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Abstract— Stability theory for stochastic difference inclusions
is discussed. We summarize a framework for stochastic differ-
ence inclusions that has been introduced recently and for which
a variety of new stability theory results have been obtained. In
particular, we study recurrence and global asymptotic stability
in probability. For these properties, we review new results
on robustness, converse Lyapunov theorems, and Matrosov-
function-based sufficient conditions. We also discuss input-to-
state stability in probability. Examples are used to illustrate the
framework and results.

I. INTRODUCTION

For discrete-time stochastic systems with unique solutions,

stability theory has been developed extensively. For example,

[1] contains a comprehensive treatment of a stability property

called “positive recurrence”, including a variety of necessary

and sufficient conditions, including converse Lyapunov theo-

rems. Similar results have been pursued for hybrid switching

diffusions in [2]. An excellent source for stability theory for

stochastic differential equations is [3].

There has also been a long history of interest in closed

stochastic systems with nonunique solutions or open stochas-

tic systems with external disturbances, including the study

of Markov decision processes [4], probabilistic automata

[5], set-valued random processes [6], the recent Labelled

Markov processes [7], and adversary-induced Markov de-

cision processes [8] as considered in the context of machine

learning. Nevertheless, stability theory has not been pursued

as extensively in this setting.

For non-stochastic systems, non-uniqueness of solutions

manifests itself in several settings. One situation comes in

defining generalized solutions to systems with discontinuities

[9], [10], [11], which are appropriate for assessing robustness

of asymptotic stability [12], [10], [13]. Another setting

includes modeling the behavior of a switched system where

switching satisfies an average dwell-time condition [14]

using a hybrid modeling framework [15]. Closed systems

with nonunique solutions also arise in equivalent charac-

terizations of input-to-state stability [16]. Stability theory

for non-stochastic systems with non-unique solutions has

been developed thoroughly, including results on robustness,

converse Lyapunov theorems, and a wide variety of sufficient

conditions for stability. For example, many such results are

contained in [17].

The authors are with the Electrical and Computer Engineering
Department, University of California, Santa Barbara, CA 93106-
9560. teel@ece.ucsb.edu, hespanha@ece.ucsb.edu, ananthara-
man@umail.ucsb.edu. Research supported in part by AFOSR FA9550-09-
1-0203, FA9550-12-1-0127 and NSF ECCS-0925637, ECCS-1232035 and
CNS-0720842.

The purpose of this paper is to review a framework for

stochastic difference inclusions introduced recently [18], to

describe some basic mathematical constructs that are used

to characterize recurrence and global asymptotic stability in

probability, and to recall some results pertaining to robust-

ness and converse Lyapunov theorems [19], [20], as well as

Matrosov-function-based sufficient conditions [21], [22].

The paper is organized as follows. The next section con-

tains a summary of notation and basic definitions. Section III

presents the class of systems that we consider. In Section IV,

V, and VI, we define quantities that are used to characterize

recurrence, stability, and asymptotic stability in probability.

In these sections, we also review robustness results and

converse Lyapunov theorems from [19], [20], and Matrosov-

based sufficient conditions from [21], [22]. Examples are

presented in Section VIII.

II. NOTATION AND BASIC DEFINITIONS

R≥0 denotes the nonnegative real numbers; Z≥0 denotes

the nonnegative integers. For a closed set S ⊂ R
n and

x ∈ R
n, |x|S := infy∈S |x − y| is the Euclidean distance

to S. B (resp., B
◦) denotes the closed (resp., open) unit

ball in R
n. For a closed set S ⊂ R

n and ε > 0, S + εB
(resp., S + εB◦) denotes the set {x ∈ R

n : |x|S ≤ ε} (resp.,

{x ∈ R
n : |x|S < ε}). The function IS : R

n → {0, 1}
satisfies IS(x) = 1 for x ∈ S and IS(x) = 0 otherwise.

A function φ : R
n → R is upper semicontinuous if

lim supi→∞ φ(xi) ≤ φ(x) whenever limi→∞ xi = x. The

function IS is upper semicontinuous for closed S. A set-

valued mapping M : Rp
⇉ R

n is outer semicontinuous if,

for each (xi, yi) → (x, y) ∈ R
p ×R

n satisfying yi ∈M(xi)
for all i ∈ Z≥0, y ∈ M(x). A mapping M is locally

bounded if, for each bounded set K ⊂ R
p, M(K) :=⋃

x∈K M(x) is bounded. B(Rm) denotes the Borel field, the

subsets of Rm generated from open subsets of Rm through

complements and finite and countable unions. A set F ⊂ R
m

is measurable if F ∈ B(Rm). A mapping M : Rp
⇉ R

n is

measurable [23, Def. 14.1] if for each open set O ⊂ R
n the

set M−1(O) := {v ∈ R
p :M(v) ∩ O 6= ∅} is measurable.

When the values of M are closed, measurability is equivalent

to M−1(C) being measurable for each closed set C ⊂ R
n

[23, Thm. 14.3]. A function α : R≥0 → R≥0 is of class

K if it is continuous, strictly increasing and α(0) = 0. It is

of class K∞ if it is of class K and unbounded. A function

ψ : Z≥0 → R≥0 is of class L if it is nonincreasing and

limℓ→∞ ψ(ℓ) = 0. A function γ : R≥0 × Z≥0 → R≥0 is of

class KL if γ(·, k) ∈ K for each k ∈ Z≥0 and γ(s, ·) ∈ L
for each s ∈ R≥0.



III. STOCHASTIC DIFFERENCE INCLUSIONS

A stochastic difference inclusion is written formally as

x+ ∈ G(x, v) (1)

where x ∈ R
n is the state and v ∈ R

m is the random

input, eventually specified as a random variable, that is, a

measurable function from a probability space to R
m. The set-

valued mapping G : Rn×R
m

⇉ R
n specifies the admissible

next values of the state as determined by the current state

value and the random input. We focus on mappings G that

are guaranteed to generate random processes and for which

a variety of probabilistic stability notions are robust. The

former property calls for certain measurability conditions,

motivated by results on measurable set-valued mappings

as described in [23]. Informed by non-stochastic results,

the desire for robustness leads to stronger regularity with

respect to the state x in the form of outer semicontinuity.

Specifically, we impose the following regularity conditions.

Standing Assumption 1: The following conditions hold:

1) x 7→ G(x, v) is outer semicontinuous for each v ∈ R
m.

2) v 7→ {(g, x) ∈ R
n × R

n : g∈G(x, v)} is measurable.

3) G is locally bounded.

This assumption guarantees that the set-valued mapping

(v0, . . . , vr−1) 7→ G(. . . , G(G(x, v0), v1), . . . , vr−1) =:
Gr(x, (v0, . . . , vr−1)) is closed-valued and measurable for

each x ∈ R
n. See [23, Theorem 14.13]. This property is ap-

pealing since a closed-valued measurable set-valued mapping

admits a measurable selection [23, Corollary 14.6], that is, a

measurable function φ defined on the domain of Gr(x, . . . )
and satisfying φ(v0, . . . , vr−1) ∈ Gr(x, (v0, . . . , vr−1)) for

all (v0, . . . , vr−1) in the domain of Gr(x, . . . ). These mea-

surable selections, when composed with random variables,

produce random processes. However, as we will demonstrate

later through an example, we are interested only in random

variables that exhibit a causal dependence on v. In particular,

we are interested in the existence of measurable functions

φi : dom φi ⊂ (Rm)i → R
n that satisfy φ0 = x and

φi+1(v0, . . . , vi) ∈ G(φi(v0, . . . , vi−1), vi) ∀i ∈ Z≥0 .

According to [23, Corollary 14.14], such functions exist

and can be chosen so that dom φi+1 = (φi × R
m) ∩

{(v0, . . . , vi) : (φi(v0, . . . , vi−1), vi) ∈ dom G}. They are

called maximal pre-random solutions to (1) from x.

We emphasize that we allow G(x, v) to be multi-valued for

certain values of (x, v) and empty for other values of (x, v).
We may even be interested in difference inclusions where

G(x, v) is empty at points x that are reachable. For example,

we may be interested in studying the behavior of random

processes that remain in some closed neighborhood of an

equilibrium point, acknowledging that not every solution that

starts in that set remains there for all time.

We now introduce a probability structure that is used to

generate the inputs in (1). Let (Ω,F ,P) be a probability

space. For i ∈ Z≥0, let vi : Ω → R
m be a sequence of

independent, identically distributed (i.i.d.) random variables.

Thus, v−1
i (F ) := {ω ∈ Ω : vi(ω) ∈ F} ∈ F for each F ∈

B(Rm). Let (F0,F1, . . .) denote the natural filtration of the

sequence (v0,v1, . . .). That is, Fi ⊂ F is all sets of the

form {ω ∈ Ω : (v0(ω), . . . ,vi(ω)) ∈ F}, F ∈ B((Rm)i+1).
Due to the i.i.d. property, each random variable has the same

probability measure µ : B(Rm) → [0, 1] defined as µ(F ) :=
P {ω ∈ Ω : vi(ω) ∈ F} and, for almost all ω ∈ Ω,

E [f(v0, . . . ,vi,vi+1)|Fi] (ω)

=

∫

Rm

f(v0(ω), . . . ,vi(ω), v)µ(dv)

for each i ∈ Z≥0 and each measurable f : (Rm)i+2 → R.

A random process x is a sequence of random variables

xi : dom xi ⊂ Ω → R
n with dom xi+1 ⊂ dom xi for

all i ∈ Z≥0. A random process x is adapted to the natural

filtration of v if xi+1 is Fi-measurable for each i ∈ Z≥0.

That is, x−1
i+1(F ) ⊂ Fi for each F ∈ B(Rn). It is a maximal

random solution of (1) if, for each i ∈ Z≥0,

xi+1(ω) ∈ G(xi(ω),vi(ω)) ∀ω ∈ dom xi+1

and dom xi+1 = {ω ∈ dom xi : G(xi(ω),vi(ω)) 6= ∅}.

We use S(x) to denote the set of maximal random processes

adapted to the natural filtration of v that satisfy (1) from x,

and we call these random processes “random solutions”. As

noted in [19], x ∈ S(x) if and only if there exists a maximal

pre-random solution φ of (1) from x such that

xi(ω) = φi(v0(ω), . . . ,vi−1(ω))
∀ω ∈ dom xi = {ω : (v0(ω), . . . ,vi−1(ω)) ∈ dom φi} .

For x ∈ S(x), we use the convention that IS(xi(ω)) = 0 for

ω /∈ dom xi and we define

graph(x(ω)) := ∪i∈Z≥0
({i} × xi(ω)) .

IV. WEAK VIABILITY AND STRONG RECURRENCE

A. Weak viability

Upcoming definitions of recurrence and of asymptotic

stability in probability entail that certain closed sets have

zero probability of being forever viable, that is, having the

property that solutions remain in the set for all time. For a

closed set S ⊂ R
n, x ∈ R

n, and k ∈ Z≥1, we define the

weak viability probabilities

m⊂S(k, x) := sup
x∈S(x)

E

[
k∏

i=1

IS(xi)

]
. (2)

These functions quantify the largest probability, over all ran-

dom solutions, of remaining in the closed set S for all time

up to time k. We use the term “weak viability” since only

one random solution from x needs to have high probability

of remaining in S for k steps in order for m⊂S(k, x) to be

close to one. The following facts have been established in

[18], [19]: 1) m⊂S(k, ·) is upper semicontinuous for each

k ∈ Z≥1, 2) with m⊂S(0, x) = 1 for all x ∈ R
n, we have

m⊂S(k + 1, x) =

∫

Rm

max
g∈G(x,v)

IS(g)m⊂S(k, g)µ(dv) (3)

for all (k, x) ∈ Z≥0 × R
n, and 3) there exists x ∈ S(x)

such that m⊂S(k, x) = E

[∏k

i=1 IS(xi)
]
. It is also clear that



0 ≤ m⊂S(k+1, x) ≤ m⊂S(k, x) for all (k, x) ∈ Z≥0×R
n.

Thus, we can define m̂⊂S(x) := limk→∞m⊂S(k, x).

B. Strong recurrence

1) Robustness and a converse theorem: An open, bounded

set O ⊂ R
n is said to be globally recurrent if, for each

x ∈ R
n\O and x ∈ S(x), E

[∏
i∈Z≥1

IRn\O(xi)
]

= 0.

Equivalently, m̂⊂Rn\O(x) = 0 for all x ∈ R
n\O. Yet

another equivalent characterization of global recurrence is

the condition that, for each x ∈ R
n and each x ∈ S(x),

lim
k→∞

P

(
(graph(x) ⊂ (Z≤k × R

n)) ∨

(graph(x) ∩ (Z≤k ×O)) 6= ∅

)
= 1

where ∨ denotes the logical “or” operation. Since every

random solution must have high probability of reaching O in

finite time (or stopping), we have labeled this section “strong

recurrence”. As shown in [20], the upper semicontinuity

of m⊂Rn\O(k, ·) enables establishing that O is globally

recurrent if and only if for each compact set K ⊂ R
n and

each ̺ > 0 there exists k such that m⊂Rn\O(k, x) ≤ ̺ for all

x ∈ K . Recurrence also has an equivalent Lyapunov function

characterization. The main result of [20] establishes that the

open, bounded set O ⊂ R
n is globally recurrent if and

only if there exists a smooth, radially unbounded function

V : Rn → R≥0 and a continuous function ρ : Rn → R>0

such that
∫

Rm

max
g∈G(x,v)

V (g)µ(dv) ≤ V (x)−ρ(x)+IO(x) ∀x ∈ R
n.

(4)

This result is similar to results reported in [1] that pertain to

a stronger form of recurrence, called positive recurrence, for

discrete-time systems with unique solutions.

One of the intermediate results of [20] is that global

recurrence of an open, bounded set O is robust. By robust, we

mean that there exists a continuous function δ : Rn → R>0,

ε > 0, and an open, bounded set O′ ⊂ R
n such that

O′

+εB ⊂ O and, with the definition Hδ(x) := {x}+δ(x)B,

the set O′

is globally recurrent for the system

x+ ∈ Gδ(x, v) := Hδ(G(Hδ(x), v)) . (5)

Noteworthy is the fact, established in [19], that if δ is contin-

uous then Gδ inherits the properties in Standing Assumption

1 from G. Other results in the literature that are related to

robustness, in this case to perturbations on the probability

measure associated with v, can be found in [24] and [25].

2) Matrosov-based sufficient conditions: While Lyapunov

functions are necessary for recurrence, there exist weakened

sufficient conditions for recurrence. We describe conditions

that have been derived recently in [22] based on Matrosov

functions, as developed for nonstochastic systems in [26],

[27], [28]. We specialize the discussion here to the case of

time-invariant systems and recurrence of open, bounded sets,

which covers time-varying, periodic systems. In particular,

the open, bounded set O is globally recurrent if 1) there

exists an upper semicontinuous, radially unbounded function

V : Rn → R≥0 such that
∫

Rm

max
g∈G(x,v)∩(Rn\O)

V (g)µ(dv) ≤ V (x) x ∈ R
n\O

and 2) for each R > 0 there exist N ∈ Z≥1 upper

semicontinuous functions Wi : Rn → R≥0 and continuous

functions Yi : Rn → R, i ∈ {1, . . . , N} such that, for all

x ∈ R
n\O,

∫

Rm

max
g∈G(x,v)∩(Rn\O)∩RB

Wi(g)µ(dv) −Wi(x) ≤ Yi(x)

and, with the definitions, Y0(x) := 0 for all x ∈ R
n and

YN+1(x) := 1 for all x ∈ R
n, we have the following

property for each j ∈ {0, . . . , N}: if x ∈ (Rn\O) ∩ RB
and Yi(x) = 0 for all i ∈ {0, . . . , j} then Yj+1(x) ≤ 0.

The condition (4) is a special case of these conditions with

N = 1 and Y1(x) := −ρ(x) since ρ is continuous and never

negative. We illustrate Matrosov conditions, in the context of

global asymptotic stability in probability in Section VIII-A.

Related sufficient conditions for recurrence can be found

in [29] and [30].

V. WEAK REACHABILITY AND STRONG STABILITY

A. Weak reachability

Proofs of recurrence from Lyapunov or Matrosov condi-

tions, as well as characterizations of stability in probability,

use the probabilities of reaching certain closed sets S. For

a closed set S, k ∈ Z≥1 and x ∈ R
n, we define the weak

reachability probabilities

m∩S(k, x) := sup
x∈S(x)

E

[
max

i∈{1,...,k}
IS(xi)

]
. (6)

These functions quantify the largest probability, over all

random solutions, of reaching (intersecting) the closed set

S within k time steps. We use the term “weak reachability”

since only one random solution from x needs to have high

probability of reaching S in k steps in order for m∩S(k, x)
to be close to one. The following facts have been established

in [18], [19]: 1) m∩S(k, ·) is upper semicontinuous for each

k ∈ Z≥1, 2) with m∩S(0, x) = 0 for all x ∈ R
n,

m∩S(k+1, x)=

∫

Rm

max
g∈G(x,v)

max {IS(g),m∩S(k, g)}µ(dv)
(7)

for all (k, x) ∈ Z≥0 × R
m, and 3) there exists x ∈ S(x)

such that m∩S(k, x) = E
[
maxi∈{1,...,k} IS(xi)

]
. It is also

clear that m∩S(k, x) ≤ m∩S(k + 1, x) ≤ 1. Thus, the limit

limk→∞m∩S(k, x) is well defined.

B. Strong stability

A compact set A ⊂ R
n is said to be stable in probability

for (1) if for each ε > 0 and ̺ > 0 there exists δ > 0
such that, for each x ∈ A + δB and x ∈ S(x), we have

E
[
maxi∈Z≥1

IS(xi)
]
≤ ̺. This property is equivalent to the

condition that for each each ε > 0 and ̺ > 0 there exists

δ > 0 such that limk→∞m∩(Rn\(A+εB◦))(k, x) ≤ ̺ for x ∈
A+δB. It can also be stated as follows: for each each ε > 0



and ̺ > 0 there exists δ > 0 such that, for each x ∈ A+ δB
and each x ∈ S(x),

P (graph(x) ⊂ (Z≥0 × (A + εB◦))) ≥ 1− ̺. (8)

Since every random solution must exhibit stable behavior,

we have labeled this section “strong stability”. The compact

set A ⊂ R
n is said to be globally stable in probability for

(1) if it is stable in probability and for each δ > 0 and ̺ > 0
there exists ε > 0 such that (8) holds for each x ∈ A + δB
and each x ∈ S(x).

VI. ASYMPTOTIC STABILITY AND POST-TRANSIENT

WEAK REACHABILITY

A. Asymptotic stability and robustness

A compact set A ⊂ R
n is said to be uniformly globally

attractive in probability for (1) if for each ε > 0, ∆ > 0, and

̺ > 0 there exists k ∈ Z≥0 such that, for each x ∈ A+∆B

and x ∈ S(x),

P ((graph(x)∩(Z≥k×R
n))⊂(Z≥0×(A+εB◦))) ≥ 1− ̺

with the convention that the empty set is a subset of any set.

A compact set A ⊂ R
n is uniformly globally asymptotically

stable in probability for (1) if it is stable in probability and

uniformly globally attractive in probability for (1). It has

been established in [21] that a compact set is uniformly

globally attractive in probability if it is stable in probability

and each open neighborhood of the set is globally recurrent.

It has been established in [19] that uniform global asymp-

totic stability in probability is robust. Namely, there exists a

continuous function δ : Rn → R≥0 that is positive definite

with respect to A such that A is globally asymptotically

stable in probability for the system (5).

B. Post-transient weak reachability

According to [21, Lemma 5], when the compact

set A is uniformly globally asymptotically stable

in probability for (1) and S = R
n\(A + εB◦)

with ε > 0, the function m̂∩S(x) :=
max {IS(x), limk→∞m∩S(k, x)} is upper semicontinuous

and satisfies
∫
Rm maxg∈G(x,v) m̂∩S(g)µ(dv) ≤ m̂∩S(x)

for all x ∈ R
n. Then we can define post-transient weak

reachability probabilities for such sets S as follows. For each

ξ ∈ R
n, define

 

m∩S(0, ξ) := m̂∩S(ξ) and, for j ∈ Z≥0,

define
 

m∩S(j + 1, ξ) :=
∫
Rm maxg∈G(ξ,v)

 

m∩S(j, g)µ(dv).
According to results in [19], the compact set A is uniformly

globally asymptotically stable in probability for (1) if and

only if for each ε > 0 there exists γε ∈ KL such that

 

m∩(Rn\(A+εB◦))(k, ξ) ≤ γε(|ξ|A, k) ∀(k, ξ) ∈ Z≥0 × R
n.

C. A converse theorem

These post-transient weak reachability probabilities can

then be used to construct Lyapunov functions for systems

with uniformly globally asymptotically stable sets. In par-

ticular, a main result of [19] is that if the compact set A is

globally asymptotically stable in probability for (1) then there

exists a continuous function V : Rn → R≥0 that is smooth

on R
n\A, positive definite with respect to A, and radially

unbounded, and a continuous function ρ : Rn → R≥0 that

is positive definite with respect to A such that
∫

Rm

max
g∈G(x,v)

V (g)µ(dv) ≤ V (x)− ρ(x) ∀x ∈ R
n. (9)

D. Matrosov-based sufficient conditions

While Lyapunov functions are necessary for global asymp-

totic stability in probability, there exist weakened sufficient

conditions for global asymptotic stability in probability. The

following discussion reviews results that appear in [21],

specialized to the case of time-invariant systems and globally

asymptotic stability in probability for a compact set, which

covers time-varying periodic systems. According to the main

result of [21], the compact set A is globally stable in proba-

bility for (1) and uniformly globally attractive in probability

for (1) (thus, uniformly globally asymptotically stable in

probability for (1)) if 1) there exists an upper semicontinuous

function V : R
n → R≥0 that is radially unbounded and

positive definite with respect to A such that
∫

Rm

max
g∈G(x,v)

V (g)µ(dv) ≤ V (x) ∀x ∈ R
n

and 2) for each pair (r, R) satisfying 0 < r < R there exists

N ∈ Z≥1 upper semicontinuous functions Wi : R
n → R≥0

and continuous functions Yi : Rn → R, i ∈ {1, . . . , N},

such that, for all x ∈ (A+RB)\(A+ rB◦) =: Sr,R,
∫

Rm

max
g∈G(x,v)∩Sr,R

Wi(g)µ(dv) −Wi(x) ≤ Yi(x)

and, with the definitions, Y0(x) := 0 for all x ∈ R
n and

YN+1(x) := 1 for all x ∈ R
n, we have the following

property for each j ∈ {0, . . . , N}: if x ∈ Sr,R and Yi(x) = 0
for all i ∈ {0, . . . , j} then Yj+1(x) ≤ 0. The condition

(9) is a special case of these conditions with N = 1 and

Y1(x) := −ρ(x), since ρ is continuous and positive definite

with respect to A.

VII. INPUT-TO-STATE STABILITY

We consider systems of the form

x+ ∈ Ĝ(x, u, v) (10)

where u is a worst-case, exogenous disturbance. The set-

valued mapping Ĝ : Rn × R
p × R

m
⇉ R

n is assumed to

satisfy a generalization of Standing Assumption 1:

Assumption 1: The following conditions hold:

1) (x, u) 7→ G(x, u, v) is outer semicontinuous for each

v ∈ R
m.

2) v 7→ {(g, x, u) ∈ R
n × R

n × R
p : g∈G(x, u, v)} is

measurable.

3) G is locally bounded.

The system (10) is input-to-state stable relative to the

compact set A if the following properties hold:

1) the compact set A is stable in probability for the

system x+ ∈ Ĝ(x, 0, v).



2) there exists γ ∈ K∞ such that, for each c > 0, the

set A + γ(c)B◦ is globally recurrent for the system

x+ ∈ Ĝ (x, cB, v).

The main result of [31] is that the system (10) is input-

to-state stable relative to the compact set A if and only

if there exists α ∈ K∞ such that the compact set A
is uniformly globally asymptotically stable in probability

for the system x+ ∈ Ĝ (x, α (|x|A)B, v). Then, from the

converse Lyapunov theorem discussed above, we conclude

that the system (10) is input-to-state stable relative to the

compact set A if and only if there exists a continuous

function V : Rn → R≥0 that is smooth on R
n\A, positive

definite with respect to A, and radially unbounded, a function

α ∈ K∞, and a continuous function ρ : Rn → R≥0 that is

positive definite with respect to A such that

∫

Rm

max
g∈Ĝ(x,α(|x|A)B,v)

V (g)µ(dv) ≤ V (x)− ρ(x) .

VIII. EXAMPLES

A. The role of causality and Matrosov conditions for global

asymptotic stability in probability

We start with an example, adapted from [21, Example

1] for the case of periodic time variations, that also em-

phasizes the role causality plays in our results. Consider

the system (1) with (x, v) ∈ R
3 × R where dom(G) =

({−γ, γ} × R× {0, . . . , N}) × {−γ, γ}, where N ∈ Z≥0

and

G(x, v) =




{−γ, γ}
(1− ψ(x3))x2 + ψ(x3)(v + x1)kx2

(x3 + 1) mod (N + 1)




for all (x, v) ∈ dom(G). Suppose µ({−γ}) = µ({γ}) = 0.5.

Also suppose 1 − k22γ2 > 0. For ψ : Z≥0 → {0, 1}, we

assume
∑N

j=0 ψ(j) ≥ 1. We study stability for the compact

set A := {−γ, γ}×{0}×{0, . . . , N}. Consider the Lyapunov

function candidate V (x) = x22. For each x ∈ R
3, we get

∫

R

max
g∈G(x,v)

V (g)µ(dv)

= (1− ψ(x3))x
2
2 + ψ(x3)k

2x22

2∑

i=1

0.5((−1)iγ + x1)
2

= (1− ψ(x3))x
2
2 + ψ(x3)k

2x220.5
(
2γ2 + 2x21

)

= (1− ψ(x3))x
2
2 + ψ(x3)k

2x222γ
2

= V (x)− ψ(x3)(1− 2k2γ2)x22 ≤ V (x) .

Given 0 < r ≤ R < ∞, we define W1(x) := V (x),
φ(x, σ) := ψ(σ), and Y1(x) := −(1 − 2k2γ2)r2ψ(x3),
Next, let λ ∈ (0, 1) and define W2(x3) := 1

1−λ
−∑∞

j=x3
λj−x3ψ((j)mod(N + 1)). It can be verified that

0 ≤ W2(x3) ≤ 1
1−λ

− λN for all x3 ∈ {0, . . . , N}.

Moreover, with g3(x3) := (x3 + 1)mod(N + 1), we get for

all x3 ∈ {0, . . . , N},

W2(g3(x3))

=
1

1− λ
−

∞∑

j=g3(x3)

λj−g3(x3)ψ((j)mod(N + 1))

=
1

1− λ
− λ−1

∞∑

j=x3

λj−x3ψ((j)mod(N + 1)) + λ−1ψ(x3)

≤W2(x3)− (λ−1 − 1)λN + λ−1ψ(x3) .

Let Y2(x) := −(1−λ)λN−1 +λ−1ψ(x3). It can be verified

that the functions Y1, Y2 satisfy the Matrosov conditions

spelled out earlier. Thus, the set A is uniformly globally

asymptotically stable in probability.

Now suppose that non-causal measurable selections were

considered and suppose k2 ∈ [1/(4γ2), 1/(2γ2)). The upper

bound of k2 guarantees global asymptotic stability in prob-

ability, as established above. However, there exists a non-

causal random solution for which no sample path converges

to A. Indeed, consider the random solution that satisfies

x1,k = vk. In this case,

x
2
2,k+1 ≥ min

{
x
2
2,k, 4γ

2k2x2
2,k

}
≥ x

2
2,k .

B. From non-Markovian to Markovian processes

Stochastic difference inclusions provide a convenient

methodology to study processes that are not Markov. To see

how this can be done, consider the process xk ∈ R, k ∈ Z≥0

defined recursively by

x0 = x, xk+1 = v⌊ k
2
⌋vkxk, ∀k ∈ Z≥0,

with x ∈ R an arbitrary initial condition and with the vk

independent and uniformly distributed in the interval [0, 1+
ǫ], ǫ > 0. This process is not Markov for the natural filtration

F̃ := {F̃k : k ∈ Z≥0} of xk , k ∈ Z≥0 since

E[xk+1 | F̃k] = E[xk+1 |xk,xk−1, ...,x0]

= v⌊ k
2
⌋xkE[vk |xk,xk−1, ...,x0] = v⌊ k

2
⌋xkE[vk]

6= E[xk+1 |xk] = xkE[v⌊ k
2
⌋vk |xk] .

However, it satisfies the stochastic difference inclusion

x+ ∈
{
ν vx : ν ∈ [0, 1 + ǫ]

}
=: G(x, v).

Defining V (x) := x2, ∀x ∈ R we have that
∫

R

max
g∈G(x,v)

V (g)µ(dv) =
(1 + ǫ)4

3
V (x) ∀x ∈ R

and therefore V is a Lyapunov function that establishes

global asymptotic stability in probability for the origin pro-

vided that
(1+ǫ)4

3 < 1 ⇔ ǫ < 4
√
3− 1 ≈ .316.

C. Input-to-state stability

Consider the system

x+ = vx+ u . (11)

The random variable v is such that, for some p > 0,∫
R
vpµ(dv) =: λ1 < 1. Pick ε > 0 and δ > 0 small enough

so that

(1 + ε)pλ1 + (1 + ε−1)pδp =: λ2 < 1 . (12)



Consider V (x) = |x|p and the system

x+ ∈ {vx}+ δ|x|B =: G(x, v) .

Using that

(a+ b)p ≤ (1 + ε)pap + (1 + ε−1)pbp ,

we get
∫

R

max
g∈G(x,v)

V (g)µ(dv)

≤ (1 + ε)pλ1|x|p + (1 + ε−1)pδp|x|p
= V (x)− (1 − λ2)|x|p .

We conclude from the results stated earlier that the system

(11) is input-to-state stable relative to the origin.

IX. CONCLUSION

We have summarized a framework for stability theory

for stochastic difference inclusions. In particular, we have

reviewed recent converse Lyapunov theorems for recurrence

and for uniform global asymptotic stability in probability,

results on robustness of these properties, and sufficient

Matrosov-based conditions for these properties. We have

also provided examples to illustrate the main features. The

purpose of this paper has been to give a unified presentation

of recent results that have been obtained on the subject, with

the additional goal of motivating further research in this area.
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