P, <0;

maximalsolution to (14) if for any otheP verifying P(P)— 3 _ _ _ _
P >0, we haveP > P. The next theorem, gives conditions, (i) Stabilizable if and only if there exists matrices

in the form of LMIs, for the existence of a maximal solution. {fj > 0,Yy, Zy, k € S} such that, fork € S,
Theorem 9:_Suppose. that((A, J)’.B)F iS s_,tablhzable.. Z[PiJ}igAT(P[nH])(J,i)T 4 BLY,(J)
Then the maximal solution to (14) coincides with the solutio ]
to the following problem JiYT(BU)T 4 (Bi)Zy(BL)"]— P, <0
max tr(P) |:£AT (P[ﬁ+1]) Yr >0
st |[/TEAP)I—P+Q  JTEA(P)B | _ (18) Y. Z| =
“ BTEL(P)J BTEA(P)B+1| — In this case(A, J,.* + B.* Kji))(r,p) is MSS for
The following lemma establishes the relation between the K, =Y,Eqr (P[m+1])71§

maximal and the stabilizing solution. (i) Detectable if and only if there exists matrices
Lemma 10:There exists at most one stabilizing solution {fj > 0, Vi, Wi,k € S} such that, fors € S,

to (14). When such stabilizing solution exists, it coincides ZLpi(Ji)TgA(P[K+1])Ji +(CHTVT

with the maximal solution. —r " e

This lemma gives a simple way of testing if a stabilizing (JOTV,CL + (C1)" W, O] — P, < 0,
solution exists. Namely, we can solve the LMI optimization " e (PN ) " Vv "
problem (18) and test if the maximal solution obtained is AV Tt >0
en est i \ ~on obta Vv W,
stabilizing. If so, it coincides with the stabilizing salor, ) - ; ]
if not there is no stabilizing solution. Finally, we give In this case(A, Ji* + Ly Ci*)(rp) is MSS for
conditions for a stabilizing solution to exist. Ly = EA(Pis1) Vi

Theorem 11:Suppose that((A, J), B)r is stabilizable Moreover, if the system (1) is stabilizable and detectable,
and (Qz, (A, J))r is detectable. Then there exists a uniquéhere exists an output feedback controller that makes the
stabilizing solution to (14). closed-loop MSS.



IV. EMULATION AND DIRECT DESIGN IN NETWORKED
CONTROL

Consider the simple networked control system depicted
Fig. 1 in which a remote controller receives and process

sensor information and sends actuation signals through a
communication network, possibly shared with other users.

actuators sensors

encoder

[ communication network ]

Fig. 1. Networked Control System

Suppose that there arg, sensors, indexed by running
from 1 throughn,, andn, actuators, indexed by running
from 1 through n,. Assume that the plant is linear and
described by

ip(t) = Apxp(f) + Bpﬁ(t) yp(t) = Cp.rp(t)

where 4(t) and yp(t), are partitioned into components

(20)

(i) The transmission delays are negligible when compared
to the time constants of the system dynamics, which is
already implicit in expressions (23) and (24);
Corresponding to each transmission there is a proba-
bility parop Of & packet being dropped, which might be
zero. The events of packet drop at different transmission

times are independent.

in.

£9)

Intuitively, these assumptions guarantee that the newebrk
control system has a renewal or regenerative property, mean
ing that for a given time;, all the sources of randomness
restart. This is the key for using the tools presented in the
previous section. Assumptions (i) and (iii) are common.
Assumption (i) holds, at least approximately, for scéosr

in which nodes attempt to do periodic transmissions of data,
but these regular transmissions may be perturbed by the
medium access protocol. For example, nodes using CSMA
for medium access, may be forced to back-off for a typically
random amount of time until the network becomes available.
However, one should note that for the model used here to
be valid, if a sensor node is forced to back off, after the
waiting time it should transmit the most recent measured
data, instead of the one collected at the time it initiallgdr

to transmit data. This approach is the most reasonable when
transmitting dynamic data.

The distribution of the time interval between transmission

associated which each of the sensor and actuation nodesi@§etermined by two factors: the congestion of the network

follows

Lunt

(1)), yp(t) = (yp(t),...,yp’ (t))-
(21)

and the delay introduced by the medium access protocol.
In [12], it is argued that for variants of CSMA protocols
such as slotted p-persistent and pure ALOHA, the intervals

We assume that the actuation mechanism is a simple h(;?gtween consecutive node transmissions are i.i.d. random

operation of the form

W)= (), teld, ), (22)

where7; are the times at which an actuation signal corre

sponding to actuatoj is sent by the controller. This signal
is received by the actuatgr also atr/, assuming that the
transmission delays are negligible. Denoting the trartsohit
actuation signal by, we have

wiot) -

J acket not dropped
vy, p pp 23)

)

@’ (17 ~), packet dropped

variables. This argument is especially compelling if one
does not need to restrict the distribution to exponential,
which was necessary in [12]. We believe that the 802.11
protocol described in [14, pp. 518], can also be faithfully
modeled in this setup. The distribution of the time intesval
between transmission may be difficult to compute, but can
be determined experimentally or estimated by running Monte
Carlo simulations of the protocol. In the example of the next
two subsection, we take the distribution to be uniform, for
illustration purposes.

A. Analysis Tools and Emulation

where by "packet dropped” we mean that the data transmitted

might arrive corrupted at the receiver. The senssends the
measurement signal pertaining to the plant outyutt) at
timesot. If we denote this signal by?, this means

wi = yb(oh). (24)

Consider the following continuous-time controller for J20

tp(t)=Aczc(t) + Bei(t), yo(t)=Coxc(t)+ Dci(t),
(25)
and suppose it has been designed to stabilize the clospd-loo

This data is received, corrupted or not, at the controllso al When

at time ¢!, assuming again that the transmission delays are

negligible. We defing{t,} = {02} U {7/}, to be the set of

(26)

times at which a packet from any of the nodes pertaining the., when the process and the controller are directly con-

feedback loop is transmitted. We are interested in sceqari
for which the following assumptions hold:

(i) The time intervals{ty; — t;} are i.i.d. random vari-
ables;

flected. We partitiorj andyc(t) accordingly to (21), i.e.,

(), ye(t) = (yo(t), ...

1
C

AT

Y

Moy

yt) = (5'(),. ye" (),

(27)



and consider that be a set ofn, + n, block diagonal matrices, with blocks
partitioned according to the partition of sensors and dotaa

gt = (o t€loy,0041) (28)  nodes explicit in (36), i.e.d; = ¢; andd;n, = s;. The
i ﬁ, packet not dropped matricesA;* are given by
§(oy) = § ket d g 0 @
§'(o;7), packet droppe AP =Ty — Mygrys if 25 = 1, AP =Lopp, if 2 =2,
and (38)
vl =yl (). (30) where the mapp : N — {1,...,nu + ny} determines

the order by which nodes transmit. We assume ihas

This means that the sensor data received by the controlleri—periodic and onto, implying that all the nodes transmit
also held constant, between updating timgsThe controller in a period.

integrates its differential equation with this frozen veduat Protocol (ii)- Each node transmits independently. If we
the input, and sends its outputs, i.e, the control lawspatdi assume that at each transmission time each node is equally

77 . Defining likely to transmit, we can model this by, € Z =
) {1,...,ny+ny,+1}, where the event,, = x corresponds to
e(t) = [eu(t)} - [Qf(t) - yC(t)} (31) nodex transmits at; andz; = n, + n, + 1 models packet
ey(t) 4(t) —yr(t) dropped at;,. The probability of each of these events is
and partitioning this vector accordingly to (21) and (27§ w 1 — Pdrop
can conclude from (23), (24), (29), and (30) that Plzp = k] = ot ny and Pz = ny + ny + 1] = parop,
en(ty) = mirel(ty) (32) and the matriced;* = A** are given by
ey(tr) = vike,(t;) (B3) ALy~ Mo if 2=k, A=y, if 25 =ng+ny+1.
where The equations for(z,e) wherex = (zc,zp) can be
o 0 if ¢, = 7/ for somel and packet not dropped ~Written as
T = .
ik 1 otherwise {37] _ {I] [Aue  Age] {x}
(34) é Ae e
o Oty = o' for somer and packet not dropped [m(tk)] _ {I 9; } {x(tﬁ)} (39)
ik 1 otherwise e(tk) 0 A=) Lety)

) N ) (35)_ where A4, is the network-free closed loop matrix, that is
and{z; € Z,k > 0} is a set of i.i.d. random variables which

allow for introducing random effects in the transmissions. Ay = [AP + BpDcCp BPCC}
We can encode all this information into a single matrix BcCp Ac
A — diag [sz sz]) and the remaining matrices are given by
. . - . . | 0 —Cc _|Bp BpDc
where, considering that the actuation signddas dimension Ac = |:_CP 0 } Aze = { 0 Bo

g; and the sensor signalhas dimensiors;, ] -
Theorem 13(i) can be used to assert mean square stability of

Or = dag[r];1, - fﬁ wlan,1)s the system (39) when the dependenca fif on k is periodic,
r = dag[viil, .. .v2*5 1, ). (36) as in the two examples of protocols just described. It is
k 1k*s1 n k" Sny . . . A
_ reasonable to expect that if the distribution of g, —¢ }
From (32) and (33) we obtain assigns high probability to fast sampling and the network-
e(ty) = Azre(t]). 37) free closed loop (20), (20) and (26) is stable, or equivalent

A, is Hurwitz, then the closed loop system (39) taking
The matricesA;* specify the protocol used by the nodesjnto account the network characteristics is stable, in ammea
which might be subject to random effects modeled by thequare sense. The next result makes this statement precise.
2. Motivated by [2] and [11], we say the protocolisean We introduce a family of distributiond,, with support
square stabldf (37) is MSS whené(t) = 0,t € [t, tgr1). On [0,a7), which are obtained by scaling the original
Notice that Theorem 13(i) can be used to test if (37) is MSSlistribution F' by a scalar. That isf, is described by
although this is typically simpler. Two examples of stable ..r oT 1 2
protocols are: G(z)F,(dx) = / G(x)ff(f)dijZwiG(aaiL
Protocol (iy The nodes transmit in a round-robin fashion.”0 0 @ i
We define that, € Z := {1,2} equals2 if a packet drop ) ) (40)
occurred at;, and1 otherwise, WithP [z, = 2] = parop < 1. Theore_m 14:Suppose thatl,, is Hurwitz and j[he proto-_ _
Let col (37) is mean square stable. Then there exists a positive
constant, such that for alkv € [0, €), the system (39) is MSS

M, = diag([0g, ...04, ,14,04 Oy 4 n]) for {tx41 —tx, k > 0} i.i.d. with cumulative distributior¥,.

PSR



The following example illustrates an emulation-based corsystemz = (xp, 4, 3), takes the form (1) with linear maps
troller approach. (19) given by
Example 15:This example is similar to the one presented

in [2] and considers the control of a linearized model of an Ap Bp 0 . I 0 . 0
open loop unstable batch reactor. The plant taking the formi— 0 0 01, Ji*= Zko I—4y, 0 N
(20) is described by the matrices 0 0 I Cp 0 (I=T%)
_ 0
1.38 —0.207 6.715 —5.676 z5 e zk _ [P2k Zk
A |-0881 420 0 0.675 By Qg i =[rcr 0 (I =T7)]
P~ 11.067 4273 —6.654 5.893 |’ (41)
| 0.048  4.273 1343 —2.104 The synthesis tools derived in Section Il can then be agplie
[0 0 to obtain a stabilizing controller.
By — 5.679 0 ' — 1 01 -1 Examplel6 (cont.) Suppose that, in the setting of example
P= 11136 —-3146/> "~ 10 1 0 0" (15), there are no packet drops and the support of the uniform
11.136 0 distribution that models the inter-transmission timesaee

A PI controller taking the form (25), which yields the closed as large as the maximum value obtained with emulation, i.e.,

loop system stable when (26) holds, is described by the Toirect-pEsion = 0.23 and pgrop = 0.

matrices
_ _ Taking into account the network characteristics, an output
0 0 0 1 2 0 0 2 L
Ac=|o ol Be=|y ol Cc=| ¢ | DPc=|5 mean square stabilizing controller to the system (39) can be

obtained by applying Theorem 13(i) to the impulsive renewal

We consider that the round-robin protocol (i) describedystem described by matrices (41). One such controller is
earlier in this subsection is used, in which the transmissio

of the bi-dimensional output alternates with the transmis- (t) = Az(t), t#tx

sion of the bi-dimensional input. The matrices (38) are ;(¢,) = (JP* + B Ky + LiCE¥) ity ) — Liyr,
determined byp(k) = 1, k even ,p(k) = 2, k odd and i = Kwi(tD), &(t7) =0, to=0
M, = diag[1100]), M, = diag([0011]). The random F RS 0 0 0
variables{t;1 —t;} are assumed uniformly distributed with where

supportT. By Theorem 14 we know that for sufficiently K, =0

smallT the closed-loop (39) taking into account the network { 0114 —0541 —0028 —0440 —0.001

1.701  0.068 1.207 —-0.80 —0.003
0.0003  0.0016 0.0018}

characteristics is MSS. Using Theorem 13(i), we can perforndz =
a binary search off’ to find the maximum value for which

the closed-loop remains MSS. In doing so, we conclude that
the system (39) is MSS fdf e [O7TMAX-EMULAT|ON] where
for different values Ofpdropy TMAX-EMULATION is given by LT = [8 00 0 —1 0

000 0 -1
Parop | Thuncemusmon 0.667 —0.005 —0.243 0.101 —0.003
0 0.115 ng[*~ =0.005 0. : 0.

—-0.011 —-1.005 —-0.576 —0.583 —0.199
0.25 0.0718

0.018 -1 O
0.5 0.0408 0.0185 — _1}

—0.0002 0.0045 —0.0024

B. Synthesis Tools and direct design
) . V. PROOFS OFMAIN RESULTS
In this subsection we show how a controller can be

designed to stabilize the plant (20) under the network con- Due to space limitations we only prove Theorem 14.
straints. We do this by re-writing, equations (20), (228)(2 Proof: (of Theorem 14) The assumption th&t, is Hurwitz,
and (24) in the form of an impulsive renewal system (1). Tdmplies that there exist®,, > 0 and @, > 0 such that

this effect, we definei, as a discrete-time signal matching . _

the actuation signals sent by the controller to the actaator Ao P+ PrAor = —Qa (42)
if they are transmitted at time;, and having any other ysing Theorem 13(i) we can conclude that the assumption

value otherwise. Formallyu, = [uj ... up"], ui = v} if  that the protocol is mean square stable, implies that there

t, = 77 for somel, and any value otherwise. We definegijsts matrices P.,, > 0, Q... > 0, k € S}, such that for
yr as a discrete-time signal that matches the measuremeng s

signals sent by the sensors to the controller if they are "z _ _

. . . K3 K3
transmitted at timet, and the last sent value otherwise. > pil AL Pefg)AL] = Per = —Qe (43)
Formally, y. = [yp ... y."], yi = wi if t,, = ol for some =1

r andy; = y;_, otherwise, with the conventiop; = 0 We want to prove that the system (39) is MSS when the
if ) # of. Combining the equations (20), (22), (23), andparameterx of the inter-transmissions intervals distribution
(24), and using the definitions (34), (35), (36), the augmeént F,, is sufficiently small. By Theorem 13 this is equivalent



to proving that for sufficiently smalk, there exists{ P, >
0, k € 8} such that fork € S

sz

where&4 , is defined as in (7) replacing’ by F,,, and

5,4 a(P[,.@_H])J ] P. <0 (44)

1 s L 0
A= [AJ [Am Ame] ,  JL= [0 Afj (45)
We shall prove that (44) is verified for

P, 0
=[5 0

To this effect notice first thaE . [¢"] = o"Ep[z"], where

Er[z"] denotes thex’® moment of the distributior?”. By
using the series expansion of the exponential we have

5A7Q(P[K+1]):P[K+1]+(ATP[H+1]+P[R+1]A)O{EF(l’)‘FE,{(Oé)
(46)
where

B.(0) = Y3 g (A P A0 Er ()
j=2 1=0 o

E(a

is such thatH,(«) := tends to zero as tends to

zero. Substituting in (44), “the expressions (45) and (44, a

H,y

considering a block partition faf = HI H(

dimensions of the blocks are the same as the block partitio

explicit in (45), yields

0 O }
0 Zz 1pL[ Al] Py
)

47
+a| Gl@) - Cala)) “
CQK(Oé)T C3,€(Oé)
where
Ciy(a) = (AL, Py + Py Ay ) Eplz] + Hik(o)
Can() = [AzpAc Per + Age P Ae szA;]EF[x]
=1
+ HQR(Oé)
C?m ZPZAZ AggASPeN + PeﬁAeAme]EF [.IT]AZ
+ H3,{(Ck)
Using the Shur complement [15] the set of LMIs (47) id10]
equivalent to the following set of LMIs
Cin < 0 (48)
sz e[n+1]A ] (49)
~a[C3:— C3,(a)Cr () Ca(a) < 0

Since H,(«) — 0 asa — 0 there exists; > 0 such that
for any fixeda € [0, ¢;)

_Qxa:]EF[x] + M (Oé) <0,

, where the

and therefore, using (42), we have
Ci. < *meEF[I] + Hl(Oé) <0

for a € [0,€1). To conclude the proof it suffices to notice
that there existé < e < e such that for any fixed: € [0, ¢2)
the following holds

—Qex + 0‘[0311 - 0214(6“)01;1 (Q)C%(a)] <0

and therefore, using (43), we conclude that (49) holds for
a € [0,¢).
|

VI. CONCLUSIONS ANDFUTURE WORK

We tackled the control of impulsive renewal systems
and a number of basic results were derived, which parallel
similar problems for LTI systems and MJLS. The class of
impulsive renewal systems was shown to be broad enough
to capture important features in networked control, such
as stochastic inter-transmission intervals, packet drapd
time-varying transmission. The results were applied to the
analysis and synthesis of feedback loops closed by networks
utilizing CSMA-type protocols, both from an emulation-g/p
approach and a direct-design approach. Directions fordutu
work include solving other problems with parallel in LTI
systems and MJLS, such as optimal filtering, and obtaining
realistic distributions for the inter-transmission in&s in
CSMA-type protocols.

"t
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