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Abstract

Graph-Based Approximation Algorithms for Cooperative Routing Problems

by

James Robert Riehl

This work focuses on finding good approximations to large scale, compu-

tationally complex cooperative routing problems. These optimizations may be

defined on a graph, or a continuous domain, on which we construct a graph. In

the latter case, we show that the construction of the graph is a key step in the

approximation algorithm and is vital to its performance. The remainder of this

work is a combination of two differing approaches to the approximation of coop-

erative routing graph optimizations. In each case, the goal is the same: find fast

approximation algorithms that generate close-to-optimal solutions.

The first method, which we call fractal decomposition, works by recursively

partitioning the graph in order to reduce the original large problem to several

smaller problems. The solutions to these smaller problems are used to construct

bounds on the optimal solution and generate an approximate solution. This gen-

eral method applies to a wide range of graph optimizations for which the data is

static, including shortest path, maximum flow, and graph search. As the number

of decomposition levels increases, the computational complexity approaches O(n)

at the expense of looser approximation bounds. We demonstrate the fractal de-

composition method on three example problems related to cooperative routing:

shortest path matrix, maximum flow matrix, and cooperative search. Large-scale
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simulations show that this fractal decomposition method is computationally fast

and can yield good results for practical problems.

The second approximation method is a receding horizon approach applied

to a search problem, in which multiple agents are cooperatively searching for a

mobile target in a bounded continuous region. By sampling the region of inter-

est at locations with high target probability, we reduce the continuous search

problem to an optimization on a finite graph. Paths are computed on this graph

using a receding horizon approach, in which the horizon is a fixed number of

waypoints. To facilitate a fair comparison between paths of varying length on a

non-uniform graph, we use an optimization criterion corresponding to the prob-

ability of finding the target per unit time. Using this algorithm, we show that

the team discovers the target in finite time with probability one. Simulations

show that this algorithm makes efficient use of agents and performs quite well

compared to previously proposed cooperative search algorithms.
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Chapter 1

Introduction

Graphs are used to solve problems in almost every field of engineering, and

as the problems we want to solve become more complex and computers more

powerful, the use of graphs is ever increasing. However, for very large scale graph

problems, especially problems that are computationally complex to begin with,

optimal solutions can still be intractable. When facing such obstacles in com-

putational complexity, it is useful to develop fast approximation algorithms, and

ideally, guarantee some bounds on the resulting approximation error. This disser-

tation focuses on two approximation methods for graph optimization problems:

fractal decomposition, and receding horizon.

Before introducing these approaches, it is important to discuss the origin of the

graphs on which the optimization is performed. If the problem is already defined

on a discrete domain, generating the graph is straight-forward, but cooperative

routing problems are often defined on a continuous domain. When the continuous

optimization problem is computationally intractable, as it is in the cooperative
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search problem for example, one can approximate the solution by solving an

optimization on a finite graph. However, the method used to construct this graph

will have a major effect on the computation time required by the algorithm as

well as the resulting approximation error. One of the goals of this dissertation

is to provide a methodology for generating graphs that result in close-to-optimal

solutions with relatively low computation times.

In some cases, the resulting graph optimization problem may be solved in

a reasonable amount of time by using standard algorithms. If not, we may be

faced with a discrete problem that is still computationally too complex to solve

directly. The idea encompassing both fractal decomposition and receding hori-

zon methods is that we can reduce the complexity of a problem by breaking it

down into smaller, more manageable parts. The fractal decomposition method

achieves this through spatial decomposition, by partitioning a graph representing

the state space of the problem, and solving several smaller problems. It then uses

the solutions to the smaller problems to construct an approximate solution to the

original problem and generate bounds on the resulting approximation error. On

the other hand, the receding horizon can be viewed as a kind of temporal de-

composition, in which one approximates the solution to a problem by repeatedly

solving a series of shorter, finite horizon optimization problems.

In this work, we specifically consider optimization problems related to coop-

erative routing of multiple autonomous agents. Types of missions in which these

problems occur include

1. Minimum time routing for a group of agents through a region with obstacles

2. Multiple-agent routing while avoiding detection or interception
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3. Sending many agents though a network of routes with limited capacity

4. Searching for one or more targets with uncertain location

The first mission is easily formulated as a shortest path problem on a graph

generated by sampling the region of interest. The second may be solved by a

shortest path problem or a maximum flow problem depending on the nature of

the adversary. The third mission is a direct application of the maximum flow

problem. Finally, we can regard mission four as a graph search problem. Each of

the above missions is assigned to a team of agents, who may need to cooperate to

achieve the best possible performance. Detailed examples of these problems are

presented throughout the remainder of this dissertation with particular emphasis

on the cooperative search problem, as it poses the biggest challenge with respect

to computation.

1.1 Cooperative Search Theory

A large portion of this work focuses on the interesting and computationally

complex class of problems that can be categorized as cooperative search. These

are problems in which multiple mobile agents with limited sensing range search a

region for one or more objects whose locations are unknown or uncertain. During

the search, they incur some cost, whether it be time, energy, or some other

quantity. The goal of each individual agent then is to search in a way that

results in the team finding the object(s) with minimum cost, or with maximum

probability subject to a constraint on the cost.

Modern search theory was pioneered by the work of Koopman [19], Stone
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[28], and others, whose initial motivation was to develop efficient search methods

to find enemy marine vessels. More recently, agencies such as the U.S. Coast

Guard have applied search theory to search and rescue missions with great success

measured in saved lives [9]. Other notable applications of search theory include

exploration, mining, and surveillance [13].

Early search theory focused on the allocation of search effort to specific ar-

eas within the search region, which is appropriate to special cases for which the

searcher motion is unconstrained, or when finding optimal search paths on these

areas is otherwise intuitive. For example, suppose that we have a stationary tar-

get and we can narrow down its location to a rectangular region over which there

is a uniform probability distribution. Furthermore, the searchers have perfect

sensors, that is, they detect the target with probability one if it is in their field of

view and return no false detections. Then, there is no better search path than a

lawnmower type pattern such as in [7], and the problem reduces to determining

which rectangular regions to search. For an alternate example, consider a sta-

tionary agent that can illuminate a subset of the search region with a beam of

light and search that subset. Moving the light beam takes very little time com-

pared to searching the illuminated region. We have now reduced the problem

to selecting which regions to illuminate. This dissertation focuses on constrained

search problems, where we are presented with the more difficult task of finding

optimal paths for the searchers.

Mangel formulated the continuous constrained search problem as an optimal

control problem on the searcher’s velocity subject to a constraint in the form of

a partial differential equation, but this problem is only solvable for very simple

initial target probability distributions [22]. A more practical approach is to dis-
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cretize the search space and formulate the search problem on a graph. Under

such a formulation, the set of search paths is restricted to piecewise linear paths

connecting a finite set of graph vertices. Although this discretization simplifies

the problem to some extent, it is still computationally difficult. Trummel and

Weisinger showed that the single-agent search problem on a graph is NP-Hard

even for a stationary target [30]. Eagle and Yee [6] were able to solve somewhat

larger problems than what had previously been possible by formulating the prob-

lem as a nonlinear integer program and using a branch and bound algorithm to

solve it. However, the size of computationally feasible problems was still severely

limited.

The problem gains additional complexity when we consider multiple agents

that are cooperatively searching for a target. For this reason, literature on coop-

erative search generally seeks approximate solutions.

One way to reduce the size of an optimization problem and thus the computa-

tion time is to partition the state-space and solve a set of smaller problems. For

the search problem, this generally translates to dividing the search region into

smaller subregions. Then one can find the optimal search path on each subregion

and piece them together, ideally providing bounds on the resulting approxima-

tion error. DasGupta et al. presented one such approach to the stationary target

search based on an aggregation of the search space using a graph partition [5].

Here, we expand on this idea by allowing for multiple levels of decomposition and

multiple cooperating agents. In the cooperative search problem, if we account for

all possible configurations of agents, the state-space is much larger. An expanded

graph representing all these states would have nM vertices, where n is the num-

ber of vertices in the original graph, and M in the number of agents. To further
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reduce the size of this problem, in addition to partitioning the search space into

subregions, we also enforce a maximum occupancy, allowing only a subset of the

agents to search a single subregion at the same time. Currently, this method only

applies to the search for stationary targets.

When the target is mobile, an intuitive way to reduce the computation in-

volved in finding optimal search paths is to restrict the optimization to a finite,

receding horizon. Somewhat surprisingly, even very short optimization horizons

can yield good results. Hespanha et al. [15] showed that in pursuit-evasion games

played on a discrete grid, one step Nash policies result in finite-time evader cap-

ture with probability one. Using slightly longer horizons, Polycarpou et al. intro-

duced a finite-horizon look-ahead approach similar to model predictive control as

part of a cooperative map learning framework [24]. Chung et al. also included a

receding horizon search algorithm in [29] as part of a decision strategy for prob-

abilistic search. A challenge faced by these receding horizon algorithms is that

because they require the solution to an NP-hard search problem at each time

step, the prediction horizon must be kept short to ensure computational feasi-

bility. This means that if there are regions of high target probability separated

by a distance that is much greater than an agent can cover on this horizon, the

algorithm’s performance will suffer. One does not have to produce a pathological

example to generate such a situation, because even a uniform initial distribu-

tion can evolve into a highly irregular distribution as the searchers move through

the region and update their estimates based on incoming sensor measurements.

In the Cooperative Graph-Based Model Predictive Search (CGBMPS) algorithm

of Chapter 5, we address this issue by optimizing over a dynamically changing

graph whose nodes are carefully placed at locations in the search region having
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the highest target probability.

1.2 Organization and Summary of Results

Chapter 2 gives a brief overview on graphs, graph optimization problems,

and graph partitioning, introducing notation and terminology that we will use

throughout the remainder of this dissertation.

In Chapter 3, we discuss how to convert an optimization on a continuous

domain to one on a discrete, finite graph by performing a selective non-uniform

sampling of the continuous region. This chapter specifically addresses the con-

tinuous anisotropic weighted shortest path problem, in which the cost associated

with a path depends not only on its length but also in the instantaneous direc-

tion of motion. For this problem, we sample along the boundaries of a convex

partition of the region of interest, generating a “Honeycomb” sampling pattern.

In Section 3.1.2, we prove that the cost of paths generated using this technique

are guaranteed to be within ε of the minimum path cost, where ε can be made

arbitrarily small. This algorithm is a computational improvement on a similar

algorithm proposed in [18]. Simulations show that this method indeed finds low-

cost paths with low computation compared to previous algorithms. Furthermore,

we provide a cubic-spline smoothing algorithm that takes the piecewise straight

line path and generates a trajectory with bounded acceleration to accommodate

dynamical constraints of a UAV. In many cases, this algorithm also results in an

improvement in the path cost.

In Chapter 4, we introduce the fractal decomposition method for approxi-

mating the solution to graph optimization problems. Section 4.1 discusses pre-
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existing literature on the hierarchical decomposition of various graph problems.

In Section 4.2, we outline the general procedure for implementing the fractal

decomposition method, and Section 4.3 presents the computational complexity

of the resulting algorithm as a function of the computational complexity of the

original problem. The qualifier “fractal” refers to the fact that the original prob-

lem is decomposed into several smaller problems of the same type, each of which

could be further decomposed using the same technique. In Sections 4.4, 4.5,

4.6, we present results of the following form for all-pairs shortest path, all-pairs

maximum flow, and cooperative graph search, respectively.

Let J∗G represent the optimal value for a given graph optimization problem

(e.g. minimum path cost, maximum flow intensity, maximum search reward).

Given a graph G := (V, E) and any partition V̄ on that graph, we provide

a procedure to construct meta-graphs Ḡworst and Ḡbest such that J∗G is bounded

above and below by J ∗̄
Gworst

and J ∗̄
Gbest

, which are obtained by performing a similar

optimization on the meta-graphs Ḡworst and Ḡbest, respectively.

Furthermore, we give problem-independent approximation error bounds for

certain regular graphs such as lattices. In Section 4.4.2, for the shortest path

problem applied to d-dimensional lattice graphs, we show that the worst-case

approximation bound on the diameter is within a factor of dL of the actual

diameter, where L is the number of decomposition levels used.

In Section 4.5.2, for the maximum flow problem applied to d-dimensional

lattice graphs, we show that the worst-case bandwidth approximation is equal to

the actual bandwidth. In the case of toroidal lattices, lattice graphs that wrap

around like a torus, the worst-case bandwidth approximation is equal to 1
2

the

actual bandwidth.
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In Section 4.6.2, for the graph search problem on a lattice graph with unit edge

costs, unit reward at each vertex, and a cost bound L = γn, where n is the number

of vertices, we show that the worst-case search reward is an asymptotically tight

bound on the optimal search reward as n approaches infinity.

For the bounds J ∗̄
Gworst

and J ∗̄
Gbest

to be useful, they must be achievable with

significantly less computation than what is required to solve the original problem.

Indeed, in section 4.3 we show that the computational complexity required for the

fractal decomposition method approaches O(n) as the number of decomposition

levels increases. The penalty to be paid for this savings in computation is that

the approximation bounds become further apart.

For the three problems mentioned above (all-pairs shortest path, all-pairs

maximum flow, and cooperative graph search), we provide simulations based on

cooperative routing scenarios in Sections 4.4.3, 4.5.3, and 4.6.3, respectively. In

each case, we show that fairly large-scale problems can be quickly approximated

and the resulting solutions lie within a relatively small range of the optimal

criteria for the original problem.

Chapter 5 presents the results on our receding horizon approach to the coop-

erative search for a mobile target. Section 5.1 summarizes the method, Section

5.2 formulates the problem, and Section 5.3 provides a detailed description of the

Cooperative Graph-Based Model Predictive Search (CGBMPS) algorithm. In

Section 5.4, we show that a cooperating team of agents employing this algorithm

will achieve finite time target discovery with probability one. Simulations in Sec-

tion 5.5 show that this algorithm makes good use of search assets and performs

significantly better than previously proposed cooperative search algorithms. The

CGBMPS algorithm has also been successfully tested on a hardware platform
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consisting of two Unmanned Aerial Vehicles (UAVs) with gimbal-mounted cam-

eras.

Chapter 6 summarizes the results and contributions of this work, with several

suggestions for promising directions of future research on these topics.
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Chapter 2

Graphs

The graph is a mathematical tool that has proven useful in a wide range of

engineering applications. Particulary, it is convenient to represent any structure

or system having discrete states and transitions between them with a graph. Al-

though graphs may be used to represent systems with complex discrete dynamics,

they are more commonly used in situations where the dynamics are simple, but

the struture of the transitions is complex or the scale is very large. Additionally,

one can use a graph to approximate the states of a continuous-space system with

the use of sampling. This is discussed further in Chapter 3.

Figure 2.1. Drawing of a graph.

We denote a graph by G := (V, E), where V is a set of vertices and E ⊆ V ×V

is a set of edges connecting pairs of vertices. Figure 2.1 shows an example drawing

11



of a graph with six vertices and eight edges.

2.1 Optimization on Graphs

One of the primary uses for graphs in engineering is in optimization problems.

For example, given a graph whose vertices represent locations in space and whose

edges determine passageways between them, we may want to find the shortest

path between each pair of vertices. This involves assigning a cost to each edge

indicating the distance between its endpoint vertices. Then the problem may be

solved by various standard algorithms.

We now introduce four graph optimization problems along with the best

known computational complexity results. In what follows, we use the standard

notation O(f(n,m)) to denote the class of functions that are bounded above by

a constant factor of f(n,m). In other words, g(n,m) = O(f(n,m)) if and only if

there exists a constant α > 0 such that |g(n,m)| < αf(n,m) for all values of n

and m.

2.1.1 Shortest path matrix

The shortest path matrix problem, also called all-pairs shortest paths, in-

volves finding the minimum-cost path between every pair of vertices in a graph.

There are a great number of applications of this problem, including dynamic

programming [27], and optimal route planning for groups of agents [18]. For a

weighted directed graph with n vertices and m edges, Karger et al. showed that

the all-pairs shortest paths problem can be solved with computational complexity
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O(nm + n2 log n) [17].

2.1.2 Maximum flow matrix

The maximum flow matrix problem involves finding, for each pair of vertices

in a graph, the flow assignment on the edges that yields the maximum flow inten-

sity, subject to capacity constraints on the edges. Applications of this problem

include stochastic network routing [21] and vehicle routing [4]. Given a directed

graph G(V,E) with n vertices and m capacitated edges, Goldberg and Tarjan

[11] showed that one can compute the maximum flow between two vertices in

O(nm log n2

m
) time. To compute the maximum flow between all pairs of vertices

in an undirected graph, Gomory and Hu showed that one only needs to solve

n − 1 maximum flow problems [12], but for directed graphs, we must compute

the flow between all n(n−1)
2

vertices. This results in a complexity of O(n3m log n2

m
)

to generate the complete maximum flow matrix.

2.1.3 Graph search

In the graph search problem, there is a cost associated with each edge, typ-

ically corresponding to a quantity of time or energy spent in transit along that

edge, and a reward associated with each vertex, generally corresponding to the

probability of a hidden target being located at that vertex. The objective of the

graph search problem is to find the path in a graph that maximizes the prob-

ability of finding the target, subject to a constraint on the path cost. In [30],

the computational complexity of the graph search problem for a single agent was

shown to be NP-complete on the number of vertices n.
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2.1.4 Cooperative graph search

The cooperative graph search problem is an extension of the graph search

problem for a team of cooperating agents. The objective is to find optimal paths

in the graph that maximize the probability that the team will find the target,

subject to a cost constraint on the paths of the individual agents. Reducing

the M -agent cooperative search problem to a single-agent search problem with

nM vertices results in a problem that is also NP-complete. In the worst case, an

exhaustive search on a complete graph would have complexity O(nM !). Although

there are some more efficient algorithms to solve this problem such as the branch

and bound methods of Eagle and Yee [6], this problem is still computationally

infeasible for large values of n and M .

2.2 Graph Partitioning

The examples given above range in computational complexity from being

manageable for a large number of nodes, as in the shortest path matrix problem,

to being infeasible for even for a relatively small scale problem, as in the cooper-

ative graph search problem. In Chapter 4, we will present a method for reducing

the computational complexity associated with these problems, at the expense of

some sub-optimality, by using graph partitioning.

Given a graph G := (V, E), a partition V̄ := {v̄1, v̄2, . . . , v̄k} of G is a set of

disjoint subsets of V such that v̄1∪v̄2∪. . .∪v̄k = V . We call these subsets v̄i meta-

vertices. For a given meta-vertex v̄i ∈ V̄ , we define the subgraph of G induced by

v̄i to be the graph consisting of the vertices v ∈ v̄i and the edges connecting pairs
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of those vertices, and we denote this subgraph by G|v̄i := (v̄i, E ∩ v̄i × v̄i).

v̄3

v̄4

G

v̄2

v̄1

Ḡ

G|v̄1
G|v̄2

G|v̄3
G|v̄4

Figure 2.2. Example of a graph partitioned into 4 meta-vertices.

Figure 2.2 shows an example of the graph partitioning process, where the

dashed lines through G separate the partitioned subgraphs G|v̄i, which are rep-

resented by meta-vertices v̄i in Ḡ.

Given a partition V̄ of the vertex set V , we define the meta-graph of G induced

by the partition V̄ to be the graph Ḡ := (V̄ , Ē) with an edge ē ∈ Ē between meta-

vertices v̄i, v̄j ∈ V̄ if and only if G has at least one edge between vertices v and v′

for some v ∈ v̄i and v′ ∈ v̄j. In general, there may exist several such edges e ∈ E

and we call these the edges associated with the meta-edge ē.

2.2.1 Partitioning Algorithms

It is convenient to perform graph partitions using an automated algorithm

because this allows one to incorporate the partitioning process into the approx-

imation algorithms for various graph optimization problems without requiring

external inputs or manipulation. In this section, we discuss some challenges in-

volved in graph partitioning, present a few alternative approaches, and describe

the specific method we use for the examples in Chapter 4.

Our main objective will be to generate partitions that maximize the accu-
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racy of approximation while keeping the computation low, or possibly minimize

computation while keeping a certain level of accuracy. This is one of the funda-

mental challenges of graph partitioning. In an attempt to approximately solve

this problem, we will preprocess the graph data in way that facilitates a par-

tition satisfying our objectives. For example, in the shortest path problem, we

achieve tighter approximation bounds if the maximum distance between vertices

in the same meta-vertex is small compared to the distance between vertices in

neighboring meta-vertices. This suggests using an algorithm that clusters ver-

tices that are graphically close. Alternatively, in the maximum flow problem,

the best bounds result when the lowest maximum flow between two vertices in

the same meta-vertex is large compared to that between vertices in neighboring

meta-vertices. Hence, the partitioning algorithm should be chosen carefully to

achieve the goals of the specific problem.

Various ways of partitioning graphs have been proposed in the literature. See

[8] for an extensive survey of these results. Many graph partitioning schemes can

be categorized as geometric or spectral. Geometric algorithms partition a graph

based on the spatial location of its vertices, whereas spectral algorithms use

eigenvector analysis on a matrix representation of a graph, such as the adjacency

matrix or Laplacian matrix.

For the examples in Sections 4.4.3, 4.5.3, and 4.6.3, we use the automated

spectral graph partitioning algorithm introduced in [14]. This algorithm is de-

signed to be an approximation to the l-bounded graph partitioning problem,

which is the problem of finding the graph partition that minimizes the total cost

of cut edges subject to the constraint that no element of the partition contains

more than l vertices. The technique used in this algorithm is to cluster the eigen-
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vectors of a doubly stochastic modification of the edge-cost matrix around the

k most linearly independent eigenvectors. The vertices corresponding to these

eigenvector clusters are grouped together resulting in a k-partition of the graph.

Note that one can design the edge cost matrix used by this algorithm to suit

a particular problem. For example, in the cooperative graph search example of

Section 4.6.3, we define the edge costs between adjacent vertices with rewards r1

and r2 to be e−|r1−r2|. This causes the algorithm to favor cutting edges with very

different rewards, and thus grouping vertices with similar rewards.
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Chapter 3

Continuous to Discrete: Graph

Generation by Sampling

Many applications of graph optimization arise from problems on a continu-

ous domain. This is largely because, when dealing with computationally difficult

problems, it is often more practical to optimize on a discrete graph than a contin-

uum. Solutions to the discrete graph problem must then be refined into solutions

to the continuous problem, which are likely to be suboptimal. However, it may

be possible to construct bounds on the resulting approximation error. In this

chapter, we show how to use sampling to approximate a continuous shortest path

problem to within ε of the optimal solution, where ε can be made arbitrarily

small. A key step in this type of problem is generating a graph that results in

good approximations to the continuous problem. With a uniform sampling of

the state space, more samples will lead to better approximations, but there is a

tradeoff here, because increasing the number of samples, and thus graph vertices,
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will generally increase computation. We explore this issue in Section 3.1.4, and

propose a non-uniform sampling technique that still yields ε-optimal solutions

with relatively few samples, and therefore low computational complexity.

3.1 A Continuous Shortest Path Problem

This section presents a discrete approximation to a generalized shortest path

problem on a continuous domain. The goal is to find the path between two

points that minimizes the line integral of a cost-weighting function along the

path. Our approach is inspired by the work in [18], where Kim and Hespanha

approached this problem with a “Honeycomb” sampling technique. In this paper,

the authors show how to construct a graph on which the cost of the optimal path

is within ε of the minimum path-cost for the continuous problem. However, the

proposed algorithm uses a highly connected graph, and depending on how tight

an approximation is desired, the optimization may still require a large amount of

computation. Here, we will improve upon these results by constructing a graph

that is fully connected only within each element of a convex partition of the search

region. As shown in Section 3.1.3, this significantly reduces computation with no

loss in optimality compared to the algorithm in [18]. We also provide a theoretical

foundation for using the “Honeycomb” sampling method because in Section 3.1.2,

we state a theorem that proves the existence of ε-optimal paths connecting points

on the boundaries of a convex partition of the region of interest. Section 3.1.4

gives a detailed description of the non-uniform Honeycomb sampling algorithm,

and the simulations in Section 3.1.5 show that this algorithm compares favorably

to other sampling algorithms by computing paths of the same level of optimality
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with significantly reduced computation time. Furthermore, Section 3.1.5 shows

how to use the resulting piecewise straight-line paths to construct cubic spline

solutions that respect the dynamical constraints of an agent traveling along the

path.

3.1.1 Problem Formulation and Background

Since we are considering exactly the same problem as in [18], the following

problem formulation is directly based on the one given in that paper.

Consider two points xi, xf ∈ R in a compact region R ⊂ Rn. Our goal is

to compute a continuous path ρ from xi to xf that minimizes the line integral

over ρ of a cost-weighting function ` that depends on the position and direction

of motion. This is often referred to as a shortest-path optimization. To empha-

size the fact that the cost-weighting is not uniform and that it depends on the

direction of motion, we further qualify it as a weighted anisotropic shortest-path

optimization.

Let P denote the set of all unit-speed paths in R from xi to xf that are con-

tinuous and piecewise twice continuously differentiable, i.e. the set of continuous

functions ρ : [0, T ] →R, for which

1. ρ(0) = xi and ρ(T ) = xf

2. ρ̇, ρ̈ exist on [0, T ], except for a finite number of points

3. ‖ρ̇‖ = 1 wherever this derivative exists.

We formalize the problem under consideration as follows:
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Problem 1: Weighted anisotropic shortest-path. Compute a path ρ∗ ∈ P
such that

J [ρ∗] = inf
ρ∈P

J [ρ],

where J : P → [0,∞) denotes the cost functional defined by

J [ρ] :=

∫ T

0

`(ρ(t), ρ̇(t))dt,

for each ρ : [0, T ] →R in P . 2

Throughout this section, we assume that the cost-weighting function ` : R×
Rn → [0,∞) is continuously differentiable.

The solution to this problem has numerous applications that range from mo-

bile robotics to path planning on topographical maps. In Section 3.1.5, we con-

sider the specific application of computing paths for groups of Unmanned Aerial

Vehicles (UAVs) that minimize the risk of being destroyed by ground defenses,

e.g. Surface-to-Air Missiles (SAMs).

The computation of shortest paths has a long history and is one of the funda-

mental problems in Calculus of Variations (cf., e.g., [10]). Assuming for simplicity

that R := Rn, the optimization formulated above is equivalent to the optimal

control problem of finding a terminal time T ≥ 0 and a unit velocity control

v : [0, T ] → V , where V := {v ∈ Rn : ‖v‖ = 1}, that minimizes the cost

J :=

∫ T

0

`(x(t), v(t))dt,
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subject to the dynamics ẋ = v and initial and terminal conditions x(0) = xi,

x(T ) = xf . This problem can be solved by using the Hamilton-Jacobi-Bellman

(HJB) equation. Assuming that there exists a continuously differentiable solution

V : Rn → R to the HJB equation

0 = min
v∈V

H(x, v,∇xV (x)), ∀x ∈ Rn,

with boundary condition V (xf ) = 0, where the Hamiltonian H is defined by

H(x, v, p) := `(x, v) +
〈
p, v

〉
, ∀x, v, p ∈ Rn,

the optimal control v∗ : [0, T ∗] → V is given by

v∗(t) = arg min
v∈V

H
(
x∗(t), v,∇xV (x∗(t))

)
,

where x∗ denotes the optimal trajectory defined by ẋ∗ = v∗ and x∗(0) = xi.

However, this method generally fails when the HJB equation or a relaxation of it

has no continuously differentiable solution. Even when an appropriate solution

exists (perhaps only a viscosity solution), it is often computationally difficult to

find.

We address this difficulty by solving a discrete version of the continuous prob-

lem, which provides an approximate solution that is not necessarily optimal but

whose cost can be made arbitrarily close to the minimum. We start by partition-

ing the region R into a set of disjoint convex subregions and sampling along the

boundaries of these subregions to extract a finite set of points X ∈ R. From this

set of samples, we then construct a graph whose vertices are the points in X and
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whose edges connect all pairs of vertices belonging to a common element of the

partition. The cost of each edge e is given by J [ρe], where ρe is the straight-line

unit-velocity path connecting the endpoints of the edge e. The graph optimiza-

tion problem can then be solved using standard shortest path algorithms. The

key step in this method is constructing a graph such that the optimal cost of the

discrete path is close to the optimal path for the continuous problem.

Although literature on the anisotropic shortest path problem is quite lim-

ited, some discretization-based approaches have been proposed before. Rowe et

al. considered the problem of computing minimum-energy paths for a ground

vehicle moving between two points on a hilly terrain, described by a polyhedral

approximation [26]. Using a simple model for the energy-cost that takes into

account the grade of the climb and is therefore velocity dependent, they provided

an exact algorithm with worst-case computational complexity O(nn). Lanthier

et al. later provided an approximate algorithm for the anisotropic shortest path

problem with polynomial complexity [20]. Because of the “curse of dimensional-

ity”, the successful application of these methods to nontrivial problems depends

crucially on the algorithm used to sample the region R. Our approach addresses

precisely this issue. Inspired by the worst-case cost bounds given in Section 3.1.2,

we propose an efficient algorithm in Section 3.1.4 to sample R that results in a

small cost penalty with a relatively sparse sampling of R. The underlying idea is

to sample R so that the density of sample points is higher in regions where the

optimal path is more likely to deviate from a straight-line.
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3.1.2 Local Discretization

To overcome the difficulties that arise in solving the weighted anisotropic

shortest path problem exactly, one may finely sample the region R and force the

path to consist of the concatenation of several straight line segments between

sample points. For a finite number of sample points, this procedure converts

the original continuous shortest-path problem into a shortest-path problem on a

finite graph.

The discretization method considered in [18] was based on a dense sampling

of the entire search region and required that the piecewise linear paths could

contain line segments connecting any two points within a ball of a certain ra-

dius. This section presents a streamlining of this approach, which consists of

generating a convex partition of the search region, and sampling the region along

the boundaries of this partition. In Section 3.1.3, we will see that this method

achieves a substantial reduction in computation time over the method in [18] with

no increase in the cost penalty.

Consider a finite convex partition of the region R, i.e. a family of closed con-

vex setsRi, i ∈ {1, 2, . . . , K} such that their union is exactlyR and their interiors

do not intersect. Now let X be a finite set of points lying on the boundaries of

the regions Ri. Note that since the regions are closed, points on their boundaries

may belong to multiple regions. Under this formulation, the set of admissible

paths will consist of straight line segments connecting points that belong to a

common element of the partition. In particular, we define a graph G := (V,E)

in which the vertex set V contains a vertex vx located at each point x ∈ X , and

the edge set is defined by E :=
{

(vx, vx′) |∃i : x, x′ ∈ R̃i

}
, where R̃j is a slight
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enlargement of Ri that is needed in the proof of Lemma 2. A path in G from

vxi
∈ V to vxf

∈ V is a sequence of vertices (where x0 := xi and xN := xf )

p := (vx0 , vx1 , . . . , vxN
), (vxk

, vxk+1
) ∈ E

for each k ∈ {1, . . . , N−1}. Let ρp denote the continuous path generated by con-

necting consecutive vertices vxk
and vxk+1

in the path p by straight line segments.

We denote the set of all possible paths ρp by PG.

The following Lemma proves the existence of a convex partition and set of

sample points having properties that will allow us to construct a worst-case bound

on the cost of a path in PG.

Lemma 1 Given any positive constants A, εx, εv, εδ, there exists a finite convex

partition {R1, . . . ,RK} of R and a finite set X of points in the boundaries of the

regions Ri such that for every twice continuously differentiable path ρ : [0, T ] →

R ∈ P with second derivative bounded by A, one can find

1. a sequence of times {τ0, τ1, . . . , τN} ⊂ [0, T ], with τ0 := 0 ≤ τk−1 < τk ≤

τN := T , and

2. a sequence of points {x0 := ρ(0), x1, . . . , xN := ρ(T )} ⊂ X̄ , where X̄ :=

X ∪ {ρ(0), ρ(T )},
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such that

‖xk − xk−1‖ ≤ εδ, ∀k ∈ {1, . . . , N}, (3.1)

‖ρ(t)− xk−1‖ ≤ εδ, ∀t ∈ [τk−1, τk], k ∈ {1, . . . , N}, (3.2)

‖ρ(τk)− xk‖ ≤ εx, ∀k ∈ {0, 1, . . . , N}, (3.3)

∥∥∥ρ̇(τ)− xk − xk−1

‖xk − xk−1‖
∥∥∥ ≤ εv, ∀τ ∈ (τk−1, τk), k ∈ {1, . . . , N}, (3.4)

N∑

k=1

‖xk − xk−1‖ ≤ 1 + εv

2 + εv

2T. (3.5)

Moreover, as εx decreases to zero, the integer N remains uniformly bounded.

Without loss of generality, we assume that εδ > εx.

See Appendix A for proofs of Lemma 1 and the following Lemma, which

provides a bound on the difference in costs between two path segments.

Lemma 2 Given two paths ρi : [0, T ] → R in P, an interval (t1, t2) ⊂ [0, T ]

on which each ρi is twice continuously differentiable and lies entirely inside the

region R̃j ⊂ R, and a constant δ > 0,

∫ t2

t1

`(ρ2(t), ρ̇2(t))dt−
∫ t2

t1

`(ρ1(t), ρ̇1(t))dt ≤

gx‖ρ2(t1)− ρ1(t1)‖∆ + gv‖ρ̇2(t
+
1 )− ρ̇1(t

+
1 )‖∆ + (gx +

a1 + a2

2
gv)∆

2 (3.6)

26



where

gx := sup
x∈Rj ,v∈V

‖∇x`(x, v)‖, ∆ := min
{‖ρ1(t2)− ρ1(t1)‖, ‖ρ2(t2)− ρ2(t1)‖

}
,

gv := sup
x∈Rj ,v∈V

‖∇v`(x, v)‖, ai := sup
t∈(t1,t2)

‖ρ̈i(t)‖,

R̃j := Rj ∪
⋃

r∈Rj

Bδ(r).

We denote by V the set of all unit velocities in Rn, and Bδ(r) denotes the closed

ball of radius δ centered at the point r.

Theorem 1 states the main result, i.e. that one can use the Honeycomb

sampling method to construct a path that is arbitrarily close to the minimum-

cost continuous path.

Theorem 1 For every pair of constants A, ε > 0, there exists a finite convex

partition Ri, i ∈ {1, 2, . . . , K}, of R and a finite set X of points in the boundaries

of the regions Ri such that for every initial and final points xi, xf ∈ R

inf
ρ∈PX̄

J [ρ] ≤ inf
ρ∈P‖ρ̈‖≤A

J [ρ] + ε,

where P‖ρ̈‖≤A denotes the set of twice continuously differentiable paths in P with

second derivative bounded by A.

Proof: Let ρ∗ : [0, T ∗] → R be a path in P‖ρ̈‖≤A for which

J [ρ∗] ≤ inf
ρ∈P‖ρ̈‖≤A

J [ρ] + δ,
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where T ∗ is the time at which ρ(t) = xf , and δ is a constant that can be made

arbitrarily small (δ is only needed when the infimum is not a minimum).

We define Ri, i ∈ {1, 2, . . . , K} to be the finite convex partition of R, and

X the finite set of points in the boundaries of the regions Ri whose existence is

guaranteed by Lemma 1. Now consider the sequences {τ0, τ1, . . . , τN} ⊂ [0, T ∗]

and {x0, x1, . . . , xN} ⊂ X corresponding to the path ρ∗, which are also guaranteed

to exist by Lemma 1. Suppose that we use the points xk to construct the path p :=

(vx0 , vx1 , . . . , vxN
) in the graph G. Let ρp denote the corresponding continuous

path belonging to the set PX̄ .

We proceed to compare the costs associated with ρ∗ and ρp. To this effect,

we expand

J [ρp]− J [ρ∗] =
N∑

k=1

∫ τk

τk−1

`(ρp(s), ρ̇p(s))ds−
∫ τk

τk−1

`(ρ∗(s), ρ̇∗(s))ds

Applying Lemma 2 to each interval (τk−1, τk), ∀k ∈ {1, . . . , N}, we conclude that

J [ρp]− J [ρ∗] ≤
N∑

k=1

gx,k‖ρp(τk)− ρ∗(τk)‖∆k + gv,k‖ρ̇p(τ
+
k )− ρ̇∗(τ+

k )‖∆k

+

(
gx,k +

a1 + a2

2
gv,k

)
∆2

k, (3.7)

where gx,k, gv,k, and ∆k are as defined in Lemma 2 on each interval (τk−1, τk) for

the paths ρp and ρ∗. Using the bounds provided by Lemma 1, we obtain

J [ρp]− J [ρ∗] ≤
N∑

k=1

((
gx,kεx + gv,kεv + (gx,k + Agv,k)∆k

)
∆k

)
≤ 2 + 2εv

2 + εv

gT,

(3.8)
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where

g := sup
k

(
gx,kεx + gv,kεv + (gx,k + Agv,k)εδ

)
.

This finishes the proof, since the right-hand-side of (3.8) can be made arbitrarily

small by selecting εx, εδ, and εv sufficiently small. 2

3.1.3 Computational Complexity

In this section, we compare the computational complexity of the shortest-

path approximation using the Honeycomb discretization method presented here,

with that of the discretization method used in [18]. It turns out that there is a

significant computational advantage gained by sampling on the boundaries of a

convex partition rather than sampling the entire region. Since the expressions for

the worst-case approximation bounds are roughly the same in both methods, we

will compare the computation required by each method to obtain a path whose

cost is within ε of the minimum path cost J [ρ∗].

Consider a two-dimensional region R ⊂ R2. For any positive constants A, εx,

εv, and εδ, the method in [18] requires a density of nodes inversely proportional

to ε2
x to guarantee the cost bound of J [ρ∗] + ε. That is,

n = O

(AR
ε2
x

)
,

where AR denotes the area of the region R. Furthermore, each vertex in this

graph must be connected to every vertex lying inside a ball of radius εδ by an
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edge in the graph. The resulting number of edges is inversely proportional to ε4
x:

m = O

(
n · πε2

δ

AR
n

)
= O

(ARπε2
δ

ε4
x

)
.

In the Honeycomb sampling method, the number vertices required is propor-

tional to the total length of the boundaries of the convex partition, which we

approximate by assuming each element in the partition is a circle with diameter

εδ. This leads to the following expression for the number of vertices:

n = O

(
πε2

δ

εx

· AR
π( εδ

2
)2

)
= O

(
4AR
εxεδ

)
.

Each of these vertices must be connected to every other vertex belonging to the

same partition element or within a short distance of this region (See Lemma 2).

This results in a number of edges proportional to the number of total vertices

multiplied by the number of vertices on the boundary of each element of the

partition:

m = O

(
n · πεδ

εx

)
= O

(ARπε2
δ

ε4
x

)
.

We recall from Chapter 2 that the best-known computation for solving the

all-pairs shortest-path problem is O(nm + n2 log n) [17]. Substituting the values

for m and n required by the discretization method in [18] yields the following

expression for the computational complexity of that method:

O

(A2
Rπεδ

ε6
x

+
A2
R

ε4
x

log

[AR
ε2
x

])
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For the Honeycomb discretization method, we have

O

(
4πA2

R
ε3
xεδ

+
4A2

R
ε2
xε

2
δ

log

[
2
AR
εxεδ

])
(3.9)

We see that as εx approaches zero, the 1
ε6

term grows much faster than any

other term. Therefore the Honeycomb discretization achieves a significantly lower

computational complexity for generating an ε-optimal solution to the continuous

weighted anisotropic shortest path problem. The following section describes a

method for implementing a non-uniform sampling of the search region that takes

advantage of the structure of the cost weighting function to reduce the total

number of graph vertices and thus further reduce computation.

3.1.4 Non-uniform Sampling

In principle, since we have reduced the continuous weighted anisotropic short-

est path optimization to a shortest path problem on a graph, the solution simply

involves applying standard shortest path algorithms. The main difficulty with

this approach is that the required computation time, given in (3.9), may grow

very fast as desired accuracy of approximation (ε) decreases. However, we can

minimize this effect by carefully selecting the location and relative size of the

elements R1, . . . ,RK of the convex partition.

Theorem 1 proves the existence of a convex partition and a sampling on the

boundaries of that partition on which one can construct a piecewise linear path

ρp whose cost is within ε of the minimum path cost. Although no method is

provided for generating the samples, Lemma 1 proves the existence of such a

sample set X that satisfies the following constraints for any path ρ∗:
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1. the distance between consecutive sample points xk should not exceed εδ;

2. each sample point xk should be in an εx-ball of the corresponding point

ρ∗(τk) in the path;

3. the difference between the derivatives of ρ∗ and its approximation ρp should

not exceed εv.

By forcing εδ, εx, and εv to be sufficiently small, we can obtain an ε-optimal path

ρp. However, a closer examination of Theorem 1 reveals that a careful selection

of the partition and sample points may yield substantial computational benefit

with minimal loss of optimality. Specifically, we observe that for the cost bound

J [ρp]− J [ρ∗] ≤
N∑

k=1

((
gx,kεx + gv,kεv + (gx,k + Agv,k)∆k

)
∆k

)

to be small, it suffices that εx, εv, and

gx,kεx + gv,kεv + (gx,k + Agv,k)‖xk − xk−1‖ (3.10)

be small for every k (recalling that ‖xk − xk−1‖ ≤ ∆k). From this expression, we

conclude that ‖xk − xk−1‖ may actually be large in some regions, provided that

gx,k+Agv,k is sufficiently small in those regions. This means that a large value may

be assigned to εδ, allowing for large diameters of the partition elementsRi, subject

to the constraints already imposed on these diameters in the proof of Theorem

1. Indeed, by keeping the diameters of these regions inversely proportional to

gx,k + gv,kA, we can significantly reduce the number of graph vertices and edges

while still providing an ε-optimal path.
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Figure 3.1. Honeycomb sampling

We now present a sampling algorithm for generating the sample points in

this manner, which is based on the one introduced in [18]. However, we have

now proved that this algorithm can be used to generate ε-optimal paths because

the Voronoi diagram of step 2 can be used to generate the partition elements

R1, . . . ,RK of Theorem 1, and step 3 generates the corresponding sample set X
on the boundaries of the regions Ri.

Algorithm 1 (Honeycomb sampling)

1. Randomly choose K points Z := {zk ∈ R : k = 1, 2, . . . , K} ⊂ Rn, with a
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spatial probability density over R proportional to

(
sup
v∈V

‖∇x`(x, v)‖+ A‖∇v`(x, v)‖
)n

.

The distance between points in a particular area is then roughly inversely

proportional to

K
1
n sup

v∈V
‖∇x`(x, v)‖+ A‖∇v`(x, v)‖. (3.11)

If the diameters of any of these elements are greater than the limits imposed

in Theorem 1, one may need to repeat this step with a larger value of K.

2. Compute the Voronoi diagram generated by the points in Z. The size of the

resulting cells in a particular area is roughly proportional to the distance

between the points in that area, which is inversely proportional to (3.11).

3. Construct X by sampling the edges of the Voronoi diagram sufficiently finely

so that it is possible to choose points xk in an εx-ball of any point where an

optimal path would cross the cell boundary (See Lemma 1). 2

Figure 3.1 shows an example of a set of sample points generated by this algorithm.

In this figure, the background color represents the magnitude of supv∈V ‖∇x`(x, v)‖+
A‖∇v`(x, v)‖, with dark areas representing regions with large values. Increasing

the number of Voronoi elements K, decreases the term (gx,k+Agv,k)‖xk−xk−1‖ in

(3.10), whereas increasing the density of sampling over the edges of the Voronoi

diagram decreases εx.
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As in [18], we compare the Honeycomb sampling algorithm to several alter-

native sampling algorithms. For each of these methods, the graph is constructed

by connecting each vertex v to all other vertices v′ lying inside a ball of radius εδ

of v. This allows us to guarantee the bounds constructed in [18]. The following

two methods are the simplest and do not use information about the the structure

of the cost weighting function `:

Algorithm 2 (Regular-grid sampling) Construct X by overlaying a cubic

lattice grid on R with spacing equal to 2εx√
3

(to ensure the proper spacing). 2

Algorithm 3 (Randomized uniform sampling) Construct X by randomly

extracting N points with a uniform spatial probability density over R. 2

The following method attempts to minimize the term (gx,k + Agv,k)‖xk − xk−1‖
in (3.10).

Algorithm 4 (Randomized gradient-based sampling) Construct X by ran-

domly extracting N points, with a spatial probability density over R proportional

to
(
supv∈V ‖∇x`(x, v)‖+ A‖∇v`(x, v)‖)n

. 2

In the next section we compare the performance of these three sampling algo-

rithms with the Honeycomb sampling algorithm in the context of minimum-risk

path planning.

3.1.5 Minimum-Risk Path Planning for Groups of UAVs

In this section, we consider the cooperative routing mission described in [18]

that involves transporting a group of M Unmanned Aerial Vehicles (UAVs) be-
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tween two points in a hostile region R ⊂ R3. The threats in this region are posed

by k Surface-to-Air Missile (SAM) sites equipped with radar sensors located at

positions z1, z2, . . . , zk ∈ R3. Our goal is to compute the path between these

points that maximizes the probability that the UAVs will survive the mission.

In general, different UAVs may have different stealth capabilities and therefore

their probabilities of survival are distinct. Because of this, minimum-risk path

planning is a multi-criteria optimization problem. We will seek paths that are

Pareto-optimal, i.e., paths for which the probability of any single UAV surviving

cannot be improved without decreasing the survivability of another UAV in the

group.

If we denote the probability that the jth UAV safely reaches the destina-

tion by psurvive
j [ρ], we can obtain Pareto-optimal paths by solving single-criteria

optimization problems of the form

max
ρ

m∑
j=1

λjp
survive
j [ρ],

where the λj’s are positive constants [3]. Assuming that velocities are normal-

ized so the maximum speed of the slowest UAV is equal to one, the optimization

should be performed as ρ ranges over the set P considered in the previous sec-

tions. Note that in general, risk is minimized for the maximum speed so there

is no reason to consider paths with speeds smaller than the maximum. For the

graph optimization, we ignore all constraints posed by the aircraft dynamics other

than its maximum speed. However, in Section 3.1.5, we revisit these constraints

and show how to construct feasible UAV paths from the piecewise linear paths

resulting from the graph optimization.
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Risk Model

Let us assume that the probability of the jth UAV being hit by the ith SAM

in an elementary time interval dt is given by

ηij(x, ẋ, zi)dt,

where x and ẋ denote the position and velocity of the group of UAVs. The

function ηij is called the risk density for the jth UAV with respect to the ith

SAM. In [18], it is shown that the probability of survival for a UAV can be

expressed as

psurvive
j [ρ] = e−

∫ T
0 `j(ρ(t),ρ̇(t))dt,

where

`j(x, v) :=
n∑

i=1

ηij(x, v, zi). (3.12)

This model is consistent with the expectation that if one remains under danger

for a long amount of time, the probability of survival eventually converges to

zero. Since the function s 7→ e−s is monotone decreasing, paths that are Pareto-

optimal (maximal) with respect to the rewards psurvive
j [ρ] are also Pareto-optimal

(minimal) with respect to the costs

Jj[ρ] :=

∫ T

0

`j(ρ(t), ρ̇(t))dt. (3.13)
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We can therefore find these paths by solving the Weighted Anisotropic Shortest-

Path Problem considered in Sections 3.1.2–3.1.4.

Simulations

We now simulate a scenario representing a typical minimum-risk path plan-

ning problem, which is illustrated in Figure 3.2. The small circles indicate a set

Figure 3.2. Minimum-risk path planning scenario.

of waypoints that the UAVs must visit starting at the top and finishing at the

bottom right, but the straight line path drawn in the figure will generally not be

the best path to take. On this mission, there is a threat posed by three SAM

sites with radar sensors, which are represented by squares and are surrounded

by large circles indicating their maximum effective ranges. The objective of this

mission is to visit each of the waypoints while minimizing the risk of destruction

by the SAMs.
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For the risk density function, we use a model given by

ηij(xj, ẋj, zi) =
1

1 + exp[h(xj, ẋj, zi)]
, (3.14)

where

h(xi, ẋj, zi) = k
[‖rij‖ −

(
(r2 − r1)(1− (rT

ijvj)
2) + r1

i

)]
.

In the expression above, rij is the radial vector from the ith SAM to the jth UAV,

and vj is the velocity vector of the jth UAV. The radii r1 and r2 determine the

effective range of an SAM for a UAV flying directly toward it, and orthogonal to

it, respectively. In between these flight vectors, there is a continuous dropoff in

cost that begin roughly at a distance r1 when the UAV is flying directly toward

the SAM site, and at r2 when the UAV is flying orthogonal to it. The constant k

determines the steepness of this dropoff. Although (3.14) may be a useful model

in practice, we use it primarily as an illustrative model for the demonstration of

anisotropic shortest path algorithms, and we make no claims as to the accuracy

of this model for real UAVs.

Figure 3.3 shows the top-view of the paths computed by each method for

this scenario. The altitude computation was decoupled by first computing the

minimum path cost at the maximum altitude, and then sampling the resulting

path at various altitudes and computing the minimum-cost path on that set. Fig-

ure 3.4 shows a three-dimensional view of the path computed by the Honeycomb

sampling method. The path takes advantage of the altitude control within the

specified range (0.1, 1), by heading down toward the SAM sites and then up away

from them.
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(c) Gradient-based random sampling (d) Honeycomb sampling

Figure 3.3. Paths computed for this scenario using various sampling algorithms.

Figure 3.3 shows the paths computed by each method for this scenario, and

Table 3.1 lists the corresponding costs and computation times. The minimum

path cost computed using each method is approximately the same, but as ex-

pected, the Honeycomb sampling method facilitates a much faster computation

due to the lower number of edges in the graph. Both the regular grid and uniform

random sampling methods are able to find paths that achieve slightly lower cost

by making a series of sharp turns between the outer ranges of two of the SAM

sites. Depending on the dynamical constraints of the UAV, these may or may

not be feasible paths. In Section 3.1.5, we provide an cubic-spline smoothing

algorithm designed for these situations. At the cost of some extra computation,
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Figure 3.4. Three dimensional view of path.

Table 3.1. Comparison of Sampling Algorithms for Minimum-Risk Path Planning

Sampling Method Cost Vertices Edges Comp. Time (s)

Regular grid 27.0 3490 221000 12.5

Uniform random 27.0 4450 372000 21.7

Gradient-based random 27.4 4450 511000 29.7

Honeycomb 27.3 3820 92400 5.3

this algorithm not only smooths the paths to meet velocity and acceleration con-

straints, but in many cases also lowers the path costs.

Figure 3.5 shows a plot of computation time vs. minimum path cost for various

values of εx and εδ. In general, the Honeycomb sampling method results in some

of the lowest costs with consistently low computation times compared to the other

methods. Table 3.2 contains the means and standard deviations of this data.
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Figure 3.5. Path cost vs. computation time.

Table 3.2. Means and Standard Deviations of the Path Costs

Sampling Method Mean Standard Deviation

Regular grid 28.1 0.90

Uniform random 28.1 0.97

Gradient-based random 28.6 1.0

Honeycomb 28.0 0.50

Spline Smoothing Optimization

One aspect of the routing problem that was not taken into account in the

previous section is constraints on the path imposed by dynamics of the UAV.

When constructing a continuous path out of piecewise linear segments, one must

assume that the UAV can turn fast enough to render any transitive effects be-

tween segments negligible with respect to the path-cost. Although this may be

a valid assumption in some instances, it is not generally the case. We address

this issue here by proposing a post-processing algorithm that combines gradient-

descent optimization of the waypoints with a cubic spline interpolation of the

path. Although this method requires some additional computation, the resulting
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path is guaranteed to meet velocity and acceleration constraints of a UAV, and

in many cases, its cost is as good or better than that of the piecewise linear path.

The algorithm is described in detail below.

We start with the path p := (vinit, v2, . . . , vfinal) obtained from the graph

optimization with the sampling set of Theorem 1. To keep the cubic spline curve

from deviating too far from this path, we insert additional waypoints at time

intervals Ts wherever path vertices are separated by a time greater than Ts. Let

w denote a vector of waypoints. We will require the cubic spline path to pass

through these waypoints, also referred to as knots. However, for the optimization,

we will relax the position constraints of all but the initial and final points in the

path.

The final spline curve will consist of N := |w| − 1 cubic segments. Between

two knots wi and wi+1 occurring at times ti and ti+1, we can express the path as

yi(t) = ai + bi(t− ti) + ci(t− ti)
2 + di(t− ti)

3,

for i ∈ {1, 2, . . . , N}, where ai, bi, ci, di are vector coefficients of the ith spline

segment. The coefficients of a cubic spline must satisfy

ai = wi, ∀i ∈ {1, . . . , N}, (3.15)

ai + bi∆i + 2∆2
i ci + 3∆3

i di = ai+1, ∀i ∈ {1, . . . , N − 1}, (3.16)

bi + 2∆ici + 3∆2
i di = bi+1, ∀i ∈ {1, . . . , N − 1}, (3.17)

2ci + 6∆ici = ci+1, ∀i ∈ {1, . . . , N − 1}, (3.18)

where ∆i := ti+1 − ti. Condition (3.15) requires each segment to start at its
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corresponding waypoint. The remaining conditions require adjacent segments to

be continuous (3.16), continuously differentiable (3.17), and twice continuously

differentiable (3.18). We add a final condition

aN + bN∆N + 2∆2
NcN + 3∆3

NdN = wN+1, (3.19)

which requires the last segment to finish at the final waypoint. Typically, one

would now add zero-acceleration constraints at the endpoints to generate a full

system of equations. For our purposes, this is unnecessary because we do not

seek a unique solution.

Since our objective here is to further improve the path, not just smooth it,

we relax condition (3.15) on the interior knots by restating it as

‖ai − wi‖ ≤ δ ∀i ∈ {2, . . . , N}, (3.20)

for some constant δ > 0.

Next, we add velocity and acceleration constraints relating to dynamic limi-

tations of the UAVs, i.e.

‖bi‖ ≤ Vmax, ∀i ∈ {1, . . . , N}, (3.21)

‖bN + 2∆NcN + 3∆2
NdN‖ ≤ Vmax, (3.22)

‖ci‖ ≤ Amax, ∀i ∈ {1, . . . , N}, (3.23)

‖cN + 6∆NdN‖ ≤ Amax, (3.24)

where Vmax and Amax are the maximum velocity and acceleration of the UAVs.
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As mentioned previously, risk is minimized for high velocities, so although the

UAVs will also have a minimum velocity, it is not necessary to enforce this as

a constraint. Note that if Amax is chosen to be equal to the acceleration bound

A from Section 3.1.2, we will obtain a path that belongs to the class P‖ρ‖≤A of

twice continuously differentiable paths with second derivative bounded by A.

With these constraints defined, we are now ready to formulate our post-

processing optimization problem. Let S := [A,B,C,D] be the concatenation

of the spline coefficients, i.e. A := (a1, . . . , a|w|−1) and similarly for B, C, D. We

can express our problem as follows:

Spline Smoothing Optimization: Given a path ρp generated by the discrete

minimum-risk path-planning algorithm, compute the minimum-cost path

ρ∗S(t) := arg min
ρ∈PS

∫ T

0

`(ρ(t), ρ̇(t))dt,

where PS is the class of cubic splines, determined by the coefficients S, that

satisfy constraints (3.16)-(3.24). Figure 3.6 shows the result of this cubic spline

smoothing procedure performed using MATLAB’s fmincon nonlinear optimiza-

tion algorithm. The velocity and acceleration constraints are Vmax = 1 and

Amax = 1, and the maximum position deviation is δ = 3. Figure 3.7 shows a

three-dimensional view of this path.
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Figure 3.6. Cubic-spline path smoothing
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Figure 3.7. Three-dimensional view of smoothed path
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Chapter 4

Fractal Decomposition

A natural approach to solving any large-scale problem is to decompose it into

a set of smaller problems that are easier to solve. If this decomposition is per-

formed in such a way that the smaller problems are in exactly the same form as

the original problem, then one can further decompose the smaller problems using

the same method. This notion of recursive hierarchical decomposition is the mo-

tivating concept behind the approximation method we call fractal decomposition.

It turns out that graph optmization problems are often well suited to this type

of approach.

(x  20 )

(x  4)

(x  3 )

Figure 4.1. Example of recursive decomposition on a clustered graph (edges not
shown).
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Figure 4.1 is a diagram of the fractal decomposition process on a graph with a

clustered structure. On the first decomposition level, the 420-vertex graph is par-

titioned into 20 subgraphs, each containing 21 vertices. The upper arrow points to

the 20 vertex meta-graph, and the lower arrow points to the 20 subgraphs. These

21 new graphs are further decomposed into a total of 85 even smaller graphs.

This illustrates the main idea behind the fractal decomposition method, that we

can reduce the computation required to solve a large complex graph optimization

problem by decomposing it into smaller problems of the same form. The solutions

to these smaller problems are then used to generate an approximate solution on

the original graph. We constructed the graph in Figure 4.1 specifically to illus-

trate the recursive decomposition process, but the method works on any graph.

Increasing the number of decomposition levels greatly reduces computation, but

generally results in looser bounds. These bounds depend on the specific instance

of the problem, but we show that problem-independent approximation bounds do

exist for certain regular graphs such as lattices, which could appear to be poorly

suited to hierarchical decomposition due to their uniform structure.

This chapter begins with a literature review on hierarchical decomposition

of graph problems in Section 4.1. In Section 4.2, we present the method of

fractal decomposition in general terms, followed by computational complexity

results in Section 4.3. Sections 4.4, 4.5, and 4.6 provide detailed examples of the

fractal decomposition procedure performed on shortest path matrix, maximum

flow matrix, and cooperative graph search problems, respectively. Each of these

sections also contains a numerical simulation as well an analysis on the tightness

of the approximation bounds for lattice graphs.
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4.1 Related work

There is some previous literature on hierarchical decomposition applied to var-

ious graph optimization problems, most prevalently the shortest path problem.

Romeijn and Smith proposed an algorithm to approximately solve the all-pairs

shortest path problem using hierarchical decomposition. Under the assumption

that graphs in each level of aggregation have the same structure, they showed

the computational complexity of their approximation (using parallel processors)

to be O(n log n) for aggregation on two levels of sparse graphs, and O(n
2
L log n)

for aggregation on L levels. They also provide an upper bound for this approxi-

mation.

A notable application of the shortest path problem is dynamic programming

for optimal control. One can think of optimal control as the problem of finding

the minimum cost path over all sequences of control inputs that transfer a sys-

tem from an initial to a desired state, and dynamic programming is a well-known

technique for solving this problem. Shen and Caines presented results on “Hier-

archically Accelerated Dynamic Programming” [27] with applications to optimal

control. Using state aggregation methods, they were able to speed up dynamic

programming algorithms for finite state machines by orders of magnitude at the

expense of some sub-optimality, for which they give upper bounds. Our approach

to the fractal shortest path decomposition example will closely resemble that of

[25] and [27], but with the addition of lower bounds on the costs of the shortest

paths. This gives the user the advantage of being able to gauge how far the

resulting approximation is from the true minimum cost path.

We are more interested, however, in problems with higher computational com-
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plexity, because it is in these problems that there is the most to be gained by a

hierarchical decomposition. One such problem is maximum flow. Towards ap-

proximating the maximum flow problem, Lim et al. developed a technique to

compute routing tables for stochastic network routing that involves a two-level

hierarchical decomposition of the network. They reduced computational com-

plexity from O(n5) to O(n3.1) with a performance that is in some cases as good

as the general flat max-flow routing problem [21]. Our maximim flow decompo-

sition improves the two-level computational complexity to O(n3) and adds the

capability to decompose on more levels using the fractal framework.

The final problem we discuss is the search problem, which is the most com-

putationally complex of the problems considered here, and is the primary focus

of this dissertation. There is very limited literature related to the hierarchical

decomposition of the search problem. The inspiration for our fractal decompo-

sition approach to the cooperative search problem was a paper by DasGupta et

al., which presents an approximate solution to the continuous “Honey-pot” con-

strained search problem based on a discrete aggregation of the search space [5].

After approximating the solution to the discrete search problem with a two-level

hierarchical decomposition, they refine the resulting discrete path into a contin-

uous one, providing bounds on the suboptimality resulting from discretization as

well as the approximation of the discrete problem. Here, we expand upon these

ideas to allow for implementation on multiple hierarchical levels and to include

cooperative search problems involving multiple agents.
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4.2 Method

We now describe a methodology for bounding and approximating the solution

to a graph optimization problem using fractal decomposition. We will apply the

ideas presented here to several example problems in the following sections. The

three key steps of the fractal decomposition method are:

1. Partition the graph

2. Construct bounding meta-problems and solve

3. Refine worst-case solution to approximate solution on original graph

Step 2 is where the recursion occurs because the resulting meta-problems are in

the same form as the original problem, and thus may also be solved using the

fractal decomposition method. We now summarize each of the key steps in the

algorithm.

4.2.1 Partition the graph

Although the fractal decomposition algorithm will work for any graph parti-

tion, the specific partition used will have significant effects on the computation

as well as the accuracy of the resulting approximation. The choice of partition-

ing algorithm also depends on the problem under consideration. In general, the

first objective of the graph partition is to decompose the problem such that the

difference between upper and lower bounds is small. For example, in the shortest

path problem, this means grouping vertices that are connected by low-cost edges

whereas in the maximum flow problem, this means grouping vertices connected
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by high-capacity edges. See Section 2.2.1 for a more detailed discussion of graph

partitioning.

4.2.2 Construct bounding meta-problems and solve

The next step is to construct two meta-problems using the results of the graph

partition: a worst-case meta-problem and a best-case meta-problem. Both meta-

problems share the same meta-graph defined by the partition, and they should be

formulated in the exact same way as the original problem, so that we may apply

any algorithm that solves the original problem to the meta-problems. The most

important step in this construction is assigning data (costs, rewards, capacities,

etc.) to the meta-vertices and meta-edges such that the solutions to the meta-

problems are guaranteed to bound the optimal value of the original problem.

For the worst-case meta-problem, this step involves assigning conservative values

to the meta-edges and meta-vertices to ensure that its optimal value will be

achievable in the original problem. The values for each meta-vertex generally

come from solving a smaller problem, defined on the corresponding subgraph.

For the best case meta-problem, one assigns optimistic values so that its solution

will be better than optimal on the original graph, although not achievable. Once

constructed and solved, the solution to the worst-case meta-problem will yield the

conservative bound and will facilitate the generation of an approximate solution

on the original graph. The solution to the best-case meta-problem provides a

measure of how far our approximate solution is from optimal.

52



4.2.3 Refine worst-case solution to approximate solution

on original graph

As mentioned above, the solution to the worst-case meta-problem will involve

solving a set of smaller subproblems. One can use the solutions to these smaller

problems to generate an approximate solution to the original problem. This is

made possible because the worst-case meta-problem is formulated in such a way

that the resulting approximate solution is guaranteed to be feasible on the original

graph.

4.3 Computational Complexity

Let us now look at how much the fractal decomposition algorithm can reduce

computational complexity. For the purposes of this analysis, let f(n, k) denote the

computational complexity of a given graph optimization problem on n vertices

decomposed into k meta-vertices. Without decomposition, the complexity is

f(n, 1). Now, let us see what happens with one level of decomposition. Suppose

that we partition the graph into k subgraphs each containing roughly n
k

vertices.

The computational complexity of the worst-case decomposed problem is then

f(n, k) = f(k, 1) + kf(
n

k
, 1), (4.1)

where the first term comes from solving a problem on the meta-graph, and the

second term comes from solving problems on the k subgraphs. Decomposing on
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a second level yields

f(n, k0) = f(k0, k1) + k0f(
n

k0

, k2)

= f(k1, 1) + k1f(
k0

k1

, 1)

+ k0f(k2, 1) + k0k2f(
n

k0k2

, 1). (4.2)

A choice of k =
√

n in (4.1) makes the computation of the upper-level meta-

problem equal to that of the k subproblems. For two levels, the analogous choices

are k0 =
√

n, and k1 = k2 =
√

k0 = 4
√

n. Continuing the recursive decomposition

in this manner yields the following computational complexity results:

Level 0 : f(n, 1)

Level 1 : (
√

n + 1)f(
√

n, 1)

Level 2 : (
√

n + 1)( 4
√

n + 1)f( 4
√

n, 1)

...

Level L :
2L−1∑
i=0

n
i

2L f(n
1

2L , 1)

=

(
n− 1

n
1

2L − 1

)
f(n

1

2L , 1).

We can limit the number of decomposition levels to Lmax = blog2(log2(n))c be-

cause there is no advantage to decomposing a graph with only two vertices. It

follows that as L approaches this maximum value, the computational complexity

approaches (n − 1)f(2, 1), which is equivalent to O(n) since f(2, 1) is a con-

stant. Hence, as the number of decomposition levels increases, the complexity
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approaches linearity.

Inherent to this analysis is the assumption that the computational complexity

of a given problem can be expressed solely as a function of the number of vertices

in the graph. This is not generally the case because the complexity of many

algorithms also depends on the number of edges m. However, we can obtain an

upper bound on the computational complexity by analyzing the results for dense

graphs, where O(m) = O(n2). Similarly, setting O(m) = O(n) yields the best-

case complexity for sparse graphs. Table 4.1 shows the computational reduction

for various levels of decomposition on the three example problems presented in

the following sections.

Table 4.1. Computational Complexity of Worst-Case Meta-problems for up to 3
Decomposition Levels on Dense Graphs

Levels Shortest Path Matrix Maximum Flow Matrix Cooperative Search

0 O(n3) O(n5) O(nM !)

1 O(n2) O(n3) O(n
1
2 (n

M
2 )!)

2 O(n
3
2 ) O(n2) O(n

3
4 (n

M
4 )!)

3 O(n
5
4 ) O(n

3
2 ) O(n

7
8 (n

M
8 )!)

In the cooperative search column, M is the number of searchers, and the

complexities listed are for an exhaustive search. For this analysis, we assume

that the complexity associated with graph partitioning is negligible compared to

that of the optimization problem, which may or may not be the case depending

on the specific partitioning algorithm used.
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4.4 Shortest Path

In this section, we show how to apply the fractal decomposition technique

to the shortest path matrix problem. Although the shortest path problem is

computationally the least complex of the examples we consider, the procedure

for constructing the worst-case and best-case meta-graphs is quite illustrative and

probably the most intuitive.

The shortest path matrix problem involves constructing a n×n matrix of the

minimum-cost path between all pairs of vertices in a graph. Our formulation is

a slight variation on the conventional all-pairs shortest paths problem because in

addition to assigning a cost to each edge, we also assign a cost to each vertex.

This is crucial in facilitating the hierarchical decomposition of the problem, as

will be explained in the construction of the worst-case meta-problem. Adding

vertex costs does not increase the computational complexity of the problem.

4.4.1 Problem Formulation

Data

G := (V,E) directed graph

ce : E → [0,∞) edge cost function

cv : V ×O → [0,∞) vertex cost function

Path A path in G from vinit ∈ V to vfinal ∈ V is a sequence of vertices (where
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v1 := vinit, v` := vfinal)

p := (v1, v2, . . . , v`−1, v`), (vi, vi+1) ∈ E.

The path-cost is given by

C(p) :=
`−1∑
i=1

ce(vi, vi+1) +
∑̀
i=1

cv(vi).

Objective For every pair of vertices (vinit, vfinal), compute the path p that mini-

mizes the path-cost C(p). We denote this path by p∗ and the minimum cost C(p∗)

by J∗G(vinit, vfinal). The largest minimum cost over all possible pairs of vertices

(vinit, vfinal) is called the diameter of the graph, which we denote by ‖G‖
D
.

Worst-case meta-shortest path Let Ḡworst := (V̄ , Ē) be a meta-graph of G,

with edge cost and vertex cost defined by

c̄eworst(ē) := min
e∈ē

ce(e) c̄vworst(v̄) := ‖G|v̄‖
D
.

Note that to assign the vertex costs of Ḡworst one needs to compute the diam-

eter of all subgraphs and therefore solve k smaller shortest-path matrix problems,

where k is the number of meta-vertices. This is the key step in the hierarchical

decomposition of the problem.

Best-case meta-shortest path Let Ḡbest := (V̄ , Ē) be a meta-graph of G,
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with edge and vertex costs defined by

c̄ebest
(ē) := min

e∈ē
ce(e) c̄vbest

(v̄) := min
v∈v̄

cv(v).

Theorem 2 For every partition V̄ of G and for every pair of vertices vinit and

vfinal,

J ∗̄Gbest
(v̄init, v̄final) ≤ J∗G(vinit, vfinal) ≤ J ∗̄Gworst

(v̄init, v̄final) (4.3)

where vinit ∈ v̄init, vfinal ∈ v̄final. Additionally, the graph diameters satisfy

‖Ḡbest‖D
≤ ‖G‖

D
≤ ‖Ḡworst‖D

. (4.4)

In what follows, the construction of the upper bound provides a procedure

for generating an approximate shortest path between each pair of vertices in G,

and the cost of this path lies between J∗G(vinit, vfinal) and J ∗̄
Gworst

(v̄init, v̄final).

Proof: To verify the upper bound, we will show that one can use the minimum-

cost path from v̄init to v̄final in Ḡworst to construct an approximate minimum-cost

path from vinit to vfinal in G. We do this by sequentially connecting vinit, the

endpoints of the minimum cost edge between each meta-vertex in the optimal

worst-case path, and vfinal with the minimum-cost path between them in G. The

procedure is described below.

Let p̄∗w be the shortest path from v̄init to v̄final in Ḡworst, and p̃ the approxi-

mate shortest path in G being constructed. To begin, we force p̃ to include the
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minimum cost edge of each meta-edge in p̄∗w. We denote this set of edges by E∗
w.

From the set of vertices adjacent to these edges, let vjexit
be the exit vertex of

v̄j, that is, the vertex in v̄j adjacent to the edge in E∗
worst associated with the

meta-edge that connects v̄j to v̄j+1 for j = (1, 2, . . . , ¯̀− 1), and let vjentry be the

entry vertex of each v̄j for j = (2, 3, . . . , ¯̀). The incomplete path is then

p̃ = (vinit, . . . , vexit1 , . . . , ventry2
, . . . , vexit2 , . . .

. . . , vexit¯̀−1
, . . . , ventry ¯̀, . . . , vfinal).

Now, simply fill in the gaps with the minimum-cost path between the surrounding

vertices. Recall that we already computed the shortest paths between all pairs

of vertices in a meta-vertex when we found the diameter of each subgraph G|v̄j,

so this data is available without any additional computation.

Let p̃j denote the portion of the path p̃ contained within the meta-vertex v̄j.

We can now compare the costs of the two paths p̃ and p̄∗w:

C(p̄∗w) =

¯̀−1∑
j=1

c̄eworst(v̄j, v̄j+1) +

¯̀∑
j=1

‖G|v̄j‖D
, (4.5)

C(p̃) =

˜̀−1∑
j=1

c̄eworst(v̄j, v̄j+1) +

˜̀∑
j=1

C(p̄j), (4.6)

where ˜̀ is the number of vertices in the path p̃. Because we have defined each

p̃j to be the shortest path between two nodes in v̄j, the cost of this path C(p̃j)

must be no greater than ‖G|v̄j‖D
. Summing over the same set of meta-vertices,

the last term of (4.6) must be less than or equal to the last term of (4.5). Since
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the edge cost terms are identical, we conclude that

C(p∗) ≤ C(p̃) ≤ C(p̄∗w), (4.7)

where p∗ is the shortest path in G from vinit to vfinal. The left inequality in

(4.7) holds because of the optimality of p∗, and the right inequality was already

discussed. Therefore, the upper bound in (5) holds. Since the upper bound holds

for every pair of vertices in G, we know that the diameter of Ḡworst must bound

the diameter of G from above, that is, ‖G‖
D
≤ ‖Ḡworst‖D

.

We now verify the lower bound by constructing a feasible path from v̄init

to v̄final in Ḡbest from the optimal path p∗ connecting vinit to vfinal in G. The

constructed path, which we will call p̄b, will consist of the sequence of meta-

vertices that contain vertices of p∗ in order but with no consecutive repetitions.

We can construct this path by first setting p̄b = p∗ and then replacing each

vertex vi with the meta-vertex v̄j in which it is contained. Deleting all repeated

meta-vertices yields the desired path p̄b = (v̄1, v̄2, . . . , v̄¯̀), where ¯̀ is the length

of p̄b.

Let Ep∗ denote the set of edges along the path p∗. Define Êp∗j as the set of

these edges having both endpoints in v̄j, and Êp∗ as the set of all edges totally

contained within meta-vertices, for j ∈ [1, ¯̀]. The remaining edges connecting

consecutive v̄j along p∗ are contained in the set difference Ẽp∗ := Ep∗\Êp∗ .

60



We can express the cost of the two paths as follows:

C(p̄best) =

¯̀−1∑
j=1

c̄ebest
(v̄j, v̄j+1) +

¯̀∑
j=1

c̄vbest
(v̄j) (4.8)

C(p∗) =
∑

e∈Ẽp∗

ce(e) +
∑

e∈Êp∗

ce(e) +
∑̀
j=1

cv(vj), (4.9)

where ` is the length of p∗.

The first term on the right side of (4.9) is the cost of the edges in p∗ between

meta-vertices and this is greater than or equal to the sum of the minimum edge

costs between the same sequence of meta-vertices, which is the first term on the

right side of (4.8). Using this and the trivial fact that the sum of the minimum

vertex costs in each meta-vertex, which is the second term on the right of (4.8),

is less than or equal to the sum of total costs incurred by p∗ within meta-vertices,

the second and third terms on the right of (4.9), we see that the lower bound in

(5) indeed holds. Since the lower bound holds for every pair of vertices in G, it

is also true that ‖Ḡbest‖D
≤ ‖G‖

D
. 2

4.4.2 Approximation Error Bounds for Lattice Graphs

The approximation bounds discussed thus far are problem dependent, that is,

varying the graph, graph data, or partition will also vary the resulting bounds.

A natural question to ask is whether it is possible to guarantee bounds that do

not depend on the particular instance of the problem. This is quite a difficult

task for arbitrary graphs, but it turns out that we can indeed generate constant

factor approximation bounds for the diameters of certain regular graphs, such
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as lattices. Though lattices are a simple class of graphs, they would seem to be

a particulary bad case for hierarchical decomposition algorithms because there

is no clustering of vertices and therefore no structurally advantageous way to

partition them.

Let Zd(n) denote a d-dimensional lattice graph with n vertices. To begin, let

us consider the shortest-path problem on two-dimensional square lattice graphs

Z2(n) with dimensions
√

n×√n. To allow for a uniform graph partition and to

simplify the results, we restrict the lattice sizes to n = i2 × i2, for i = 2, 3, . . . ,

but we expect that the results will hold for all other sizes with an appropriate

irregular partition.

The diameter of Z2(n) is 2(
√

n−1). We now apply one level of decomposition

to the problem, dividing the graph into
√

n blocks each having
√

n vertices. The

diameter of the resulting worst-case meta-graph is 4(n
1
2 −n

1
4 ). The ratio of these

diameters is

‖Ḡ1
worst‖D

‖Z2(n)‖
D

=
4(n

1
2 − n

1
4 )

2(n
1
2 − 1)

=
2n

1
4

n
1
4 + 1

≤ 2 ∀n ∈ N\{1}.

If we again use the fractal decomposition algorithm to approximate the subgraph

diameters, which generate the meta-vertex costs of Ḡ1
worst, we incur an additional

error factor that is no greater than 2. Recursively applying this result gives a

constant approximation factor of 4 for two decomposition levels, 8 for three, and

2L for L. For cubic lattice graphs, the approximation factor turns out to be

3L. We now generalize this result to d-dimensional hypercubic lattice graphs, i.e.

lattice graphs in d dimensions with an equal size in each dimension.
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Lemma 3 For d-dimensional hypercubic lattice graphs of size n = (i2)d, ∀i ∈

N\{1},

‖ḠL
worst‖D

≤ dL‖Zd(n)‖
D
,

where L is the number decomposition levels used in the fractal algorithm.

Proof: The diameter of Zd(n) is d(n
1
d − 1). Partitioning the graph into

√
n

hypercubic lattice graphs each having
√

n vertices results in a worst-case meta-

graph diameter of d2n
1
d + (2d− 2d2)n

1
2d + (d2− 2d). The ratio of these diameters

is

‖ḠL
worst‖D

‖Zd(n)‖
D

=
d2n

1
d + (2d− 2d2)n

1
2d + (d2 − 2d)

d(n
1
d − 1)

≤ d ∀n ∈ N\{1}.

For each additional level of decomposition applied, we incur an additional error

factor that is no greater than d. This results in a constant approximation factor

of d2 for two decomposition levels and dL for L levels. 2

4.4.3 Case Study on Shortest Path Routing

This section presents an application of the fractal decomposition algorithm

to a multiple-agent shortest-path routing problem. Suppose there are M au-

tonomous mobile agents at various locations in a region with many obstacles.

Each agent has a destination somewhere else in the region and their goal is to

arrive there in minimum time. First, we generate a set of graph nodes from

the region by sampling based on a gradient of the obstacle map, shown in Fig-
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ure 4.2(a). We also include nodes for the agents’ locations and destinations. Then

we construct the graph edges using a Delaunay triangulation (See Figure 4.2(b)).
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(a) 2-Dimensional Obstacle Map
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(b) 16× 16 Routing Graph

Figure 4.2. The left figure shows an overhead view of obstacles in a region. The
graph to the right is generated from sampling where the gradient of the obstacle
map is high, and connecting nodes with a Delaunay triangulation.

The diameter is an appropriate metric for the tightness of the shortest path

bounds, because for each hierarchical level below the top, subgraph diameters are

computed to assign the meta-vertex costs. Table 4.2 shows the results for best-

case, worst-case, and actual diameters for the routing graph. The worst-case

diameter bound is within about 10% of the actual diameter, and the best-case

bound is within 52%. The computation times for the meta-problems include the

graph partitioning process and are two orders of magnitude faster than that of

the original problem.

Table 4.2. Diameter Approximation

Best-case Actual Worst-case

Diameter 114.2 236.8 262.8

Computation Time 10.4 1250 10.4

We also generated approximate shortest paths for 100 agents starting at ran-

dom nodes and traveling to random destination nodes. The approximate min-

imum path cost will always lie between the actual minimum path cost and the

worst-case upper bound. Table 4.3 shows the results. Clearly there will be zero
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error when the source and destination nodes are contained in the same meta-

vertex. The mean error for this set of trials was 8.1%.

Table 4.3. Shortest Path Approximation for 100 Agents

Minimum % Error 0

Maximum % Error 24

Mean % Error 8.1

We can conclude that the fractal decomposition approximation generates

quite good results to the shortest path matrix problem for graphs with some

inherent clustered structure. For graphs without such structure, the approxima-

tion may be significantly less accurate, but in S 4.4.2, we showed that for lattice

graphs, which have no clustering, we can approximate the diameter to within a

constant factor of dL.

4.5 Maximum Flow

In the maximum flow matrix problem, the goal is to construct a matrix con-

taining the maximum flow intensities between all pairs of vertices in a graph.

The flow through each edge is limited by the capacity of that edge. In this for-

mulation, the flow through each vertex is also limited by a capacity. This vertex

capacity is what allows for the hierarchical decomposition of this problem.
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4.5.1 Problem Formulation

Data

G := (V,E) directed graph

ce : E → [0,∞) edge capacity function

cv : V ×O → [0,∞) vertex capacity function

Flow A flow in G from vinit ∈ V to vfinal ∈ V is a function f : E → [0,∞) for

which there exists some µ ≥ 0 such that

fout(v)− fin(v) =





µ, v = vinit

−µ, v = vfinal

0, otherwise,

∀v ∈ V, (4.10)

0 ≤ f(e) ≤ ce(e), ∀e ∈ E (4.11)

0 ≤ fin(v) ≤ cv(v), ∀v ∈ V, (4.12)

0 ≤ fout(v) ≤ cv(v), ∀v ∈ V. (4.13)

In the above,

fin(v) :=
∑

e∈In[v]

f(e), fout(v) :=
∑

e∈Out[v]

f(e), (4.14)

where In[v] ∈ E denotes the set of edges that are directed toward the vertex v

and Out[v] ∈ E denotes the set of edges that are directed out from vertex v. The
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constant µ is called the intensity of the flow.

Objective For every pair of vertexes (vinit, vfinal), compute the flow f ∗ with

maximum intensity µ from vinit to vfinal. The maximum intensity is denoted by

J∗G(vinit, vfinal) and is called the maximum flow from vinit to vfinal. The smallest

maximum flow over all possible pairs of vertices is called the capacity of the graph

and is denoted by ‖G‖
C
.

Worst-case meta-max flow Let Ḡworst := (V̄ , Ē) be a meta-graph of G, with

edge capacity and vertex capacity defined by

c̄eworst(ē) :=
∑
e∈ē

ce(e) c̄vworst(v̄) := ‖G|v̄‖
C
. (4.15)

Note that to construct the graph Ḡworst one needs to compute the capacity of all

subgraphs and therefore solve several smaller max-flow matrix problems.

Best-case meta-max flow Let Ḡbest := (V̄ , Ē) be a meta-graph of G, with

edge capacity and vertex capacity defined by

c̄ebest
(ē) :=

∑
e∈ē

ce(e) c̄vbest
(v̄) :=

∑
v∈v̄

cv(v). (4.16)

Theorem 3 For every partition V̄ of G and for every pair of vertices vinit and

vfinal,

J ∗̄Gworst
(v̄init, v̄final) ≤ J∗G(vinit, vfinal) ≤ J ∗̄Gbest

(v̄init, v̄final) (4.17)
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where vinit ∈ v̄init, vfinal ∈ v̄final. Additionally, the graph capacities satisfy

‖Ḡworst‖C
≤ ‖G‖

C
≤ ‖Ḡbest‖C

. (4.18)

In the proof of Theorem 2, the construction of the lower bound contains a

procedure for generating an approximate maximum flow between each pair of

vertices in G, and the intensity of this flow lies between J ∗̄
Gworst

(v̄init, v̄final) and

J∗G(vinit, vfinal).

To verify the lower bound, the idea is to construct a flow f̃(e) in G from

the worst-case maximum flow f̄ ∗w(ē) in Ḡworst, that satisfies (4.10)–(4.13). This is

possible because the subgraphs associated with each meta-vertex are connected

and the total flow into and out of a meta-vertex is always no greater than the

capacity of that meta-vertex. The intensity of this approximate maximum flow

is bounded below by J ∗̄
Gworst

(v̄init, v̄final), and above by J∗G(vinit, vfinal).

Proof: Let f̄ ∗w(ē) be the maximum flow assignment of Ḡworst, from which we

now construct a flow f̃(e) in G that satisfies (4.10)–(4.13). For every ē ∈ Ē,

decompose the flow in the worst-case meta-graph as a flow in the original graph

as follows:

f̄ ∗w(ē) = f̃(ē(1)) + f̃(ē(2)) + · · ·+ f̃(ē(p)), (4.19)

where the notation ē(i) is used to index the edges associated with the meta-edge

ē, and p is the total number of these edges. Since (4.11) holds for the worst-case
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meta-graph, that is

0 ≤ f̄ ∗w(ē) ≤ c̄eworst(ē) =
∑
e∈ē

ce(e),

we know that a decomposition (4.19) exists whose flows satisfy condition (4.11)

for the original graph. Now we have assigned flows to the subset of edges of G

that connect meta-vertices of Ḡworst, but we still have to consider the edges of G

that lie inside meta-vertices.

For every v̄ ∈ V̄ , there exist sets v′in and v′out defined by

v′in = {v ∈ v̄ : (u, v) ∈ E, u /∈ v̄, v ∈ v̄} ∪ ({vinit} ∩ v̄)

v′out = {v ∈ v̄ : (u, v) ∈ E, u ∈ v̄, v /∈ v̄} ∪ ({vfinal} ∩ v̄)

The set v′in consists of all vertices in v̄ to which an edge originating outside the

meta-vertex is directed, plus the source vertex if v̄ = v̄init. Similarly, the set v′out

consists of all vertices in v̄ from which an edge directed outside the meta-vertex

originates, plus the sink vertex if v̄ = v̄final. Some vertices may be contained in

both v′in and v′out. To separate these vertices, we define the following disjoint sets:

vin =
{

v ∈ v′in : f̃in(v)− f̃out(v) > 0
}

vout =
{

v ∈ v′out : f̃in(v)− f̃out(v) < 0
}

,

where f̃in and f̃out are as defined in (4.14). Recall that we have only assigned

f̃(e) to edges connecting meta-vertices. For all other edges, f̃(e) is temporarily

set to zero.
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We can now define a set of k subproblems, one for each v̄ ∈ V̄ , where the goal

is to find a feasible flow from vin to vout. The following procedure will find such a

flow. For simplicity, assume that flow originating at the source vinit is an inflow,

and the flow terminating at the sink vfinal is an outflow.

1. Enumerate the sets vin =
{
vin1 , vin2 , . . . , vinp

}
and vout =

{
vout1 , vout2 , . . . , voutq

}

2. Initially, i = 1 and j = 1.

3. If G|v̄ is not connected, then the capacity of this meta-vertex v̄ is zero.

Therefore, f̄ ∗out(v̄) = f̄ ∗out(v̄) = 0 and we are done. If G|v̄ is connected, then

there exists at least one path from vini
to voutj . Assign the flow along one

such path to be the minimum of the flow into vini
and the flow out of voutj .

Subtract this value from the flow intensities of both vertices.

4. If i = p and j = q then stop. The procedure is complete.

5. If the flow into vini
is still greater than the flow out, repeat step 3 for vini

and voutj+1
. Otherwise execute step 3 for vini+1

and voutj .

By construction, assigning flows in this manner preserves condition (4.10)

because at the end of the procedure the net flow is zero at all vertices excluding

vinit and vfinal, for which it is µ̃ and −µ̃, respectively. Also, since the flow through

a meta-vertex v̄ is bounded above by the capacity of the subgraph G|v̄, the

flows generated by this procedure will satisfy (4.11)-(4.13). This completes our

construction of a feasible flow f̃(e) in the original graph based on the worst-case

flow f̄ ∗w(ē) in the meta-graph. Therefore,

J∗G(vinit, vfinal) ≥ J ∗̄Gworst
(v̄init, v̄final). (4.20)
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Since the lower bound holds for every pair of vertices in G, we know that the

capacity of Ḡworst must bound the capacity of G from below, that is, ‖Ḡworst‖C
≤

‖G‖
C
.

The proof for the best-case upper bound is straightforward because we can

easily construct a flow in Ḡbest from an optimal flow f ∗(e) in G. Let f̂best(ē) be

a not necessarily optimal flow in Ḡbest, where

f̂best(ē) =
∑
e∈ē

f ∗(e).

Since we know that f ∗(e) satisfies (4.10) and (4.11), it follows from (4.16) and

the above equation that f̂best(ē) satisfies (4.10) and (4.11). Since c̄vbest
(v̄) =

∑
v∈v̄ cv(v), (4.12) and (4.13) must hold also. Let ĴḠbest

(v̄init, v̄final) be the intensity

of the flow f̂best(ē). As expected,

J ∗̄Gbest
(v̄init, v̄final) ≥ ĴḠbest

(v̄init, v̄final) = J∗G(vinit, vfinal).

The equality on the right holds from our construction of f̂best(ē). The inequality

on the left holds by definition of optimality. Since the upper bound holds for

every pair of vertices in G, it is also true that ‖G‖
C
≤ ‖Ḡbest‖C

. 2

4.5.2 Approximation Error Bounds for Lattice Graphs

We now address the issue of whether it is possible to guarantee a constant

factor maximum flow approximation for regular lattice graphs. First, consider

an undirected two-dimensional square lattice graph G := L
√

n×√n, in which all

edge capacities are one and all vertex capacities are infinity. To allow for a

71



uniform graph partition and to simplify the results, we restrict the lattice sizes

to n = i2 × i2, for i = 2, 3, . . . , but we expect that the results will hold for all

other sizes with an appropriate irregular partition.

In a two-dimensional lattice graph, vertices have degree two at the corners,

three on outside edges between corners, and four on all interior edges. The

maximum flow intensity between two vertices of degree four is 4 because there are

four separate paths between them with no coinciding edges. The minimum max-

flow occurs between two vertices of degree two, where the maximum flow intensity

is 2 because there are only two independent paths between the vertices. Hence

the capacity of every two-dimensional square lattice graph is 2. Partitioning the

graph into
√

n square lattice graphs each having
√

n vertices results in a worst-

case meta-graph with all meta-edge capacities equal to 2 and all meta-vertex

capacities equal to 2. The capacity of this meta-graph is 2, the same as the

capacity of the original graph. We now generalize this result to d-dimensional

lattices.

Lemma 4 For d-dimensional hypercubic lattice graphs of size n = i2d, ∀i ∈

N\{1},

‖Ḡworst(n)‖
C

= ‖G(n)‖
C
.

Proof: This proof is similar to the two-dimensional case, but the minimum

degree of a vertex in a d-dimensional lattice is d and the maximum degree is 2d.

Hence, the diameter is d because there are only d independent paths between

pairs of minimum degree vertices. Partitioning the lattice into n
1
2 d-dimensional
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hypercubes each having n
1
2 vertices results in a worst-case meta-graph with all

meta-edge capacities equal to n
d−1
2d and all meta-vertex capacities equal to d. The

diameter of this meta-graph is d, the same as the diameter of the original graph.

2

The above results were made possible largely because the capacity of a finite

lattice graph is determined by the flows to and from the corner vertices (minimum

degree vertices), and corner vertices of the same degree exist in the original graph

as well as the partitioned subgraphs. As a result, the maximum flow between

corner vertices on the worst-case meta-graph is a feasible flow on the original

graph.

We now consider the case in which the lattice wraps around itself such that

the degree of all vertices is the same. This type of lattice is called a periodic or

toroidal lattice graph.

Lemma 5 For d-dimensional toroidal lattice graphs of size n = i2d, ∀i ∈ N\{1},

‖Ḡworst(n)‖
C

=
1

2
‖G(n)‖

C
.

Proof: The diameter of a d-dimensional toroidal lattice graph is 2d because there

are 2d paths with no coinciding edges between every pair of vertices. Using the

same partitions as for the non-toroidal lattice results in the same meta-graph as

in the proof of Lemma 4 with the addition of the toroidal meta-edges. However,

since the meta-vertex capacities do not change, the capacity of the meta-graph

remains equal to d. 2
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4.5.3 Case Study on Stochastic Max-Flow Routing

Suppose there are M autonomous mobile agents in a region with many ob-

stacles, and each agent is trying to reach a destination in the same region.

The difference from the shortest path routing problem in Section 4.4.3 is that

we now have an adversary with the ability to intercept an agent. Suppose

that the probability of interception is related to the length of a graph edge by

pint(e) = 1− exp[−kce(e)], where k is a positive constant. In [2], Bohacek et al.

showed that optimal routing policies in this game theoretic framework can be

computed by solving a maximum flow problem on a graph whose edge capaci-

ties are given by 1
pint(e)

. The resulting maximum flow assignment on the edges is

used to determine which paths the agents should take with what probabilities to

minimize the probability of being intercepted on their route. Hence, we use this

assignment for the edges in our graph, having the same structure as the graph in

Figure 4.2(b).

Table 4.4 shows the results of applying the fractal max-flow approximation

to this routing problem with one level of decomposition. To partition the graph,

we used the algorithm in [14], where the cost of cutting an edge e was given by

pint(e). This causes the algorithm to group vertices connected by edges with low

capacity so that the meta-graph will have relatively high edge capacities. The

Table 4.4. Capacity Approximation

Best-case Actual Worst-case

Diameter 24 16 4

Computation Time 10.4 1250 10.4

worst-case capacity bound is within a factor of one-fourth of the true capacity

and is computed in a time two orders of magnitude less than the computation
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time for the full problem. The best-case capacity bound shows that in this case,

an approximate routing policy implemented using the results of the worst-case

optimization will perform no worse than one-sixth as well as the optimal routing

policy.

4.6 Cooperative Graph Search

Let us now consider the problem in which a team of M agents is searching for

one or more stationary targets in a bounded region represented by a graph. Each

vertex has a reward, generally relating to the probability of finding an object

at that vertex, and a cost representing a quantity such as time or energy spent

searching that vertex. Each edge also has a cost, representing the cost incurred

in transit between vertices. The team’s goal is to find paths on the graph for

each agent that maximize the total reward collected by the team subject to a

cost constraint on the individual agents.

75



4.6.1 Problem Formulation

Data

G := (V, E) directed location graph

O := {1, . . . , omax} vertex occupancy set

r : V ×O → [0,∞) vertex reward function

cv : V ×O → [0,∞) vertex cost function

ce : E → [0,∞) edge cost function

L ∈ [0,∞) cost bound

In the above, omax ∈ {1, 2 . . . ,M} is the maximum number of searchers allowed

to occupy a single vertex. Note that the vertex cost and reward functions depend

on the occupancy of the vertex. The reason for this will be made clear when we

construct the meta-problems.

Search Path A search path in G is a sequence of vertices,

p := (v1, v2, . . . , v`−1, v`), (vi, vi+1) ∈ E,

where ` is the length of the path. The path-cost is given by

C(p) :=
`−1∑
i=1

ce(vi, vi+1) +
∑̀
i=1

cv(vi),
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and the path-reward is given by

R(p) :=
∑
v∈p

r(v), (4.21)

where the sum in (4.21) is taken with no repetitions, that is, if a vertex appears

in p more than once, it is only included in the summation once. This represents

the fact that the reward of a vertex can only be collected once.

The search problem for a single agent is to find the path p that maximizes

the reward R(p) subject to the cost constraint C(p) ≤ L. We now extend the

graph search problem to the case of multiple agents.

Cooperative Framework There is significant existing literature on the single-

agent search problem, but the cooperative search problem is inherently more

complex. One way to approach the multiple-agent problem would be to set up

M identical single-agent search problems on the location graph G and have the

agents start in different strategic positions, but this is not a cooperative solution

and could result in overlapping search paths. For the team to fully cooperate,

we must consider the problem as a whole. We can do this by creating a graph

in which a vertex represents the locations of all agents, which implies that the

full graph will consist of up to nM nodes. We call this new expanded graph the

team-graph induced by G and denote it by G := (V,E) (Bold face notation is

used for all data and functions related to the team-graph).

The team-vertex set V consists of M -length vectors whose entries are the

vertex locations in V of each member of the team. We write the expanded team-

vertex as v = (v(1),v(2), . . . ,v(M)), where v(a) ∈ V is the location of agent

a when the team is at team-vertex v. We construct the set V by including
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team-vertices for all possible configurations of agents in V such that the vertex

occupancy omax is not exceeded. An edge connects vertices v and v′ if there is

an edge in E between v(a) and v′(a) for each agent a. We also allow members

of the team to stay at a vertex. This is useful in the case that some agents reach

their cost limit before others. We can write the team-edge set as

E := {(v,v′) : ∀a (v(a),v′(a)) ∈ E ∪ (v(a),v(a))} , ∀v,v′ ∈ V.

Team Search Path We now describe how to construct and evaluate paths in

the team-graph based on data for the location graph. A team search path in G

is a sequence of vertices,

p := (v1,v2, . . . ,v`−1,v`), (vi,vi+1) ∈ E, (4.22)

where ` is the length of the path. Let pa denote the path of agent a, that is

pa := (v1(a), . . . ,v`(a)). The team path-cost is the maximum path-cost of any

agent in the team and is given by

C(p) := max
a

C(pa)

The team path-reward is the total reward collected by the search team on the

path, which we can express as

R(p) :=
∑̀
i=1

∑
v∈vi

r(v, ov
vi

)κ(v, i), (4.23)

where ov
vi

is the number of agents occupying vertex v when the team vertex is vi.
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The function

κ(v, i) :=





1, v /∈ ⋃i−1
j=1 vj

0, otherwise

.

encodes the property that the reward for a vertex in G may only be collected

once by the search team.

Objective Given a cost bound L, let J∗G(M, L) denote the maximum reward

that M searchers can collect on G. We express the objective for the cooperative

search problem as follows:

J∗G(M, L) := max
p

R(p) s. t. C(p) ≤ L. (4.24)

Worst-case cooperative meta-graph search Let Ḡworst := (V̄ , Ē) be a meta-

graph of G. Our goal is to formulate the worst-case meta-problem such that its

solution will be a lower bound on the optimal reward of (4.24).

We first choose a meta-vertex maximum occupancy ōmax, yielding the oc-

cupancy set Ō := {1, . . . , ōmax}, and then choose a cost bound assignment l :

V̄ × Ō → [0,∞). These choices are a degree of freedom for the user, but they

should be chosen carefully as they may significantly affect the tightness of the

bounds on the optimal reward. The best choices will depend on the structure of

the graph as well as the number of decomposition levels. One possible assignment

is to simply choose omax = 1 and l(v̄, ō) = L for every meta-vertex v̄.

The meta-vertex cost and reward functions are defined by solving cooperative
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search problems on their corresponding subgraphs:

rworst(v̄, ō) := J∗G|v̄(ō, l), (4.25)

cvworst(v̄, ō) := C(p∗(v̄, ō)), ∀ō ∈ Ō, ∀v̄ ∈ V̄ , (4.26)

where p∗(v̄, ō) is the optimal team search path in G|v̄ that generates the maximum

reward J∗G|v̄(ō, l). Let p∗a(v̄, ō, i) denote the ith vertex in agent a’s optimal path

on meta-vertex v̄, having occupancy ō. We define the cost of an edge from v̄ to

v̄′ by pairing all final vertices of paths computed in v̄ with all starting vertices of

paths computed in v̄′, computing the costs of the shortest paths between them,

and taking the maximum of these costs. Figure 4.3 diagrams this process for

two meta-vertices for which omax = 2. Suppose that the dotted lines represent

optimal paths computed on both meta-vertices for an occupancy of 1, and the

dashed lines are the paths computed for an occupancy of 2. The highlighted

vertices represent the pair of ({final vertices in v̄}, {starting vertices in v̄′}) that

are farthest apart. The cost of the shortest path between these vertices is 7, hence

ceworst(v̄, v̄′) = 7 in this example. We can formally write the worst case meta-edge

2

1 1

7

G|v G|v’

Figure 4.3. Example showing the worst-case edge-cost between two meta-vertices.
Edge-costs are 1 for edges within subgraphs, 2 for edges between subgraphs and
all vertex costs are 0.
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cost function for all (v̄, v̄′) ∈ Ē, as

ceworst(v̄, v̄′) = max
ō,ō′

max
a,a′

d [p∗a(v̄, ō, `), p∗a′(v̄
′, ō′, 1)] , (4.27)

where ō, ō′ ∈ Ō, a ∈ {1, . . . , ō}, a ∈ {1, . . . , ō′}, and d[v, v′] is the cost of the

shortest path in G from v to v′. In implementation, there are ways to make

this less conservative. For example, one could create a team edge-cost function

that depends on the occupancies of adjacent vertices. However, for simplicity,

we choose an edge-cost on the location meta-graph that does not depend on the

vertex occupancies.

Now let Ḡworst := (V̄, Ē) be the team meta-graph induced by Ḡworst. The

team path-cost and path-reward functions for the meta-graph are defined exactly

the same as they were for the original graph in (4.22) and (4.23). The objective in

the worst-case cooperative meta-graph search problem is to solve the cooperative

search problem (4.24) on Ḡworst and thus find the reward J ∗̄
Gworst

(M,L).

Best-case cooperative meta-graph search We construct the best-case prob-

lem such that its solution will be an upper bound on the optimal reward of (4.24).

Let Ḡbest := (V̄ , Ē) be a meta-graph of G with edge cost function defined by

cebest
(v̄, v̄′) = min

v∈v̄,v′∈v̄′
d[v, v′], ∀(v̄, v̄′) ∈ Ē. (4.28)

where d[v, v′] is the cost of the shortest path in G from v to v′ (for the example

in Figure 4.3, cebest
(v̄, v̄′) = 2). Now, set omax = 1 and define the meta-vertex
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reward and cost functions as

rbest(v̄, 1) :=
∑
v∈v̄

max
o

r(v, o) (4.29)

cvbest
(v̄, 1) := min

v∈v̄
cv(v, 1). (4.30)

Let Ḡbest := (V̄, Ē) be the team meta-graph constructed from Ḡbest. The ob-

jective in the best-case cooperative meta-graph search problem is to solve the

cooperative search problem (4.24) on Ḡbest and thus find the reward J ∗̄
Gbest

(M, L).

Theorem 4 For every partition V̄ of G

J ∗̄Gworst
(M, L) ≤ J∗G(M,L) ≤ J ∗̄Gbest

(M, L) (4.31)

The proof of the lower bound contains a procedure for generating an approxi-

mately optimal team search path on G whose total reward lies between J ∗̄
Gworst

(M, L)

and J∗G(M,L).

Proof: To verify the lower bound, we use the optimal worst-case team path

p̄∗ = (v̄1, v̄2, . . . , v̄`) on Ḡworst to construct a feasible team path p̂ on G such

that C(p̂) ≤ L. First, let us expand the team path to show the paths of each

82



agent,

p̄∗ =




p̄∗1

p̄∗2

...

p̄∗s




=




(v̄1(1), v̄2(1), . . . , v̄`(1))

(v̄1(2), v̄2(2), . . . , v̄`(2))

...

(v̄1(M), v̄2(M), . . . , v̄`(M))




Now, we begin constructing the lower-level paths p̂(a) by setting p̂ = p̄∗ and

then replacing the meta-vertices v̄i(a) with the paths computed by solving the

worst-case cooperative search problem on the corresponding subgraphs G|v̄i(a).

This involves grouping any agents occupying the same meta-vertex and assign-

ing their paths based on the optimal team-path on that meta-vertex with the

appropriate occupancy ō. For each agent a,

p̂a = (p∗a(v̄1(a), ō), . . . ,p∗a(v̄2(a), ō)), . . . ,

. . . ,p∗a(v̄`−1(a), ō)), . . . ,p∗a(v̄`(a), ō)).

Because of (4.26), the sum of the costs of these disconnected sub-paths in p̂ is

equal to the sum of the vertex costs in p̄∗. Also, the total reward collected on

these sub-paths is equal to the total reward collected on p̄∗ due to (4.25), so

we know that J ∗̄
Gworst

(M, L) = R(p̄∗) ≤ R(p̂). We now fill in the gaps between

consecutive sub-paths p∗a(v̄, ō) by connecting the last vertex in each previous sub-

path to the first vertex in the next sub-path with the shortest path in G between

them. We know from (4.27) that the cost of these connections is less than or

equal to the edge costs in p̄∗. Hence, C(p̂) ≤ C(p̄∗) ≤ L and p̂ is a feasible path
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in G. Since p∗ is optimal on G, R(p̂) ≤ J∗G(M, L), and the lower bound in 4.31

holds.

To verify the upper bound, we construct a feasible path p̃ in Ḡbest out of the

optimal search path p∗ = (v1,v2, . . . ,v`) in G that generates reward J∗G(s, L).

We begin by setting p̃ equal to p∗ and then replacing each vi(a) with the v̄i(a)

that contains it. Now, we remove any consecutive repetitions from each p̃a, and

then pad the end of agent’s paths with repeated meta-vertices where necessary

to make the paths of all agents the same length. This allows us to form the

team-vertices that make up p̃, making a feasible path in Ḡbest without adding

to the path-cost. We infer from (4.28) and (4.30) that C(p̃) ≤ C(p∗), so p̃

meets the cost constraint. Finally, due to (4.29), all reward is collected from each

meta-vertex visited by p̃, and the upper bound J∗G(M, L) ≤ J ∗̄
Gbest

(M,L) holds.

2

4.6.2 Tightness of Approximation for Lattice Graphs

Here we investigate the accuracy of the fractal decomposition algorithm for

the search problem on lattice graphs. Suppose a single agent is searching a square

lattice graph G(n) := Ln×n, with cost bound γn. The vertices all have zero cost

and a reward of one and all the edge costs are one. The following lemma shows

that in this case, the fractal decomposition algorithm results in an approximation

that is asymptotically tight as the number of vertices increases to infinity.

Lemma 6 For 2-dimensional square lattice graphs of size n = i2 × i2, ∀i ∈
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N\{1},

lim
n→∞

J ∗̄
Gworst(n)

(1, γn)

J∗G(n)(1, γn)
= 1. (4.32)

Proof: On this lattice graph, the optimal reward is γn + 1, which the searcher

can collect in many ways, for example, by moving along the length of the first row

and then proceeding row-by-row until the cost bound has been reached. We now

apply the fractal decomposition algorithm by partitioning the graph evenly into

√
n square subgraphs each containing

√
n vertices and choosing a meta-vertex

cost bound of
√

n. The lower bound on the optimal search reward, determined

by the reward collected on the worst-case meta-graph, is

√
n

⌊
γn√

n + 3n
1
4 − 3

⌋
,

where the term
√

n on the left indicates the reward collected in each meta-vertex,

and the term on the right is the conservative worst-case estimate of the number

of meta-vertices the searcher can visit. The resulting ratio of worst-case reward

to optimal reward is

√
n
⌊

γn
√

n+3n
1
4−3

⌋

γn− 1
.

Taking the limit as n →∞, this ratio approaches one. 2

This extends recursively for multiple decomposition levels. Intuitively, we

have this result because the cost incurred in searching a meta-vertex grows as n2

while the cost incurred in transit between meta-vertices only grows as fast as n.
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We conclude that for large graphs, where the transit cost between meta-vertices

is small compared to the cost of searching a meta-vertex, the lower-bound on the

search reward may be very close to optimal.

4.6.3 Cooperative Search Test Results

We now apply the methods described above to a test case, simulating the

search for an object in a large building with many rooms. Figure 4.4 shows a

model of the third floor of Harold Frank Hall at UCSB, where a known initial

probability distribution for the object is indicated by the shaded regions (dark

represents high probability). The floor has been divided into 646 cells, each about

4 square meters in size. There is a graph vertex on each cell and pairs of vertices

lying on adjacent cells are connected by an edge in the graph. We assign each

edge a cost of 1, modeling a one second transit time between cells, and each

vertex a cost of 2, supposing that it takes 2 seconds to search a cell.

Figure 4.4. Model of third floor of UCSB’s Harold Frank Hall divided into 646
cells and overlaid with a graph. Dark cells indicate high target probability.

In this test case, we have 4 searchers and only two minutes to find the object.

The goal is to find the path for each agent that approximately maximizes the

probability of finding the object in 120 seconds. To estimate the magnitude of
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computation posed by this problem, consider a solution by total enumeration of

feasible paths. The average degree of a vertex in this graph is about 3, meaning

that the average degree of a vertex in the team graph is 34 = 81, that is, there

are about 81 possible moves for the team at each vertex. A cost bound of 120

allows the searchers to visit up to 40 vertices along their paths. This translates

to roughly 8140 ≈ 1076 paths that must be evaluated to find the optimal search

path by total enumeration.

We now apply the fractal decomposition method to this problem. Using two

levels of decomposition, we partition the top level into 7 groups and each of the

lower-levels into 8, because there are roughly 56 rooms on the floor. We use the

automated graph partitioning algorithm in [14], which tries to minimize the total

cost of cut edges by clustering the eigenvectors of a (doubly stochastic) modifica-

tion of the edge-cost matrix around the k most linearly independent eigenvectors.

For our purposes, we define the cost of cutting an edge between adjacent vertices

with rewards r1 and r2 to be e−|r1−r2|. This causes the algorithm to favor cut-

ting edges with very different rewards, and thus grouping vertices with similar

rewards. Figure 4.5(a) shows the top-level partition on our test graph, with ver-

tices of the same color belonging to the same partitioned subgraph. Figure 4.5(b)

shows the second-level partition applied to the subgraph in the upper left corner

of Figure 4.5(a). The remaining subgraphs are similarly partitioned.

We choose a cost bound allocation of 25 seconds on each of the 56 lower-level

subgraphs and 120 seconds on the 7 top-level subgraphs. The maximum vertex

occupancy on all levels in set to 1. Now we are ready to run the algorithm.

Figure 4.6 shows the approximately optimal paths computed for four searchers.

The cost of these paths is 110 seconds, and the searchers collect a reward of 0.29,
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(a) Top-level partition on the graph into 7 subgraphs. (b) The subgraph in the
upper-left corner of the
graph to the left, partitioned
on a second level into 8 sub-
subgraphs.

Figure 4.5. Two levels of partitioning on the search graph.

Figure 4.6. Results of 4-agent cooperative search simulation.

which lies between the worst-case lower bound of 0.26 and best-case upper bound

of 1.0. Table 5.2 shows the results of the algorithm for one to four searchers. The

Table 4.5. Results of Cooperative Search for 1-4 Agents

Searchers (M) Cost Reward J ∗̄
Gworst

(M, 120) J ∗̄
Gbest

(M, 120)

1 107 0.081 0.072 1.0

2 107 0.15 0.14 1.0

3 110 0.22 0.20 1.0

4 110 0.29 0.26 1.0

fact that M searchers are able to collect almost M times the reward of 1 searcher

shows that this algorithm achieves good cooperation between agents. In all four

tests, the best-case upper bounds are equal to the total reward contained in the

graph. This is not ideal, but when using multiple decomposition levels, it is
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difficult to avoid a very optimistic upper bound unless the meta-edge costs are

significantly larger than the meta-vertex costs. This is one potential direction for

future research.

There is also some backtracking along the paths in Figure 4.6, some of which

could be eliminated with a simple algorithm implemented in post-processing.

Once this is done, there will be some unused cost available, and the path could

be further improved with a greedy algorithm, for example.

Although the initial searcher positions were not fixed in this example, it is

straight-forward to apply this algorithm to a problem where they are fixed, by

preselecting the initial (meta-)vertices in the top-level search paths as well as

those for paths on any subgraphs where the searchers are initially located.
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Chapter 5

Graph-Based Receding Horizon

Optimization

In the previous chapter, we showed that the fractal decomposition method is

useful for approximating a broad class of graph optimization problems in which

the data for the problem is static. Now we consider an approach to deal with

dynamic problems in which the data changes over time. Specifically, we focus

our attention on the computationally challenging problem of cooperative search

for mobile targets.

In, receding horizon optimization, one tries to find close-to-optimal solutions

to a possibly infinite horizon dynamic problem by solving a shorter, finite hori-

zon problem at each time step. The graph-based receding horizon optimization

method presented here differs from conventional receding horizon methods in that

the prediction horizon length is defined as a number of graph nodes rather than

a length of time. With an appropriate metric for evaluating paths over this hori-
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zon, this allows comparison between paths of varying duration. One advantage

gained by doing this is that we may optimize on graphs with non-uniform edge

lengths, for example, those generated by the sampling algorithms of Chapter 3.

This method is designed to significantly reduce computation with relatively low

loss of optimality.

5.1 Method

A natural way to reduce the computation involved in dynamic optimization

problems is to restrict the optimization to a finite, receding horizon. As men-

tioned in Chapter 1, there is some literature on receding horizon search algo-

rithms, but only with a fixed time horizon. Since these algorithms require the

solution of an NP-hard search problem at each time step, the prediction horizon

must be kept short to ensure computational feasibility. This means that if there

are regions of high target probability separated by a distance that is much greater

than an agent can cover on this horizon, the algorithm’s performance will suffer.

We address this issue by performing the receding-horizon optimization on a

dynamically changing graph whose nodes are carefully placed at locations in the

search region having the highest target probability. The prediction horizon is

defined as a fixed number of waypoints, and since the edges of the graph are not

uniform, the algorithm chooses paths that maximize the probability of finding the

target per unit cost. This dynamic graph structure facilitates two key strengths

of this algorithm: (i) search agents only perform detailed searches in regions with

high target probability, and (ii) long paths can be efficiently evaluated and fairly

compared to short paths. We call this algorithm the Cooperative Graph-Based
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Model Predictive Search Algorithm (CGBMPS).

5.2 Search Problem Formulation

Suppose a team of M agents is searching for a mobile target in a bounded

planar region R ⊆ R2. Each agent is equipped with a gimballed sensor that it

can aim at a limited area of the search region. The region that a sensor can view

at a particular time instant is called the field of view (FOV), and the subset of R
viewable by the sensor as it is swept through its entire range of motion (while the

agent on which the sensor lies is stationary) is called the sensor’s field of regard

(FOR) (See Figure 5.1).

Figure 5.1. Diagram of a field of regard (FOR) and a field of view (FOV).

Let A ⊆ R3 be the space in which the agents move. We denote the state of

the search team by p(k) := [p1(k), p2(k), . . . , pM(k)], where pa(k) ∈ A is agent

92



a’s position at time k, and k ∈ Z≥0 is a discrete time variable belonging to the

nonnegative integers. We assume the agents can move in any direction with unit

velocity. For each agent, we define a sensor task qa(k) ∈ R that specifies where

agent a will point its sensor at time k, and we denote the vector of sensor tasks

for the team by q(k) := [q1(k), q2(k), . . . , qM(k)]. For simplicity of notation, we

assume that the point q(k) at which a sensor is aimed uniquely determines the

sensor’s field of view. Denoting the set of all possible sensor tasks by Q, and the

set of all subsets of R by P(R), we define a function FOV : Q → P(R) that

maps a point at which a sensor is aimed to the subset of R in view of that sensor.

Similarly, we will use the function FOR : A → P(R) to denote the subset of the

search region lying in the field of regard of an agent.

In order to optimize how the agents and sensors should move, we need a

mechanism to estimate the probability distribution of the target’s location in R.

Specific estimation methods are treated in references [1] and [16]. However, to

provide a more general approach, we use the concept of a target state estimate,

denoted by x(k), which consists of position and weight components x(k) :=

[xp(k),xw(k)]. Each of these two components is an n-vector. The target state

estimate may take the form of a particle filter, grid-based probabilistic map, or

some other type of estimator. The key requirements we enforce on x are

xp
i (k) ∈ R ∀i ∈ {1, . . . , n}, ∀k, (5.1)

xw
i (k) ≥ 0 ∀i ∈ {1, . . . , n}, ∀k, (5.2)

n∑
i=1

xw
i (k) = 1 ∀k. (5.3)

Condition (5.1) ensures that the target state estimate stays inside the search
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region, condition (5.2) requires the weights to be nonnegative, and condition

(5.3) requires the weights to be normalized at each time step. The initial target

state estimate x(0) is based on any prior knowledge of target location, e.g. an

initial probability distribution. Future target state estimates depend on sensor

tasks q(k) and previous target state estimates, and can be expressed by a dynamic

model of the following form:

x(k+1) = f
(
x(k),q(k)

)
, (5.4)

where the function f should preserve conditions (5.1)-(5.3). In Sections 5.2.1

and 5.2.2, we show what the dynamics of (5.4) are for a particle filter and a

probabilistic map.

We denote by r(k) an instantaneous team search reward that effectively mea-

sures the probability that the team will discover the target at time k. We say

that the target has been discovered if it lies within the field of view of at least one

agent and one of those agents detects its presence. The initial value for the team

search reward is r(0) = 0, and future values depend on the target state estimate

x(k), the sensor tasks q(k), and previous rewards according to an expression of

the following form:

r(k+1) = g
(
x(k),q(k)

)(
1−

k∑
κ=0

r(κ)
)
, (5.5)

where the value of the function g corresponds to the conditional probability that

the target will be found at time k+1, given that it was not previously found.

The term multiplying g(·) corresponds to the probability that the target was not
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found at or before time k. Therefore, r(k+1) indeed measures the probability

that the target will be found at time k+1.

It will be convenient to have an expression for the total reward collected by

the team as a summation of the rewards collected by each individual agent. With

this in mind, we rewrite r as

r(k+1) =
M∑

a=1

ra(k+1),

where ra is an instantaneous agent search reward, which we can express by

ra(k+1) = ga

(
x(k),q(k)

)(
1−

k∑
κ=0

r(κ)
)
, (5.6)

for each agent a ∈ {1, . . . , M}. Here, the function ga measures the conditional

probability that agent a will find the target at time k+1 given that it was not

previously found. A summation over the ga’s yields the function g used in (5.5):

g(x,q) =
M∑

a=1

ga

(
x,q).

Using the target weights xw, we can explicitly write the function ga as

ga(x,q) :=
n∑

i=1

xw
i ρa(x

p
i ,q),

where ρa(x,q) is an agent reward factor, which measures the conditional proba-

bility that, when the team’s sensors are aimed at the set of points q, agent a will

find the target at the point x given that the target is located at x. Assuming

that each agent correctly detects a target located inside its sensor’s FOV with
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probability PD ∈ (0, 1], we can express the agent reward factor as

ρa(x,q) := δv(x, qa)PD

a−1∏
α=1

(
1− δv(x, qα)PD

)
, (5.7)

where the function δv(x, q) indicates whether a particular point x is in view of a

sensor aimed at the point q, and is given by

δv(x, q) :=





1, x ∈ FOV (q)

0, otherwise

.

Although we have introduced in (5.7) a specific ordering to the agents for the

purposes of computation, one can show that changing this order does not affect

the value of g.

5.2.1 Example 1: Particle Filter

Particle filtering is a Monte Carlo-based method for state estimation that

is especially well-suited to systems with non-linear dynamics and non-Gaussian

distributions. It involves modeling a system with a large number of dynamic

“particles” whose states evolve according to some stochastic model. Each particle

is assigned a weight representing the likelihood that the actual state is near that

particle. Weights are typically updated upon the arrival of new measurements

and are then generally normalized so that the total weight of the particles is equal

to one. See [1] for a more detailed treatment of particle filtering. We now give

an example of how to implement (5.4) using particle filter estimation.

Let x(k) := [xp(k),xw(k)] represent the states of a simple particle filter, where
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each xp
i (k) is the position of the ith particle and xw

i (k) its weight. The system

dynamics are then given by

x̃w
i (k+1) = xw

i (k)
M∏

a=1

(
1− δv(x

p
i (k), qa(k))PD

) ∀i,

xw(k+1) = x̃w(k+1)
1∑n

i=1 x̃w
i (k+1)

,

xp
i (k+1) = fp

(
xp

i (k), wi(k)
)
,

where x̃w is an intermediate vector of unnormalized target weights, and w(k) :=

[w1(k), . . . , wn(k)] is a process noise sequence. The function fp is typically used

to propagate the particle positions according to a model of the expected target

dynamics, randomized with w(k), which for our purposes is fixed for the duration

of the search and known by all agents.

5.2.2 Example 2: Grid-based Probabilistic Map

A grid-based probabilistic map is another method for estimating the states of

an uncertain system. It involves representing a system’s state-space by a grid of

cells, each of which has a weight corresponding to the probability of the target

being located inside that cell. The cell weights are updated based on incoming

measurements and predicted future states. See [16] for more on probabilistic

maps. We now give an example of how to implement (5.4) using a probabilistic

map.

Let x(k) := [xp(k),xw(k)] represent the states of the cells in the map. Here,

each xp
i (k) is the static position of the center of cell i and each xw

i (k) is its dynamic
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weight. In this case, the system dynamics are

x̃w
i (k+1) = xw

i (k)
M∏

a=1

(
1− δv(x

p
i (k), qa(k))PD

) ∀i,

x̂w(k+1) = fw(x̃(k+1)),

xw(k+1) = x̂w(k+1)
1∑n

i=1 x̂w
i (k+1)

,

where where x̃w and x̂w are intermediate vectors of target weights, and the func-

tion fw can be used to diffuse target weights between adjacent cells according to

a transition probability matrix.

5.2.3 Problem Statement

We define a search policy to be a function µ that maps the current team state

p(k) and target state estimate x(k) to the next set of controls to be executed by

the team, that is, each agent’s next sensor task is given by qa(k) = µ(p(k),x(k)).

The goal of the search problem is to find the search policy that results in the

fastest possible discovery of the target by the team.

Let T ∗ denote the time at which the target is discovered by any agent. This

time is unknown at the beginning of the search, but we can write its expected

value as

Eµ[T ∗] =
∞∑

k=0

kr(k). (5.8)
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We can now express the objective of the search problem as

min
µ

Eµ[T ∗] (5.9)

subject to

FOV
(
qa(k)

) ⊆ FOR
(
pa(k)

) ∀a, k. (5.10)

The constraint (5.10) requires each agent’s sensor task to be feasible with respect

to its current field of regard. This constraint is needed because of the physical

constraints of the gimballed sensors.

For agents with such sensor and motion constraints, the problem posed in

(5.9) is a difficult combinatorial optimization problem. Even for the case of a

single agent, stationary target, and fixed sensor, this search problem is known

to be NP-Hard [30]. Our approach consists of approximating the solution by

choosing paths on a graph that maximize the reward collected over a finite,

receding horizon. This method is designed to reduce computation by optimizing

over a shorter time horizon on a much smaller state space, while also using careful

vertex placement to maintain route flexibility in regions of high reward. Although

our algorithm does not necessarily result in a policy that minimizes E[T ∗], the

resulting policy does lead to a finite value for this expected time and we provide

an upper bound for this quantity in Section 5.4.

99



5.3 Cooperative Graph-based Model Predictive

Search Algorithm

In this section, we present a receding horizon search algorithm that plans

paths and sensor tasks for a team of agents based on predicted future target

states. We use a prediction horizon based on waypoints rather than time because

we would like to consider paths of varying duration. This allows agents to travel

between high-reward regions separated by large areas with low reward.

5.3.1 Graph Search Formulation

Let G := (V, E) be a graph for path-planning with vertex set V and edge set

E. The vertices of the graph will serve as waypoints for the agents, which are

connected by graph edges to form paths. When there is no ambiguity, we will

use the notation v to denote both the vertex in the set V and its spatial location

in A. Similarly, e = (v, v′) will denote both the edge in the set E and the set

of points on the line segment connecting its endpoint vertices v and v′. Lastly,

we define an edge-cost function c : E → [0,∞), representing the transit time

between vertices, assuming the agents move with unit velocity.

In the CGBMPS algorithm, whenever an agent reaches a waypoint, it will

compute a new `-step path on the graph, where ` is the length of the prediction

horizon. A path in G is a sequence of vertices P := (v1, v2, . . . , v`−1, v`) such that
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(vi, vi+1) ∈ E. The path cost is the total duration of the path and is given by

C(P ) :=
`−1∑
i=1

c(vi, vi+1).

The reward for a path P will depend on the expected sensor coverage along that

path.

Figure 5.2. Example sensor schedule for an agent.

In an attempt to minimize the expected time E[T ∗] to find the target, each

agent will select the path from the set of all possible `-step paths, that maximizes

the team’s probability of finding the target. We will shortly define a path reward

corresponding to this probability, and a path cost corresponding to the duration

of a path. In order to compare paths of varying length, the algorithm uses an

optimization criterion based on path reward per unit cost. As each agent travels
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along its path P , it executes a sequence of sensor tasks, which we call a sensor

schedule and denote by S(P, k) :=
(
q(k), q(k+1), . . . , q(k+TP )

)
, where each q(·)

is a scheduled sensor task and TP := bC(P )c is the total number of sensor tasks

that may be executed along the path P . In this discrete time setting, we assume

that the duration of each sensor task is one unit of time. Figure 5.2 shows a

diagram of an agent executing a sensor schedule along its path P . The sensor

tasks q(k) may be chosen arbitrarily or computed by another optimization. This

allows for several possible methods of algorithm implementation, including

1. Fixed Sensor Tasking: Construct S(P, k) assuming a fixed pattern of

sensor motion, such as slewing side to side within the field of regard.

2. Joint Routing and Sensor Optimization: Construct S(P, k) by opti-

mizing over all possible sensor schedules along the path P .

Fixed sensor tasking requires much less computation, but joint routing and sen-

sor optimization will generally yield better results. For situations in which the

relative speed of the agents is too fast for the sensors to view everything inside

the agents’ FORs, method 2 may yield significant benefit over method 1. We will

revisit these methods in Section 5.5, but for the remainder of this section, we will

assume that we are given an algorithm to compute the sensor schedule S(P, k)

for a given path P .

For a path Pa, we define the path reward for agent a as

Ra(P1, . . . , Pa) :=

k+TPa∑

κ=k

ra(κ), (5.11)

where ra(κ) is computed using (5.6) with the sensor tasks qi(κ) from the sensor
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schedules S(Pi, k) obtained from the paths Pi of agents i ∈ {1, . . . , a}. Note that

the paths Pi of agents i ∈ {a + 1, . . . , M} do not affect (5.11). To provide a fair

measure of reward over paths of different lengths, we define the normalized path

reward for the path Pa as

R̄a(P1, . . . , Pa) :=
Ra(P1, . . . , Pa)

C(Pa)
. (5.12)

As mentioned previously, each agent computes a new path whenever it reaches

a waypoint. Since the graph edges have nonuniform length, the agents will gen-

erally arrive at waypoints, and hence compute paths, at different times. At each

time k, we therefore define two groups of agents: the set Aplan(k) of agents that

have arrived at waypoints and need to plan new paths, and the set Aen(k) of

the remaining agents that are en route to waypoints. For simplicity of nota-

tion, we assume that the indexing of agents {1, . . . , M} is given by the sequence

{Aen(k), Aplan(k)} at each time k. In the CGBMPS algorithm, whenever the

set Aplan(k) is nonempty, the agents in that set compute new paths assuming

that the agents in the set Aen(k) will continue on their current paths. With this

formulation, we can express each step in the receding horizon optimization as

follows:

{P ∗
a : a ∈ Aplan(k)} := arg max

{Pa:a∈Aplan(k)}

M∑
i=1

R̄i(P1, . . . , Pi). (5.13)

Often, the set Aplan(k) consists of a single agent, reducing (5.13) to an opti-

mization for the path of that agent. If this is not the case, a computationally

practical approximation to (5.13) consists of a sequential optimization by the
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planning agents, which we can express as

P ∗
a := arg max

Pa

R̄a(P
∗
1 , . . . , P ∗

a−1, Pa), ∀a ∈ Aplan(k), (5.14)

where each P ∗
i is either the current path of an en route agent i ∈ Aen(k) that

was computed at a previous time or a path computed using (5.14) by an agent

earlier in the sequence Aplan(k).

5.3.2 Dynamic Graph Generation

Although the CGBMPS algorithm will work with any graph, the structure

of the graph will have a major effect on computation, and the vertex and edge

placements will affect the algorithm’s performance. Also, since the target state

estimate is constantly changing due to sensor measurements and predicted target

motion, the graph should be periodically updated to allow the agents to search

new high-reward areas that were low-reward areas in previous time steps. This

graph update should occur at each time k at which the set of agents Aplan(k)

is nonempty. We now present a dynamic graph construction process that will

guarantee some performance properties of the CGBMPS algorithm. Figure 5.3

shows an example of this process.

In the following procedure, we will use the function W (x, e) to denote the

sum of the weights of all components of the target state estimate lying inside the

FOR of some point on the edge e. We define this as

W (x, e) :=
n∑

i=1

xw
i δr(x

p
i , e),
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where δr(x, e) ∈ {0, 1} indicates whether or not the point xp
i is inside the FOR

of at least one point on the edge e, and is expressed by

δr(x, e) :=





1, x ∈ ⋃
p∈e FOR(p)

0, otherwise

.

Graph Construction Process

1. Construct a uniform lattice graph G := (V,E) over the search region R
having the property that for every point r in R, there exists an edge e ∈ E

such that the point r falls within the FOR of some point along the edge e.

This can always be achieved by choosing a sufficiently small vertex spacing

in the lattice [cf. Figure 5.3(a)].

2. Choose a reward threshold τ > 0 and let Gth
k := (V th

k , Eth
k ) be the subgraph

of G induced by the edge set Eth
k := {e ∈ E : W

(
x(k), e

) ≥ τ}. The vertex

set V th
k consists of the union of the set of vertices connected by edges Eth

k

with the set of vertices that serve as initial waypoints va
1 for the agents

[cf. Figure 5.3(b)].

3. Let GDel
k := (V th

k , EDel
k ) be the graph generated by a Delaunay triangulation

of V th
k [23]. Next, let GDel<d

k := (V th
k , EDel<d

k ) be the subgraph of GDel
k

obtained by keeping only the edges connecting vertices of degree less than

d, where d is the degree of the lattice graph G. That is EDel<d
k := {(v, v′) ∈

EDel
k : deg(v) < d and deg(v′) < d} [cf. Figure 5.3(c)].

4. The final graph Gk := (Vk, Ek) is the combination of graphs Gth
k and GDel<d

k ,

with vertex set Vk := V th
k and edge set Ek := Eth

k ∪EDel<d
k [cf. Figure 5.3(d)].
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(a) Place hexagonal lattice
over search region

(b) Apply threshold to edges

(c) Connect using a Delau-
nay triangulation

(d) Combine graphs b and c
for final graph

Figure 5.3. Example of graph construction process.

In step 1, any type of lattice graph will suffice, but we have found that a degree-3

hexagonal lattice is a particularly good choice. The threshold τ in step 2 should be

carefully chosen so that it includes only high-reward edges but does not exclude

so many edges that the number of feasible paths is severely restricted. The

purpose of step 3 is to ensure that the graph Gk is connected and provides paths

between separated areas of high reward. We include only the Delaunay edges

connecting vertices of degree less than 3 because these are the edges between

boundary vertices of the disconnected components in the graph. The remaining

Delaunay edges are unnecessary. Step 4 combines the graphs of steps 2 and 3 to

produce the final graph.

We now state an assumption on the dynamics of the target state estimate

that is needed in the proof of Lemma 7. This is effectively a requirement that

the total target weight within the FOR of an edge cannot drop below some small
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value that is a function of time.

Assumption 1 For every edge e ∈ Ek, there exists a constant γ > 0 such that

for every m ∈ N, the evolution of the target state estimate x(k) governed by (5.4)

satisfies the property

W
(
x(k+m), e

) ≥ γmW
(
x(k), e

)
.

For a grid-based probabilistic map, this assumption is satisfied provided that

there is at least one nonzero entry in the columns of the transition probability

matrix for the cells inside the FOR of points in e. For a particle filter, this

assumption is satisfied for most motion models with a sufficiently large number

of particles.

Under this relatively mild assumption on the target state estimate, Lemma

7 provides a lower bound on the conditional probability that the target will be

found at some time in the interval [k + 1, k + T ] given that it was not found at

or before time k.

Lemma 7 There exists a constant ε > 0 and a time T > 0 such that for every

graph Gk generated by the Graph Construction Process and every set of `-length

paths P1, . . . , PM in Gk, there exists a sequence of sensor tasks (q(k), . . . ,q(k +

T − 1)) for which
∑k+T−1

κ=k g
(
x(κ),q(κ)

) ≥ ε.

Proof: Choose vertex v2 for which there exists an edge e ∈ Ek connecting vertices

v1 and v2. This is always possible because the Delaunay triangulation guarantees
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that Gk is connected. The graph construction process ensures that W
(
x(k), e

) ≥
τ . Let Dmax be the maximum Euclidean distance between any two vertices in

Gk. Using the fact that agents travel with unit velocity, denote the maximum

number of time steps between two vertices by T := bDmaxc. By Assumption 1,

we have that W
(
x(k+T ), e

) ≥ γT W
(
x(k), e

)
, and thus W

(
x(k), e

) ≥ γT τ . We

now choose a sensor schedule S(Pa, k) that includes the sensor task

q(k+m) := arg max
q∈Qe

n∑
i=1

xw
i δv(xi, q)

for some m ≤ T , where Qe is the set of all feasible sensor tasks for an agent

along e. The minimum amount of target weight contained within this sen-

sor task is achieved for a uniform target weight distribution, and is given by

γT τPD(AFOV/AFOR), where AFOV and AFOR are the areas of the FOV and the

FOR, respectively. We conclude from (5.6) and (5.11) that
∑M

a=1 Ra(P1, . . . , Pa) ≥
γT τPD(AFOV/AFOR)(1−∑k

κ=0 r(κ). Therefore, Lemma 7 holds with

ε = γT τPD(AFOV/AFOR)(1−
k∑

κ=0

r(κ))

. 2

5.3.3 CGBMPS Algorithm

The Cooperative Graph-Based Model Predictive Search algorithm is described

in Table 5.1. It begins with initialization of the graph and each agent’s path and

sensor schedule in steps 2 and 3. At each subsequent time step k, whenever

the set of agents Aplan(k) is nonempty, the graph is updated, and the agents in
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Aplan(k) select new paths and sensor schedules according to (5.13). This process

repeats until the target is found at time T ∗, which is proven to be finite with

probability one in Theorem 5.

Table 5.1. Cooperative Graph-Base Model Predictive Search Algorithm
Algorithm 1 CGBMPS

1: k := 0
2: Construct G0 = (V0, E0) as in Section 5.3.2
3: For each agent a ∈ {1, . . . , M}, assign an arbitrary initial path Pa = (va

1 , v
a
2)

on G0 and a corresponding sensor schedule S(Pa, 0)
4: while target has not been discovered do
5: Each agent a points its sensor at qa(k) and takes measurements
6: Compute the set of agents arriving at waypoints Aplan(k)
7: if the set Aplan(k) is nonempty then
8: Update Gk as in Section 5.3.2
9: for each agent a in the set Aplan(k) do

10: Compute the path P ∗
a starting from va

2 using (5.13)
11: Assign a sensor schedule S(P ∗

a , k)
12: end for
13: end if
14: Agents move toward next waypoint in path
15: Evaluate x(k+1) and r(k+1) using (5.4) and (5.5)
16: k := k+1
17: end while
18: T ∗ := k−1

Whenever a path is computed, it starts from the waypoint after the one that

was reached. There are two key reasons for implementing the algorithm in this

way. First, this allows time for computation of the next path, avoiding situations

where the agent has reached a waypoint and does not have any destination until

it completes a computation. Second, it is practical to have one waypoint planned

in advance so that sharp turns in the upcoming path may be smoothed.
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5.3.4 Computational Complexity

The CGBMPS algorithm provides a computationally efficient method for ap-

proximating the original search problem posed in (5.9) by using a graph that is

designed to allow agents to optimize over a set containing only the most reward-

ing paths. Let Ke denote the maximum time required to compute the reward

collected along an edge e in the graph. For example, Ke may represent an upper

bound on the computation time required by fixed sensor tasking or joint routing

and sensor optimization, as described in Section 5.3.1. Performing an exhaustive

search over this set of paths results in a bound on the computation time that

depends on the maximum degree of the graph d, the length of the prediction

horizon `, and the number of agents M , by the expression M !Ke`d
`. Note that

this is a worst-case computation bound because in a non-uniform graph, it is quite

rare that all agents will arrive at waypoints simultaneously and hence compute

new paths all at the same time. The factor M ! corresponds to the optimization

given in (5.13), in which an exhaustive search is performed over every possible

order of agents. If one opts to use the computationally simpler, sequential ap-

proximation (5.14) instead, the expression becomes MKe`d
`. Additionally, in the

computation of the optimal path P ∗
a , we can take advantage of the property that

the reward for the paths (v1, v2, v3) and (v1, v2, v4) is the same between vertices

v1 and v2. The fact that one only needs to compute the reward for the segment

(v1, v2) once, further reduces the total computation required for this algorithm.

This results in the slightly improved bound of MKe

∑`
i=1 di to compute paths for

the team of agents. It is clearly computationally advantageous to keep the degree

d of the graph low and the prediction horizon ` short. One can also reduce the

total number paths to evaluate by doing some reasonable pruning on the set of
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candidate paths Pa, such as eliminating backtracking and paths with sharp turns

that the agents cannot physically follow. Here, we have shown computation re-

sults for an exhaustive search over the prediction horizon, but it should be noted

that algorithms such as branch and bound [6] may further reduce complexity.

5.4 Persistent Search

In this section we show that the CGBMPS algorithm results in finite-time

target discovery with probability one. We use the notion of a persistent search

policy, which is inspired by the persistent pursuit policies discussed in [15].

A search policy µ as defined in Section 5.2.3 is said to be persistent if there

exists some ε > 0 such that

g
(
x(k),q(k)

)
> ε ∀k ∈ Z≥0, (5.15)

where the sensor tasks q(k) are generated by the search policy µ. In other words,

the probability of locating the target at time k given that it was not found

previously must always be greater than ε. This is a difficult property for a search

policy to satisfy in general, but if we know that the agents will collect positive

reward over some finite time horizon, we can guarantee the following slightly

weaker property. A search policy is said to be persistent on the average if there

is some ε > 0 and some T ∈ N such that

T−1∑
i=0

g
(
x(k+i),q(k+i)

)
> ε ∀k ∈ Z≥0, (5.16)
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where the sensor tasks q(k) are generated by the search policy µ. The time

T is called the period of persistence. Let Fµ(k) := P(T ∗ ≤ k |µ) denote the

distribution function of T ∗ given the search policy µ. We can alternatively write

this as

Fµ(k) =
k∑

κ=1

r(κ) = 1−
k∏

κ=1

(1− r(κ)).

The following lemma is proved in [15].

Lemma 8 For a persistent on the average search policy µ with period T , P(T ∗ <

∞|µ) = 1, Fµ(k) ≥ 1− (1− ε)b
k
T
c, ∀k ∈ Z≥0, and Eµ[T ∗] ≤ Tε−1, with ε given in

(5.16).

We now state the main result on finite-time target discovery, which proves that

the CGBMPS algorithm terminates with probability one.

Theorem 5 The CGBMPS algorithm results in target discovery in finite time

with probability one and

E[T ∗] ≤ Dmax

ε
,

where ε = γT τPD(AFOV/AFOR).

From Lemma 7, we conclude that the search policy generated by the CGBMPS

algorthm, using optimal sensor schedules, is persistent on the average. Theorem

5 then follows directly from Lemma 8 with ε as in Lemma 7.
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5.5 Simulations

We now simulate a cooperative search scenario with four agents searching

for a target in a 5 km by 5 km square region. The FOR of each agent is a

circle 600 m in diameter and its FOV is a circle 150 m in diameter. The agents

take measurements every 10 seconds. These parameter values are inspired by

a physical system with cameras mounted on UAVs that we have successfully

tested. The initial target pdf consists of a weighted sum of four randomly placed

Gaussian distributions with random covariances, and the target state estimate is

constructed using a particle filter as described in Section 5.2.1. For path planning,

we use a degree-3 hexagonal lattice graph, which is dynamically updated using the

process described in Section 5.3. The agents use a three-step prediction horizon.

Figure 5.4 shows a snapshot of the simulation display.

Figure 5.4. Display of Search Simulation.

The agents are represented by the solid circles, and the diamonds are their

waypoints. The open circles represent the FOVs of the scheduled sensor tasks

on the immediate graph edge. The particles of the particle filter used for target

state estimation are represented by the black dots. Only particles with weights
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above a certain threshold are displayed.

Table 5.2. Results of Cooperative Search for 1-4 Agents

Number of Agents (M) Mean Reward (500 Runs)

1 0.22

2 0.39

3 0.53

4 0.64

Table 5.2 shows the results of the CGBMPS algorithm for one to four cooper-

ating agents. The fact that the reward increases significantly with each increase

in the number of searchers shows that this algorithm makes effective use of ad-

ditional agents.

Table 5.3. Algorithm Performance Comparison

Method (4 agents) Mean Reward (300 Runs)

Greedy search 0.69

3-step fixed RH Search 0.72

CGBMPS (fixed sensor) 0.81

CGBMPS (joint sensor optimization) 0.87

In Table 5.3, we compare the performance of the CGBMPS algorithm with

previously proposed search algorithms. The greedy search algorithm in line 1

chooses one-step paths on a static square lattice graph that maximize the proba-

bility of finding the target. This is similar to the greedy pursuit policies proposed

in [15]. In line 2, we used a three-step receding horizon algorithm on a static

square lattice graph, which is similar to the algorithm described in [24]. Lines

3 and 4, when compared to lines 1 and 2, show that the CGBMPS algorithm

performs significantly better than the other algorithms that use a fixed time

horizon. Additionally, in this scenario, the method of joint routing and sensor

tasking performed 7% better than fixed sensor tasking.
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The CGBMPS algorithm has also been successfully tested in hardware using

a team of two UAVs with cameras to locate a target in a region approximately 2

km by 2 km in size. In each of several tests, the UAVs successfully found a target

on the ground within 15 minutes.
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Chapter 6

Conclusion

In this work, we have introduced two new approximation algorithms for op-

timization on large graphs and applied them to cooperative routing problems.

When the cooperative routing problem is posed on a continuous domain, we

showed how to sample the continuous region to generate graphs for which the op-

timal value is within ε of that of the continuous optimization. The sampling and

graph construction processes are key steps in the algorithm and should not be

overlooked because the performance of whatever approximation method is used

will be limited, or enhanced, by this graph.

The first method, fractal decomposition, is an algorithm that approximates

the solutions to large graph optimization problems by partitioning the graph and

solving several smaller problems: one for each of the partitioned subgraphs, called

meta-vertices, and one for the meta-graph generated by the partition. Each of

these problems is in exactly the same form as the original problem, and may

therefore be approximated by applying fractal decomposition on a second level.
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In this manner, one may recursively decompose the problems on many levels.

From the solutions to the meta-problem and each sub-problem, one can con-

struct an approximate solution to the original problem, whose optimal value is

guaranteed to be bounded by that of the worst-case meta-problem. Furthermore,

we construct a best-case meta-problem, the solution of which provides a measure

of how far the approximate solution is from the optimal one. As the number

of decomposition levels increases, the computational complexity approaches lin-

earity in the number of vertices at the expense of looser approximation bounds.

The worst-case and best-case bounds are problem dependent, but we provide

constant factor approximation bounds for the shortest path and maximum flow

matrix problems on lattice graphs, which could appear to be poorly suited to

hierarchical decomposition due to their uniform structure. For the graph search

problem on a lattice, we show that the worst-case bound becomes asymptotically

tight as the number of vertices grows very large. For each of the three example

problems presented in Chapter 4, we also give numerical simulations to illustrate

the accuracy of approximation in practice as well as the computational speed for

large problems.

There are several potential directions for future work on the fractal decom-

position method. One is to find more applications of this approach. We pro-

posed the fractal decomposition methodology with the intention that it could

be applied to a broad class of problems beyond shortest path, maximum flow,

and graph search. Problems that may be worth investigating for this approach

include pursuit-evasion games, the traveling salesman problem, and various ex-

tensions to the cooperative routing problems discussed. For example, in the

cooperative search problem, we would like to generalize to the case of a mobile
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target, a somewhat more difficult problem because the target probability distri-

bution is constantly changing as time passes and new information is collected.

In cooperative routing problems, there is also a potential advantage to be gained

by partitioning not only the routing domain, but the search team itself. For

instance, a problem involving 40 agents searching a building with 100 rooms

might be reduced to solving 4 problems with teams of 10 agents each searching

25 rooms. Then the smaller problems may be further decomposed. This would

likely facilitate a larger reduction in computation and, intuitively, would produce

reasonably good solutions.

The second method, receding horizon graph optimization, provides an ap-

proximation based on a kind of temporal decomposition. In Chapter 5, we

proposed a Cooperative Graph-Based Model Predictive Search algorithm that

uses a dynamically updated graph and achieves finite-time target discovery with

probability one. The key contributions of this algorithm are (1) optimizing on

a dynamic graph updated based on changing target probability distribution, (2)

using a waypoint-based prediction horizon allowing for comparison between paths

of different length, and (3) incorporating the use of gimballed sensors whose ori-

entations can be jointly optimized with the paths of the agents. Simulations

showed that the waypoint-based prediction horizon with a strategic placement

of graph vertices causes a significant boost in search algorithm performance over

traditional implementations having a fixed time horizon. Using joint routing and

sensor optimization provides an additional increase in performance. Further-

more, the CGBMPS algorithm has been successfully tested on a physical system

consisting of two UAVs with gimbal-mounted cameras.

An important avenue for future research on receding horizon graph optimiza-
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tion is decentralization. One would expect that decentralized policies, in which

each agent keeps estimates on the positions and sensor measurements of its team-

mates, while updating these estimates whenever agents communicate with each

other, could produce search paths almost as good as the centralized algorithm

but with substantial reduction in communication requirements. Some prelimi-

nary analysis of decentralized search polices has shown very promising results.

Another aspect of the this algorithm that warrants investigation is the method

of normalization used when comparing paths of varying cost. The average re-

ward per unit cost is an intuitively appealing solution, but perhaps a weighted

sum that favored soon-to-be-collected reward would perform better. More anal-

ysis would be required to establish an optimal weighting scheme. Finally, there

is the possibility of combining the fractal decomposition and receding horizon

approaches for mobile-target search problems. There will be some challenges in-

volved in constructing worst-case and best-case bounds, but such an approach

could potentially be very appealing with regard to computation.
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Appendix A

Proofs

Lemma 1 Given any positive constants A, εx, εv, and εδ, there exists a finite

convex partition {R1, . . . ,RK} of R and a finite set X of points in the boundaries

of the Ri such that for every twice continuously differentiable path ρ : [0, T ] →R

in P with second derivative bounded by A, one can find

1. a sequence of times {τ0, τ1, . . . , τN} ⊂ [0, T ], with τ0 := 0 ≤ τk−1 < τk ≤

τN := T , and

2. a sequence of points {x0 := ρ(0), x1, . . . , xN := ρ(T )} ∈ X̄ , where X̄ :=

X ∪ {ρ(0), ρ(T )},
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such that

‖xk − xk−1‖ ≤ εδ, ∀k ∈ {1, . . . , N}, (A.1)

‖ρ(t)− xk−1‖ ≤ εδ, ∀t ∈ [τk−1, τk], k ∈ {1, . . . , N}, (A.2)

‖ρ(τk)− xk‖ ≤ εx, ∀k ∈ {0, 1, . . . , N}, (A.3)

∥∥∥ρ̇(τ)− xk − xk−1

‖xk − xk−1‖
∥∥∥ ≤ εv, ∀τ ∈ (τk−1, τk), k ∈ {1, . . . , N}, (A.4)

N∑

k=1

‖xk − xk−1‖ ≤ 1 + εv

2 + εv

2T. (A.5)

Moreover, as εx decreases to zero, the integer N remains uniformly bounded.

Without loss of generality, it is assumed that εδ > εx.

In what follows, given a path ρ : [0, T ] → R in P and a time t ∈ [0, T ], we

use the notation ρ(t+) and ρ(t−) to denote the limits of ρ(s) as s → t from above

and below, respectively.

Proof: Let R̄ := {R1, . . . ,RK} be a convex partition of R such that its diameter

di satisfies di ≤ γεδ for each i ∈ {1, 2, . . . , K}, where γ ∈ (0, 1) is a constant that

will be specified shortly. Next, let X be a finite set of points on the boundaries of

R̄, which we denote by ∂R̄, that is dense enough so that for every point r ∈ ∂R̄,

there exists a point x ∈ X for which ‖r − x‖ ≤ αεx, where α ∈ (0, 1) is another

constant that we will specify shortly.

We now construct a sequence {τ} of times starting from τ0 := 0 and a sequence

{x} of points in X̄ starting from x0 = ρ(0) that satisfy (A.1)-(A.5). Each τk

corresponds to the next instant in time greater than or equal to τk−1 + tmin

that ρ(t) crosses the boundary of the convex partition, where tmin is an arbitrary
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positive time. Formally, we express this as τk := min{t : t > τk−1+tmin and ρ(t) ∈
∂R̄}.

We then choose xk to be the point in X nearest to the point ρ(τk), i.e. xk :=

arg minx∈X ‖x− ρ(τk)‖. Since there exists a point x such that ‖r − x‖ ≤ αεx for

each point r on the boundary ∂Ri, we conclude that (A.3) holds. Using the fact

that ‖ρ̇(t)‖ = 1, we can bound the maximum distance between two points in the

sequence by

‖xk − xk−1‖ ≤ di + tmin ≤ γεδ + tmin.

We now require that γ < εδ−tmin

εδ
, which allows us to conclude that ‖xk−xk−1‖ ≤ εδ

and therefore (A.1) holds. Also, since ρ(t) is guaranteed to lie inside a single

element Ri of the partition on the the time interval [τk−1 + tmin, τk], it follows

that (A.2) holds.

To prove (A.4), we define δk := ρ̇(τ)− xk−xk−1

τk−τk−1
, τ ∈ (τk−1, τk). Since

xk − xk−1 = (τk − τk−1)
(
ρ̇(τ)− δk

)
, (A.6)

we conclude that

∥∥∥ρ̇(τ)− xk − xk−1

‖xk − xk−1‖
∥∥∥ =

∥∥∥ρ̇(τ)− ρ̇(τ)− δk

‖ρ̇(τ)− δk‖
∥∥∥

=
∥∥∥
(
1− 1

‖ρ̇(τ)− δk‖
)
ρ̇(τ) +

δk

‖ρ̇(τ)− δk‖
∥∥∥

≤ | ‖ρ̇(τ)− δk‖ − 1|
‖ρ̇(τ)− δk‖ +

‖δk‖
‖ρ̇(τ)− δk‖ ≤

2‖δk‖
1− ‖δk‖ .
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Thus (A.4) will hold, provided that

2‖δk‖
1− ‖δk‖ ≤ εv ⇔ ‖δk‖ ≤ εv

2 + εv

.

One can show that the duration of each time interval [τk−1, τk] is bounded from

above by a class K function of the maximum diameter of a region in the partition,

provided that the path cannot complete a loop inside an element of the partition.

Formally, we say that τk − τk−1 ≤ θ(γεδ), where θ(·) is a class K function, under

the requirement that γ is chosen to satisfy γεδ < 1
A
, recalling that ‖ρ̈(t)‖ ≤ A.

Using this fact along with the Mean Value Theorem, we conclude that

‖δk‖ =
∥∥∥ρ̇(τ)− xk − ρ(τk)− xk−1 + ρ(τk−1) + ρ(τk)− ρ(τk−1)

τk − τk−1

∥∥∥

≤ ‖xk − ρ(τk)‖+ ‖xk−1 − ρ(τk−1)‖
τk − τk−1

+
∥∥∥ρ̇(τ)− ρ(τk)− ρ(τk−1)

τk − τk−1

∥∥∥

≤ 2αεx

τk − τk−1

+
A

2
(τk − τk−1) ≤ 2αεx

tmin

+
Aθ(γεδ)

2
.

By selecting sufficiently small α and γ, one can ensure that ‖δk‖ ≤ εv

2+εv
, and

therefore (A.4) holds. The consequences of this are that a small value for α will

necessarily require a fine sampling of ∂R̄, and a small value for γ will require

smaller diameters di and thus more partition elements R̄.

Finally, from (A.6) and the fact that ‖ρ̇(t)‖ = 1, we conclude that

‖xk − xk−1‖ ≤ (τk − τk−1)(1 + ‖δk‖) ≤ 2(1 + εv)

2 + εv

(τk − τk−1),

from which (A.5) follows. Note that as one decreases εx, we need a finer sampling

of ∂R̄ but tmin need not decrease and therefore N remains bounded. 2
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Proposition 1 Given a path ρ : [0, T ] →R in P and an interval (t1, t2) ⊂ [0, T ]

on which ρ is twice continuously differentiable,

|`(ρ(t2), ρ̇(t+2 ))− `(ρ(t1), ρ̇(t−1 ))| ≤ gx(t2 − t1) + a gv(t2 − t1), (A.7)

where

gx := sup
t∈(t1,t2)

‖∇x`(ρ(t), ρ̇(t))‖, gv := sup
t∈(t1,t2)

‖∇v`(ρ(t), ρ̇(t))‖, a := sup
t∈(t1,t2)

‖ρ̈(t)‖.

Proof: Since ` is continuously differentiable on (t1, t2), by the Mean Value The-

orem we conclude that

|`(ρ(t2), ρ̇(t+2 ))− `(ρ(t1), ρ̇(t−1 ))| ≤ gx‖ρ(t2)− ρ(t1)‖+ gv‖ρ̇(t+1 )− ρ̇(t−2 )‖.

Since ‖ρ̇‖ ≤ 1 on (t1, t2), we conclude that ‖ρ(t2)−ρ(t1)‖ ≤ t2− t1 because of the

Mean Value Theorem. Similarly, we can use the Mean Value Theorem to show

that ‖ρ̇(t+1 )− ρ̇(t−2 )‖ ≤ a(t2 − t1) and therefore (A.7) holds. 2

Lemma 2 Given two paths ρi : [0, T ] → R in P, for i ∈ {1, 2} and an

interval (t1, t2) ⊂ [0, T ] on which each ρi is twice continuously differentiable and

lies entirely inside the region R̃j ⊂ R, and a constant δ > 0,

∫ t2

t1

`(ρ2(t), ρ̇2(t))dt−
∫ t2

t1

`(ρ1(t), ρ̇1(t))dt ≤

gx‖ρ2(t1)− ρ1(t1)‖∆ + gv‖ρ̇2(t
+
1 )− ρ̇1(t

+
1 )‖∆ + (gx +

a1 + a2

2
gv)∆

2 (A.8)
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where

gx := sup
x∈R̃j ,v∈V

‖∇x`(x, v)‖, ∆ := min
{‖ρ1(t2)− ρ1(t1)‖, ‖ρ2(t2)− ρ2(t1)‖

}
,

gv := sup
x∈R̃j ,v∈V

‖∇v`(x, v)‖, ai := sup
t∈(t1,t2)

‖ρ̈i(t)‖,

R̃j := Rj ∪
⋃

r∈Rj

Bδ(r),

and Bδ(r) denotes the closed ball of radius δ centered at the point r.

Proof: For simplicity of notation let us define

`i(t) :=





`(ρi(t), ρ̇i(t)) t ∈ (t1, t2)

`(ρi(t), ρ̇i(t
+)) t = t1

`(ρi(t), ρ̇i(t
−)) t = t2

i ∈ {1, 2}.

From the fact that ‖ρ̇i‖ = 1, the Mean-Value Theorem, and the definition of ∆

we conclude that

t2 − t1 ≥ ‖ρi(t2)− ρi(t1)‖ ≥ ∆. (A.9)

Using the triangle inequality, we can bound the cost difference at each time

t ∈ (t1, t2) by the sum of the following three terms:

|`2(t)− `1(t)| ≤ |`2(t)− `2(t1)|+ |`1(t)− `1(t1)|+ |`2(t1)− `1(t1)|.
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From Proposition 1, we conclude that

|`i(t)− `i(t1)| ≤ (gx,i + ai gv,i)(t2 − t1) ∀i ∈ {1, 2},

where

gx,i := sup
t∈(t1,t2)

‖∇x`(ρi(t), ρ̇i(t))‖, gv,i := sup
t∈(t1,t2)

‖∇v`(ρi(t), ρ̇i(t))‖.

Using the fact that each gx,i and gv,i is bounded above by gx and gv, respectively

(because the paths ρi lie entirely inside the region R̃j), we combine the expressions

to arrive at

|`2(t)− `1(t)| ≤ (2gx + (a1 + a2) gv)(t2 − t1) + |`2(t1)− `1(t1)|.

We can generate an upper bound on the last term by using the Mean Value

Theorem:

|`2(t1)− `1(t1)| ≤ gx‖ρ2(t1)− ρ1(t1)‖+ gv‖ρ̇2(t
+
1 )− ρ̇1(t

+
1 )‖.

We now have

|`2(t)− `1(t)| ≤ (2gx + (a1 + a2) gv)(t2 − t1) + gx‖ρ2(t1)− ρ1(t1)‖+ gv‖ρ̇2(t
+
1 )− ρ̇1(t

+
1 )‖.

Integrating this expression on the interval (t1, t2) and applying (A.9) results in

(A.8) and the proof is completed. 2
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