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Abstract

A general upper bound for topological entropy of switched nonlinear
systems is constructed, using an asymptotic average of upper limits of
the matrix measures of Jacobian matrices of strongly persistent indi-
vidual modes, weighted by their active rates. A general lower bound
is constructed as well, using a similar weighted average of lower lim-
its of the traces of these Jacobian matrices. In a case of interconnected
structure, the general upper bound is readily applied to derive upper
bounds for entropy that depend only on “network-level” information.
In a case of block-diagonal structure, less conservative upper and lower
bounds for entropy are constructed. In each case, upper bounds for
entropy that require less information about the switching signal are also
derived. The upper bounds for entropy and their relations are illustrated
by numerical examples of a switched Lotka—Volterra ecosystem model.
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1 Introduction

Topological entropy is a fundamental concept in dynamical systems theory.
Roughly speaking, it describes the rate at which uncertainty about the state
of a system grows as time evolves. More concretely, one can think of it as
the exponential growth rate of the number of trajectories that are separa-
ble with a finite precision, or in terms of the exponential growth rate of the
size of the reachable set. Adler et al. first defined topological entropy as an
extension to Kolmogorov’s metric entropy [21], quantifying the expansion of a
function using the minimal cardinality of a subcover refinement [1]. A differ-
ent definition using the number of separable trajectories was later proposed
by Bowen [7] and independently by Dinaburg [15]. An equivalence between
these two definitions was established in [8]. Most existing results on this topic
considered only time-invariant systems, as time-varying dynamics introduce
complexities that require new methods to understand [22; 20]. The results on
topological entropy of switched systems in the current paper contributes to
the understanding of these complexities.

Entropy notions also play a prominent role in control theory. The first such
result was a notion of topological feedback entropy for discrete-time systems
defined by Nair et al. [35], which extended the formulation in [1] and described
the growth rate of control complexity for achieving set invariance. A notion of
invariance entropy for continuous-time systems was later introduced by Colo-
nius and Kawan [12], which was closer in concept to the trajectory-counting
formulation in [7; 15]. An equivalence between these two definitions was estab-
lished in [13]. Entropy notions were also proposed for stabilization [11], state
estimation [37; 32; 28] and model detection [28].

In this paper, we study topological entropy of continuous-time switched
nonlinear systems. Switched systems have been a popular topic in recent years
(see, e.g., [23; 38] and references therein). In general, a switched system does
not inherit stability properties of its individual modes. For example, a switched
linear system with two stable modes may still be unstable (see, e.g., [23, p. 19]).
On the other hand, it is well known that a switched linear system generated
by a finite family of pairwise commuting Hurwitz matrices is globally expo-
nentially stable under arbitrary switching (see, e.g., 23, Th. 2.5, p. 31]). This
result has been extended to global uniform asymptotic stability for switching
nonlinear systems with pairwise commuting, globally asymptotically stable
modes [31; 45]. A simplest case of pairwise commuting modes is when the
modes are simultaneously diagonalizable, which motivates us to consider cases
with diagonal and block-diagonal structures in addition to the general case.

We are also interested in switched systems with interconnected struc-
tures. In systems and control theory, it is a tremendously important paradigm
to represent a large complex system as an interconnection of smaller and
simpler subsystems, and establish properties of the overall system by analyz-
ing its individual components. A classical example of this paradigm is the
use of small-gain theorems for establishing stability of interconnected linear,
nonlinear, and switched systems (see, e.g., [14; 29; 46]).
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Our interest in topological entropy of switched systems is strongly moti-
vated by its relations to data-rate requirements in control problems. For a
continuous-time linear time-invariant control system, the minimal data rate
for feedback stabilization is given by the sum of the positive real parts of
eigenvalues of the system matrix [16] (or, in the discrete-time case, the sum
of their logarithms [16; 34; 41]), which is equal to the topological entropy
in open-loop [7; 12]. Data-rate requirements and entropy notions for nonlin-
ear and interconnected time-invariant control systems have been extensively
studied (see, e.g., [35; 27; 11; 19; 33; 42]). For switched systems, however,
neither data-rate requirements in control problems nor topological entropy
are completely understood. Sufficient data rates for feedback stabilization of
switched linear systems were established in [25; 47]. Similar data-rate condi-
tions were constructed in [39] by extending a notion of estimation entropy
from [28]. In [48; 50], formulae and bounds for topological entropy of switched
linear systems were constructed using the active rates of individual modes,
an approach that is also adopted in the current paper. Relations between
topological entropy and stability of switched linear systems were studied in
[49; 50]. For discrete-time switched linear systems, the topological entropy
under worse-case switching sequences was obtained based on the notion of joint
spectral radius [4], while a formula for estimation entropy was constructed
under additional regularity conditions [43].

For switched nonlinear systems, topological entropy has not been closely
explored so far. The main objective of this paper is to construct upper and
lower bounds for topological entropy of switched nonlinear systems with gen-
eral and interconnected structures. We start by introducing in Section 2 the
necessary preliminaries to understand our bounds for entropy, including the
definitions of topological entropy for switched systems, and some switching-
related quantities such as the active rates of individual modes, and persistent
and strongly persistent modes.

In Section 3, we construct a general upper bound for topological entropy of
switched nonlinear systems, using an asymptotic average of upper limits of the
matrix measures of Jacobian matrices of strongly persistent modes, weighted
by their active rates. A general lower bound is constructed as well, using a
similar weighted average of lower limits of the traces of these Jacobian matri-
ces. These bounds, as well as all bounds for entropy in this paper, depend
on the values of Jacobian matrices of only the strongly persistent modes and
over only an w-limit set. Moreover, the bounds constructed using matrix mea-
sures hold regardless of the induced norm with which the matrix measures are
computed, as long as the same one is used for all modes.

In Section 4, we consider switched systems with interconnected structures.
We show in Subsection 4.1 that the general upper bound from Section 3 can be
readily applied to derive upper bounds for entropy of switched interconnected
systems that depend only on “network-level” information. In Subsection 4.2,
we consider an interconnected case where the dynamics of subsystems are
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independent (i.e., a case of block-diagonal structure), and construct less con-
servative upper and lower bounds for entropy. The upper and lower bounds
for entropy from Section 3 can be seen as a special case of the bounds here,
as any switched system can be seen as a switched block-diagonal system with
a single block.

In each general and interconnected case, we also derive in the correspond-
ing section upper bounds for entropy that are more conservative but require
less information about the switching signal, with their relations illustrated
by numerical examples of a switched Lotka—Volterra ecosystem model in
Section 5. The main proofs, along with the necessary technical preliminaries,
are presented in Section 6. Section 7 concludes the paper with a brief summary
and some remarks on future research directions.

A preliminary version of some of the results in current paper was presented
in the paper [51]. The current paper improves upon [51] by introducing persis-
tent and strongly persistent modes, considering cases with interconnected and
block-diagonal structures, and providing more extensive numerical examples,
analysis details, and explanatory remarks.

Notations: Denote by 1, the vector of ones in R™, and by I,, and 1,,«,
the identity matrix and matrix of ones in R™*", respectively; the subscript is
omitted when the dimension is clear from context. For a complex number c,

denote by Re(c) its real part. For k > 2 vectors v; € R™, ..., v, € R™ denote
by (vi,...,v%) :=[vf -+ v]]T € RM*+7% their concatenation. For a matrix

A € R™™*™ denote by tr(A), det(A), and spec(A) its trace, determinant, and
spectrum (as a multiset in which each eigenvalue has a number of instances
equal to its algebraic multiplicity), respectively. For a finite set E, denote
by #FE its cardinality. For a set S C R™, denote by co(S) and vol(S) its
convex hull and volume (Lebesgue measure), respectively. Denote by |v|o :=
maxi<i<n |v;| the co-norm of a vector v = (v1,...,v,) € R", and by || A|lec =
maxi<i<n Y5 |aij| the induced co-norm of a matrix A = [a;;] € R"*™. By
default, all logarithms are natural logarithms (in order to avoid generating an
extra multiplicative factor In 2 when computing topological entropy).

2 Preliminaries

Consider a finite family of continuous-time nonlinear dynamical systems

&= fplx), peP (1)

with state x € R™, in which each system is labeled with an index p, and P
is the corresponding finite set of indices. We assume that the functions f, are
continuously differentiable, and the systems in (1) are forward complete. We
are interested in the corresponding switched system defined by

i = f,(x) (2)
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with a right-continuous, piecewise-constant switching signal o : R>o — P. We
call the system with index p in (1) mode p of the switched system (2), and
o(t) the active mode at time t. We denote by &, (t, ) the solution to (2) with
switching signal o at time ¢ > 0 with initial state x (at time 0). Under the
assumptions above, &, (¢, ) is unique, absolutely continuous in ¢, continuously
differentiable in x, and satisfies the differential equation (2) away from discon-
tinuities of o, which are called switching times, or simply switches. We assume
that there is at most one switch at each time, and finitely many switches in
each finite time interval (i.e., the set of switches contains no accumulation
point). For brevity, we denote by

Jffp(v) = szp(x”z:v; Jl’ga(tvv) = ngd(taxﬂzzv

the Jacobian matrix of function f,(z) in mode p of (2) at state z = v, and
that of solution &, (¢, ) to (2) with respect to initial state x at time ¢ and
x = v, respectively.

2.1 Entropy definitions

We now define the topological entropy of the switched system (2) with switch-
ing signal o and initial states drawn from a compact set with nonempty interior
K C R™ called the initial set. Let | - | be a norm on R™ and || - || the corre-
sponding induced norm on R™*™. Given a time horizon T' > 0 and a radius
e > 0, we define the following open ball in R™ with center x:

By (z,e,T) = {x ER": max |6 (1,7) — &(1,7)] < g}. (3)

We say that a finite set E C K is (T, €)-spanning if

K c | By, (x,e,T), (4)
el

or equivalently, for each € K, there exists an x € E such that |, (¢,2) —
&, (t,z)] < eforallt € [0,T]. We denote by S(f,,e,T, K) > 1 the minimal car-
dinality of a (T, ¢)-spanning set, or equivalently, the cardinality of a minimal
(T, €)-spanning set, which is nondecreasing in 7" and nonincreasing in €. The
topological entropy of the switched system (2) with switching signal o and ini-
tial set K is defined in terms of the exponential growth rate of S(f,,e,T, K)
by

hfy, K) := 1imlimsupllog5(fg,s,T,K)20. (5)

N0 Too T

For brevity, we at times refer to h(f,, K) simply as the (topological) entropy

of (2).



6 Topological entropy of switched nonlinear and interconnected systems

Remark 1 In view of the equivalence of norms on a finite-dimensional vector space,
the value of h(fs,K) is the same for every norm |- | on R". In particular, it is
invariant under a change of basis. (More generally, one can define topological entropy
on a metric space (X,d) instead of the normed space (R",| - |), in which case its
value depends on the given metric, but is a topological invariant for an initial set
contained in a compact positively invariant set; see [18, Prop. 3.1.2, p. 109] and [12,
p. 1703] for more details.)

We also provide an alternative definition for the entropy of (2). For T' > 0
and € > 0 given as before, we say that a finite set E C K is (T, ¢)-separated if

z ¢ By, (x,e,T) Ve,z € E: T #x, (6)

or equivalently, for each pair of distinct x,Z € E, there exists a time ¢ € [0, T]
such that |, (¢, %) — &, (t,2)| > €. We denote by N(f,,e,T, K) > 1 the max-
imal cardinality of a (T, ¢)-separated set, or equivalently, the cardinality of
a maximal (7, e)-separated set, which is also nondecreasing in 7' and non-
increasing in €. As stated in the following result, the entropy of (2) can be
equivalently defined in terms of the exponential growth rate of N(f,,e, T, K);
the proof is along the lines of [18, p. 110] and thus omitted here.

Lemma 1 The topological entropy of the switched system (2) satisfies

h(fo, K) = lim limsup%logN(fmaT,K). (7)

eNO T—oo

Remark 2 Following [18, pp. 109-110], for a time-invariant system & = f(z) and an
initial set K contained in a compact positively invariant set, the value of h(f, K)
remains the same when the upper limits in (5) and (7) are replaced with lower
limits. However, this is not necessarily true for the switched system (2), since the
subadditivity required in the proof of [18, Lemma 3.1.5, p. 109] may not hold.

2.2 Active times, active rates, and persistent modes

Here we introduce some switching-related quantities that will be useful for
constructing bounds for the topological entropy of the switched system (2).
Given a switching signal o, we define the active time of mode p of (2) over
interval [0, ¢] by

mlt) = / 1,(o(s))ds, peP (8)

with the indicator function
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We also define the active rate of mode p over [0,t] by

pp(t) == ) peP (9)
with p,(0) :=1,(c(0)), and the asymptotic active rate of mode p by

pp = limsup p,(t), peP. (10)

t—o00

Clearly, the active times 7,(¢) > 0 are nondecreasing and satisfy > p 7,(t) =
t for all t > 0; the active rates p,(t) € [0, 1] satisfy > p pp(t) = 1 forallt > 0.
In contrast, due to the upper limit in (10), it is possible that ZpGP pp > 1
for the asymptotic active rates p, > 0 (for a numerical example, see [50,
Example 1]). Moreover, we define

Poo :={pEP:sup{t >0:0(t) =p} =oc0}, PL:={peP:p,>0} (11)

and call them the sets of persistent and strongly persistent modes, respectively.
Clearly, they satisfy PL C Puo.

3 Entropy of general switched nonlinear systems

In this section, we construct general upper and lower bounds for the topological
entropy of the switched system (2). The upper bounds will be constructed
based on a notion of matrix measure. For an induced norm || - || on R™*",
its one-sided directional derivative at I in direction A € R™*" is called the
matriz measure of A and denoted by u(A), that is,

w(A) :=lim 7“1 +t4] - 1.

12
t\.0 t ( )

The matrix measure ;(A) can also be seen as the right derivative of the func-
tions t ~ ||| and t + log|le*d|| at t = 0 [5, Fact 11.15.7, p.690]. A
summary of properties of matrix measure can be found in [14, Th. 2.8.5, p. 31].
In particular, p is a convex function and satisfies

—u(~4) <Re(N) < p(4) < A VAERV™, Aespec(d)  (13)
and
WA+ B) < p(A) + u(B), p(cA) = cu(A)  VABER™™ c>0. (14)

For standard induced norms, there are explicit formulae for the matrix mea-
sure [14, Th. 2.8.24, p. 33]; for example, for the induced co-norm, the matrix
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measure of A = [a;;] is given by

p(A) = max <a” +) |a”|> (15)

J#i

We denote by &, (¢, K) = {&,(t,z) : ® € K} the reachable set of (2) with
switching signal o at time ¢ from initial set K.

The following result provides upper and lower bounds for the entropy
of (2); they are derived based on later results in this paper, which will be
explained in the proof in Subsection 6.6.

Theorem 1 Given a switching signal o, consider the active rates pp(t) defined by
(9) and the sets of persistent and strongly persistent modes Poo and PL defined by
(11).

1. Let

fip ;= limsup max Jofs(®),  peP. y
4 t—o0: o (t) p’UEEU(t co(K)) ( x p( )) ( )

If the constants [ip are finite for all p € Poo, then the topological entropy of the
switched system (2) is upper bounded by

h(fo, K) < max { lim sup Z nippp(t), O}. (17)
t—o0
'P‘F
2. Let
Xp := liminf min _ tr(Jz fp(v)), pEP. (18)

t—o0: o(t)=pvels(t,K)
If the constants [ip are finite for all p € Peo, then the topological entropy of the
switched system (2) is lower bounded by

h(fo, )>max{hmsup Z Xppp(t), O} (19)

t—o0 'P+

Note that: 1) The upper bound (17) holds regardless of the induced norm
with which the matrix measures in (16) are computed, as long as the same one
is used for all modes. 2) The bounds (17) and (19) are formulated in terms
of asymptotic weighted averages of the constants fi, and ¥, defined by (16)
and (18), respectively, with the active rates p,(t) as weights. 3) Due to the
upper limit in (16), the upper bound (17) depends on the values of Jacobian
matrices Jy f,(x) over only the w-limit set from the convex hull of initial set,
co(K), instead of all reachable points from co(K). In particular, (17) is able to
yield a finite bound in the case of unbounded Jacobian matrices but a compact
w-limit set. This property is obtained using a result on asymptotic weighted
averages established in Lemma 7 in Subsection 6.3, and similar properties hold
for all bounds for entropy in this paper. 4) Provided that the constants fi,
and y, are finite for all persistent modes p € P, the bounds (17) and (19)
depend on their values over only the strongly persistent modes p € P (as the
rest disappears after taking the asymptotic weighted average; see the proof of
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Lemma 7 for more details). However, if there exists a mode p € Ps, \PL such
that fi, or X, is infinite, then the corresponding bound may not hold.

Remark 8 The bounds (17) and (19) can be extended to some cases where the con-
stants pp and xp are infinite. For example, (19) still holds if x, € R U {+oo} for
all p € Poo\P% and xp € R for all p € PL. Moreover, if xp € R U {+o0o} for all
P € Poo, and there exists a mode q € PZ, such that Xq = 100, then the entropy of
(2) satisfies h(fo, K) = +o00. The proofs are along the lines of that of Theorem 1 and
thus omitted here (see also Remark 9 in Subsection 6.3). Similar extensions can be
made for the upper bound (17) as well as all bounds for entropy of switched systems
in this paper.

Remark 4 In many scenarios, we can construct simpler but more conservative bounds

for entropy based on those in Theorem 1. For example, let S C R" be a set such

that one of the following holds:

1. S=R"

2. S is compact and positively invariant for (2) and contains the convex hull of initial
set, co(K); or

3. S is compact and contains the w-limit set from co(K).

Suppose that there exists a family of constants fi, for p € PL such that fp >

1(Jz fp(v)) for all p € PL and v € S. Then the upper bound (17) holds with /iy

in place of fip. Similar variants hold for all bounds for entropy in this paper. In the

numerical examples in Section 5, the computation will be simplified based on the

third scenario here.

Thinking of the non-switched case as a switched system with constant
switched signal, Theorem 1 implies the following upper and lower bounds for
the entropy of a time-invariant system.

Corollary 1 The topological entropy of a time-invariant system @ = f(x) with state
z € R satisfies

max{X, 0} < h(f, K) < max{nf, 0} (20)
with
X := liminf i tr(J. , 0= li J. .
Xi=liminf min r(Jzf(v)) fi 1?;1‘2%65{2?&;0)”’“‘( «f(v))

Based on the upper bound (17), we construct additional upper bounds for
the entropy of (2) that require less information about the switching signal.

Corollary 2 Given a switching signal o, consider the asymptotic active rates pp
defined by (10) and the sets of persistent and strongly persistent modes Poo and PL
defined by (11). If the constants fip defined by (16) are finite for all p € Poo, then
the topological entropy of the switched system (2) is upper bounded by

W, K) <y max{nfp, 0}pp (21)
pePL
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and also by

h(fs, K) < max max{nfp, 0}. (22)
pePL

Note that the upper bound (21) can be seen as an average of the results of
applying the second inequality in (20) to each strongly persistent mode of (2)
while omitting its inactive time, weighted by the corresponding asymptotic
active rate p,; the upper bound (22) can be seen as a maximum of these results
over strongly persistent modes. Similar properties hold for the correspond-
ing bounds in the cases with interconnected and block-diagonal structures in
Subsections 4.1 and 5.2, respectively.

Proof of Corollary 2 First, as the upper limit is a subadditive function, the upper
bound (17) implies that

h(fo,K) < max{ Z lim sup nfppp(t), 0}
t—o0
pePL

< Z max{nfip, 0} limsup pp(t) = Z max{nfp, 0}pp.
t—o0
pePL pePL

Second, (17) also implies that

h(fo, K) < max { limsup( max nﬂp> Z pp(t), O}

t—00 ePL
PETe peEPL
< max{ max nfip, 0} = max max{nflp, 0}. |
peEPL peEPL

The results in Theorem 1 and Corollary 2 are compared in Remark 5 below;
for a numerical example, see Example 1 in Subsection 5.1.

Remark 5 1. The upper bound (17) is less conservative than or equivalent to the
upper bounds (21) and (22), while (21) and (22) are both useful in the sense that
neither is less conservative, as it is possible that Zp cp pp > 1 for the asymptotic
active rates pp.

2. For a fixed family of modes, the upper bounds (21) and (22) require less infor-
mation about the switching signal than the upper bound (17), as the former two
depend on the asymptotic active rates pp instead of the active rates pp(t). More-
over, if for each p € PX, a constant fip as in the first two scenarios in Remark 4
is used in place of fip, then (22) yields the same upper bound for all switching
signals such that all modes are strongly persistent (i.e., P = Poo = P).

Consider the case where the modes of the switched system (2) are all linear,
that is, there is a family of matrices 4, € R"*™ for p € P such that

fplz) = Apx VpeP,zecR".
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Then the constants fi, and X, defined by (16) and (18) satisfy

fip = (Ap),  Xp = tr(4p) Vp € Peo.

Therefore, Theorem 1 and Corollary 2 extend [50, Th. 1 and Remark 5] for the
case of linear modes to the case of nonlinear modes, respectively, and improve
them by considering persistent and strongly persistent modes.

4 Entropy of switched interconnected systems

4.1 General switched interconnected systems

Consider the case where the switched system (2) is a network of m > 2 inter-
connected subsystems. For ¢ € {1,...,m}, we denote by z; € R™ the state
of the i-th subsystem, and by f; the corresponding components of the func-
tion f,, in mode p of (2) for p € P. Then (2) can be written as the switched
interconnected system

B = i@, T, ie{l,...,m} (23)

with state z = (z1,...,%,,) € R" and functions f,(x) = (f}(z),..., f*(x))
for p € P. For brevity, we denote by J,, fi(v) := Ju, fi(x)|s=v the Jacobian
matrix of function f7(z) in mode p of the i-th subsystem of (23) with respect
to state x; of the j-th subsystem at z = v.

In this subsection, we show that the upper bound (17) for the topological
entropy of the general switched nonlinear system (2) can be readily applied
to derive upper bounds for the entropy of (23) that depend only on “network-
level” information. Following [36], we assume that the following norms are
given:

1. a “local” norm | - |; on R™ for each i € {1,...,m}, and
2. a monotone “network” norm | - |y on R™, that is, for all v,w € R™, we
have!
v>w>0 = |u|§y > |w|N.

In particular, all p-norms with p > 1 are monotone.

For a vector v = (v1,...,v,) € R™ with v; € R™ fori € {1,...,m}, we define
a “global” norm | - | by

ol = |(vrf1s s [omlm ) In- (24)
Clearly, as |- | is monotone, |- |g is indeed a norm. We denote by || - ||;, || - |In,
and || - ||g the corresponding induced norms on R™ ™ R™*™ and R"*",

n this subsection, an inequality between two vectors or matrices of the same size, or between
a vector or matrix and a scalar, is to be interpreted entrywise (e.g., A > 0 means that A is a
nonnegative matrix).
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respectively, and by p;, pun, and pug the corresponding matrix measures. We
also denote by || - ||;; the induced norm on R™*™ defined by

Al == |£I\1-a3(1 |Av|;, i,je{l,...,m} i #£ ]
J—

As the “network” norm | - |y is monotone, the induced norm || - ||y and
matrix measure py satisfy similar monotonicity properties for nonnegative
and Metzler matrices, respectively:

Lemma 2 1. For all nonnegative matrices A, B € RT; ™, we have
A2 B = [A|x 2 |IB]ln- (25)
2. For all Metzler matrices A, B € R™*™, that is, matrices with nonnegative off-
diagonal entries, we have
A>B = un(4) > pun(B). (26)

Proof 1. The implication in (25) follows from the definition of induced norm and
monotonicity of | - [x. More specifically, let v € arg max|, |\ =1 |Bu|y. Then v > 0 as
B >0 and |- |y is monotone. Hence ||Al|x > |A¥|ny > |Bo|ly = ||Bllnas A> B >0
and |- |y is monotone.

2. The implication in (26) follows from (25) and the definition of matrix measure
(12). More specifically, we have

pn(A) = im AN W HEBIN=L gy
t\0 t t\0 t
where the inequality follows from (25) as I+tA > I+tB > 0 for the Metzler matrices
A > B and small enough t > 0. a

Theorem 2 Given a switching signal o, consider the active rates pp(t) defined by
(9) and the sets of persistent and strongly persistent modes Poo and PL defined by
(11). Let

N .
fip == limsup m

ax
t—o0: o(t)=p V€S (t,c0(K))
with the matriz-valued functions ApN(’U) = [a;j (v)] € R™*™ defined by
ay (v) == pi(Ja, (),  ap (v) = | Ja, fp ()i, dyj € {1,...,m} i (28)
If the constants fi, are finite for all p € Poo, then the topological entropy of the
switched interconnected system (23) is upper bounded by

h(fe, K) < max{limsup Z nﬂgpp(t), 0}. (29)

t—o00
pEPL

pn(Ay (v),  peEP (27)

Proof The upper bound (29) follows from the general upper bound (17) as the con-
stants [l defined by (16) with matrix measure pg satisfy fip < ﬂy for all p € Peo,
which can be established using Lemma 3 below. O
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Lemma 3 (36, Th. 2]) Consider a block matriz A = [A;;] € R™" with A;; €
R™*™ fori,j€{l,...,m}. Let AN = [a;;] € R™*™ be a Metzler matriz such that

aii > pi(Ai),  aij > ||Aijlls; Vi,je{l,...,m}:i#j.
Then
pa(A4) < pn(An)-

The next result shows that the upper limit and maximum in (27) can also
be taken entrywise.

Corollary 3 Given a switching signal o, consider the active rates pp(t) defined by
(9) and the sets of persistent and strongly persistent modes Poo and P, defined by
(11). Let

a9 .= limsup max aij(v), i,je{l,...,m},peP (30)
b t—o0: o(t)=p V€S (t,c0(K)) b
with the functions a;f,j (v) defined by (28). If the constants d;,j are finite for all i,j €
{1,...,m} and p € Pwo, then the topological entropy of the switched interconnected
system (23) is upper bounded by

h(fo, K) < max{nmsup > nun(Ap)e(t), o} (31)

t—o0
pEPL

with the matrices /le = [&Zi)j] € R™X™,

Proof Note that the matrices Ay(v) = [a;j (v)] and ApN = [d;j} defined by (28) and
(30) are all Metzler matrices. Moreover, the upper limit in (30) imply that, for an
arbitrary § > 0, there is a large enough t5 > 0 such that

Yw)y<ad +6  Vi,je{l,...,m} p€ Poo, t >ts5:0(t) =p.
veg;ﬁi’;(K))ap (v) < ayp i,j €4 m}, p oo siot)=p
Then (26) implies that

max NN(AE(U)) < MN(Azl:I + 61m><m) < NN(ApN) + 5,UN(1m><m)
vEE&, (t,co(K))

for all p € P and t > ts such that o(t) = p, where the last inquuality follows from
(14). Hence the constants ﬂy defined by (27) satisfy ﬂy < un (ApN) for all p € Po
as 0 > 0 is arbitrary. Then (31) follows from the upper bound (29). O

Thinking of the non-switched case as a switched system with constant
switched signal, Theorem 2 and Corollary 3 imply the following upper bounds
for the entropy of a time-invariant interconnected system.

Corollary 4 The topological entropy of a time-invariant interconnected system

;L‘,L:fz(.iﬂl,,wm), /Le{lv?m} (32)
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with states x; € R™ and x = (x1,...,72m) € R"™ and functions f(z) =
(fY(@),..., f™(x)) is upper bounded by

K) < 1 AN <
h(f, ),maX{ lgigpveéglg;im)nw( (v)), 0} max{nuy(AY), 0} (33)

with the matriz-valued function AN (v) = [a¥ (v)] € R™*™ defined by

a"'(v) = (e 1), a7 () i= g 1 @iy, G € {1, m} i g, (34)
and the matriz AN = [a¥] € R™*™ defined by

4" = limsu max a¥ (v R i,7 € {1,...,m}. 35
mswp _max | a¥(), i€ (L. m) (3)

A similar upper bound for the entropy of (32) was constructed in [26,
Th. 1]:

h(f, K) < max{nAmax(AY), 0}, (36)
where Amax(AN) is the largest real part of the eigenvalues of a matrix AN €
R™>*™ gatisfying

AN > AN(w)  VYveR®

with the matrix-valued function AN(v) = [a% (v)] defined by (34).? The upper
bounds given by the inequalities in (33) and (36) are both useful in the sense
that neither is less conservative. On one hand, (36) may be less conservative
due to the second inequality in (13). On the other hand, (36) may be more
conservative as the matrix AN = [a%] defined by (35) depends on the values
of a¥ (v) over only the w-limit set from co(K), instead of the entire R".

Based on the upper bounds (29) and (31), we construct additional upper
bounds for the entropy of (23) that require less information about the switch-
ing signal; the proof is along the lines of that of Corollary 2 and thus omitted
here. The relations between them are similar to those between (17), (21), and
(22) described in Remark 5.

Corollary 5 Given a switching signal o, consider the asymptotic active rates pp
defined by (10) and the sets of persistent and strongly persistent modes Poo and
PZL defined by (11). If the constants ;,Lp and & J defined by (27) and (30) are finite
for alli,j € {1,...,m} and p € Poo, then the topological entropy of the switched
interconnected system (23) is upper bounded by

hW(fo, K) < Y max{nip, 0} pp < > max{nux(AY), 0} pp
pE?;'Sro pE’P;ro

and also by

hfo, K) < max max{n,up, 0} < max max{nUN(AN), 0}
pEPL, pEPL

with the matrices APN = [A”] € R™X™.

?Note that AN has to be a Metzler matrix; thus its eigenvalue with the largest real part is real
[10, Th. 10.2, p. 167].
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4.2 Switched block-diagonal systems

Consider the case where the dynamics of the m > 2 subsystems of the
switched interconnected system (23) are independent. Specifically, for each
i€ {l,...,m} and p € P, the function f;;(xl, ..., Zy) is independent of x;
for all j # i. For brevity, we regard it as a function on R™ and rewrite it as

fi(x;). Then (23) can be written as a switched block-diagonal system

xz:f;(xz)7 Ze{laam} (37)

with functions f,(x) = (f}(x1),..., f"(zm)) for p € P. Clearly, the solution
to the i-th subsystem of (37) is independent of the initial states of other sub-
systems. For brevity, we denote it by &% (¢, z;) and the corresponding reachable
set by & (¢, K;), where K; C R™ is the corresponding projection of the initial
set K.

In this subsection, we construct upper and lower bounds for the topological
entropy of (37) that are less conservative than the results of simply applying
the general bounds from Subsection 4.1 to (37). Let the “local”, “network”,
and “global” norms |-|; fori € {1,...,m}, |'|n, and |-|¢, and the corresponding
induced norms || - |4, || - |n, and || - || and matrix measures u;, un, and pg
be given as in Subsection 4.1.

The following result provides upper and lower bound for the entropy of
(37); the proof can be found in Subsection 6.4.

Theorem 3 Given a switching signal o, consider the active times Tp(t) defined by
(8) and the sets of persistent and strongly persistent modes Poo and P, defined by
(11).
1. Let
Al i .
fip == limsup max i (Ja; fp(vs)), ie{l,...,m},peP. (38)
P o (Bep i€t (o) Y
If the constants up are finite for all i € {1,...,m} and p € Poo, then the
topological entropy of the switched block—diaganal system (37) is upper bounded by

h(fo, K) < hm bup Z = tglg}é Z nluprp (39)
pE’P+
2. Let
fp = liminf min —pi(—=Jz; fp(vi)), 1 €{1,...,m}, p€ P. (40)

t—o0: o(t)=pv;€co(&l (t,K;))

If the constants /ip are finite for all i € {1,...,m} and p € P, then the
topological entropy of the switched block-diagonal system (37) is lower bounded by

h(fs,K) > hm sup Z = tglg); Z nzﬂpr (41)
i=1 pE"PJr

The following result provides an alternative lower bound for the entropy
of (37); the proof can be found in Subsection 6.5.
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Theorem 4 Given a switching signal o, consider the active rates pp(t) defined by
(9) and the sets of persistent and strongly persistent modes Poo and P defined by
(11). Let
. := liminf min  tr(Ja, f5(v; , ie{l,...,m}, peP. 42
Xp t—o0: o(t)=pv; €& (t,K;) ( mlfp( l)) { } p ( )

If the constants )2;, are finite for alli € {1,...,m} and p € Pso, then the topological
entropy of the switched block-diagonal system (37) is lower bounded by

hfo, K) > hmsupZmax{ Z )Z;;pp(t), O}. (43)

t—o00
pEPL

Thinking of the non-switched case as a switched system with constant
switched signal, Theorems 3 and 4 imply the following upper and lower bounds
for the entropy of a time-invariant block-diagonal system.

Corollary 6 The topological entropy of a time-invariant block-diagonal system &; =
[ (zi) for i € {1,...,m} with states z; € R™ and x = (z1,...,2m) € R" and
functions f(x) = (fl( 1)y ™ (xm)) satisfies

Zmax{x 0} <h(f,K) < Zmax{nzu 0}
i=1 i=1
with ) ]
¢ :=liminf min  tr(Je, f1(07)),
X=lminf - min r(Jz, f* (vi)) |
ie{l,...,m},

4" :=limsu max Joi f (04
i’ msup | max i (Jai £ (v)),

where K; C R™ is the corresponding projection of the initial set K.

Based on the upper bound (39), we construct additional upper bounds for
the entropy of (37) by considering each subsystem or each mode separately.

Corollary 7 Given a switching signal o, consider the active rates pp(t) defined by (9)
and the sets of persistent and strongly persistent modes Poo and Py defined by (11).
If the constants fiy, defined by (38) are finite for alli € {1,...,m} and p € Poo, then
the topological entropy of the switched block-diagonal system (37) is upper bounded by

h(fo, K) < Z max { lim sup Z nz,uppp } (44)

t—o00

Proof As the upper limit is a subadditive function, the upper bound (39) implies that
hfo, K) < Z lim sup — max Z nlupr

Then we obtain (44) by 1nv0k1ng the second equality in (71) for each i € {1,...,m}
with the constants c¢p = n;fiy, for p € PL. |
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Corollary 8 Given a switching signal o, consider the active rates pp(t) defined by (9)
and the sets of persistent and strongly persistent modes Poo and PL defined by (11).
If the constants iy, defined by (38) are finite for alli € {1,...,m} and p € Poo, then
the topological entropy of the switched block-diagonal system (37) is upper bounded by

h(fo, K) < limsup > (Z max{; iy, 0}) pp(t)- (45)

pePL =l

Proof As the active times 75 (¢) are nondecreasing, the upper bound (39) implies that

m
h(fo, K) < limsup Y~ Y max{nifip, 0}pp(T).
T—o0 =1 pE'P;ro

Then we obtain (45) by grouping together the terms for the same mode. |

Based on the upper bounds (44) and (45), we also construct additional
upper bounds for the entropy of (37) that require less information about the
switching signal; the proof is along the lines of that of Corollary 2 and thus
omitted here.

Corollary 9 Given a switching signal o, consider the asymptotic active rates pp
defined by (10) and the sets of persistent and strongly persistent modes Poo and PL
defined by (11). If the constants ﬂ;, defined by (38) are finite for alli € {1,...,m}
and p € Poo, then the topological entropy of the switched block-diagonal system (37)

is upper bounded by
m
h(fo, K) <> (Z max{n i, 0}) Py (46)

pePL ti=l
and also by
m
h(fo, K) < max max{n-ﬂi, 0}. (47)

i=1

The results in Theorems 1, 3, and 4 and Corollaries 7, 8, and 9 are compared
in Fig. 1 and Remark 6 below; for a numerical example, see Example 2 in
Subsection 5.2.

39) & @) = @7

J J®)
4g) 2L (46)

Fig. 1 The relations between the upper bounds (39), (44), (45), (46), and (47). The impli-
cations (A) and (B) become equivalence if the active rates pp(t) converge for all p € PL;
the implication (C) becomes equivalence if the constants fij, > 0 for all i € {1,...,m} and

p € PL; the implication (D) becomes equivalence if both of these conditions hold.
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Remark 6 1. The upper bound (39) is less conservative than or equivalent to the
upper bounds (44) and (45), while (44) is less conservative than or equivalent to
the upper bound (46), and (45) is less conservative than or equivalent to the upper
bounds (46) and (47). The upper bounds (44) and (45) are both useful in the
sense that neither is less conservative (cf. Fig. 1). The same holds for the upper
bounds (46) and (47) (cf. item 1 of Remark 5), and also for the lower bounds (41)
and (43).

2. As explained in the proof of Theorem 1 in Subsection 6.6, the upper bound (17)
and lower bound (19) for the entropy of the general switched nonlinear systems
can be obtained by taking m = 1 and ny = n in the bounds (44) and (43),
respectively. For the switched block-diagonal system (37), the bounds (44), (43),
(46), and (47) are less conservative than or equivalent to the bounds (17), (19),
(21), and (22), respectively.

3. For a fixed family of modes, the upper bounds (46) and (47) require less infor-
mation about the switching signal than the upper bounds (39), (44), and (45),
as the former two depend on the asymptotic active rates pp instead of the active
times 7p(t) and active rates pp(t). Moreover, if for each p € P, a constant Py
as in the first two scenarios in Remark 4 is used in place of fip, then (47) yields
the same upper bound for all switching signals such that all modes are strongly
persistent (i.e., Pdy = Poo = P).

Consider the case where the subsystems of the switched block-diagonal
system (37) are all scalar and their modes are all linear, that is, there is a
family of diagonal matrices D,, = diag(a,, ...,ay) € R™*" for p € P such that

f;(xi) = a;a:i Vie{l,...,n},peP, (x1,...,2,) € R™ (48)

Then the constants i, fi}, and ¥}, defined by (38), (40), and (42) satisfy
fil, = fil, = X}, = aj,, Vie{l,...,n}, p € Pu.

Therefore, Theorem 3 and Corollaries 7, 8, and 9 extend [48, Th. 7, Prop. 8
and 9, and Cor. 10] for the case of linear modes with diagonal structure to
the case of nonlinear modes with block-diagonal structure, respectively, and
improve them by considering persistent and strongly persistent modes. More-
over, the lower bound (43) is novel even in the former case, which is presented
in the following corollary.

Corollary 10 The topological entropy of the switched linear diagonal system (48) is
lower bounded by

h(Ds) > lim supZmax{ Z a;pp(t), 0}. (49)

t—oo *
=1 pEPL
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Theorem 3 and Corollaries 7 and 9 also extend [51, Th. 4.1 and Cor 4.2] for
the case of diagonal structure to the case of block-diagonal structure. More-
over, due to the upper limit in (38), the upper bound (39) depends on the
values of Jacobian matrices J,, f;(xl) over only the w-limit set from the con-
vex hull of initial set, co(K'), whereas the upper bound [51, eq. (39)] involves
all reachable points from co(K).

5 Numerical examples

Consider the following switched nonlinear system in the nonnegative orthant
RY, from [2]:

&= fo(x) = (ry + Agx)ox (50)
with state x € RE,, switching signal o : R>9 — P, and finite index set P,
where o denotes the Hadamard (entrywise) product. Equivalently, (50) can be

written as "
ii<r§+2afﬁxj>:ri, ie{l,...,n}
j=1
with = (z1,...,2,) and r, = (r},...,7) and A, = [a}/] for p € P. Each

mode p of (50) is a Lotka—Volterra ecosystem model that describes the pop-

ulation dynamics of n species in a biological community [17, Ch. 5], where

x; is the population density of the i-th species, r; € R quantifies its intrin-

sic growth rate, a;i < 0 is a self-interaction term justified by the limitation

of resources in the environment, and a;j € R for j # i is an interaction term

quantifying the influence of the j-th species on the i-th one. Switching in (50)

may be due to seasonal changes or environment fluctuations. Clearly, R% is

a positively invariant set for the switched system (50). B
We construct two switching signals 01,02 : R>o — P = {1, 2} as follows®:

e o1 with periodic switching: Let t; := 1000k for k£ > 1. Simple computation
shows that p; = p2 = 0.5.

* 09 with constant set-points: Let t1 := 1 and tgx := min{t > tog_1 : p2(t) >
0.9} and tor41 := min{t > tor : p1(¢) > 0.9} for £ > 1. Simple computation
shows that t;, = 9*~1 4+ 9%=2 for k > 2 and p; = p, = 0.9.

Clearly, PL = Py = P for both o1 and o3.

5.1 A general case
Suppose that the matrices A, = [a;j ] in the switched Lotka—Volterra system
(50) satisty

ay + ) laf| <0, al+> Jaj|<0  Vie{l,...on},peP. (51
J#i J#i

3We denote by 0 < t; < t3 < --- the sequence of switches and let to := 0, with o(t) =1on
[tak, tar+1) and o(t) = 2 on [tak41, t2kt2).
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Then [2, Th. 3] implies that (50) is uniformly ultimately bounded (UUB) in
IR’ZLO, and its w-limit set is a subset of?

n ot
S =TT |0, maxmaxd — —— =2 o\ 52
[T o | ~ 53y O )

K2

where Amax (A, + A;) denotes the largest eigenvalue of the symmetric matrix
Ay + A; and satisfies Amax(A4p + A;—) < 0 due to the condition (51), the
formula for matrix measure (15), and the second inequality in (13).

Ezample 1 Consider the switched system (50) in IR220 with index set P = {1, 2} and

coefficients
—1 3 —1 0.1
7"1[2}, T2[1], AlAZ{O.ll]'

Simple computation shows that mode 1 has an attractor (0,2) and a saddle point
(0, 0) with stable manifold R x {0}, and mode 2 has an attractor (3,0) and a saddle
point (0,0) with stable manifold {0} x R>q. Moreover, the condition (51) holds and
the set defined by (52) is given by S = [0,10/3] x [0,20/9]. Typical trajectories of
(50) for the individual modes 1 and 2 and the switching signals o1 and o2 are plotted
in Fig. 2 below. In particular, S is not a positively invariant set.

The Jacobian matrices of individual modes are given by

_ —1—2v1 +0.1v2 0.1v1
Jof1(v) = [ 0.1v9 2+0.1v, 2v2]’
|3 —2v1 +0.1vg 0.1v1
o fa(v) = [ 0.1vo —1+40.1v; —2112]

with v = (v1,v2) € IR%O. As the switched system is UUB and its w-limit set is

a subset of S, for all initial sets K C ]R2>07 one can obtain upper bounds for the
constants fip defined by (16) by replacing the upper limit over {t > 0 : o(s) = p}
and maximum over &5 (t, co(K)) with a maximum over S, that is,

A1 < max pu(Jz f1(v)) = maxmax{—1 — 1.9v; + 0.1ve, 2+ 0.1v; — 1.9v2} = 7/3,
veSs veS

f2 < max pu(Jz f2(v)) = maxmax{3 — 1.9v1 + 0.1vg, —1 4+ 0.1v; — 1.9v2} = 29/9,
vES veS

where the matrix measures are computed with the induced co-norm using the formula
(15).

The upper bounds for the entropies h(fs,,K) and h(fs,, K) computed using
(17), (21), and (22) for all initial sets K C R220 are summarized in Table 1 below.”

4Specifically, following the proof of [2, Th. 3], S contains the w-limit set of (50) if for all
p € P and z € RL,\(S U {0}), we have 1pr(a:) < 0, i.e., r;z + xTpr < 0. Note that
rgz +a Apx = r;x +a2" (A, + AZ)m/Q < (rp + Amax(Ap + A;) x/2) "z, which is negative if
27“% + Amax(Ap + A;) z; <0 foralli€{l,...,n}as z € RE,\{0}.

In this example, we use the set S defined by (52) which contains the w-limit set for every
switched system (50) satisfying (51). For a given family of coefficients, one can usually construct
more precise over-approximation of the w-limit set and thus obtain less conservative upper bounds
for entropy, such as those in [51, Example 3.6].
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—o-mode 1 —~o-mode 2

(a) Mode 1 (b) Mode 2

—e—-mode 1 —e-mode 1
—e-mode 2 —~o-mode 2

0 1 2 3 4

(c) Switching signal oy (d) Switching signal o2
Fig. 2 Trajectories of the switched system in Example 1, for (a) individual mode 1 with
initial states (4, 3), (4,0.1), (4,0), and (10/3,20/9); (b) individual mode 2 with initial states
(4,3), (0.1,3), (0,3), and (10/3,20/9); (c) switching signal o1 with initial states (4, 3), (4, 0),
and (0, 3); (d) switching signal o2 with initial state (4, 3). The circles mark the beginning of
a segment after switching. The dashed rectangles represent S = [0,10/3] x [0,20/9].

In particular, the upper bound (17) for h(fs,, K) can be computed as follows:

h(foy, K) < limsup (2f11p1(t) + 202p2(t))
t—o00

7 29 7 29 7
<l 2( -(1 - t —p2(t) | =2 = — — — |p2 | =6.27.
<tz 2(F0 - a0+ P} =2(3+ (5 -7 ) )
The values in Table 1 are consistent with the relations between these upper bounds
described in Remark 5.

Table 1 Upper bounds for entropy in Example 1.

(p1,p2) 17) (21) (22)

o1 (0.5,0.5) 5.56 5.56 6.45
o2 (0.9,0.9) 6.27 10 6.45
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5.2 A block-diagonal case

Consider the case where the switched Lotka—Volterra system (50) describes
a biological community of m > 2 groups of species, where the i-th group
consists of n; species, and the dynamics of species from different groups are
independent. Regarding the groups as interconnected subsystems, we denote
by z; € IRTZ”O the state of the i-th subsystem, and by f;(@), in), and /_1; the
corresponding function and coefficients of mode p to avoid confusion. Then
(50) can be written as the switched block-diagonal system

Tp = fi(z;) = (FL + ALz;)oz;,  i€{l,...,m} (53)
with state = = (Z1,...,2x) € R", and functions fy(z) =
(fo(Z1), s [ (Zm)), coefficients r, = (7},...,7"), and matrices A, =

diag(AL,..., Am) for p € P.
For (53), the formula (15) implies that the condition (51) can be written as

p(AD), u(AD)T) <0 Vie{l,...,m},peP, (54)
where the matrix measures are computed with the induced co-norm. If (54)

holds, then [2, Th. 3] implies that (53) is UUB in RZ, and its w-limit set is
a subset of -

n 2rd
S = 0 — d 0 55
I o e

)\max(A;(J) + (A;(J))T)

where the j-th species is in the i(j)-th group, and )\max(A;,(j) + (A;(j))—r)
denotes the largest eigenvalue of the symmetric matrix A;(j ) 4 (A;(] ))T and

satisfies )\max(A;(j )+ (A;(j ))T) < 0 due to the condition (54), the formula for
matrix measure (15), and the second inequality in (13).

Ezample 2 Consider the switched block-diagonal system (53) in Rio with index set
P = {1, 2} and coefficients -

_ -1 _ 3 = - —1 0.1
e | P it

=2, 7 =—1 A? = A3 = 1.

)

Simple computation shows that mode 1 has an attractor (0,0,2) and a saddle point
(0,0,0) with stable manifold R, x {0}, and mode 2 has an attractor (10/3,10/3,0)
and three saddle points (0, 0, 0), (3,0,0), and (0, 3,0) with stable manifolds {(0,0)} x
R>g, R>0 % {0} x R>, and {0} x R0 X R, respectively. Moreover, the condition
(54) holds and the set defined by (55) is given by S = [0,10/3]% x [0,2]. Typical
trajectories of (53) for the individual modes 1 and 2 and the switching signals o
and o9 are plotted in Fig. 3 below.
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xr 50 T2 x 50 o

(c) Switching signal oy (d) Switching signal o2

Fig. 3 Trajectories of the switched block-diagonal system in Example 2, for (a) individual
mode 1 with initial states (4,4,3), (4,4,0.1), (4,4,0), and (10/3,10/3,2); (b) individ-
ual mode 2 with initial states (4,4,3), (4,0.1,3), (0.1,4,3), (4,0,3), (0,4,3), (0.1,0.1, 3),
(0.1,0,3), (0,0.1, 3), (0,0,3), and (10/3,10/3,2); (c) switching signal o1 with initial states
(4,4,3), (4,0,3), (0,4,3), and (0,0,3); (d) switching signal oo with initial states (4,4, 3),
(4,0,3), and (0,4,3). The circles mark the beginning of a segment after switching. The
dashed hyperrectangles represent S = [0,10/3]2 x [0, 2].

The Jacobian matrices of individual modes are given by
Jof1(v) = diag(Jz, f1 (01), Jz, 7 (92)),
Ja f2(v) = diag(Jz, 3 (91), Jz, f3 (82))

with
1=\ | =1 —=2v1 +0.1v2 0.1v1 VN
o fi(on)) = [ 0.1 14010 —21)2] o f1(02)) = 2 = 2vs,
7=\ _ |3 —2v1 +0.1vg 0.1vy Ry 4
Jfbl f2 ('Ul)) = |: 0.1v 3+0.1v; — 2,02:| JI2f2 (UQ)) = —1—2uvs,

where v = (v1,v2) with v1 = (v1,v2) € ]R>O, and v2 = v3 € R>¢. As the switched
block- dlagonal system is UUB and its w-limit set is a subset of S, for all initial sets
K C ]R>0, one can obtain upper bounds for the constants i, and fi;, defined by (16)
and (38) by replacing the upper limit over {¢ > 0 : o(s) = p} and maximum over
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o (t,co(K)) and €% (t,co(K;)) with a maximum over S, that is,
ai < m X/.L(J:clfl (v1)) = maé(max{—l.Qvl +0.1vg, 0.1v; — 1.9v9} — 1 = —2/3,
veE

13 < max M(szfl (v2)) = max2 — 2v3 = 2,
veS veS
i3 < max pu(Jz, fa (01)) = max max{3 — 1.9v; + 0.1v2, 3+ 0.1v; — 1.9v2} = 10/3,
vES S
.2 _
fz < Iglggu(Ja‘czfz (v2)) = max —1 — 2u3 = —1,
and

fn < max p(Je f1(v)) = max{-2/3, 2} =2,
fio < r;lea;‘(M(wag(v)) = max{10/3, —1} = 10/3,

where the matrix measures are computed with the induced co-norm using the formula
(15).

The upper bounds for entropies h(fo,, K) and h(fo,, K) computed using (17),
(21), (22), (39), (44), (45), (46), and (47) for all initial sets K C R, are summarized
in Table 2 below. In particular, the upper bounds (17), (44), and (45) for h(fs,, K)
are computed along the lines of the computation of (17) in Example 1; the upper
bound (39) is computed along the lines of the computation of A(Ds,) in [50, Exam-
ple 3]. The values in Table 2 are consistent with the relations between these upper
bounds described in Fig. 1 and Remark 6.

Table 2 Upper bounds for entropy in Example 2.

(pr1,p2)  (17) (21)  (22) (39) (44) (45) (46) (47)

o1 (0.5,0.5) 8 8 10 3.17 317 434 434 6.67
o2 (0.9,0.9) 9.6 14.4 10 6.06 7.57 6.2 7.8 6.67

6 Proofs of main results

In this section, we present the proofs of Theorems 1, 3, and 4, after introducing
some necessary technical preliminaries.

6.1 Bounds for distance between solutions and volume of
reachable set
We construct several upper and lower bounds for the distance between two

solutions to the switched system (2) and a lower bound for the volume of its
reachable set; the proofs can be found in Appendix A.

Lemma 4 For all initial states v,z € K, the corresponding solutions to the switched
system (2) satisfy

o (t,7) — ot 2)| <Dz —z|  Vi>0 (56)
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with

0= o S / (T (€ (5 0))) Lp(or(s))ds.

vECo K)

Also, the reachable set of (2) satzsﬁes

vol(&o (t, K)) > O vol(K) V>0 (57)
with

‘= min Z/ tr(Jz fp(€o (5, 0))) Ip(o(s))ds.

veK
pEP

Note that 77, (t) and v, (t) are defined in terms of integrals of the matrix
measure and trace of Jacobian matrix of the active mode over [0,t], respec-
tively, rewritten via the following observation: For a family of functions
ap : R>o — R with p € P, we have

/ g (s)(s dS—Z/ ap(s) Lp(o(s))ds. (58)

peEP

The upper bound (56) extends a similar upper bound in [40, Th. 1] to the case
of noncontractive switched systems, and also an upper bound in the proof of
[6, Th. 4.2] to the case of switched systems without a compact invariant set.
Its proof is inspired by the variational constructions in the proofs of [40, Th. 1]
and [6, Th. 4.2].

The following result provides alternative upper and lower bounds for the
distance between two solutions to (2).

Lemma 5 For all initial states x,x € K, the corresponding solutions to the switched
system (2) satisfy

n ()~ _ —y T

e T — x| < &5 (t,T) — Eo(t,x)| < e |z — z| Vi>0 (59)
with

Z / 1)ECO(121:I(IS,K)) _M(_wap(v))) ILp(O’(S))ds7

peP

—alt
Z/ UECO(EO_(S K)) ( mfp( ))) ( ( ))dS

peP

Lemma 5 extends similar upper and lower bounds in [44, Th. 2.5.22, p. 52]
by taking the maximum and minimum over only the convex hull of reachable
set instead of the entire state space in n_(t) and 72 (t), respectively. Its proof
is inspired by the variational construction in [44, Sec. 2.5] and is similar to the
proof of the upper bound (56) in Lemma 4.5

6 As shown in Appendix A, their main difference is that, in the proof of Lemma 5, the variational
arguments are applied to the line segment connecting two solutions instead of the one connecting
two initial states, which results in the different locations of convex hulls in, e.g., 77, (t) and 72" (¢).
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The results in Lemmas 4 and 5 are compared in Remark 7 below.

Remark 7 1. The upper bound (56) and the one given by the second inequality in
(59) are both useful in the sense that neither is less conservative, in part because
the relation between the sets & (¢, co(K)) and co(éx (¢, K)) is undetermined for
nonlinear systems. However, (56) is less conservative or equivalent if the initial set
K is convex, or if all modes of (2) are linear, as £, (t,co(K)) C co(és(t, K)) for
the former case and &5 (¢, co(K)) = co(&5(t, K)) for the latter, and the maximum
is a subadditive function. All upper bounds for topological entropy in this paper
are constructed using (56), and alternative results can be obtained if the second
inequality in (59) is used instead, that is, if terms in the form of &5 (¢, co(K)) are
replaced with the corresponding ones in the form of co(és (¢, K)).

2. The first inequality in (13) implies that 4o (¢) in (57) and n_(t) in (59) satisfy
Yo (t) > mn _(t) for all ¢ > 0. For this reason, volume-based arguments using
(57) usually lead to less conservative lower bounds for entropy. However, the
first inequality in (59) is useful for constructing a possibly less conservative lower
bound for entropy in the case of block-diagonal structure in Subsection 4.2.

Remark 8 When analyzing the exponential growth rate of the distance between two
solutions to a nonlinear system, a measurable upper bound is often used in place of
the matrix measure of Jacobian matrix in integrations over time. For example, in
[44, Th. 2.5.22, p. 52|, the author used a measurable function a(t) > u(Jzf(t, z)) for
all t > 0 and = € R", and in [30, Th. 1], the authors used a measurable function
a(t) > py@)(Jof(z,0(t))) for all t that are not switches and z in a set C. In this
paper, the matrix measures and traces of Jacobian matrices are used directly in
integrations over time, as they can be shown to be locally integrable in time under the
assumptions in Section 2. Even for switched systems in which the Jacobian matrices
are not locally integrable in time, one can still follow the analysis in this paper
with trivial modifications (i.e., replacing the matrix measures and traces of Jacobian
matrices with suitable integrable bounds) to obtain similar bounds for exponential
growth rates and thus similar bounds for topological entropy.

6.2 Universal spanning and separated sets

Given a time horizon T > 0 and a radius € > 0, we provide a universal
construction of (T, €)-spanning and (T, £)-separated sets by extending a notion
of grid from [50]. For a vector § = (61,...,6,) € R%; which may depend on
T and e, we define the following grid on the initial set K:

G(0) := {(k161, ..., knbn) € K : ky,... ky € Z}. (60)

As K is a compact set with nonempty interior, there exist closed hypercubes
B; with radius r; > 0 and By with radius o > 0 such that By ¢ K C Bs,.
Then the cardinality of the grid G(0) satisfies

{ | < #eo) SHQH +1).

3

27“1
0;
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For a point = = (x1,...,2,) € G(0), let R(x) be the open hyperrectangle in
R™ with center x and sides 264, ...,20,, that is,

R(z) :={Z1,...,%n) € R : |T1 — 21| < b1,...,|Tn — 2n| < On}. (61)

Then the points in G(#) adjacent to x are on the boundary of R(x), and the
union of all R(z) covers K, that is,

Kc |J R
z€G(0)

Comparing the hyperrectangle R(x) to the open ball By, (x,e,T') defined by
(3), we obtain the following result; the proof can be found in Appendix B.

Lemma 6 1. If the vector 0 is selected so that
R(z) C By, (z,¢,T) Ve G(9), (62)
then the grid G(8) is (T, €)-spanning. Moreover, if (62) holds for all T > 0 and
>0, and

log 6;
limsuplimsup& <0 Vie{l,...,n}, (63)
eNO0 T—oo T
then the topological entropy of the switched system (2) is upper bounded by
log(1
h(fo, K) < hmsuphmsupz L/a)

eNO0 T—o0 =1

(64)

2. If the vector 0 is selected so that
B¢ (z,e,T) C R(x) Ve G(9), (65)

then the grid G(0) is (T,€)-separated. Moreover, if (65) holds for all T > 0 and
€ > 0, then the topological entropy of the switched system (2) is lower bounded by

log( 1/9)
hfo, K) > hm\f(r)lf lim supz = ANl 74

T—o =1

(66)

Lemma 6 extends [50, Lemma 2] to the case of nonlinear modes. Note that
(63) is satisfied if all §; are nonincreasing in 7.7
6.3 Asymptotic weighted averages

Given a switching signal o, consider the active times 7,(t) defined by (8),
active rates p,(t) defined by (9), and sets of persistent and strongly persistent

7Also, the lower bound (66) does not require a condition similar to (63). For this reason, in
[51, Lemma 2.3], the requirement that all §; are nonincreasing in 7" is not actually needed for the
lower bound [51, eq. (13)].
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modes Py, and PL defined by (11). It was shown in [50, Lemma 1] that, for
a family of constants ¢, € R with p € P, we have

lim bup — max Z ¢pTp(t) = max { lim sup Z Cppp(t O}. (67)

T—00 tG 0,71 t— o0 peP
In this subsection, we present similar results for a case where the constants are
replaced by locally (Lebesgue) integrable functions; the proof can be found in
Appendix C.

Lemma 7 Consider a family of locally integrable functions a;; : R0 — R with
ie{l,...,m} andp € P.
1. Let

&;, ;= limsup af,(t), ie{l,...,m},peP.
t—oo0: o(t)=p

If the constants a Z are finite for alli € {1,...,m} and p € Pso, then

1 .
< lim sup — max ayTp(t). (68)
o Z T p'p

2. Let )
dp = liminf ap(¢), ie{l,...,m},peP.
t—oo: o(t)=p

If the constants a 1 are finite for alli € {1,...,m} and p € Po, then

hmsupZ— max Z/ o(s))ds
— T tefo.1)

and

hmsupZmaX{ Z/ o(s))ds, 0}

pEP

> hmsupZmax{ Z a,ppp(t)7 0}. (70)

t—o00
=1 pEPL

Remark 9 The inequalities (68)—(70) can be extended to some cases where the func-
tions ay are locally integrable but possibly unbounded. For example, (69) still holds

if for all ¢ € {1,...,m}, we have & V’ € RU {400} for all p € Peo\PZL and ap eR
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for all p € PL. Moreover, if d}, € R U {+oo} for all i € {1,...,m} and p € P, and
there exist j € {1,. m} and q € PZ such that a aq = 400, then

lim supz g tgfg);] Z / $)1p(o(s))ds = +o0.

T—o0 i—1
The proofs are along the lines of that of Lemma 7 and thus omitted here. Similar

extensions can be made for the inequalities (68) and (70), and consequently all bounds
for entropy of switched systems in this paper.

For a family of constants ¢, € R with p € P, the equality (67) can be
improved using arguments similar to those in the first two steps of the proof
of Lemma 7, which leads to the following result:

1
lim sup — ma c ) = limsup — ma c t
T*)OOp T te 057(“ Z pr T—)oothe[O};} + pr( )
PEPo
max{hmsup Z cppp(t), O} (71)
t—o00
peEPL

6.4 Proof of Theorem 3

We prove only the upper bound (39) here; the lower bound (41) can be estab-
lished using similar arguments (the omitted proof can be found in [52]). By
applying the upper bound for the distance between two solutions (56) to each
subsystem of (37) with the corresponding “local” norm and matrix measure,
we obtain that, for all initial states x = (z1,...,Zm),T = (T1,...,Tm) € K
with z;,z; € R™ for i € {1,...,m}, the corresponding solutions satisfy

|£zi7(taji) - gcly(t,l'lﬂl < eﬁia(t)“’fi - xl|2 Vie {17 s 7m}7 t>0
with

(1) = max Z / 15T, F(EL (5,00)) Tp(0(s))ds.

v; €Eco(K; )

Due to the equivalence of norms on a finite-dimensional vector space, there

exist constants r1,...,7,,~N > 0 such that
|vi\i§r¢|vi|oo ViE{L...,m}, ’UZ'ERM
and
[vIn < rN|Y|oo VoveR™.

Then the definition of the “global” norm (24) implies that

|§G<tai) - Eo(tvx)lG < glix rN|§3(t7ji) - gzi(t»xi)'i

< 1I<nf£§n Mo (t TN|$1 — x| < I<HE%X Mot )TNT¢|£1- — Ziloo
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for all ¢ > 0. Consequently, given arbitrary time horizon T" > 0 and radius
€ > 0, we have

max, &5 (¢, %) — &6 (t,2)|a < 1gla§nema"*€[° e D pnri| T — Tiloo. (72)

Consider the grid G(f) defined by (60) with the vector 6 =
(011,,,...,0n1,, ) € RY, defined by

0; = e~ MA¥tel0.T] ﬁg(t)e/(er), ie{l,...,m}.

Comparing the corresponding hyperrectangles R(z) defined by (61) to the
open balls By_(z,e,T) defined by (3) with the “global” norm |- |g, we see that
(72) implies R(z) C By, (x,e,T) for all z € G(#). Then part 1 of Lemma 6
implies that G(0) is (T,e)-spanning. As T' > 0 and € > 0 are arbitrary, and
all §; are nonincreasing in 7', the upper bound (64) implies that

h(fo, K )<hmsuphmsupzw
eNo T— o0 |
m n; log(rnri/€)
= limsu — max n;n,(t) + lim lim 10 OOV NTE/ &)
Tﬁwp; ma Ty (1) + i Jim 3 2O

< hmsupz — max Z/ vl max nl,uZ(sz;(T)Z)D 1,(o(s))ds,

Too = T t€0.7] €€i (s,c0(K,)

where the last inequality holds in part because the maximum is a subadditive
function. Finally, we obtain (39) by invoking the upper bound (68) with the
functions

it: ZZJ$l71 R e {1, ..., s eP. O
a,(t) meg;gfg(m)nu( (V) ief my, p

6.5 Proof of Theorem 4

We prove the lower bound (43) using volume-based arguments. As K is a
compact set with nonempty interior, there exists a hyperrectangle R = Ry X
- X R, with R; C K; fori € {1,...,m}. Then R C K and

Eo(t,R) = EL(t, R) x -+ X &1 (t, Ry) V>0
for the switched block-diagonal system (37).
Given arbitrary time horizon 7' > 0 and radius € > 0, by applying the

lower bound for the volume of reachable set (57) to each subsystem of (37),
we obtain that

vol(€L(T, Ry)) > e» T vol(R;)  Vie{l,...,m}
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with (recall that R; C K;)
350 = min 3 [ (€ (5. 00) Ly o))

Let Z = {i1,...,i;} := {i : . (T) > 0} which depends on T, and define
Sg(T, RI) = g? (Ta R'Ll) X X E(Z;l (T, Rzl)

Then
vol(¢Z (T, Rp) = [ vol(€, (72 R)) > e2eees ™ T vol(R)
€T i€l
> ey max{75 (1), 0} H min{vol(R;), 1}. (73)
i=1
Let E be a minimal (T, ¢)-spanning set defined by (3) and (4) with the
“global” norm | - |g. Due to the equivalence of norms on a finite-dimensional

vector space, there exist constants 71,..., 7y, ~n > 0 such that
|U1‘00§771|1)1|1 Vie{l,...7m}, UiGRni
and
[V]oo < TN|v|N VoeR™.
Then for all initial states * = (z1,...,2m),Z = (Z1,...,Ty) € R™ with

x;, &; € R™ for i € {1,...,m}, the definition of the “global” norm (24) implies
that

‘ga(Ta ‘i) - ga(Tv x)|G > 1r<nf?§n |§;(T7 j2) - f:r(Ta ‘ri)|i/fN

> max [T 01) — € (T 20) oo/ (7).

Hence for the set Z = {iy,...,4;}, we have (recall that R C K)

fc{(TvRI) c {(gzirl(Tv‘i.h)a'“agg(ijil)) : (‘(Elw"ajm) € K}
C U {(ngl(ijil)" . ,SQ(Ta ‘flz)) : |§U(T7 (*ila s ajm)) - fg(T,fE”G < 5}

zeE
c U A ) s o = (T, 33) |00 < P for all i € T},
(T1,0Tm)EE

and thus

vol(X(T, Ry)) < #E [[(2rnrie)™ < #E [ [ max{(2rxmie)™, 1}, (74)

i€T i=1
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Combining (73) and (74), we obtain that the minimal cardinality of a
(T, e)-spanning set satisfies

" (r),0y 7T in{vol(R:), 1}
e T K) = #E > edoica mx{75(1), 0} min{vol(R,), 1}
S(f o ) # =° 1;[1 IIlaX{(27?1\17:1‘5-:)7“‘7 1}

Hence the definition of entropy (5) implies that

h(fe, K)

S 1 m min{vol(R;), 1}
>1 £ | e max{~:(T), 0}
> gt . o H 1 max{(2rarie)™, 1}

_hmmpzmax {%(T) O} i lim L Zl ( min{vol(R;), 1} )

T—oo = T eNO0T—oo T max{ 2TN7”1 )’”1 1}

> lim supZmax{ Z/ vleglg?K (sz;(f)z))> 1,(o(s))ds, 0},

T—o0 i—1 peP

where the last inequality holds in part because the minimum is a superadditive
function. Finally, we obtain (43) by invoking the lower bound (70) with the
functions

L) = min_ tr(Jy, fh(0:)), ie{l,...,m},peP. O

(2
ap( ) D€L (t,K;)

6.6 Proof of Theorem 1

Note that the switched system (2) can be seen as a switched block-diagonal
system (37) with a single block. Consequently, the upper bound (17) and
lower bound (19) for the entropy of (2) can be obtained by taking m = 1
and n; = n in the upper bound (44) and lower bound (43) for the entropy of
(37), respectively. For a standalone proof of slightly weaker results (without
considering persistent and strongly persistent modes), see the proof of [51,
Th. 3.1]. O

7 Conclusion

Upper and lower bounds for topological entropy of switched nonlinear and
interconnected systems were constructed, which generalized and extended pre-
vious results on switched linear systems and advanced our understanding of
the effects of switching on topological entropy. A feature of these bounds is
that they depend on the values of Jacobian matrices of only strongly persistent
modes and over only an w-limit set. As a result, they are easier to compute
and are able to yield finite bounds in the case of unbounded Jacobian matrices
but a compact global attractor.
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Future research directions include analyzing the computation complexities
of the bounds for topological entropy in this paper, investigating the rela-
tions between these bounds and stability conditions for switched nonlinear and
interconnected systems, and constructing bounds for topological entropy of
switched nonlinear systems with triangular structure and general time-varying
systems.

Acknowledgments This work was supported in part by the National Sci-
ence Foundation grant CMMI-2106043, and in part by the National Science
Foundation grant CNS-1329650 and EPCN-1608880.

Appendix A Proofs of Lemmas 4 and 5

Lemmas 4 and 5 are established based on similar properties of a linear time-
varying (LTV) system

= A(t)x (A1)
with a piecewise-continuous, matrix-valued function A : R>o — R™*"™. The
solution to (Al) at time ¢t > 0 with initial state v is given by &(t,v) =
® 4(t,0) v, where @ 4(¢,0) is the state-transition matrix and satisfies Coppel’s
inequalities [14, Th. 2.8.27, p. 34]

t

elo AN <1041, 0) 0] < el A iz 0 0e R (A2)

and Liouville’s formula [9, Th. 4.1, p. 28]

det(P a(t,0)) = eo FAEDD gy s (A3)

Proof of Lemma 4 We prove Lemma 4 by writing the Jacobian matrix of a solution to
the switched nonlinear system (2) with respect to initial state Jz& (¢, z) as a matrix
solution to the LTV system (Al) with a suitable function A(t), using variational
arguments from nonlinear systems analysis (see, e.g., [24, Sec. 4.2.4]). For all v € R",
we have Jz&x(0,v) = I and
O Jz&o(t,v) = Ju&o(t,v) = Ja:fa(t)(fa(tvv)) Jz&o(t,v)
for all ¢t > 0 that are not switches. Hence for each fixed v € R", the matrix Jz&o (¢, v)
is equal to the state-transition matrix ® 4(¢,0) of (A1) with A(t) = Ju fo () (&o (£, v)).
First, given arbitrary initial states x,z € K, let
v(p) :=px+ (1 —p)x, p€10,1].
Then v(p) € co(K) and v/(p) = & — x for all p € [0,1]. Hence

1
60 (1,) — & (0, 2)| = €0 (1, (1)) — & (1, 1(0))] = ‘ | restmtone - o
0
1 1
< [ etttz —aldp s [ el g,
0 0

< (Ué?&’%) oo u(waa(s)(sa(s,v»)ds) 17— = O]z _ g
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for all ¢ > 0, where the second inequality follows from the second inequality in (A2)
with A(t) = Jz fo(1)(&o (8, v(p))) and P (t,0) = Jz&(t,v(p)), and the last equality
follows from the transformation (58). Hence (56) holds.

Second, for each fixed v € R", Liouville’s formula (A3) with A(t) =
Jz fo ) (Eo(t,v)) and @4 (¢,0) = Jz&o (¢, v) implies that

det(Juto(t,v)) = efo FUrfo@EoMds gy s g
Then

vol(€q (, K)) = /K | det(Juo (t,0))|do > (géilr%\det(szg(t,v))D vol(K)

_ (miﬁ oo tr(sza(s>(sa<s,v>>>ds) vol(K) = 7 () vol (K)
IS

for all ¢ > 0, where the last equality follows from the transformation (58). Hence (57)
holds. g

Proof of Lemma 5 We prove Lemma 5 by writing the difference between two solu-
tions to the switched nonlinear system (2) as a solution to the LTV system (A1) with
a suitable function A(t), using variational arguments similar to those in the proof of
Lemma 4. Given arbitrary initial states x,z € K, let

V(tvp) = pgo’(tvj)+(17p)€0'(t7x)a pE [07 1}7 t> 0.
Then v(t, p) € co(és(t, K)) and dpv(t, p) = & (1, %) — €5 (t, ) for all p € [0,1] and
t > 0. Hence

6t(€a (tv j) - &T(tv z)) = fa(t) (€U(t7 j)) - fa(t) (€U (tv JJ))
= fa(t)(y(tv 1)) - fa(t) (V(t’ 0))

1
= ( /0 fo(,(t)(u(t,p))dp> (€t 7) — & (t,))

for all ¢ > 0 that are not switches. Therefore, £5(t, Z) — &5 (¢, z) is the solution to (A1)

with A(t) = fol Jz fo ) (v(t, p))dp at time ¢ with initial state  — z. Consequently,
(A2) implies that

eJo 1Sy Teteo Camde)dsn e 5 et 0)]

< eJo 1 fy Taforwlsmndo)as o

for all t > 0. Moreover, as the matrix measure p is a convex function, Jensen’s
inequality [3, Th. 11.24, p.417] implies that

1 1
u(/ fog(t)(l/(t,p))dp> S/ 1z fo 1y (v(t, p))dp
0 0
< oo ) 1(Jz fo (1) ()
and

1 1
_M(_ /0 sza(t)(u(t,p))dp> > /0 (=T fo )W (t, p))dp

> min —p(—Jz foip) (v
2 coolin oy TR Lo ()

for all t > 0. Then (59) follows from the transformation (58). O
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Appendix B Proof of Lemma 6

1. If (62) holds, then

K C U R(z) C U By, (x,e,T).

2E€G(0) 2EG(0)

Hence G(0) is (T, ¢)-spanning following the definition (4), and thus

< sa0 (2] ) <11 ()

Z

If (62) holds for all T > 0 and € > 0, then the definition of entropy (5) implies
that

log(2r9/6; + 1
h(fo, K )<11msuphmsupzm

N0 Tooo T T
log(1/6;)
< lim sup lim sup —_——
N0 T—oo ; T
g(91 + 2T2)
+ lim sup lim sup ———=, B4
; N0 P T—>oop T (B4)

where the last inequality holds as the upper limit is a subadditive function.
Moreover, for all ¢ € {1,...,n}, the summands in the last term in (B4) satisfy

log(6i +2 log(26;), log(4
T sup lim sup 1280 T272) i sup e 108(261), log(4r)}
eNo T—oo T eN\0 T—o00 T
= max { lim sup lim sup 0g(26;) . lim og(4r2) }
N0 T—oo T Tooo T

log 0;
= max { lim sup lim sup 08 , O},
N0 Tooo T

where the inequality holds as the logarithm is an increasing function and
0;,72 > 0, and the last equality holds in part because 72 is independent of 7.
Then (63) implies (64).8

2. If (65) holds, then for all distinct points z,Z € G(f), we have
z ¢ By (z,e,T) as = ¢ R(z). Hence G(0) is (T, ¢)-separated following the
definition (6), and thus

N(e 1K) > #G(0) > [ | fﬂ > ﬁmax{zgl—l, 1}.

8There was a typo in [50, Lemma 2], where [50, eq. (17)] should be replaced with (63), as the
inequality in (63) needs to hold for each ¢ € {1,...,n} instead of the upper limits of the sum.
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If (65) holds for all 7" > 0 and € > 0, then the alternative definition of entropy
(7) implies that

log(max{2r,/6; — 1, 1})

h(fs, > lim inf lim su
(fo, K) 2 lim iy pz

T—o00 i—1 T
n
log(1/6;
> lim inf lim sup M
eNo T—00 i=1 T

log(max{2r; — 6;, 6;})
T )

+ ; hgn\l(r)lf hTngoréf (B5)

where the last inequality holds as the lower limit is a superadditive function,
and for two functions g,g : R>0 — R, we have

limsup(g(T) + g(T)) > limsup g(T) + lijgn inf g(T').
—00

T—o0 T—o0

Moreover, for all ¢ € {1,...,n}, the summands in the last term in (B5) satisfy

lim inf lim inf log(max{2r1 — 0, 6:}) > lim inf lim inf log(max{ry, 6:})
eN0  T—oo T eN0  T—oo T

log 11

> lim inf lim inf
eNO0 T—oo

= O’

where the first inequality holds as the logarithm is an increasing function and
r1,60; > 0, and the equality holds as r; is independent of T. Hence (66) holds.
O

Appendix C Proof of Lemma 7

We prove only the lower bound (69) here; the upper bound (68) and lower
bound (70) can be established using similar arguments (the omitted proof can
be found in [52]). For brevity, we define the following functions on Rx>¢:

ni(t) = / ai(s) L(o(s)ds, peP,

‘ 1 ‘ ie{l,...,m}
a'(T) = = :(t
a'(T) Ttgﬁ;]pepnp( ),

with a'(0) := max{afj(o) (0), 0}. Also, note that for two continuous functions
9,9 : R>o — R, we have

q > > 0.
e (9(t) +9(t)) = max g 9t) + g[lolr; | gt) vIT'=0 (C6)
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First, we eliminate modes that are not persistent. The definition of P, in
(11) implies that to 1= sup{t > 0: o(t) € P\Pwo} is finite. Then

. 1 .
o1 .
0= 7 (g, 30+ g 3 00)

:1<max S+ min Y np(t)>

T \ tel0,1) veP

for all i € {1,...,m} and T > t,, where the inequality follows from (C6).

Hence
lim sup E a > hm sup E — max E i t).
T—oo i=1 i=1 te[O Tl pEP. 7719( )

Second, we eliminate modes that are persistent but not strongly persistent

For all i € {1,...,m} and p € P, as G, = liminf,_, . 5()—p p(t) are finite

&' = infy>0 al (t) 1,(o(t)) are finite as well Then

P
L omax ST i(t) = o O+ min S )
— max — max — min
T tefo,T) T — T telo,T] T T tefo,T) "l
PEP pEPL PEP\PL
1 i s fxi
> 7y L0+ Y minda, Ohny(1)
pePL PEPL\PL

for all i € {1,...,m} and T > 0, where the first inequality follows from

(C6). Moreover, for all p ¢ PL, as p,(t) > 0 for all ¢ > 0 and p, =
lim sup,_, o, pp(t) = 0, we have p, = lim;_, pp(t) = 0. Then

Z Z mm{ap, 0}pp(T Z Z min{d;, 0}pp = 0.

lim
=1 pePo\PL =1 pePo\PL

T—o0

Hence
lim sup ) > hm sup — max ne(t).
T—00 ; ; T telo,T) Z+ p( )
PE€P
Finally, as P}, is a finite set, the lower limit in the definition of d, implies
that, for each § > 0, there exists a large enough t5 > 0 such that

a;(t)>é; 0 Vie{l,....m},pePL t>ts:0(t) =p.
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For all i € {1,...,m} and t > 0, consider

> )

Z /0 (a;(s) —@—&-5—&-&;—5) 1,(0(s))ds

pEPL PEPL
t
=S dnt -+ S /(a;<s)—a;+5)n,,(a(s)>ds.
pePL pert 0

Ift > ts, then

Z /0 (a)(s) —al +6) 1, (o(s))ds > Z /0 6(&;(8) — a4 6) Ly(o(s))ds.

pePL pePL

Otherwise ¢ € [0, 5], and hence

Combining the two cases, we obtain

S > Y Gt —ot+ min Y / (ai(s) — @+ 8) Lp(o(s))ds.
PL 0

pEPj’o pEPQ’C tel0.ta] pe
Then
- S ) > A o(t) — 6
T efor) 4= "\ = T forr) 2= “P7P
p o0 p o0
1 E
o min > /O(ap(s)—ap+5) 1,(0(s))ds

oo

for all T' > 0, where the inequality follows in part from (C6). Hence

m m
1 .

lim sup Z a;(T) > lim supz — max ay,7p(t) — md.

T—oo T—oo ;5 T tel0,1) pept

Then (69) holds as § > 0 is arbitrary. O
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