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Abstract

We examine the problem of estimating vector-valued vagisbftom noisy measurements of the
difference between certain pairs of them. This problemcWlig naturally posed in terms of a measure-
ment graph, arises in applications such as sensor netwoakiZation, time synchronization, and motion

consensus.

We obtain a characterization on the minimum possible canag of the estimation error when an
arbitrarily large number of measurements are availablés @twvariance is shown to be equal to a matrix-
valued effective resistance in an infinite electrical netw&ovariance in large finite graphs converges to
this effective resistance as the size of the graphs incsed$egs convergence result provides the formal
justification for regarding large finite graphs as infiniteagjns, which can be exploited to determine
scaling laws for the estimation error in large finite graphsrthermore, these results indicate that in
large networks, estimation algorithms that use small sshskall the available measurements can still

obtain accurate estimates.

I. INTRODUCTION

We consider the estimation of vector-valued variables dasenoisy measurements of the difference
between certain pairs of such variables. In particularotieg the variables of interest bz, : u € V}

whereV := {1,2,... }, we consider problems for which noisy “relative measuretsieof the form

Cu,v =Ty — Ty + €y (1)
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are available, where, , denotes measurement noise. The ordered pairs of ingliceg for which we have
relative measurements form a ethat is a (typically strict) subset of the setx 7’ of all pairs of indices.
Just with relative measurements, thg's can be determined only up to an additive constant. To avoid
this ambiguity, we assume that a particular variable (ggyis used as theeferencewith x, known. The
problem of interest is to estimate the node variables frdrthalavailable measurements. This estimation
problem is relevant to several sensor and multi-agent n&twpplications, such as localization with
noisy distance and angle measurement [1-3], time-syn&tation [2, 4, 5] and motion-coordination [6];
see [6, 7] for an overview. The estimation problem we studnignstance of a general class of parameter
estimation problems in sensor networks cakedf-calibration[3, 8]. Among the applications mentioned
above, localization in sensor networks has probably a#dathe most attention in recent times. The
reader is advised, however, that localization from ranglg-oneasurements, such as those considered

in [9, 10], do not fall into the problem category investighia this paper.

The measurement equations (1) can be expressed in termsiafcted graphg = (7, £) with an
edge from nodey to v if the measuremen(, , is available. The graply is called themeasurement

graph and each vectar,, u € 7 is called theu-th node variable

The main result of this paper relates to infinite sets of atdél measurements, which is used to
model the limiting case for a very large number of measurdsa&ihen the number of measurements is
infinite, we show that for every positive constant- 0, it is possible to construct an unbiased estimate
for a node variable:,, that uses only a finite subset of the available measurementshnse estimation
error variance is only above the minimum possible estimation error variance tbatdcbe obtained
by considering the whole infinite set of measurements. Thim rassumption needed is that the graph
must have a finite maximum node degree, i.e., that there isxémman number of relative measurements
involving each node variable. An implication of this regslthat for estimation problems based on relative
measurements, after a certain point, considering more ume@agnts will only marginally improve the
guality of the estimate. On the positive side, this simmifiee construction of estimation algorithms in
large—scale networks because it justifies consideringaéively small subset of measurements. Distributed
algorithms to estimate the node variables from relative sugaments have been examined in [2, 7] in
which nodes with embedded processing and communicatioabdép estimates their variables by local
computation and communication. Although the algorithm§2in7] were developed for finite graphs, in
a large graph these algorithms may take a long time to proaigerate estimates, since the information
about all the available measurements are fused iteratieetietermine the estimates. The results of this

paper suggest that it may be possible to devise algorithrol #wat they obtain estimates quite fast,
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while sacrificing little accuracy.

Another contribution of this paper is that the results d&hbd here help determine how the estimation
error grows as the network size increases. It is often etsistablish asymptotic results on the minimum
error variance for infinite graphs than for large finite grsypsince boundary effects are usually weaker
in infinite graphs than in finite graphs. Scaling laws for th@imum estimation error in infinite graphs
are investigated in [11]. The main convergence result of gaper provides the formal justification for
regarding infinite graphs as suitable proxies for very ldrgefinite graphs. It was assumed in [11] that
estimation error covariances in infinite graphs are welindel. We show in this paper that this assumption
is indeed valid, if certain properties are satisfied (thdated in Theorem 1). Therefore, the results in this
paper also establish the conditions under which approiomatf large finite graphs by infinite graphs

is valid.

The key technical tool used to prove the results discussexkdab the analogy between the measurement
network and an electrical network. When the node variabtessaalars and the measurement graph is
finite, the variance of the estimation error for a node vaeiah, is numerically equal to the effective
resistance between the nodeand the reference node of an electrical network obtained from the
measurement graph by placing at each e@iger) € E a resistor whose resistance is equal to the
variance of the measurement errqr,. This electrical analogywas noted by Karpet al. [4] for the

time-synchronization problem.

In this paper, we show that an electrical analogy still hdttsvector-valued node variables, provided
that we considegeneralized electrical networkis which currents, voltages, and resistors are matrix-
valued, but still satisfy appropriately adapted forms ofckhoff’s and Ohm’s laws. In this case, the
electrical network is obtained by placing at each edgev) € E a resistor whose (matrix-valued)
resistance is equal to the covariance matrix of the measmenoise,, ,,. We further show that, when the
measurement graph is infinite, as one considers incregdargle butfinite subsets of the measurements,
the covariance matrix of the estimation error of a node Wgia, converges to the (matrix-valued)
effective resistance between nodeand the reference nodeof an infinite generalized electrical network

obtained from thénfinite measurement graph.

For certain infinite measurement graphs, such-dsnensional square lattices, the effective resistances
can be explicitly computed. Because of the electrical agjyaknd the convergence result established in
this paper, one can determine the smallest estimation egr@nce that could be obtained by considering

the whole (infinite) set of measurements in such graphs. &ctjse, measurement graphs may not be



lattices, but it is generally possible to embed them indatior find lattices that can be embedded in
measurement graphs [11, 12]. It turns out that estimatioor eariances are monotonic with respect to
the partial order defined by graph embedding, which is a apresece of our extension of the so-called
Rayleigh’s Monotonicity Law [12] to generalized electliogtworks. As a consequence, we can construct
upper and lower bounds on the estimation error variancelseset measurement graphs from the results
available for lattices. A preliminary study on establighiscaling laws for the estimation error variance

in large graphs using embedding in lattices was undertakghli].

Numerical studies on subgraphs of thaimensional lattice show that information from a relatye
small finite subgraph of the infinite measurement graph ificéerfit to provide an estimate whose variance
is quite close to the minimum variance that is achievable gipgiall the measurements. Increasing the
size of the subgraph, i.e., increasing the number of measnts processed beyond a certain point does
not yield a commensurate return in the decrease in varidngearticular, when constructing the BLU
estimate of a particular nodés variable, if all measurements involving nodes lying wntla distance of
twice the distance betweanand the reference are used, the difference between theaimgsestimation
error variance ofz,, and the minimum possible variance is less tha. For an arbitrary infinite graph,
similar trends are expected as long as the graph is closeatiticelin an appropriate sense. The question
of what is a meaningful measure for a graph to be close to iaddtir the BLU estimation problem has

been addressed in [11].

The rest of the paper is organized as follows. Section |l sanres the main result of the paper.
Section Ill introduces generalized electrical networkscti®n IV establishes the analogy between the
estimation and electrical network problems for finite meament graphs and uses this to prove the
main result. Section V describes scaling laws for the mimmmpossible estimation error in lattices and
a numerical study on the convergence of the estimation emwariances in finite subgraphs as the

subgraphs are increased in size. The paper concludes witmmary in Section VI.

Il. MAIN RESULT

Consider a set of vector-valued variables € R*, v € v := {1,2,...}, where the set is either
finite, or infinite but countable. These variables are to hieneg¢ed based on noisy relative measurements

of the form:
Cup = Ty — Ty + €y,  (w,0) €E )

wheree, , denotes a zero-mean measurement noisezarns the set of pairgu,v) for which relative

measurements are available. The covariance matrix of tloe €5, is denoted byP, , := E[eu,veav],
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whereE(-) denotes expectation arfe)” denotes transpose. The measurement error covarianceesatri
are assumed to be positive definite and finite. The measutesmens on different edges are uncorrelated,
i.e., for two edges, e € £, Ele.cl] = 0 unlesse = . We assume that the value of a particuigfierence

variable x, is known and without loss of generality we takg = 0.

The accuracy of a node variable’s estimate, measured instefnthe covariance of the estimation
error, depends on the graghas well as the measurement error covariances. The estimatablem
is therefore formulated in terms of reetwork (G, P) where P : £ — SF* is a function that assigns to
each edg€u,v) € £ the error covariance matrik, ,, of the measurement error associated with the edge

(u,v). The symbolS** denotes the set of x k symmetric positive definite matrices.

We are interested in problems for which the set of variablesavailable measurements is very large.
We model this situation by making the number of variables amhsurements countably infinite. The
measurement graph is therefore arinfinite graph. In such problems, the question arises if it is possibl
to construct an estimate of an arbitrary node variahley using only a finite subset of measurements
such that its error covariance is arbitrarily close to th@imum error covariance achievable by using
all the infinite number of measurements. To pose this questi@ focus on an arbitrary nodec v
— hereafter called th@ode of interest— and examine the estimates of, using larger and larger
“subgraphs” as described next. First we recall certain lyréqgoretic terminology. Aundirected path
between a pair of nodes; anduy in a graph is a finite, alternating sequence of nodes and edges
uy,e1,us, e, ..., eN_1,uy Such that every edge is incident on its two adjacent nodekerséquence,
and no node or edge is repeated. An efige) is said to beincidenton the nodes: andv. A directed
graph is said to baveakly connectedf there is an undirected path between every pair of nodes. Fo

two graphsG; = (71, 1), Go = (9, E2), the notationG; C G» means?; C V, and £y C E,. We

now consider a sequence firiite measurement subgrapgs?, G, G®) ... that satisfies the following
assumption.

Assumption 1 (Nested sequenc&e sequence of finite grapii!, G2, g3 ... has the following
properties:

1) The sequence igestedin the sense that
¢V cg®cgB® c...cg,

2) The sequenceonvergedo the graphg in the sense that every node and edgé€ iappears in one
of the G(™ for some finiten.

3) Each finite grapig™, n € N is weakly connected. O



(a) g(l) (b) g(2) (c) g(3)

Fig. 1. A nested sequence of measurement graphs that “t&nbet@-dimensional square lattice.

In constructing such a nested sequence of finite graphsy gvaphG(™ should contain the reference
nodeo and the node of interest Figure 1 shows the first few elements of such a nested graplesee
that will eventually converge to th-dimensional square lattice (the formal definition of aidattwill
be provided in Section V-A). One could regard each finite saplgG"™) as describing a finite subset
of available measurements that could be processed up to mme,, < oo to construct an estimate of
x,. AS time increases, more measurements can be processeitheadfbre at some timg,,; > t¢,, the
subgraphg (1) contains more measurements tHgf). In this context, we are interested in studying if
there is a point after which there is little gain in procegsimore measurements, as this will not improve
the estimate ofr, significantly. Essentially, we are asking whether or not seguence of estimates

produced using the nested sequence of subgraphs converges.

Given a finite subset of measurements characterized by otleeajraphs; (™, it is straightforward
to compute the Best Linear Unbiased (BLU) estimﬁi;’é) that minimizes the estimation error variance
among all linear unbiased estimators. This estimate iseaticombination of the measuremeQis € £

specified by a set of appropriately chosen coefficient nedritn particular, the BLU estimate is given
by
=" o, 3)
ecE (n)
where the functiorC™ : £ —, RF*k specifies the coefficients of the measurements. Note théuein t
equation above, and in the sequel, for a functjomith the edge sef as the domain, we usg to
denote the value of the function at an edge . We call the functionC™) the BLU estimator forz,

based on the finite grapg.

Every estimatorC(™) can be viewed as an element of the real linear vector spgeeonsisting of



all edge-function®f the formC : £ — R*** for which

IC)? =) " Tr(CTP.C.) < o, (4)
ecE

whereTr(-) denotes trace, and eah denotes the error covariance matrix for the measuremeotiassd
with the edgee € £. It is straightforward to show thékt{p is a Hilbert space with the associated inner
product (C,C) = 3., Tr(CTP.C,), VC,C € Hp. We say that an edge-function iy has finite
support if it has only a finite number of nonzero entries. Siati the setse (™ in (3) are finite, every

estimatorC'™ is a finite-support edge-function iH p.

For infinite graphs, the summation in (4) is actually a seksvever, the series is absolutely convergent
due to the positive definiteness of tig's, hence the order of the summation is immaterial and tbegef

the expression in (4) is well defined.

We now state the main result of the paper, which establighesonvergence of BLU estimators as
n — oo. To state this result we recall that tlegree of a nodés defined as the number of edges that

are incident on the node.

Theorem 1 (BLU Convergenceonsider a networKG, P) for which the measurement graghhas
a finite maximum node degree, and for which the error covaddonction P is uniformly bounded in

the sense that there exist constant matriEgs,, Pmax € S¥+ such that
Pminépe SPmaxa VGG Z>

where A < B means thatA — B is negative semi-definite. For every nodes 7 \ {0}, whereo is the
reference node, ifG™} is a nested sequence of finite graphs that satisfies Assumiptigith « and o
belonging to every graph in the sequence, the followingestants hold.

1) The sequence of BLU estimatéﬁ(u”)} converges in the mean-square sense.

2) The sequence of BLU estimatof&'(™} for z,, converges to somé' € Hp.

3) The sequence of BLU estimation error co-variance marice

20 = Bl(zy — ) (24 — #M)7]

u,0

converges to a symmetric positive definite matix,. Moreover, these BLU covariances converge

monotonically in the sense that

»H>v@ > >9,,>0. O

u, u,
Theorem 1 shows that under the bounded degree assumptionsiby only a finite number of

measurements among the infinitely many potentially avilave can construct estimates whose error
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variance is arbitrarily close to the minimum possible vagi& that could be achieved by using all the
available measurements. In addition, the estimates tHeesseonverge and the “limiting” estimator is

square-summable in the sense of (4).

Although Theorem 1 states that the BLU covariances in theefigraphs converges to a limiting
covariancey,, ,, it does not specify what the limit is. However, the proof ltresult actually provides
a construction to obtairt, , from the network(G, P) by showing that it is numerically equal to a
matrix-valuedgeneralized effective resistantea generalized electrical network. This analogy with an
electrical network is the key technical tool to prove Theorg. It also provides additional intuition
into the problem. The next section describes generalizectredal networks and presents the associated

technical results needed to prove Theorem 1.

[1l. GENERALIZED ELECTRICAL NETWORKS

A generalized electrical networkG, R) consists of a graply = (V,E) (finite or infinite) together
with a functionR : £ — S** that assigns to each edges £ a symmetric positive definite matrik,

called thegeneralized resistancef the edge.

A generalized flow from node € 7 to nodev € % with intensityj € R*** is an edge-function

j: E — RF** such that

J p=u
Z Jpa — Z Jap={—-j p=v VPETV. (5)
(p,9)EE (¢,p)EE .
p=p p=p 0 otherwise

We say that a flow is ageneralized currentvhen there is aode-functionl’ : V. — R¥** for which
Ru,viu,v =V, -V, V(U, ’U) € E. (6)

The node-functiorl/ is called ageneralized potential associated with the currénEg. (5) should be
viewed as a generalized version of Kirchhoff’s current lavd @an be interpreted as: the net flow out of
each node other thamandv is equal to zero, whereas the net flow out.0f equal to the net flow into

v and both are equal to the flow intensjtyEq. (6) provides in a combined manner, a generalized wersio
of Kirchhoff’s loop law, which states that the net potentiabp along a circuit must be zero, and Ohm’s
law, which states that the potential drop across an edge Ineustjual to the product of its resistance and
the current flowing through it. A circuit is an undirected lpdhat start and end at the same node. For
k = 1, generalized electrical networks are the usual electrieélvorks with scalar currents, potentials,

and resistors.



The following property for the generalized electrical netlts is implicitly assumed throughout this

section.

Assumption 2 (Generalized electrical networR)e generalized electrical netwa#, R) is constructed
from a graphg that is weakly connected with a finite maximum node degree faam an edge-resistance
function R that is uniformly bounded, i.e., there exists constant sgtnim positive-definite matrices

Rmim Rmax such 1:ha-tRmin < Re < RmaXv Ve € £.

The energy dissipatethy an edge-functior in the network(G, R) is defined by

Il = (2 BT Redo)) (7)
ecE
It is straightforward to verify that the set of edge-funagowith finite dissipated energy constitutes a

Hilbert spaceH ; with inner product(j, j) = > .., Tr(jl Reje), V4, j € Hg. For infinite networks, the
summation in (7) is an absolutely convergent series and ttier of summation is irrelevant. Flows of

finite support always belong t& .

A. Existence and Uniqueness of Generalized Current

Existence and uniqueness of scalar currents in infinite arsvhas been examined in [13, 14]. It
was shown by Flanders that, unlike in finite networks, in dimite electrical network the current is not
uniquely determined by Kirchhoff's laws and Ohm’s law [18le showed, however, that uniqueness of
current in an infinite network can be established if two dddal conditions are imposed: the current has
a finite dissipated energy and it is the limit of flows with fengupport. For this reason, in examining the
unigueness of generalized currents in infinite networks estrict ourselves to generalized flows that are
limits of finite support flows and that have finite dissipatedmgy. For finite networks these conditions

hold trivially.

The following theorem establishes existence, uniquerasd, linearity of generalized currents and

potential differences in generalized electric networkéwe proof of this result is provided in Appendix I.

Theorem 2 (Generalized CurrentfFor every pair of nodes,v € 7 and intensityi € R¥** among
all flows that have finite dissipated energy and are limits witdi support flows, there exists a unique
current; from « to v with intensityi. In addition,

1) the current is the flow that minimizes the energy dissgpatamong all flows from node to node

v with intensityi, that are limits of finite support flows, and
2) the current and the potential differenc®&, — V,, (for everyu,v € /) are linear functions of the

intensityi. The potential is unique only up to an additive constant. O
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It was previously known that in a scalar electrical netwdhe current minimizes energy dissipation.
This result is known as Thomson’s Minimum Energy Princid2,[14]. Theorem 2 shows that generalized

currents also obey Thomson’s Principle in both finite anditdi networks.

B. Generalized Effective Resistance

It was shown in the previous section that the potential difieeV,, — V,, € R*** associated with a
current of intensityi € R¥** flowing from « to v is a linear function ofi. It turns out that this linear
map can be expressed through the matrix multiplication By>ak matrix, which is stated next. The

proof of this result is provided in Appendix I.

Lemma 1:Let (G, R) be a generalized electric network satisfying Assumptioft# linear mapping
betweeni andV,, — V,, can be defined by multiplication byfax k matrix, which we call thegeneralized

effective resistancﬁfv betweenu and v:

V, -V, =RTi vieRF¥F O

uU,U

In the sequel, we will refer to generalized effective resise simply as effective resistance. In view
of Lemma 1, the effective resistance between two nodes ipditential difference between them when
a current with intensityly, the & x k identity matrix, is injected at one node and extracted atater,
which is analogous to the definition of effective resistaimcgcalar networks [12]. Moreover, the effective
resistance is a symmetric positive-definite matrix. To skiug; we will need the following technical result

(also proved in Appendix 1), which will have additional ugkfess in the sequel.

Lemma 2:Let i € Hy be the unique current in the netwof&, R) with intensityi € R¥** from v
to v, and letj be a flow with intensityj € R*** from v to v that can be expressed as a limit of finite
support flows. Then,
> ie Reje = (Vu = Vi),
e€E
whereV is a generalized potential associated with the curieMoreover, the series in the left-hand

side converges absolutely, meaning that each one okthseries that constitute the matrix-valued left

hand side converges absolutely. O

To prove positive-definiteness of effective resistances; s= 7 in Lemma 2, where both andj; have

intensity 75, to obtain

> il Reie = (Vu = Vi) = (RE)T, (8)

ecE
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where the second equality follows from the definition of efifiee resistance in Lemma 1. Since all the
generalized edge-resistanc®s are symmetric and positive-definite, we conclude that titehiend side
must be symmetric and positive-definite, which confirms tfégctive resistances are indeed symmetric

positive-definite.

C. Rayleigh’s Monotonicity Law

The next result relates the effective resistances of twiindtsnetworks related by an appropriate partial
order. A similar result for finite scalar networks, calledylégh’s Monotonicity Law [12], states that if
the edge-resistances in a scalar electrical network areased (perhaps even made infinity, i.e., an open
circuit), then the effective resistance between every pfairodes in the network can only increase. For
a long time, Rayleigh’s Monotonicity Law was considered saently true that no proof was deemed
necessary. Nevertheless, Doyle and Snell [12] providedoafpwhich we now extend to generalized

electrical networks.

Theorem 3 (Generalized Rayleigh’s Monotonicity Lav@pnsider two generalized electrical networks

(G, R) and (G, R) for whichG c G and R, > R, for everye € £. For every pair of nodes, v of G,

Reff > Reff

u,v = Flu,v

where RS and R$T, are the effective resistances betweeand v in the networks(G, R) and (G, R),

X
respectively. O
Proof of Theorem 3Leti : £ — R**¥ andi : £ — R*** be the currents from to v in the networks
(G,R) and(G, R), respectively, both with intensityc R¥**. Definingj : £ — R*** to be the following

“extension” of the current to the graphG

e €€E

Je = )
0 ecE\E
we conclude thaj satisfies the conservation law (5) for the netwogk R) and is therefore a flow for
this network (although not necessarily a current). Sinamating to Theorem 2 the currents the flow
of minimum dissipated energy for the netwoi&, ), we conclude that

Tr(> il Reie) < Tr(>_GTReje) = Te(D il Reie) <Tr(d il Reic),

e€E e€L eEE e€E

where the equality is a consequence of the definitiop ahd the last inequality follows from the fact

that R; < R,, Ve € £. From this, Lemma 2, and the definition of effective resisgrwe conclude that

Tr(i" RST) < Te(iT RET),

11



for everyi € R**¥, from which the result follows. ™

D. Approximating Infinite Network Currents

The next theorem shows that currents and effective resisgam an infinite network can be approx-
imated with arbitrary accuracy by those in a sufficientlygtarbut finite subnetwork. A similar result
for the usual scalar electrical networks was establishe&lagders [13, 14]. The proof of the theorem,

which is inspired by [13], is provided in Appendix I.

Theorem 4 (Finite Approximation).et (G, R) be a network satisfying Assumption 25} a nested
sequence of finite graphs satisfying Assumption 1, and two arbitrary nodes that appear in every
graphG(™. For a given intensity € R***, let i andi(™) denote the currents from nodeto nodev in

the infinite network(G, R) and in the finite networKG™, R), respectively. Then,

lim ™ =i,
n—oo

where convergence is in téz-norm. In addition, denoting by{gffv and Rﬁffv(") the effective resistances

between nodes andw in the networks(G, R) and (G, R), respectively, we have

Jim REE = R, O

This result will be instrumental in showing that the BLU ewtitor error covariances in large finite

networks converge to the effective resistance in the lirgitinfinite network.

IV. ELECTRICAL ANALOGY AND PROOF OFTHEOREM1

We start by establishing the electrical analogy for finitéwweks. The proof of Theorem 1 is then

provided, which uses these results.

A. BLU Estimation in Finite Networks

The analogy between BLU estimation iffiaite measurement network and the corresponding electrical

network is stated in the next theorem.

Theorem 5 (Finite Electrical Analogy)et (G, P) be a measurement network with a finite weakly
connected grapl§y = (7,%) and an edge-covariance functidn : £ — Sk, with nodeo as the
reference node. For every node= 7 \ {0}, the following statements hold.

1) The BLU estimatorC' of z, in the finite measurement netwo(k, P) is equal to the current

with identity intensity; in the generalized electrical netwofl, P) from u to o.

12



2) The covariance, , of the BLU estimation error, — ,, is equal to the effective resistanééfo

between the node and the reference node O

To prove this theorem, we need the next lemma which showsithatfinite network, an unbiased

estimator must be a flow. The proof of the lemma is providedLB.|

Lemma 3 (Unbiased Estimator)n a finite measurement netwo(k;, P) with a reference node, an
edge functiony is a linear unbiased estimator of a node variahjef and only if j is a flow of intensity
I, from nodewu to the reference node. In this case, the covariance of the error in the estinﬁ@te’s
given by

E[(z, — iu)(xu - éu)T] = ngpeje- O
ecE

Note that we have usefl, above to distinguish the estimate from the BLU estim@teof the node

variable z,,. The next result provides a necessary and sufficient condftir the existence of linear

unbiased estimators in finite networks, whose proof is plediin [15].

Lemma 4:For a finite measurement gragh= (7, £) with a reference node € 7, there exists an

unbiased estimator for every node variablg v € 9 \ {o} if and only if G is weakly connected. [J
The previous result explains the need for the assumptioneafkwconnectivity. We are now ready to

prove Theorem 5.

Proof of Theorem 5From the Unbiased Estimator Lemma 3 and the definition ofggnéissipation (7),
we see that in a finite networlg, P) with reference node, the BLU estimatorC' of node variabler,,

is given by
C = arg min ||
subject to:j is a flow of intensityl; from u to o.
Comparing with the electrical network problem, we concldiden Theorem 2 that the BLU estimator

C of z, is the current of intensity /;, from u to o in the generalized electrical netwo(l, P), which

proves the first statement.

SinceC =4, it follows from Unbiased Estimator Lemma 3 that the covacm of z,,’s BLU estimation

error is given by

T . eff
Yuo = E i, Peie = Rup,

ecE

where the second inequality follows from (8), which provies second statement. [
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J I I, 0 0 0
—Ik _-[k Ik Ik 0
0 0 0 —Iy—Ig 0 0 —I, 0 I

Fig. 2. A measurement Gragh with node1 as the reference node, its generalized incidence matriand the generalized
basis incidence matri¥, constructed w.r.t. the reference node. The (block) row dohack) column indices ofd correspond

to node and edge indices, respectively.

B. Computation of the BLUE in Finite Networks

In this section we provide explicit formulas for computirfietBLU estimates and the covariances,
and remark on distributed computation of the estimatesdassr-network applications. Consider a finite
measurement graph = (7, £) with |7| = N nodes andZ| = M edges. Without loss of generality,
let z, = 0 and the reference nodebe indexed byl and the nodes with unknown node variables indexed
2 throughN. To express the relationship between the variables and #zsunements in a compact form,
we use the definition of thimcidence matribxof a graph from [16]. The incidence matrix of a directed
graph G consisting of N nodes and\M edges is anV x M matrix, with one row per node and one
column per edge. It is defined by := [a,.], wherea,. = 1 is if the edgee is incident on the node
and directed away from iig, . = —1 if e is incident onu but directed toward it, and, . = 0 if e is

not incident onu. We define thegeneralized incidence matrixs
A= A® I, € RFVXEM (9)

where® denotes the Kronecker product. Figure 2 shows an examplegeharalized incidence matrix.

Let x = [, 21, ... 2%]7 € RFWW=1 the vector of all the unknown node variables. By stacking
together all of the measurements into a single veetor [, 21,... 21T € R*™ and all the
measurement errors into a vector= [¢f,... el ]T € R¥™ we can express all of the measurement

equations (1) in the compact form
z=Alx+e, A=A 01, (10)

where 4, is thebasis incidence matrinf G, defined as the submatrix of the incidence mattiobtained
after removing the row corresponding to the reference node general, a basis incidence matrix of a
directed graph is obtained by removing any row of the incigdamatrix [16]. We call the matrix, defined
in (10) thegeneralized basis incidence matiak G. We further construct” := diag(Py, P, ..., Py ) €

RFMxEM ag the block diagonal square matrix of all the measurememt eovariances. Figure 2 shows an
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example of a generalized basis incidence matrix. The nexitrprovides explicit formulas for computing

the BLU estimates and error covariances in finite graphs.

Theorem 6:Consider a finite measurement netwdi&, P) satisfying Assumption 2 with a graph
G = (v, E). Let the reference node be indexed byl, and the vectorx, z, e and the matricesd,, &

be constructed as described above. Then, the BLU estimatefiven by
x=L 4P e, L= 427 AL (11)
and the error covariance by
2= Elx - %)(x - %)7] = £, . 0

Proof of Theorem 6A basis incidence matrix constructed by removing an anyitraw from the inci-
dence matrix of a graph has full row rank if and only the graptweakly connected [16]. It follows
from Assumption 2 that the generalized basis incidenceixaty of the measurement graghalso has
full row rank. Assumption 2 also ensures thizt > 0; hence’l,; is positive-definite. The statements then
follow from standard results in least squares estimatiopliegh to the measurement model (10) (see,
e.g., [17]). [

It follows from the theorem above that the BLU covariances] ¢herefore the generalized effective
resistances, can be determined by computing the invers&,.oin the special case whela = 1 and
& =1, Ly turns out to be thd®irichlet Laplacianmatrix of the graphy with the reference node node
as the boundary [18]. For this reason, we @&Jlin (11) thegeneralized Dirichlet Laplaciamatrix of
the finite network(G, P). Due to the structure of the matri&;, the equationC,x = b is amenable to
parallel iterative methods for solving linear equationscitstechniques are used in [7] to devise distributed
algorithms to compute the BLU estimatein which every node computes its own variable’s estimate an
the information needed to carry out the computation is olehiby communicating with its neighboring

nodes.

C. Proof of the main result
Theorem 1 can now be proved using the tools developed so far.

Proof of Theorem 1We will prove the statements of the theorem in reverse order.

Since the sequence of BLU covariandé%ﬁ is the same as the sequence of effective resistaﬁ&{é@

( Finite Electrical Analogy Theorem 5), and the sequeﬁﬁgf”) converges to the effective resistance
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ROﬂ in the infinite network (Finite Approximation Theorem 4), \wave

2 = RAM R =%, .

u,0 U,0

Moreover, by the construction of the nested sequeige)}, if n; < ny, theng(™) c G("2), and so by

the Generalized Rayleigh’s Monotonicity Law (Theorem 3),

) >n® >

from which the third statement of the theorem follows.

Moreover, the BLU estimato€(™ of z,, in the finite network(G™, P) is equal to the current™ in
the generalized electrical netwofk, P) (Finite Electrical Analogy Theorem 5), and the currefits
converge to the unique currentin the electrical networkKG, R) (Finite Approximation Theorem 4).

Therefore
o =i = C,

where the convergence is in tfiép-norm. This proves the second statement.

By definition of the BLU estimator, we get

3?1(7) = Z CZSZ)T(:EP — Tg + €pg) = Ty + Z C:ISZ)TEM’ (12)

(p,g)€E™ (p.9)€E ™

where the second equality follows from unbiasedness, dititerwise the expectation of the left hand
side would not be equal to,,. Let n < [, so that from Assumption 1™ < gO. 1t follows from the
uncorrelated-ness of thes and (12) that
Bl(@f) - 2@ 2" = Y (0 — )PP — i),
ect®

where we have used the convention tﬁé“f =0if ec £ \Z . This leads to

Tr (E[(2)) — 20)(&) — 25)7)) = lc® — ™|,
where|| - || is the H p-norm. SinceC™ — i, |C) — C™|| — 0 asn, m — co. Therefore,
lim sup Tr (E[(fcg” NN @W)T]) = 0. (13)
n—0o0 >y

We recall that a sequence of random variallgs} converges in the mean square sense if and only if

(proposition6.3 in [19])

lim supE[ | — n,|*] = 0.

n,l—00 |>n
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Therefore, the sequence of random vectﬁi{%> converge entry-wise in the mean square sense. This

proves the first statement and completes the proof of Thedrem [

Remark 1 (Role of edge directiondiffective resistances are independent of the directionshef
edges in the graph. Reversing the direction of an eedgemply reverses the sign of the curreit
on that edge. It follows from (8) that the effective resistietween any two nodes is unaffected by the
edge-directions. Therefore, all results in this papertisatthe graph partial order defined in Assumption 1
also hold wherng C G is understood to mean that the gragtcan beembeddedn the graphG, which
means that (1) the nodes Gf can be mapped injectively into the nodesfand (2) for every edge
e = (u,v) in G, there is a corresponding edgén G that is incident on the nodesand, wherew and
u correspond ta: andwv, respectively, but edge directions need not be preserved.

It follows from the electrical analogy that, although a measnent graph is directed because of the
need to distinguish between a measurement,of- z, and that ofz, — x,, the BLU error covariance

is independent of the edge directions. O

V. BLUE COVARIANCE IN LATTICES

In this section we look at certain special classes of infigitaphs, namely, lattices, for which the
effective resistance between two nodes can be analytidelived. Since we can exactly compute the
effective resistance, we know the minimum possible vagaachievable in these graphs. A numerical
study is also presented for lattices to examine the rate ahathe BLU estimator variances in a nested

sequence of finite subgraphs converge to the minimum pessg#dile as the subgraphs increase in size.

A. Effective Resistance in Lattices

The d-dimensional square lattic&, is defined as a graph with a node in every pointRifi with
integer coordinates and an edge between every pair of nodesEuclidean distance equal to one. Edge
directions are arbitrary since they play no role in the dffecresistance, and therefore in the estimation
error covariances (see Remark 1). We construct a genatadieetrical network by assigning a constant

matrix-resistance to every edge 7f.

The following lemma establishes the effective resistarfae &ddimensional square lattice. Thygaph-
ical distancedg (u, v) between two nodesg andv in a graphg is the minimum number of edges one has
to traverse in order to go from to v, without necessarily respecting the edge orientations. graphical

distance in the lattic&, is denoted bylz, (-, -).
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Lemma 5:Consider the electrical networZ,, R,) with the same generalized resistangg ¢ S*+
at every edge of thé-dimensional square lattice. The generalized effectiwesmnceRgffv between two
nodesu andv in the electrical networKZ,, R,) satisfies

1) R (Zy) = ©(dz, (u,v))

2) R (Z3) = ©(logdz,(u,v)),

3) R (Z3) =0O(1). O
The usual asymptotic notatiof(-) is used with matrix valued functions in the following way.rRao
functionsg : R — R*** and f : R — R, the notationg(z) = ©(f(z)) means there exists a constapt

and two matricesd, B € S** that are independent afsuch thatA f(z) < g(z) < Bf(z) for all z > z,.

Note that the Generalized Current Theorem 2 guaranteeseffestive resistances in infinite lattice
networks are well defined. The results in Lemma 5 are eshddlidy extending known results on the
scalar effective resistance in thé-dimensional square Lattice to the generalized case.

The next result, whose proof is provided in [15], is neededtlie proof of Lemma 5.

Lemma 6:For a given graply with finite maximum node degree, Iegffv denote thescalar effective
resistance between two nodesandv in an a scalar electrical networl¢, 1) that hasl-Ohm resistors
on every edge of the gragh Let (G, R,) be a generalized electrical network constructed from tineesa

graphG by assigning a generalized resistarge S** to every edge ofj. Then,
R, =il Ro. 0
Scaling laws for the effective resistances in scalar kattietworks are stated in the next result, which
follows from the results established in [20, 21].

Lemma 7:Consider the electrical networlZ,, 1) with the same scalar resistanteéOhm at every
edge of thed-dimensional square lattice. The scalar effective rasd:ﬂaﬁfﬁ, between two nodeg andv
in the electrical networkZ,, 1) satisfies

1) r,(Z1) = O(dz, (u,v))

2) rzﬁ)(ZQ) = @(log dzz(u,fu)),

3) riff(Z3) = ©(1). O

Lemma 5 now follows from Lemma 7 and Lemma 6.

B. Convergence Rate

Theorem 1 shows that the BLU estimator error variance in aiesece of nested finite subgraphs of

an infinite measurement graph converges to a limiting vagahat is numerically equal to an effective
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of the effective resistance betweerando in sequencag").

the infinite latticeZ» (shown as a dotted line).

Fig. 3. (a)-(c)The first three members of a sequence of nembgraphszén) of the 2-dimensional latticeZ,, and (d) the
plot of variance@:ﬁ’f), in the sequence of measurement netwqﬂ!%”), 1) as a function ofn. The variance in the nested finite
subgraphs monotonically decrease toward the limitingevas the subgraphs increase in size. (e) Trend of the ratiar@nce
in the finite subnetwork$Z§”), 1) to the minimum possible variance {Z2, 1), as a function of3(n) for three different node
pairs u, o, when the node set’ (™) is chosen so as to encompass all nodes within a radiufd., , from the shortest path

connectingu ando .

resistance, regardless of how the sequegﬁééis constructed. However, the rate at which the covariances
25"3 converge to the effective resistance in the infinite graph adpend on how the sequen¢g™}

is constructed vis-a-vis the nodesando. One natural way to construct the gragf) = (v (™) £ ™)

is to take?’ (™) to contain all nodes that are at a graphical distance srhtara(n) from the shortest
path connecting: ando, whereqa(-) is a positive and increasing function. The distance of a rfooia

a path denotes the minimum graphical distance between tthe awod any node on the path. If there are
multiple shortest paths, we take the union of the sets oftigior each shortest pats.(™) is then chosen

as the set of edges that are incident on the nodagih. This construction satisfies Assumption 1.

Figure 3(a-c) shows the first three members of a sequencesnémesubgraphsgzén)} of the 2-
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dimensional latticeZs, constructed according to the procedure outlined abovéh win) = n. For
simplicity, we consider the case of scalar variables andsorements, and every measurement error is
assumed to have a varianteCovariances for vector-valued variables could be obthirging Lemma 6.
Figure 3(d) shows the plot of the variancﬁgfg of nodew in the measurement netwo(lZé"), 1) as a
function ofn. The limiting value of the variance is the effective resista between ando in the infinite
lattice Z». In an infinite 2-dimensional lattice with unit resistance on every edge,dffective resistance
between two nodes with relativez andy coordinates is given bs, = 1 (log \/2% + y2 ++4 log8),
wherey =~ 0.577 [21]. For the example in Figure 3(a-c),= 4,y = 0, so the limiting variance for node
wisS Xy = Rffo ~ 0.956, which is shown by a dotted line in the Figure 3(d). As expectiee variances

25"3 monotonically decrease and approach the asymptotic valueigcreases.

For a given nested sequen@é&”, the convergence rate af(™ to © will depend on the graphical
distanced, , between nodes. and o. Taking this into account, we can construct the sequefiee
by choosing? (™ as the set of nodes that are within a graphical distancé(ofd, , of the shortest
path connecting: and o, where 3(-) is a positive and increasing function. Numerical studiestton
2-dimensional latticeZ, indicate that with this construction, the raﬂi\@&’fgu/uﬁu,oﬂ depends only on
the value ofg and is independent af, ,. Figure 3(e) shows the ratiH)E&’ng/HZupH as a function ofs
for three different nodes taken at distance®,01 and8, respectively, fromv. The figure shows that the
rate of convergence cﬁl% to the limiting valueX,, , is not sensitive to the distance betweemndo.

In particular, with3 = 2, the error betwee(™ and¥ is less thari0%. These studies show that ir2a

dimensional lattice, a relatively small subgraph is sudfitito obtain an estimate whose variance is quite
close to the minimum possible achievable by using all thesmesments. For an arbitrary measurement
graph, as long as the graph is “close to” a lattice in an apjatgpsense, similar trends are expected.

For details on appropriate measures of closeness to kttice reader is referred to [11].

VI. SUMMARY

The problem of estimating vector-valued node variablemfrisy relative measurements naturally
arises in many applications that have a graphical structueh as localization in sensor networks and
motion consensus in swarms of mobile agents. In this papeobtained a characterization on the
covariance of the minimum possible estimation error whemwitrarily large number of measurements
is available. This covariance was shown to be equal to a xaedtiied effective resistance in an infinite
electrical network. We also showed that when the measuregnaph has bounded node degree, the error

covariance of the estimate produced by using only a finitessubf measurements converge to the error
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covariance of the estimate that could be obtained by usinthelavailable measurements.

The convergence results established in this paper prowidedrmal justification for treating large
finite graphs as infinite graphs, which can be used to obtaimptotic bounds on the estimation error.
Preliminary work on determining such asymptotic error isifior infinite graphs has been reported
in [11]. Further work on establishing scaling laws using thels developed in this paper is under way.
Furthermore, the matrix-valued effective resistance $ aklevant in several other distributed control
problems [6]. The tools developed in the paper are therafeedul in answering scalability questions in
certain distributed control problems as well.

Another implication of the convergence results estabtishethis paper is that for estimation problems
based on relative measurements, after a certain pointid=ringy more measurements will only marginally
improve the quality of the estimate. This observation mayobenterest to designers of distributed
estimation algorithms, since it shows that accurate estimas possible by considering a relatively
small subset of measurements among all the available ore®ldping such algorithms, and methods
to choose the best possible subset of measurements, ate topifuture research.

Our problem formulation assumes zero-mean measuremesg.nbthis is not the case, BLU estimators
produce biased estimates. In fact, it may happen that treibhiaeases as the number of measurements
increases, which could provide additional justificatiom tsing only a small subset of the available
measurements. A detailed study of the impact of measurenase bias remains a problem for future

research.
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APPENDIX |

PROOFS

We first introduce some terminology. Define a norm for all nbalectionsw : 7 — RF** as

1 1

2

lwll = | > Trwhwa) | = { D lwull ] (14)

ucv ueV

where|| - || denotes the Frobenius norm of a matrix, and a linear vectaces§,, as the space of all

bounded node-functions with respect to the above defineah:nor

Sy ={w: ¥ >R w| < ool (15)
For an infinite network(G, R), we introduce thencidence operatotr : Hp — S,,, which is defined
by the transformation:

(’Q{])u = Z au,eje> J € Hg, (16)

ecE

whereaq, . is nonzero if and only if the edgeis incident on the node and when nonzeray, . = —1
if the edgee is directed towards: and a, . = 1 otherwise. The incidence operatef is simply an
extension to infinite graphs of the generalized incidencérimadefined in Section IV-A [see (9)] for
finite graphs. The series in (16) is absolutely convergamiesit involves only a finite number of terms

due to the bounded degree @f

We call a node-functiow € S,, adivergencdor the graphg if w has finite supportany’ .., w, = 0.
One can view a divergence as an assignment of flow sourcesratearfumber of nodes of the graph so

that total flow into the graph is equal to the total flow out of it
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An edge-functiory € Hp, is called aflow in G with divergencev € S, if w is a divergence iy and

j satisfies
Z ju,v - Z jv,u = Wy, Vue V. (17)
(u,v_)gE (U,u_)gE

The condition (17) can be compactly represented as

dj=w. (18)
An edge-functiory € Hp, is called acirculation in (G, R) if

j=0. (19)
In other words, a circulation is an elementf; that belongs to\V (<), the null space ofs.

First we show that the linear operatef : Hr — S,, defined above is bounded. Since for each 7,

(A7), € RE*F we have

Dl = 11'S auedelld < 3 el

eCEy eck,y

where £, is the set edges it that are incident on:. It can be shown from the relationship between
the Frobenius norm and the singular values of a matrix thae¥ery edgec € £, we have||j.[% <
ﬁ Tr(57 Rej.), where Ay, is the uniform lower bound on the smallest eigenvalueRpf Ve € .
Existence of a positive\,,i, is guaranteed by Assumption 2. Since the above is true fayeves 7/,

from (14) we get

17312 = S iald < —— 35 3 T Reje)

uev )\mm uevV ecEy
d . ) d .

< TN T Rege) = )1
>\min >\min

ecE
whered,,,x iS the largest degree of the nodes of the grg@plwhich is finite by Assumption 2. It follows

that

dmax
<] <

)\min

which shows thate is bounded.
Now we are ready to prove the Generalized Current Theorem 2.

Proof of Theorem 2We first prove that among the flows iy that are limits of finite support flows,
the flow with the minimum dissipated energy exists and is u@jcand that this flow is a current. Then

we show that there can be only one such current.
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For a flow of intensityj that is injected at. and extracted at, the corresponding divergenceis given
by w, =j, @, = —j andw, =0 for all p € ¥ \ {u,v}. Pick a pathP from u to v, and construct a flow

4P of intensity j from « to v alongP as follows:

j ecP,é=P
e e
0 e¢ P

It is easy to see thaj is a finite support edge-function i#(r that satisfies the constraint equation
a/j = @. All flows satisfying this constraint lie in the linear vae;P*" + N (o), where V() is
the null space of7. Since<’ is a bounded linear operator, its null space is closed. Asaltre\/ (<),
which is the space of all circulations, is a Hilbert spacengider the subspace df (<) that consists
of all finite support circulations, and denote it By (<) (“F” for finite support). Its closureVy (<)

is a closed subspace of the Hilbert spa¢e«”). By the Projection Theorem applied to linear varieties
(Theoreml in section3.10 of [22]), there exists a unique edge-functionjiit" + A’z (7) of minimum

norm, which we call, and which is orthogonal t&/p(<7).

Sincei — jPth ¢ N (o), there exists a sequence of finite support circulatidfis such thatc(™ —

(i — jP2h), where the convergence is iz norm. Definej(™ := jpath 4 (") so that by construction,
each;™ is a finite support flow of intensity from « to v, andj™ — i in Hg. This establishes the
existence and uniqueness of the flow with minimum power pi&iin that is the limit of a sequence of

finite support flows.

Since;: is orthogonal toNVz (),

(i,¢) =0 (20)

for every everyc € Np(<). Declare the generalized potential drop across an edgeR.i. to satisfy
Ohm’s law. If the graph has no loops, Kirchhoff's loop law i#vitlly satisfied by these generalized
potential drops. If the graph has loops, pick a lgbpnd define a scalar edge-functign £ — R as
1 if ecCande=C,
fe=4-1 ifeecCandé#C,
0 if e C.
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Now define a finite support circulatiatt asc} = f..JJ, whereJ is an arbitraryk x k& matrix. We have

0=(i,c") =Y Tr(if Rec}) = >  feTr(iT ReJ) = feTr(J Reic)

eeC eeC eeC

I feReie)

ecC
Since this is true for arbitrary, we must have

=Tr

S fe(Reie)] = 0, (21)

ecC
which in turn must be true for every lodp since the arguments above can be repeated for every loop.

Eqg. (21) therefore shows that thet potential dropalong every loop i$). In other words, the generalized
potential drops determined byn accordance with Ohm'’s law satisfies Kirchhoff's loop l&@anstruction

of a generalized node potential functidhis now trivial. Therefore is a generalized current.

To prove unigueness of the current, feandi be two currents fromu to v with intensityi. Define an
edge-functiond : £ — R***¥ asd, := i, — i.. We see thatl € Np(<). From linearity of the inner

product,
(d,d) = (i —i,i—1) = (i,d) — (i,d) =0—0,
where the last equalities follows from (20), since by camstion, bothi andi are currents. Thus,

> Tr(df Rede) = 0 = do=0 Yeetx,

ecE

since R, > 0 for all edgese € £. We therefore conclude that= i, which proves that the currentis

unique.

To examine the uniqueness of potentials, supposelthahd V' are two potentials associated with the

same current. Because of Ohm’s Law, we conclude that
Vy—Vy=Vy -V, = D, = D,,¥(u,v) € E,

whereD =V — V. Sinceg is connected)D must be a constant, but is otherwise arbitrary. This shows

that the node potentials are unique up to an additive constan

If 7 is a current with intensity and: is a current with intensitﬁ, both fromw to v, it can be shown in
a straightforward manner thati + 37 is also a current with intensityi + 3i from v to v, from which

the linearity fromi to i follows. A similar linearity proof also holds for the potéadtdifferences. m
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The corollary presented next is essentially a repetitio(26§, but is restated because of its usefulness

in several subsequent proofs.

Corollary 1: A flow i is the generalized current in the netwdi®, R) if and only if

(i,¢) =0

for every circulationc € Np(<7). O

Proof of Lemma 1For the current with intensity flowing from « to v, we define a divergence as
wp =0 Ype ¥ \{u,v}, w, =1,w, = —1i.

The flow constraint now become4; = w. The currenti is the flow that satisfies this constraint and

minimizes the energy dissipation, ., Tr(j! R.j.), as shown in Theorem 2. For every noges v/,

ecE

the flow constraint becomes

(Aj)p = wp = Z pefe = Wp- (22)

e€L,
Recognizing that this is & x k& matrix equation, we express it &sseparate vector equations:

Z apefel = Wpi, 1=1,...,k,

e€L,
where the second subscriptepresents thé" column of the corresponding matrix. It is easy to see that,
for everyl, the constraints on thé' column ofj.’'s depend only on thé" column ofw,, and therefore on
the!™ column ofi. As a result, the solution to this optimization problem isigglent to solving: separate
problems “minimize)_ ., jZlReje,l subject toAj; = w;”, for I = 1,..., k, where the edge functiog
and the node functiow; are now vector-valuedj; : £ — R¥, w; : ¥V — RF, the space${r and S, are
appropriately redefined, and the incidence operdtbias the same definition as in (16) with respect to the
new space${y, S, . Because of column-wise independence of the current omtieesities, the matrix
current on every edge is obtained by stacking kheector-valued currents on that edge as columns. For
every vector-valued current intensity ! = 1,...,k, we obtain a corresponding vector-valued potential
differenceV,,; — V, ;. Again, the matrix-valued potential differendég — V,, resulting from the original
problem consists of thé columns that are the vector-valued potential differefGe — V;,; resulting

from the k separate optimization problems described above.

Thesek separate optimization problems can be solved to determmeector-valued edge currents in the
same manner that the single optimization problem was sotvéite proof of Theorem 2 to determine the

matrix valued edge currents. In fact, only one of theggoblems needs to be solved. To understand why,
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we first note that the linearity between the matrix valuedngitias i andV,, — V,, that was established
in Theorem 2 will be retained between the correspondingoveatlued quantities. Specifically, when
a vector-valued current; flows from « to v with vector intensityi;, the vector-valued voltage drop
Vi — Vi Will be a linear function of the vector intensify, which will be in general & x k matrix.

Let RS € R*** be this matrix. Then,
Vai — Vo= R4, Vi eRE. (23)

From linearity, the same is true for evely= 1,..., k. Stacking together thé columns in (23), for
Il=1,...,k, we getV, -V, = Rgff i, which proves that the linear mapping between matrix iritgris

(2

and matrix-valued potential drog, — V,, is the k x k matrix Rfv. [ |

Proof of Lemma 2Pick a path? from v to v, and construct a flowP2t" of intensity j from u to v

along?P as follows:
j ecP, =P
P =05 ceP, @#£P
0 e¢ P

The assumed properties gfimply that j € P 4 NVz(A). Let ;) be a sequence of finite support

flows in (G, R) that converge to the floy, i.e., j* — j in Hy. Define

Cc = j _ jpath

— ](n) _]-path.

The functionc € Hp is a circulation since it is the difference between two flowshe same intensity
between the same two nodes. Moreovef?) } is a sequence of finite-support circulations that convesge t
c in Hp. Now, sincec™ is a finite support circulation, from Corollary 1, ¢™) = (i, jPath — j()) =0

for everyn, and therefore

lim (i, 720 — ;)Y = 0,

n—oo

Using linearity and continuity of the inner product, we #iere conclude that

lim (i, ™) = (i, 52*) = (i, j) = (i, jP*)
= > Tr(il Reje) = > Tr((Reie) " 52*™) = Tr((Vi, — Va)"3) (24)
ecE ecP
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Sincei,j € Hp, denoting thes™ column ofi. by is and thet™ column of j. by Jte» We can show

from (24) using straightforward algebraic manipulatioatth

(o]
Gst i= Zig:eRejt,e <oo. Vs, t=A{1,...,k},

e=1
and that the series converges absolutely for eveand ¢. Define the matrixQ by [Q]s: = ¢s. Since

the series converges, for every> 0, we can choosév large enough such that
N
1Y il Reje — QI < ¢,
e=1

where| - || represents any matrix norm. We thus conclude that singe Hg, the seriesy, ., il Reje
converges absolutely to A x k& matrix. Since (24) holds for an arbitrary it can be shown in a
straightforward manner that the serigs,_,. i’ R.j. must converge tqV, — V,)7j. Therefore we get

the desired result

> i Reje = (Vu = V)7j. m

ecE

Proof of Theorem 4For everye > 0, we can find a finite-support floy™ from v to v of intensityi

such that
li — 5™ <, (25)

which follows from the characterization of the currénin Theorem 2. Pick a finite subgragh™ =
(v ™, £™) of G from the nested sequen¢é™} such that the support gf™ lies in G (i.e., the
edges on which (™ is not zero are ire (™). Note that by construction, v € /(™). Denoting byi(™ the

current in(G™, R), it follows from Corollary 1 that for a circulation(™ whose support lies ig™,
(i™ ™y =0, and (i, ™) = 0.
= (i — 5™ ™Y = (3, ™) — G ) =G M)y — (G0 My = (i) — j0) )y

Pick ¢®) = i(™ — (™) which, being a difference of two finite support flows franto v with the same
intensity, is a finite support circulation. Furthermors,support lies irg(™ since bothi(™) and ;™ have

their support inG(™). For this choice of:(™ in the equation above, we get
(i — 3,8 — G| = (i) — G012 = Jjt) — 5002 < li— g )i = 50,
from the Cauchy Schwarz inequality. Therefore,

i) — 5] < i - 5 < e
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from (25). From the triangle inequality, we now get
i = < Jli = 5 + 167 = 5| < 2,

which proves the statement th&®) — i in Hp.

To prove the convergence of the effective resistances, gickrbitraryi € R¥** and leti andi(™) be

the currents with intensity from v to v in (G, R) and (G, R), respectively. Lemma 2 implies

> il Reie =i RS,

ecE
SR = 3 AT R = TR,
eEE ecE (n)
> il Reil" =T Ry,
ecE

where the last equality uses the fact th&® is a flow in G with intensity i (though not a current).
Therefore,

> (6= i) Refie — i) ) = T ({7 (1 - B )i)

ecE
Sincei — i in Hg, the left hand side goes t6 asn — oo. Since this is true for arbitrary,

eff (n
o - Reft n
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