
OnController Initialization inMultivariable

SwitchingSystems ⋆

Farshad R. Pour Safaei a,∗, João P. Hespanha a, Gregory Stewart b

aUniversity of California, Santa Barbara, CA 93106-9560, USA

bHoneywell, 500 Brooksbank Avenue, North Vancouver, BC Canada V7J 3S4

Abstract

We consider a class of switched systems which consists of a linear MIMO and possibly unstable process in feedback interconnec-
tion with a multicontroller whose dynamics switch. It is shown how one can achieve significantly better transient performance
by selecting the initial condition for every controller when it is inserted into the feedback loop. This initialization is obtained
by performing the minimization of a quadratic cost function of the tracking error, controlled output, and control signal. We
guarantee input-to-state stability of the closed-loop system when the average number of switches per unit of time is smaller
than a specific value. If this is not the case then stability can still be achieved by adding a mild constraint to the optimization.
We illustrate the use of our results in the control of a flexible beam actuated in torque. This system is unstable with two poles
at the origin and contains several lightly damped modes, which can be easily excited by controller switching.
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1 Introduction

The classical approach to satisfy multiple conflicting re-
quirements in a linear control system has some inherent
limitations that have been well recognized in the liter-
ature, Boyd & Barrat (1991). A solution to such prob-
lems is to design several controllers with distinct trans-
fer functions {Kq(s) : q ∈ P}, and switch between them.
Examples of such systems are the fault tolerant control,
Efimov et al. (2010a), and the gain scheduling problem,
Stewart (2012). To achieve the best overall performance,
it is the job of the designer to choose which controller to
use at each time instant , based on the current operating
conditions (e.g. Al-Shyoukh & Shamma (2009)).

In designing a multicontroller in a linear switching sys-
tem, there are several degrees of freedom available to de-
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signers. Two of them, selecting different controller trans-
fer functions and deciding which controller to use at each
instant of time, are widely used. In addition, one can take
advantage of another degree of freedom which is rarely
used by designers: selecting suitable initial conditions for
the controllers when they are inserted into the feedback
loop. We mainly focus on exploring this degree of free-
dom to increase the performance of the overall system.
Moreover, since stability of switching systems depends
on controller realization, by choosing appropriate state-
space realizations for controller transfer functions, we
guarantee closed-loop stability under very mild assump-
tions on the switching mechanism. We assume that the
set of controller transfer functions is given and that we
have no control over the mechanism by which it is de-
cided when the different controllers are switched in and
out of the feedback loop.

Switching between controllers has the potential to cause
adverse transient responses and, consequently, the miti-
gation of such transients has been addressed in the litera-
ture. Turner&Walker (2000) proposed to address this by
minimizing the difference between the control signal that
is being fed to the process and the control signals pro-
duced by out-of-loop controllers. This minimization was
formulated as a linear quadratic (LQ) optimization and
resulted in a static feedback law for the out-of-loop con-
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trollers. Based on this work, Zheng & Benstman (2009)
and Zheng et al. (2007) have analyzed the steady-state
gain of the infinite horizon LQ bumpless transfer topolo-
gies and steady state bumpless control transfer under un-
certainties. This type of approach is motivated by the in-
tuitive appeal of “bumpless transfer:” by switching into
the feedback loop a controller whose output is close to
the current control signal, the transient should be small.
Here, we consider a more direct approach in that we will
directly address the problem of improving transient per-
formance of the system, without making assumption on
whether or not bumpless transfer will lead to a better
transient. We will show that transients due to switch-
ing can be mostly suppressed by carefully initializing the
state of a new controller to be inserted into the feedback
loop, so as to minimize a quadratic cost that combines
the control signal, error signal and controlled output.

Turner & Walker (2000) assumed that both on- and
off-line controllers are stabilizing for the plant in ques-
tion however nothing can be concluded about stability
of the overall system under arbitrary switching, Liber-
zon (2003). Hespanha & Morse (2002) considered the
problem of selecting controller realizations and choosing
initial conditions to stabilize a switched system, but no
improvement in the transient response of the switching
controller was considered. The optimal control problem
for switched systems was considered in Xu & Antsaklis
(2004) where they assume that a prespecified sequence of
active subsystems is given and optimal switching times
are driven. Also Efimov et al. (2010b) derive a switching
law to improve the performance under stabilizing con-
troller. Moreover, Stewart & Dumont (2006) presents
a technique to improve the performance of each sub-
controller in discrete time systems which is further pur-
sued in Hespanha et al. (2007) for controller initializa-
tion.

The specific problem formulated here was first intro-
duced in Hespanha et al. (2007), which provided a
method to select controller realizations and initial con-
ditions for the case of an asymptotically stable SISO
plant to be controlled. The stability results of Hespanha
et al. (2007) were restricted to the case of piecewise
constant reference signals. The main contribution of
this paper is to extend these results to MIMO, possi-
bly unstable processes and show that it is possible to
obtain input-to-state stability (ISS) of the closed-loop
for arbitrary references. In particular, we show that ISS
can be obtained through two alternative mechanisms:
when the average number of switches per unit of time
is smaller than a specific value, the closed-loop system
remains ISS. If this is not the case then the ISS property
can still be achieved by adding a mild constraint to the
optimization and to select the initial controller state.

The remainder of this paper is organized as follows. In
section 2, the mathematical problem statement is intro-

duced. Section 3 shows how to choose the controller reset
map to minimize a quadratic criteria. Section 4 proves
the stability of the closed loop under a mild assumption
on the switching signal. Simulation results that compare
the performance of our switching controller with those
in Hespanha & Morse (2002) for a MIMO unstable pro-
cess are provided in sections 5. Finally, section 6 provides
conclusions and directions for future work.

2 Problem statement

2.1 Controller architecture

The switched systems considered here arises from the
feedback interconnection of a Linear Time-Invariant
(LTI) plant Σ to be controlled with a multicon-
troller C(σ) whose inputs are the usual tracking error
eT (t) as well as a piecewise constant switching signal
σ : [0,+∞) → P that determines which controller
transfer function to use at each time instant.

More specifically, when σ(t) is set constant equal to some
q ∈ P, the multicontroller should behave as an LTI sys-
tem with transfer function Kq(s). In particular, given
n-dimensional state space realizations Eq, Fq, Vq,Wq for
each Kq(s), q ∈ P , the state xmult(t) of the multicon-
troller C(σ) evolves according to{

ẋmult(t) = Eσ(t)xmult(t) + Fσ(t)eT (t)

u(t) = Vσ(t)xmult(t) +Wσ(t)eT (t)
(1)

on any time interval on which the switching signal σ(t)
remains constant, and according to

xmult(t) = ψ(xmult(t
−), σ(t−), σ(t), r(t)), (2)

at every time t, called a switching time, at which σ(t) is
discontinuous. The function ψ(.) is called the reset map
and it determines the initial state of the controllers at the
switching times. We let such initial state depend on the
state xmult(t

−) of the controller just before the switching
time, the index p of the previous controller (σ(t−) = p),
the index q of the new controller (σ(t) = q), and also
on the current reference value r(t). Our goal is to select
the reset map so as to achieve a smooth transient at the
controller switching times. In particular, we select this
function so as to minimize a quadratic cost function that
penalizes the tracking error, the controlled output, and
the control signal, all integrated over an interval that
starts at the switching time.

The construction of the multicontroller follows Hes-
panha (2009) and is inspired by the Q-parameterization
of all the stabilizing controllers, Youla et al. (1976). In
this parameterization, one can define the set of all pos-
sible stabilizing controllers as a function of the so-called
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parameter Q which is a stable transfer matrix. This is a
useful tool in problems where one wishes to optimize a
performance objective with a stability constraint.

Consider a multivariable LTI process Σ with transfer
function Gpl(s) from the input u(t) to the output y(t),
and assume given a finite family of stabilizing controller
transfer functions {Kq(s) : q ∈ P} from the tracking
error eT (t) to the control input u(t), where r(t) denotes
a reference signal.

Let (A,B,C) denote a stabilizable and detectable npl-
dimensional realization for the process transfer function
Gpl(s):

ẋpl = Axpl+Bu, y = Cxpl, z = Gxpl+Hu, (3)

where xpl ∈ Rnpl denotes the process state, u ∈ Rk the
control signal, y ∈ Rm the measured output and z ∈ Rl

the controlled output. The measured output y(t) corre-
sponds to the signal that is available for control whereas
z(t) corresponds to the signal that one would like to
make as small as possible in the shortest possible time. It
should be noted that matrix the matrix H represents a
direct feedthrough term between u and controlled output
z. Such matrix is needed if we want to penalize the con-
trol signal. One could also consider a similar feedthrough
term between u and the measured output y. For sim-
plicity, we are ignoring such term. If such term exists,
we can get similar results by applying the parameteri-
zation techniques introduced in (Dullerud & Paganini,
1999, Chapter 5).
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Fig. 1. Controller Kq(s)

As stated in the following theorem, one can select an
LQG/LQR Q-augmented realization for each stabilizing
controller of the form shown in Figure 1.

Theorem (Q-parametrization) 2.1 Assume that
A − LC and A − BK are Hurwitz matrices. For ev-
ery controller transfer matrix Kq(s) that asymptotically
stabilizes (3), there exists a BIBO (Bounded-Input-
Bounded-Output) stable transfer matrix Qq(s) such
that for every stabilizable and detectable realization
(Aq, Bq, Cq, Dq) of Qq(s), the controller transfer matrix
Kq(s) admits a stabilizable and detectable realization

(Eq, Fq, Vq,Wq) with

Eq :=

[
A− LC −BK −BDqC BCq

−BqC Aq

]
,

Fq :=

[
−L−BDq

−Bq

]
,

(4)

Vq := [−K −DqC Cq ], Wq := −Dq (5)

where Aq matrices are selected so that Aq +A′
q < 0. 2

The controller realization, introduced in Theorem 2.1,
corresponds to the diagram in Figure 1.

Proof of Theorem 2.1 The existence ofQ system and
realizations (4)-(5) are proved in Hespanha (2009). We
further show that one can always find Aq matrices that
satisfy

Aq +A′
q < 0, ∀q ∈ P. (6)

Consider a finite family of Hurwitz matrices S = {Ãq :
q ∈ P}. By using a similarity transformation, we show

how to compute Aq matrices for every Ãq such that it

satisfies (6). Since Ãq matrices are asymptotically stable,
the family of Lyapunov equations

QqÃq + Ã′
qQq = −I q ∈ P (7)

always have positive definite symmetric solutions Qq

which can be written asQq = Y ′
qYq. LetAq = YqÃqY

−1
q .

From (7), we can conclude that

Y ′
q (Aq +A′

q)Yq = −I

which yields to Aq +A′
q = −(Y ′

q )
−1(Yq)

−1 < 0. �

We now propose to use a multicontroller C(σ) with state
xmult = [x̄′, x′Q]

′ that evolves according to (1), with real-

ization (4)-(5), on any time interval on which the switch-
ing signal σ(t) remains constant and is reset according
to the equation (2) at every switching time t. In (2), only
the xQ component of the state of the multi-controller is
reset according to a map ψQ(.) to be defined in section 3.

2.2 Closed-loop configuration

The optimal set point problem can be reduced to that
of optimal regulation by considering an auxiliary system
with state x̃ := x − xeq, [cf. Hespanha (2009)]. This
motivates us to consider the closed-loop configuration as
shown in Figure 2 with appropriately defined matricesN
and F . If one wants the controlled output z to converge
to a given nonzero constant set-point value r ∈ Rl, there

3



N

r
y

T

T

-ex=-Cy

+vx=-Ku

+Bv-Lex=(A-LC-BK)x

~

~

 
Te u~

equ

 (t)y+Dxv=C

y+Bx=Ax

 (t)Q (t)

 (t)Q (t)Q

~

~
 

pl

plpl

y=Cx

+Bu=Axx 

y~

-

T

T

-ex=-Cy

+vx=-Ku

+Bv-Lex(A-LC-BK)=x

~

~

 

y+Dxv=C

y+Bx=Ax

qQq

qQqQ

~

~
 

Te u~

y~

u
z

CF

Fig. 2. Closed-loop Architecture

should exist an equilibrium point (xeq, ueq) that satisfies
the linear equation

[
−A B

−G H

][
−xeq
ueq

]
=

[
0

r

]
xeq ∈ Rnpl , ueq ∈ Rk.

(8)
Depending on the number of inputs k and the number
of controlled outputs l, three different cases should be
considered: (i) k < l (under-actuated system) for which
(8) generally does not have a solution (ii) k > l (over-
actuated system) for which (8) generally has more than
one solution (iii) k = l for which (8) always has a solu-
tion as long as the coefficient matrix in (8) is nonsingu-
lar. If there exists a solution to (8), it can be written in
the form xeq = Fr, ueq = Nr for appropriately defined
matrices F and N , which corresponds to the control ar-
chitecture in Figure 2. The feed-forward term Nr is ab-
sent when the state matrix A has an eigen value at the
origin and this mode is observable through z. Note that
in this case the process has an integrator. Also, when
z = y, we haveG = C,H = 0, and in this case Cxeq = r.
This corresponds to CF = 1.

We are now ready to find the closed-loop realiza-
tion of the system shown in Figure 2. Connecting
the plant Σ with realization (A,B,C) to the multi-
controller C(σ), through the negative feedback inter-
connection, results in a switched system with a state

x(t) =
[
xpl(t)

′, x̄(t)′, xQ(t)
′]′ that evolves according to

ẋ(t) = Âσ(t)x(t) + B̂σ(t)r(t),

y(t) = Ĉσ(t)x(t),

z(t) = Ĝσ(t)x(t) + Ĥσ(t)r(t)

(9)

on any time interval on which σ(t) remains constant and

x(t) =


xpl(t)

x̄(t)

xQ(t)

 =


xpl(t

−)

x̄(t−)

ψQ(x(t
−), σ(t−), σ(t), r(t))


(10)

at every switching time t. The matrices in (9) are defined

by

Âq :=


A+BDqC −B(K +DqC) BCq

(L+BDq)C A− LC −BK −BDqC BCq

BqC −BqC Aq

 ,

B̂q :=


BN −BDqCF

−(L+BDq)CF

−BqCF

 ,
Ĉq := [C 0 0 ],

Ĝq := [G+HDqC H(−K −DqC) Cq ],

Ĥq := H(N −DqCF ), ∀q ∈ P.

Since each controller transfer functionKq(s) asymptoti-

cally stabilizes the process, all Âq matrices are Hurwitz.

In the remainder of this paper, we focus on the goal of
selecting an appropriate reset map ψQ(·) in (10) that
achieves an optimal transient performance at switching
times, while maintaining the stability of the closed-loop
system. The idea of optimizing transient performance is
the subject of the next section.

3 Optimization of transient performance

3.1 Quadratic cost function

As discussed in previous section, only xQ(t) component
of (10) jumps at switching times, and the other two
components evolve continuously. Suppose that there is
a switching at t = t0, which results in a jump in the
switching signal from σ(t−0 ) = p to σ(t0) = q. In what
follows, we try to select an appropriate post-switching
state defined by the reset map

xQ(t0) = ψQ(x(t
−
0 ), p, q, r(t0)) (11)

such that it optimizes the resulting transient perfor-
mance, as measured by a quadratic cost of the following
form

J =
∫ t1
t0

(
eT (t)

′ReT (t) + z(t)′Wz(t) + u(t)′Ku(t)
)
dt

+
(
x(t1)− x∞

)′
T
(
x(t1)− x∞

)
(12)

where eT , z and u are shown in Figure 2. In the above
equation, t1 is a time larger than t0 and possibly equal to
+∞;R,W,K, T are appropriately selected positive semi-
definite symmetric matrices, and x∞ := −Â−1

q B̂q r(t0).
Note that the vector x∞ that appears in the terminal
term in (12) is the steady-state value to which x(t) would
converge as t→ ∞ if both σ(t) and r(t) were to remain
constant. Moreover, It is worth noting that all the results
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in this section hold for an infinite horizon, as we make
t1 → ∞ in (12), in which case the terminal cost term in
(12) disappears.

One can define a transient performance by appropriately
definingR,W,K, T matrices in (12) which correspond to
penalizing the tracking error, controlled output, control
effort, and final state magnitude, respectively. In this
optimization, we assume that the switching signal σ(t)
and the reference r(t) remain constant and equal to q
and r(t0) over the optimization horizon [t0, t1]. If σ(t)
turns out to switch again before t1, the value to which
xQ was reset at time t0 will generally not be optimal, but
in section 4 we will make sure that stability is preserved
even if unexpected switches occur.

3.2 Optimal reset map

To find the value of xQ(t0) in (11) that minimizes (12)
we need to introduce the following notation: Let Qq de-
note the symmetric solution to the following Lyapunov
equation

QqÂq + Â′
qQq = −Pq,

where Pq := Ĉ ′
qRĈq + Ĝ

′
qWĜq + C̃

′
qKC̃q ≥ 0 and C̃q :=

[DqC −(K +DqC) Cq ]. Such Qq always exists and is

positive semi-definite because Âq is a Hurwitz matrix.
We also define the positive semi-definite matrix Mq :=

Qq + eÂ
′
q∆(T −Qq)e

Âq∆, the length of optimization in-
terval ∆ := t1 − t0, and the vector

g′q := 2r(t0)
′
((

− F ′C ′RĈq + Ĥ ′
qWĜq+

(N −DqCF )
′KC̃q + B̂′

qQq

)
Â−1

q

(
I − eÂq∆

)
+B̂′

q

(
eÂ

′
q∆(Â′

q)
−1(Qq − T )− (Â′

q)
−1Qq

)
eÂq∆

)
.

We further need to block-partition the symmetric matrix
Mq and the vector gq according to the partition in (10)
of the state vector:

Mq =


Mq

11 M
q
12 M

q
13

Mq
21 M

q
22 M

q
23

Mq
31 M

q
32 M

q
33

 , gq =


gq1

gq2

gq3


and perform a singular value decomposition of

Mq
33 =

[
Uq
1 Uq

2

] [Λq 0

0 0

][
(V q

1 )
′

(V q
2 )

′

]

(with Λq nonsingular). We are now ready to provide the
solution to the above quadratic optimization problem.

Theorem 3.1 Assume that there is a single switching
at t = t0, where σ(t

−
0 ) = p, σ(t0) = q and r(t) = r(t0)

∀t ∈ [t0, t1]. The reset map (with the smallest Euclidean
norm)

x∗Q(t0) = V q
1 Λ

−1
q (Uq

1 )
′·(

1
2g

q
3 − (Mq

13)
′xpl(t

−
0 )−Mq

32x̄(t
−
0 )

)
.

(13)

provides a global minimum to (12). 2

Proof of Theorem 3.1 Wefirst compute the quadratic
cost function J along a solution to the closed loop
dynamics in the optimization interval:

x(t) = eÂq(t−t0)x(t0) +
∫ t

t0
eÂq(t−τ)B̂q · r(t0) dτ,

u(t) = C̃qx(t) + (N −DqCF )r(t), ∀t ∈ [t0, t1].

Straightforward algebra shows that the terminal term in
(12) is given by(

x(t1)− x∞
)′
T
(
x(t1)− x∞

)
=

[
eÂq(t1−t0)x(t0)+∫ t1

t0
eÂq(t1−τ)B̂q · r(t0) dτ+

+Âq
−1
B̂qr(t0)

]′
T
[
eÂq(t1−t0)x(t0)+

+
∫ t1
t0
eÂq(t1−τ)B̂q · r(t0) dτ + Âq

−1
B̂qr(t0)

]
= x(t0)

′eÂ
′
q∆TeÂq∆x(t0)

+2r(t0)
′B̂′

qe
Â′

q∆(Â−1
q )′TeÂq∆x(t0) + r(t0)

′.

B̂q
′
(eÂ

′
q∆ − I)(Â−1

q )′TÂ−1
q (eÂq∆ − I)B̂qr(t0)

+r(t0)
′B̂′

q(Â
−1
q )′TÂ−1

q (eÂq∆ − 1
2I)B̂qr(t0).

(14)
Since

eT (t)
′ReT (t) = r(t0)

′F ′C ′RCFr(t0)

−2r(t0)
′F ′C ′RĈqx(t) + x(t)′Ĉ ′

qRĈqx(t),

u(t)′Ku(t) = x(t)′C̃ ′
qKC̃qx(t)

+2r(t0)
′(N ′ − F ′C ′D′

q)KC̃qx(t)

+r(t0)(N
′ − F ′C ′D′

q)K(N −DqCF )r(t0),

z(t)′Wz(t) = (Ĝqx(t) + Ĥqr(t0))
′W (Ĝqx(t) + Ĥqr(t0))

= x(t)′Ĝ′
qWĜqx(t) + 2r(t0)

′Ĥ ′
qWĜqx(t)

+r(t0)
′Ĥ ′

qWĤqr(t0)),

the integral terms in (12) are given by

∫ t1
t0

(
eT (t)

′ReT (t) + z(t)′Wz(t) + u(t)′Ku(t)
)
dt

=
∫ t1
t0

(
r(t0)

′(F ′C ′RCF + Ĥ ′
qWĤq

+(N ′ − F ′C ′D′
q)K(N −DqCF )

)
r(t0)

+x(t)′Pqx(t) + c′qx(t)
)
dt,

(15)
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where c′q is defined by

c′q := 2r(t0)
′(−F ′C ′RĈq+Ĥ

′
qWĜq+(N−CFDq)

′KC̃q).

Those terms in (15) that depend on x(t) are given by

∫ t1
t0

(
x(t)′Pqx(t) + c′qx(t)

)
dt =∫ t1

t0

(
2 r(t0)

′B̂′
qQqx(t)− d

dt (x
′Qqx) + c′qx(t)

)
dt

=
(
2r(t0)

′B̂′
qQq + c′q

)
Â−1

q

(
eÂq∆ − I

)
x(t0)

+
(
2r(t0)

′B̂′
qQq + c′q

)
Â−1

q

(
Â−1

q eÂq∆−
Â−1

q −∆I
)
B̂qr(t0)

−x(t0)′eÂ
′
q∆Qqe

Âq∆x(t0)

−2r(t0)
′B̂′

q(e
Â′

q∆ − I)(Â−1
q )′Qqe

Âq∆x(t0)

+x(t0)
′Qqx(t0)

+r(t0)
′B̂′

q(e
Â′

q∆ − I)(Â−1
q )′Qq.

Â−1
q (eÂq∆ − I)B̂qr(t0).

Combing the latest result and (14), we conclude that

J = x(t0)
′Mqx(t0)− x(t0)

′gq + ∗

where ∗ stands for additive terms that do not depend
on the xQ(t0). Such terms will thus not affect the op-
timal value for xQ(t0). Since our optimization is only
performed on the component xQ(t0) of x(t0), we further
re-write

J = xQ(t0)
′Mq

33xQ(t0) + xQ(t0)
′(

2((Mq
13)

′xpl(t0) +Mq
32x̄(t0)− gq3

)
+ ∗.

(16)

Also Mq
33 is positive semi-definite, (16) is convex on

xQ(t0) and any vector x∗Q(t0) satisfying the first order
optimality condition

Mq
33x

∗
Q(t0) =

1

2
gq3 − (Mq

13)
′xpl(t0)−Mq

32x̄(t0) (17)

provides a global minimum to J , see Boyd & Vanden-
berghe (2004). In general, (17) may not be solvable, but
in our specific problem it can be proved that a solution
always exists Hespanha et al. (2007) and the minimum
Euclidean norm solution to (17) is given by (13), see
(Meyer, 2009, Chapter 5). �

Remark 3.2: Theorem 3.1 provides an explicit formula
for the optimal reset map. In practice, we cannot imple-
ment (13) since the left-hand side depends on the state
of the process that may not be directly available. It turns
out that the signal x̂ := x̄+ xeq that can be directly ob-
tained from the state ofC(σ) converges exponentially to
the process state xpl(t) regardless of the control signal

u(t). To verify that this is so, we define the state esti-
mation error e = xpl − x̂ that, because of (3) and (1),
with the matrices defined in (4)-(5), evolves according

to ė = ẋpl − ˙̂x = ẋpl − ˙̄x = (A − LC)e where A − LC
is a Hurwitz matrix. So, we can replace xpl in (13) by
x̂ = x̄+ xeq at the expense of introducing an error that
vanishes to zero exponentially fast for every control in-
put. This motivates the following reset map for (2):

ψQ(x(t
−
0 ), p, q, r(t0)) := V q

1 Λ
−1
q (Uq

1 )
′·(1

2
ĝq3 − (Mq

32 + (Mq
13)

′)x̄(t−0 )
)

(18)

where ĝq3 = gq3−2(Mq
13)

′Fr(t0). If one were to include ex-
ogenous disturbances and/or measurement noise in the
process model (3), then the error e(t) would not con-
verge to zero and (18) would not be optimal. However,
in this case one can select the matrix L to minimize the
steady-state mean-square error between xpl and x̂. This
would correspond to a standard LQG estimation prob-
lem. As we shall see, our results do not depend on a spe-
cific choice for the matrix L, other that is must make
A − LC Hurwitz, so selecting L based on a LQG op-
timization is a very reasonable option to minimize the
loss of optimality due to discrepancies between xpl and
x̂. Another option to minimize the influence of the state
estimation error is to use a finite-time observer in par-
allel with the main observer used in the controller. In
this case, one can use the result of finite-time observer
in linear time-varying systems by Menold et al. (2003).

Remark 3.3 (robust optimization under parame-
ter uncertainties): The optimal solution (13) involves
Mq

33 matrices that are associated with the plant. In the
presence of parameter uncertainty, one can use results
from robust quadratic programming to compute the op-
timal solution, cf. Boyd & Vandenberghe (2004): Let us
consider a variation of (16) that includes uncertainty in
the matrixMq

33. We assume that this matrix belongs to

a set E which is specified by a nominal valueMq0

33 plus a
bound on the eigenvalues of the deviation

E = {Mq
33| − γI ≤Mq

33 −Mq0

33 ≤ γI}.

We define the robust quadratic program as

min sup
Mq

33∈E
xQ(t0)

′Mq
33xQ(t0) + xQ(t0)

′

(
2((Mq

13)
′xpl(t0) +Mq

32x̄(t0)− gq3
)
+ ∗.

(19)

For a given x, the supremum of x′(Mq
33 −Mq0

33 )x over E
is given by γx′x. Therefore, we can express the robust
quadratic programming as

min xQ(t0)
′(Mq0

33 + γI)xQ(t0) + xQ(t0)
′(

2((Mq
13)

′xpl(t0) +Mq
32x̄(t0)− gq3

)
+ ∗
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leading to a reset map that minimizes (19).

4 Input-to-State stability

In section 3, we assumed that no further switching
would occur in the interval [t0, t1] but if there are further
switchings, then the reset map (18) may destabilize the
switched system even though all individual subsystems
are asymptotically stable, e.g., Liberzon (2003). In this
section, we show that we can achieve Input-to-State-
Stability (ISS) of the impulsive system (9)-(10) in the
sense of Hespanha et al. (2008).

We first recall the following standard definitions: A con-
tinuous function α : [0,∞) → [0,∞) is said to belong to
class K, when it is strictly increasing, and α(0) = 0. If α
is also unbounded, then we say it is of class K∞. A con-
tinuous function β : [0,∞)× [0,∞) → [0,∞) is of class
KL when β(., t) is of class K for each fixed t ≥ 0, and
β(r, t) decreases to 0 as t→ ∞ for each fixed r ≥ 0.

It is often of interest to characterize input-to-state sta-
bility over classes of switching sequences. Suppose that
S is the set of admissible switching signals. We say that
the switching system (9)-(10) is uniformly input-to-state
stable (ISS) over S if there exist functions β ∈ KL and
γ ∈ K∞ such that for every initial condition, every ref-
erence signal r(t), and every σ ∈ S the corresponding
solution to (9)-(10) exists globally and satisfies

|x(t)| ≤ β(|x(t0)|, t− t0) + γ(||r||[t0,t1]) ∀t ≥ t0

where ||.||I denotes the supremum norm on an interval
I. Moreover, let Savg[τ

∗, N0], with τ
∗ > 0 and N0 > 0,

denote the set of Average Dwell Time (ADT) switching
sequences that satisfy

N(t, s) ≤ t− s

τ∗
+N0 ∀t ≥ s ≥ t0

where N(t, s) is the number of discontinuities of switch-
ing signal σ, in the open interval (s, t). The constant τ∗

is called average dwell time and N0 the chatter bound,
see Hespanha et al. (2008).

We further need the following concepts introduced in
Hespanha et al. (2008). Consider the following system:{

ẋ(t) = fσ(t) (x(t), r(t)) , t ̸= tk

x(t) = hσ(t) (x(t
−), r(t−)) , t = tk.

(20)

We say that a function V : Rn → R is a candidate
exponential ISS-Lyapunov function for (20) with rate

coefficient c, d ∈ R if V is locally Lipschitz, positive
definite, radially unbounded, and satisfies

∇V (x).fσ(x, r) ≤ −cV (x) + X1(|r|) ∀x a.e., ∀r (21)

V (hσ(x
−, r−)) ≤ e−dV (x) + X2(|r|) ∀x, r (22)

for some functions Xi ∈ K∞ and all admissible switching
signals σ ∈ S. In (21), “∀x a.e.” should be interpreted
as “for every x ∈ Rn except, possibly, on a set of zero
Lebesgue-measure in Rn”.

Theorem 4.1 Let τ̄ > 0 be given by

τ̄ = inf
c>0,Q1,Q2,Q3>0

τ subject to

[
(eτc/2 − 1)(Q1 +Q2) (eτc/2 − 1)(−Q2)

(eτc/2 − 1)(−Q2) (eτc/2 − 1)Q2 − ϕ′qQ3ϕq

]
≥ 0

(23)

Rq(Q1, Q2, Q3, c) ≥ 0 ∀q ∈ P
withRq defined in (24) and ϕq := −V q

1 Λ
−1
q (Uq

1 )
′((Mq

13)
′+

Mq
32). For every average dwell-time switching sequence

Savg[τ
∗, N0] with τ

∗ > τ̄ , the switched system (9)-(10)
with reset map (18) is ISS. 2

For fixed values of τ and c, (23)-(24) turn out to be linear
matrix inequality conditions. One could solve the opti-
mization problem of Theorem 4.1 by griding on c, τ (with
an appropriate resolution) and checking the feasibility
of (23)-(24). Thus, the solution would be the smallest
τ for which (23)-(24) are feasible. One can also check if
the closed-loop system remains ISS for a given τ by per-
forming a line search on c and checking the feasibility of
(23)-(24) at each step.

Proof of Theorem 4.1 Wedefine V (x(t)) := x(t)′Qx(t)
as the Lyapunov function for the closed-loop system

Q := Γ′


Q1 0 0

0 Q3 0

0 0 Q2

Γ Γ :=


I 0 0

0 0 I

−I I 0

 .
Straightforward algebra and (24) show that

QÂq + Â′
qQ ≤ −c Q < 0.

This implies that

∇V (x).(Âσ(t)x(t)+B̂σ(t)r(t)) ≤ −cV (x)+b|x||B̂σ(t)r(t)|
(25)

from which (21) follows by appropriate choice of X1(|r|).
We will further need to show the inequality (22) is sat-
isfied for any τ∗ > τ̄ , from which V (x) turns out to be a
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Rq :=


−(A−BK)′Q1 −Q1(A−BK) + c Q1 −Q1BCq Q1B(K +DqC)

−C ′
qB

′Q1 −A′
qQ3 −Q3Aq + c Q3 Q3BqC

(K +DqC)
′B′Q1 C ′B′

qQ3 −(A− LC)′Q2 −Q2(A− LC) + c Q2

 ≥ 0

(24)

candidate exponential Lyapunov function for the closed-
loop system. Let us consider the function

K(s) := min{s
2
, |τ̄ c|/2 inf

|z|≥s/2,∇V (z)̸=0

V (z)

|∇V (z)|
}.

By construction K is positive for s ̸= 0, monotone non-
decreasing, and radially unbounded. By a slight abuse
of notation, we define g(x, r) := ψQ(x, p, q, r) where the
function g depends on p and q. For every p, q ∈ P, pick
arbitrary (x, r) for which v := g(x, r) − g(x, 0) is small
in the sense that

|v| = |g(x, r)− g(x, 0)| < K(|g(x, 0)|).

Using the same procedure as in the proof of (Hespanha
et al., 2008, Theorem 3), one can show that

V (g(x, r)) ≤ eτ̄c/2V (g(x, 0)). (26)

Moreover, straightforward algebra shows that the con-
straint (23) of the minimization problemmakes sure that

V (g(x, 0)) ≤ eτ̄c/2V (x). (27)

So one can conclude that (26) and (27) lead to

V (g(x, r)) ≤ eτ̄cV (x). (28)

Suppose now that we pick (x, r) for which v is large in
the sense that it satisfies

|g(x, 0)| ≤ K−1(|v|).

We now have

V (g(x, r)) = V (v + g(x, 0)) ≤ α(|v|+ |g(x, 0)|)
≤ α ◦ (id+K−1)(|v|) ≤ X2(|r|)

(29)

where α is a class K∞ function with the property that
V (x) ≤ α(x). We also define X2 = α ◦ (id + K−1) ◦
γ with function γ as the growth estimate of g(x, r) =
g(x, 0). The existence of X2 is guaranteed in Hespanha
et al. (2008). Combining (28) and (29), we conclude that
(22) is satisfied for any τ∗ > τ̄ > 0. So V (x) turns
out to be a candidate exponential Lyapunov function
for the closed-loop system, and according to (Hespanha
et al., 2008, Theorem 1) the closed-loop system is ISS
over Savg[τ

∗, N0]. �

Theorem 4.1 guarantees input-to-state stability of the
closed-loop system when the average number of switches
per unit of time is smaller than a specific value. If this
is not the case then stability can still be achieved by
adding a mild constraint to the optimization (16). This
is the result of the next theorem.

Theorem 4.2 Let c and positive definite matrices
Q1, Q2, Q3 satisfy the matrix inequality (24), and
Savg[τ

∗, N0] denote average dwell time switching se-
quences with τ∗ > 0 and N0 > 0. The switched system
(9)-(10) is ISS for a reset map (11) that is obtained by
solving the following minimization problem

min
xQ(t0)

xQ(t0)
′Mq

33xQ(t0) + xQ(t0)
′.(

2((Mq
13)

′xpl(t
−
0 ) +Mq

32x̄(t
−
0 )− gq3)

)
(30)

subject to

xQ(t0)
′Q3xQ(t0) ≤

(eτ
∗c − 1)

[
xpl(t

−
0 )

′ x̄(t−0 )
′
] [Q1 +Q2 −Q2

−Q2 Q2

][
xpl(t

−
0 )

x̄(t−0 )

]
+eτ

∗cxQ(t
−
0 )

′Q3xQ(t
−
0 ) + X2(|r(t0)|2).

(31)
2

In the minimization problem of Theorem 4.2, the cost
function (30) is the same as (16). The additional con-
straint (31) may lead to some increase in the value of
the criterion (16), but it makes sure that the closed-loop
system is ISS under the given ADT.

A natural choice for c and Q1, Q2, Q3 in Theorem 4.2
would be the constants that result from the optimization
in the Theorem 4.1, since they minimize the allowable
average dwell time.

Note that Mq and consequently M33
q are positive semi-

definite matrices, and the constraint is convex, so the
minimization problem in Theorem 4.2 turns out to be
convex. The convexity of the problem makes it compu-
tationally easy, however (30)-(31) should be solved at
every switching time. Although this may require more
online computational resources, the convex optimization
problem can be solved very efficiently using the results
of Mattingley & Boyd (2010).
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Fig. 3. Transient responses for different weighting matrices and different lengths of the optimization interval [t0, t1]
(t1 = 4, 5, 20). In both plots there is a single controller switching at time t0 = 3 sec. By comparing the above plots, one can
see how the penalty coefficient matrix W for the output rate of change affects the transient responses. Details on the process
and controllers being switched can be found in Section 5.

Proof of Theorem 4.2 Using the same Lyapunov
function V (x) = x(t)′Qx(t) as before, we have already
shown that (21) holds for c > 0. Moreover, for any given
Average Dwell Time switching sequences Savg[τ

∗, N0],
we can always find d < 0 such that |d| ≤ τ∗c; there-
fore the constraint (31) makes sure that for the given
switching sequences we have

V (x(t0)) ≤ e−dV (x(t−0 )) + X2(|r(t0)|)

at every switching time t0. So V (x) turns out to be
a candidate exponential Lyapunov function for the
closed-loop system, and according to (Hespanha et al.,
2008, Corollary 1) the closed-loop system is ISS over
Savg[τ

∗, N0]. �

Remark 4.3: It should be noted that choosing a large
X2 ∈ K∞ in (31) leads to large ISS gain of the closed-
loop system. Since the ISS gain of the system is larger
than max{X1,X2} in (21)-(22), one may choose X2 no
larger than X1 in (25).

Remark 4.4: When the process model (3) includes ex-
ogenous inputs such as measurement model and/or in-
put disturbances, the results of Theorems 4.1 and 4.2
are still true for an input that includes the reference sig-
nal as well as these additional exogenous inputs. In this
case, we would have to select Xi to make sure that (21)-
(22) hold for a more general input.

5 Example

In this section, we show simulation results for a closed-
loop system that switches between two controllers for
a MIMO flexible beam. The matrices associated with
the plant and controllers are given in Pour Safaei et al.
(2010)

Figure 3 depicts the result of numerical simulations illus-
trating how varying the length of the optimization inter-
val may influence the system’s behavior. We can see that
the transient response improves as we increase the length
of optimization interval. Figure 4 (a) illustrates that we
can achieve significantly better performance with the
multicontroller proposed here than with the multicon-
troller proposed in Hespanha & Morse (2002), which
simply sets the left-hand side of (13) to zero. In Figure
4 (b), the results shown in Figure 4 (a) are compared to
the case that there is no reset in the controller state.

Figure 5 shows the impact of using the reset map (18)
instead of (13) in the presence of persistent noise and
disturbance. As suggested in Remark 3.1, we selected
the matrix L to minimize the steady-state mean-square
error between xpl and x̂.

Using the results of Theorem 4.1, we could show that the
closed-loop system with reset map (18) remains ISS for
average dwell time switching sequences Savg[τ,N0] with
τ as low as 10−16 . Since matrices associated with (18)
are computed offline, one can initialize the controllers by
performing matrix multiplications at switching times.

6 Conclusion and future directions

In this paper, we showed that by finding optimal values
for the initial controller state, one can achieve signifi-
cantly better transients when switching between linear
controllers for a not necessarily asymptotically stable
MIMO linear process. The initialization was obtained by
performing the minimization of a quadratic cost func-
tion of the tracking error, controlled output, and control
signal.
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Fig. 4. Transient responses for the multicontroller proposed here and for the two alternative multicontrollers proposed in
Hespanha & Morse (2002) (for R = I and W,K, T = 0). The plots show the transients due to two control switchings at times
5 and 10 sec. The optimization intervals are [5,10] and [10,30]. In Fig. (a) The “Optimal Choice” and “Complete Reset of xQ
(ψQ = 0)” are shown, while in Fig. (b) the “Optimal Choice” and “Complete Reset of xQ” are compared to the “Continuous
evolution of xQ (ψQ = I)”.
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Fig. 5. This plot illustrates the impact of using the reset
map 18), instead of the optimal map (13), in the presence
of persistent measurement noise. The solid line shows the
output trajectory when the output measurement is excited
by a white noise with power 0.01. There is a switching at
t0 = 3.

By suitable choice of realizations for the controllers,
we guaranteed input-to-state stability of the closed-loop
system when the average number of switches per unit of
time is smaller than a specific value. If this is not the
case, we showed that ISS property can be achieved under
a mild constraint in optimization. A direction for future
research is to consider the order of controller realization
as a degree of freedom to guarantee closed-loop stabil-
ity and to improve transient performance. Moreover, we
assumed that the switching signal σ(t) was provided ex-
ternally however, in future, one may add a criterion for
selecting appropriate switching times in the minimiza-
tion of J in (12). In many applications of switching con-
trol, destabilizing controllers are sometimes (temporar-
ily) placed in the feedback loop. Such scenarios, which
are not allowed in this paper, are also an important di-

rection for future research.
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