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Abstract—We consider a standard discrete-time event-
triggered control setting by which a scheduler collocated with
the plant’s sensors decides when to transmit sensor data to a
remote controller collocated with the plant’s actuators. When
the scheduler transmits periodically with period larger than
or equal to one, the h∞ optimal controller guarantees an
optimal attenuation bound (`2 gain) from any square-summable
disturbance input to a plant’s output. We show that, under mild
assumptions, there does not exist a controller and scheduler pair
that strictly improves the optimal attenuation bound of periodic
control with a smaller average transmission rate. Equivalently,
given any controller and scheduler pair, there exists a square-
summable disturbance such that either the attenuation bound or
the average transmission rate are larger than or equal to those
of optimal periodic control.

I. INTRODUCTION

Event-triggered control (ETC) has been the subject of exten-
sive research over the last two decades [1]–[20]. It provides an
alternative to traditional periodic control that can potentially
reduce the communication burden for the same closed-loop
performance or, equivalently, improve the closed-loop perfor-
mance using the same communication resources. This desired
feature has been addressed in the literature considering two
measures of performance inherited from the standard h∞ and
h2 frameworks for periodic linear systems [21].

In the h2 control setting, closely related to Linear Quadratic
Gaussian Control (LQG), performance is measured by an
average quadratic cost. Considered in this setting, ETC can
(strictly) improve the average quadratic cost of optimal peri-
odic control for the same, and even smaller, transmission rate;
see [1] for scalar systems and [9]–[16] for general systems.
This property is often referred to as consistency [12] or strict
consistency if the performance can be strictly improved [14].

In the h∞ setting, disturbances are assumed to be determin-
istic and performance is defined through the `2 gain. This gain
captures the smallest attenuation bound from the disturbance
input to an output of interest of the plant and coincides with
the h∞ norm when the system is linear. While much work on
ETC has considered the `2 gain [7], [8], obtaining consistency
properties in this setting similar to the ones obtained in the h2

setting has received little attention. Two exceptions are [19]
and [20]; [20] considers continuous-time linear systems and
an approach based on Youla parametrizations, whereas [19]
considers discrete-time systems and tackles this problem with
a game theoretical approach. Given a desired attenuation
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bound that is guaranteed by periodic control with a given trans-
mission rate, they provide an ETC policy that can guarantee
the same attenuation bound with a smaller or equal average
transmission rate. Still, one can select the disturbance input
so that transmissions are triggered periodically, resulting in
the same `2 gain. In this sense, the event-triggered controllers
in [19], [20] are not strictly consistent.

Motivated by this recent research, in this paper, we pose
the following question: given a discrete-time linear system
and optimal periodic controller with transmission rate between
sensors and actuators 1

h , for some period h ∈ N, and h∞ norm
γh (smallest attenuation bound), can one find scheduling and
controller policies that lead to a strictly smaller attenuation
bound than γh while transmitting at a smaller average rate
1
h . The answer is no, in the sense that, given any controller
and scheduling policies and period h ∈ N,, there exists a
disturbance such that either the attenuation bound is larger
than or equal to γh or the transmission rate is smaller than or
equal to 1

h . This result is illustrated in Figure 2 below. The
proof of this result is constructive in the sense that we provide
a disturbance policy that generates such a disturbance. This is
a fundamental limitation of ETC in the context of h∞ control,
which is not present in h2/LQG control.

Note that for a given disturbance found in a practical setting,
a given controller-scheduler pair (such as the one proposed
in [19]) can result in both smaller attenuation from that dis-
turbance to a plant’s output and smaller average transmission
rate when compared to the optimal periodic h∞ controller
with rate 1

h , as desired. From the perspective of our result,
this desired property cannot hold for every disturbance.

The paper is organized as follows. Section II formulates the
problem and Section III provides the main results. Section IV
provides numerical examples and Section V gives concluding
remarks. The proofs of the results are given in Section VI.

II. PROBLEM FORMULATION

Consider a linear system

xt+1 = Axt +B2ut +B1wt, t ∈ N0 := N ∪ {0}, (1)

with the following output of interest

zt = C2xt +D21ut, (2)

where xt ∈ Rn, ut ∈ Rm, zt ∈ Rp, wt ∈ Rnw for t ∈
N0. Without loss of generality, we assume that C>2 D21 = 0,
and define Q := C>2 C2 and R = D>21D21. Futhermore, we
consider B1 = I and use the notation B = B2. The following
standard assumption is stated for future reference.

Assumption 1. (A,B) is controllable, (A,C2) is observable
and R > 0. �



Let w = (w0, w1, w2, . . . ), z = (z0, z1, z2, . . . ), define
the inner product 〈w, z〉 =

∑∞
t=0 w

>
t zt and norm ‖w‖2 :=√

〈w,w〉, and let `2 be the Hilbert space of sequences with
bounded norm. The system provides an attenuation bound γ
from the input disturbances to the output of interest if

‖z‖2 ≤ γ2‖w‖2, ∀w ∈ `2, for x0 = 0. (3)

We are interested in ensuring that (3) holds for the smallest
possible γ. We assume w0 6= 0 so that x1 = w0; there is no
loss of generality when the control policy sets ut = 0 when
xt = 0, which is typically the case. Then, wt = 0 for all t
leads to zt = 0 for all t and (3) is trivially met; otherwise, the
first non-zero component of w can be assumed to be w0, due
to time invariance of (1). The initial condition x0 may be non-
zero provided that we redefine (3) as, e.g., in [22, Sec. 3.5.2].

We consider the networked control system depicted in
Figure 1. The control input ut is determined by two agents: the
scheduler which controls the information seen by the controller
since it decides when to transmit sensor/state data to the
controller over a network, and the controller which provides
ut at every t. Let σt = 1 if the scheduler transmits the state
to the controller at time t and σt = 0 otherwise; at t = 1 it
is assumed that the scheduler sets σ1 = 1. Moreover, let s`
be the transmission times defined as s`+1 = s` + τ`, s0 = 1
with τ` = min{j ∈ {1, . . . , h̄}|σs`+j = 1} where h̄ is a given
integer implicitly imposing the following assumption.

Assumption 2. The scheduler is such that τ` ≤ h̄ for a given
h̄ ∈ N. �

This is a mild assumption since h̄ can be arbitrarily large,
and any scheduler can be modified to trigger when rt = h̄,
where rt = t − s¯̀(t) is the elapsed time since the last
transmission, s¯̀(t) is the time of the most recent transmission
prior to time t and ¯̀(t) = max{` ∈ N0|s` ≤ t|}. Let
It := {xk|k ∈ {s¯̀(t), s¯̀(t)+1 . . . , t}} be information sets
containing the states from the previous transmission time
up to the current time t and Jt := {xs¯̀(t)

} ∪ {rt} be
information sets containing only the last transmitted state and
rt. The information available to the scheduler, controller and
disturbance policies is summarized in the next assumption.

Assumption 3. The scheduler, controller and disturbance
policies are assumed to depend on the following information
sets for every t ∈ N0

(i) σt = µσ,t(It),
(ii) ut = µu,t(Jt),

(iii) wt = µw,t(It). �

While it is typical to assume that the information sets
include states of the system since the initial time t = 0 and
then show that the obtained policies rely only on recent states
(see, e.g., [19], [22, Ch. 3]), here we immediately assume
the policies can only depend on most recent relevant states.
Thus, this is also a mild assumption. Its main purpose is
to formulate Assumption 5 below. Two general examples of
controller and scheduler pairs are given in Section IV and
Algorithm 1 is an example of a disturbance generator policy.
We assume the controller policy is known to the scheduler and

Fig. 1: An event-triggered controller consists of a controller C
and a scheduler S, which sends measurement/state data to the
controller; N represents the network and G the plant.

to the disturbance policy, and thus it would be redundant to
add uk, k ∈ {s¯̀(t), . . . , t}, to It. Adding rt to It would also
be redundant as it is inferred by the number of states in It.

We define πa = (µa,0, µa,1, . . . ) as the policy of the event-
triggered controller when a = σ, the policy of the controller
when a = u and the policy of the disturbance generator
when a = w. Given π := (πu, πσ), we define the average
transmission rate rπ(w) := lim sups→∞

1
s

∑s−1
t=0 σt and the

average inter-transmission interval h̄π(w) = 1
rπ(w) .

A. Periodic control

Periodic schedulers with evenly spaced samples are defined as

σt =

{
1 if t is zero or an integer multiple of h,
0 otherwise.

(4)

As explained in Remark 2 below, (4) are superior in a given
sense to other periodic schedulers and we can restrict our at-
tention to (4) for comparison with event-triggered schedulers.
For brevity, we denote (4) by periodic schedulers.

Note that for this scheduler rπ(w) = 1
h for every w. Let

γh := inf{γ|∃πu such that (3) holds
when the scheduler is given by (4)}.

(5)

To compute γh let us first define three matrix transformations:

Fa(P ) := P + P (γ2I − P )−1P

Fc(P ) := A>PA+Q−A>PB(B>PB +R)−1B>PA

Fo(P ) := A>PA+Q.

for a given γ ∈ R>0. When h = 1, and under Assumption 1,
the following iteration Pt+1 = Fc(Fa(Pt)) with P0 = 0 is
monotone in the sense that Pt+1 ≥ Pt converges if γ2I > Pt
for every t ∈ N0 to the unique positive definite solution P̄γ
of the algebraic Riccati equation

P̄γ = Fc(Fa(P̄γ)), (6)

see [22, Sec 3.2] (although the expressions in [22, Sec 3.2] ap-
pear in a different but equivalent form). Due to monotonicity,
γ2I > P̄γ implies that γ2I > Pt for every t ∈ N0. Provided
that this condition holds, (3) holds for a policy πx specified
by ut = Kγxt, where

Kγ = −(R+B>Fa(P̄γ)B)−1B>Fa(P̄γ)A. (7)



Fig. 2: Illustration of our main result Theorem 1; γh is the `2
gain (smallest attenuation bound which coincides with the h∞
norm) of periodic control with period h. See Remarks 1, 2.

If γ is such that γ2I ≥ Pt does not hold for some t, then (3)
does not hold for any πu.

However, if h > 1 the conditions on γ for the existence of
such a control policy are stricter, i.e., γ needs to be larger [19].
They actually become stricter as h increases leading to non-
decreasing sequence of γh. In fact, consider the following
iteration, with M1 = P̄γ ,

Mk+1 = Fo(Fa(Mk)), k ∈ {1, 2, . . . , h}, (8)

with γ such that γ2I−Mk > 0, for all k ∈ {1, . . . , h}. Then,
as proven in [23, Lemma 1], Mk+1≥Mk, inf{γ|γ2I−Mh >
0} = γh, with γh given in (5), and γh+1 ≥ γh for all h ∈ N.

B. Problem statement

For a given control and scheduling policy π = (πu, πσ) let

γp :=inf{γ| such that (3) holds when ut = µu,t(Jt),
σt = µσ,t(It)}.

(9)

In this paper we pose the question of whether, for a given h,
it is possible to find policies πu and πσ such that
(i) γπ < γh, and

(ii) rπ(w) < 1
h , for every w ∈ `2.

Graphically, the question is whether we can find a controller
and scheduler pair such that the pair (rπ, γπ) is in the dark
gray region of Figure 2, which is an open set. The answer
turns out to be no as stated in Theorem 1 below.

Remark 1. Theorem 1 is actually stronger in the sense that if
we can find γ such that γh < γ < γh+1 and Assumptions 4-
5 are satisfied, then the pair (rπ, γπ) cannot additionally lie
in the region with diagonal stripes. If Assumptions 4-5 are
satisfied for every h and γ such that γh < γ < γh+1 the
pair (rπ, γπ) of event-triggered control cannot lie in the union
between the dark gray and white regions, again an open set.

Remark 2. In [23] it is proven that the `2 gain associ-
ated with a periodic scheduler with largest interval between
samplings/transmissions h̃ is equal to the `2 gain associated
with (4) with h = h̃. Thus, a periodic scheduler with non-
evenly spaced sampling is inferior to (4) as it results in an
average inter-transmission interval smaller than h and `2 gain

γh. This latter fact is also implied by Theorem 1 below since
we allow for time-varying scheduling policies. Given a desired
rational (dense in the reals) average inter-transmission interval
smaller than h (e.g., 9/4 with h = 3), we can always design a
periodic scheduler with that average inter-transmission interval
and with `2 gain γh (e.g., repeat schedules 100101010). Thus,
we can guarantee any average inter-transmission interval and
attenuation bounds in the interior of the light gray region with
periodic control.

III. MAIN RESULT

The main result of the paper, stated in this section, compares
ETC to periodic control with an arbitrary but fixed period
h ∈ N. Besides Assumptions 1-3, it needs the following two
additional technical assumptions on the given period h.

Assumption 4. h is such that γh < γh+1. �

Note that Assumption 4 can easily be tested. From [23,
Lemma 1] we know that γh ≤ γh+1, but we require a strict
inequality to state Assumption 5 below. While Assumption 4
typically holds one can find cases where it does not hold. For
example if A = 0 then Fo(P ) = Q, Mk = Q for every k
in (8), and γh = γh+1 for every h.

When Assumption 4 holds, consider γ such that γh < γ <
γh+1. Then (γ2I − P̄γ) is invertible and we can define

Lγ := (γ2I − P̄γ)−1P̄γA. (10)

Moreover, the smallest eigenvalue of γ2I−Mh+1 is negative,
and we denote by vh,γ (either) one of the two unitary-
euclidean norm eigenvectors associated with this smallest
eigenvalue. For each transmission time t = s` for some `, and
for a given ε ≥ 0 consider the following disturbance policy to
be used until the next transmission time s`+1,

wk=

{
Lγ(Axk+Buk) + εvh,γ , if k = s`

Lγ(Axk+Buk), if τ`>1 and k∈{s`+1, . . . , s +̀1−1}.
(11)

When ε = 0 this is a well-known optimal disturbance policy
for a game between control and disturbances with payoff
‖z‖2 − γ‖w‖2. Let T (ξ, t, ε, γ) = τ` denote the inter-
transmission time when (11) is applied at time t = s` and
xs` = ξ, which only depends on the state ξ and time t since
the control policy is assumed to be known. The dependency
on the disturbance parameters ε, γ is added for convenience.
We need the following regularity property on this map.

Assumption 5. Under Assumption 4, there exist γ, with γh <
γ < γh+1, and ε > 0, such that for every ξ ∈ Rn and t ∈ N
either

T (ξ, t, 0, γ) ≤ h (12)

or

T (ξ, t, ε, γ) > h, for every ε ∈ [−ε, ε]. �

This assumption states that, for every state xt and ev-
ery transmission times t = s` either the scheduler trig-
gers/transmits before (and including) time s` + h when the
disturbance policy (11) with ε = 0 is used or, otherwise, does



not trigger before (and including) time s` + h when (11) is
used for an arbitrarily small ε (besides ε = 0). However, |ε|
must be uniformly lower bounded with respect to xt and t.

The numerical examples illustrate how to test Assump-
tion 5. Even for a general scheduler and controller pair, this
assumption is mild in the sense that, given any scheduler
and controller pair that does not meet Assumption 5, we can
apply a small modification to the scheduler to ensure that
Assumption 5 is met. To this effect it suffices for each ξ
and t for which (12) does not hold to set the scheduler to
µσ,t(It) = 0 for the state trajectories in It resulting from (11)
with ε ∈ [−ε, ε]; this is a very small set when compared to its
complement and commensurable with ε.

We are ready to state the main result.

Theorem 1. Consider linear system (1) with performance
output (2), an arbitrary h ∈ N and suppose that Assumptions 1-
5 hold for some γ such that γh < γ < γh+1. Then, there exists
w ∈ `2 such at least one of the following two must hold:

(i) ‖z‖2 > γ2‖w‖2, which implies that γπ ≥ γ > γh,
(ii) rπ(w) ≥ 1

h . �

Proof. Algorithm 1, associated with a γ for which As-
sumptions 4, 5 hold and initialized with an arbitrary w0,
provides a disturbance policy that when applied to (1) with
a given scheduler and controller pair, fixed disturbance values
w1, w2, . . . are generated such that either γπ > γ > γh or
rπ(w) ≥ 1

h . Letting ηt=
∑t−1
j=0z

>
j zj−γ2w>j wj+x

>
t P̄γxt, if

∞∑
j=0

z>j zj−γ2w>j wj = ηt−x>t P̄γxt+
∞∑
j=t

z>j zj−γ2w>j wj > 0

(13)
the `2 gain cannot be strictly smaller than γ, i.e., γπ ≥ γ > γh.
Algorithm 1, at each transmission time t = s` for which
ηt ≤ 0, checks (12) by probing the system with (11) with ε = 0
(this can be done causally through simulation since the model,
the control and scheduling policy are known). This is an
optimal disturbance policy in the sense mentioned below (11).
If (12) holds, then Algorithm 1 does apply (11) with ε = 0,
i.e., (15). However, when (12) does not hold, (15) is not
necessarily optimal for the disturbance generator. In fact, the
disturbance policy can increase

∑t+τ`
j=t z

>
j zj−γ2w>j wj (which

contributes to increasing
∑∞
j=t z

>
j zj−γ2w>j wj in (13)) when

compared to the case where (15) would be used for every `,
by applying (11) with ε 6= 0, provided that the control inputs
us` , . . . , us`+h do not change and still guarantee τ` > h. This
follows from Lemma 2 below. Algorithm 1 computes a set of ε
for which τ` > h which implies us` , . . . , us`+h do not change.
Assumption 5 ensures that this set contains at least ε ∈ [−ε, ε].
Thus, if τ` > h then (11) with ε 6= 0, i.e., (17), is used
where ε is computed to ensure that

∑t+τ`
j=t z

>
j zj − γ2w>j wj

is increased when compared to the case where (11) with
ε = 0 would be applied. This is the rationale behind the
expression (16) for ε which indeed increases this cost taking
into account (25). This cost increase contributes to increasing
ηs`+1

. Algorithm 1 performs these steps while monitoring if
ηt > 0. When ηt > 0, (18) is used. Then, relying on Lemma 3

Algorithm 1 Policy of disturbance generator

1: Choose an arbitrary w0 6= 0, an arbitrary ε̄ ≥ ε > 0, and
compute vh and γ such that Assumption 5 holds.

2: for ` ∈ {0, 1, 2, . . . } (at time t = s`, s0 = 1) do
3: Compute ηt =

∑t−1
j=0 z

>
j zj − γ2w>j wj + x>t P̄γxt

4: if ηt > 0 then break (go to line 11)
5: else
6: if (12) holds with ξ = xs` , t = s` then set

wk = L̄γ(Axk +Buk), if k ∈ {t, . . . , s`+1}
(15)

(then s`+1 = t+ T (xs` , s`, 0, γ))
7: else Compute E={ε∈R|T (ξ, t, ε, γ)>h}∩[−ε̄, ε̄],

ε =

{
sup E if b(xs` , Us`) ≥ 0

inf E if b(xs` , Us`) < 0
(16)

where b(xt, Ut) is given by (26) below and set

wk =

{
L̄γ(Axk +Buk) + εvh,γ , if k = t,

L̄γ(Axk +Buk), if k ∈ {t+ 1, . . . , s`+1}
(17)

8: end if
9: end if

10: end for
11: Compute q = ζ(xk, ηk/2) with the method in Lemma 3

and set

wt =

{
L̄q−(t−k)(Axt +But), if k ≤ t < k + q

0, if t ≥ k + q
(18)

with Lj , j ∈ {1, . . . , q} given in (29) below.

below x>t P̄γxt − ηt/2 ≤
∑∞
j=t z

>
j zj − γ2w>j wj . Combining

this inequality and ηt > 0 we conclude that

t−1∑
j=0

z>j zj − γ2w>j wj︸ ︷︷ ︸
=ηt−x>

t P̄γxt

+

∞∑
j=t

z>j zj − γ2w>j wj︸ ︷︷ ︸
≥x>

t P̄γxt−ηt/2

≥ ηt/2 > 0

(14)
which is (13). It is clear that w ∈ `2 since wt = 0 after a
finite time. If ηt ≤ 0 for every t = s`, ` ∈ N, Lemma 4 shows
that rπ(w) ≥ 1

h and ω ∈ `2, concluding the proof.

IV. NUMERICAL EXAMPLES

The two numerical examples presented next consider two
scheduler and control pairs. The controller of the first pair is

ut = Kx̂t, x̂t =

{
xt, if σt = 1,

(A+BK)x̂t−1, if σt = 0,
(19)

for a given K and the scheduler relies on checking when a
weighted norm of et = xt− x̄t exceeds a threshold, i.e., when

τ` = inf{k ∈ {1, . . . , h̄− 1}|eᵀs`+kXes`+k > ρ}} (20)



where ρ > 0 is a given threshold and X is a given
positive semi-definite matrix. Similar schemes appear in,
e.g., [2], [4], [14]. The control policy of the second pair is

ut=Kγ x̂t, x̂t=

{
xt, if σt = 1

(A+BKγ+Lγ(A+BKγ))x̂t−1, if σt=0.
(21)

so that ut = u∗t , t ∈ {s` + 1, . . . , s`+1 − 1} with
u∗t = K(A+BK +Lγ̄(A+BK))t−s¯̀(t)xs¯̀(t)

. To define the
scheduler consider a given γ̄ with γ̄ > γ1. Suppose that the
controller is given by (19) with K = Kγ̄ and with γ replaced
by γ̄. The scheduler, adjusted from the one proposed in [19],
is defined by

µσ,t(It) =

{
1 if t = 1, τ` = h̄ or G(It) > 0

0, otherwise.
(22)

where

G(It) =

t−1∑
k=s¯̀(t)

(uk+1 − u∗k+1)>(R+B>Fa(P̄γ̄)B)(uk+1 − u∗k+1)

−(wk−L̃γ̄(Axk+Buk))>(γ̄2I−P̄γ̄)−1(wk−L̃γ̄(Axk+Buk)).

This scheduler-controller pair can be shown to satisfy γπ ≤ γ̄
and rπ ≤ 1

h [19].

A. Scalar system

Suppose that n = 1, A = B2 = Q = R = 1.
Using (8), we can compute the γh which are given here for
h ∈ {1, 2, 3, 4, 5}: γ1 =

√
2, γ2 = 2.0199, γ3 = 2.645, γ4 =

3.276, γ5 = 3.909. Suppose that h̄ = 2. Then the scheduler
must only decide at times s` + 1, based on xs` and xs`+1, if
σs`+1 = 1 or σs`+1 = 0. Since xs`+1 = xs`+µu,s`(xs`)+wk,
we can reparameterize σs`+1 to be a function of xs` and
ws` so that we can visualize this decision in R2. Consider
γ = (9γ1 + γ2)/10 = 1.4748. Then Kγ = −0.9495,
Lγ = 8.6463. Suppose first that the control policy is (21), and
that the scheduler is as in (22), rewritten next based on the
numerical values just listed: σs`+1 = 1 if Ḡ(xs` , ws`) > 0,
σs` = 0 otherwise, with Ḡ(x,w) = 18.0815(w − 0.4366x)2

This scheduler only does not trigger transmission in the set of
null (Euclidean) measure (xt, wt) ∈ {(x,w)|w − 0.4366x =
0}. With this γ, Assumption 5 is not met. In fact, if for a given
t = s`, wt = Lγ(Axt + But) = Lγ(1 + Kγ)xt = 0.4366xt
then Ḡ(xt, wt) = 0 and there is no transmission at time t+ 1,
but if wt = Lγ(Axt + But) + ε then Ḡ(xt, wt) = 18.0815ε2

and a transmission will occur irrespective of ε. This can be
overcome in two ways.

The first is to use the flexibility in picking γ allowed by
Assumption 5 and test such an assumption with a different γ,
denoted by γ̃, such that γ1 < γ̃ < γ2. That is, the scheduler
and controller are still the same and pertain to γ = 1.4748,
but we test Assumption 5 with γ replaced by γ̃ = 1.48 and
this latter γ̃ is the value used for the disturbance policy in
Algorithm 1. This leads to transmissions being triggered at
every time step, and resulting state and disturbances depicted
in Figure 3(a). At time t = 0, x0 = 0, w0 = 1 (arbitrarily
picked), leading to x1 = 1 at time 1. This w0 is considered

for all the simulations for this scalar example. The scheduler
and controller pair ensures ‖z‖2 = 1.9872‖w‖2 ≤ γ2‖w‖2.

The second way is to modify the scheduler so that it meets
Assumption 5 as already pointed out after Assumption 5. In
this case we do not allow transmissions in the region W :=
{(x,w)|w = Lγ(I+Kγ)x+ε, ε ∈ [−ε, ε]}, i.e., we change the
scheduler to σs` = 0 if Ḡ(xs` , ws`) ≤ 0 or w ∈ W , σs` = 1
otherwise. Here ε can be arbitrarily small; it is set to ε = 0.03.
This leads to a disturbance that yields ‖z‖2 = 2.2091‖w‖2 ≥
γ2‖w‖2. The relevant disturbances and states are plotted in
Figure 3(b) together with an explanation for such a trajectory.

The scheduler and controller pair (20) is also tested. The
same γ = 1.4748 is used, K is set to K = Kγ , the
threshold to ρ = 0.2. The policy is simply σt = 1 if
|wt−1| > ρ when t = s` + 1 for some `. The scheduler
would require a small modification at the intersection point
of w = Lγ(I +Kγ)x and w = ±0.2, but it is irrelevant when
the system trajectory does not pass through these points so this
modification is not pursued. In this case the disturbance leads
to ‖z‖ = 2.2726‖w‖ ≥ γ‖w‖. The state and disturbances are
plotted in Figure 3(c) together with an explanation for such a
trajectory.

B. Third order system

Suppose that A =

 0 1 0
0 0 1
−1 −2 −1

, B =
[
0 0 1

]ᵀ
,

Q = I3, R = 1. Then γ1 = 3.784, γ2 = 6.898, γ3 = 7.968,
γ4 = 13.185, γ5 = 15.908. We set γ = 14 and compare
event-triggered control with periodic control with period 4.
As in the previous example using the scheduler-controller
pair (21), (22), and picking a slightly different γ, picked
as γ̃ = 13.9 for the disturbance generator leads to all-
time transmissions in which the disturbance policy is wt =
Lγ2

(A+BKγ)xt. We obtain ‖z‖ = 6.4417‖w‖ ≤ γ̃‖w‖.
Consider now the controller-scheduler pair (20). As in the

previous scalar example the scheduler would require a small
modification but it is irrelevant since the system trajectory
would not belong to the set requiring modification. The
parameter ε̄ is set to ε̄ = 0.1. In this case the disturbance
leads to ‖z‖ = 14.0637‖w‖ ≥ γ‖w‖.

V. CONCLUDING REMARKS

We have shown that any event-triggered control strategy,
consisting of a scheduler and controller pair, cannot strictly
improve the optimal attenuation bound of periodic control
with a smaller or equal average transmission rate. This result
was obtained by constructively providing a disturbance policy
(Algorithm 1) such that for the resulting disturbance either
the attenuation bound is larger than or equal to that of the
optimal periodic control or the transmission rate is smaller
than or equal to that of periodic control. To conclude this,
for the proposed disturbance policy, we need a technical
assumption (Assumption 5), besides other mild assumptions.
Using different proving techniques it might be possible to
obtain the result without requiring Assumption 5.



Fig. 3: Trajectories of the scalar system for different schedulers. At t = 0, x0 = 0, w0 = 1 (arbitrarily picked), leading to
x1 = 1. (a) γ in Assumption 5 chosen as γ̃ = 1.48 with wt = Lγ̃(A + BKγ)xt. Since transmissions are always triggered
wt = Lγ2

(A + BKγ)xt for every t ≥ 2; (b) modified scheduler (that meets Assumption 5) and γ = 1.4748. In this case the
disturbance is such that ‖z‖ = γ‖w‖. Between times t = 1 and t = 43, Algorithm 1 probes the system with disturbance (11)
with ε = 0. Since this disturbance is in the W region (between the dashed lines) it does not lead to transmissions. Thus,
wt = Lγ(I +Kγ)xt + ε is applied, for a sufficiency large ε that still does not lead to transmissions.This happens at time t = 1
and for odd times until t = 43 (the pairs (xt, wt) are in the border of W ). At t = 2 and for even times until t = 43 there
are no transmissions and the disturbance policy is wt = Lγ(I +Kγ)xt. At t = 43, ηt > 0, and Algorithm 1 applies thereafter
the disturbance policy in Lemma 2. Computing q as explained in Lemma 2 leads to q = 1. After t = 43 + q, the disturbance
is always zero and since the control policy is stabilizing the state converges to zero; (c) threshold scheduler. The scheduler
triggers when |w| ≤ 0.2. Thus, for times t = 0, t = 1 and t = 2 the disturbance wt = Lγ(I +Kγ)xt is used. At time t = 3
since wt = Lγ(I+Kγ)xt would lead to no transmissions the disturbance generator sets the disturbance to w3 = 0.2 (resulting
from wt = Lγ(I +Kγ)xt + ε for some ε). This immediately leads to ηt > 0 and this disturbance in Lemma 2 is applied with
q = 3. After t = 3 + q the disturbance is zero.

VI. PROOFS

This appendix provides four auxiliary lemmas. The first
rewrites a special cost using completion of squares and is used
by the other three, referred to in the proof of Theorem 1.

Lemma 1. Consider (1), (2), γ such that γ2I−P̄γ is invertible,
where P̄γ is the unique solution to (6), and arbitrary τ ∈ N,
` ∈ N0. Then
`+τ−1∑
k=`

z>k zk − γ
2w>k wk + x>`+τ P̄γx`+τ = x>` P̄γx`+

`+τ−1∑
k=`

(uk −Kγxk)>(R+B>Fa(P̄γ)B)(uk −Kγxk)−

`+τ−1∑
k=`

(wk − Lγ(Axk +Buk))>(γ2I − P̄γ)(wk − Lγ(Axk +Buk))

(23)
where Kγ and Lγ are given by (7), (10). �

Proof. Since (1) is time-invariant it suffices to prove the
result for ` = 0, which simplifies the notation. By completion
of squares we obtain for every k ∈ {0, . . . , τ − 1}
− γ2w>k wk + x>k+1P̄γxk+1 = f1(xk, uk, wk)+

(Axk+Buk)> (P̄γ + P̄γ(γ2I − P̄γ)−1P̄γ)︸ ︷︷ ︸
=Fa(P̄γ)

(Axk +Buk)

where
f1(x, u, w) = −(w − Lγ(Ax+Bu))>(γ2I − P̄γ)(w − Lγ(Ax+Bu))

Using this equality and again by completion of squares we
obtain

z>k zk−γ2w>k wk+x>k+1Pxk+1 =f1(xk, uk, wk)+f2(xk, uk)

+ x>k (Q+A>P̃A−A>P̃B(R+B>P̃B)−1B>P̃A)︸ ︷︷ ︸
P̃γ

xk.

where f2(x, u) = (u−Kγx)>(R+B>Fa(P̄γ)B)(u−Kγx)
and P̃ = Fa(P̄γ). Then, using these identities for k = τ − 1,

τ−1∑
k=0

z>k zk − γ2w>k wk + x>τ P̄γxτ = f2(xτ−1, uτ−1)+

τ−2∑
k=0

z>k zk − γ2w>k wk+x>τ−1P̄γxτ−1+f1(xτ−1, uτ−1, wτ−1)

Applying the same procedure for k = τ − 2, k = τ − 3 until
k = 0 we conclude the desired result.

Lemma 2. Consider given h ∈ N, γ ∈ R, with γh < γ <
γh+1, so that γ2I − Mh+1 has a negative eigenvalue with
unitary eigenvector vh,γ , where Mh is obtained from (8) and
t ∈ N. Suppose that Ut := [u>t u

>
t+1 . . . u

>
t+h] are given and

consider the following disturbance policy

wk =

{
L̄γ(Axk +Buk) + εvh,γ , if k = t,

L̄γ(Axk +Buk), if k ∈ {t+ 1, . . . , h}
(24)



for an arbitrary t ∈ N0. Then

t+h∑
j=t

z>j zj − γ2w>j wj + x>t+h+1P̄γxt+h+1 = x>t P̄γxt+

aε2 + b(xt, Ut)ε+ c(xt, Ut)

(25)

where

a = −v>h,γ(γ2I −Mh+1)vh,γ

b(xt, Ut) = 2

t+h∑
j=t

φj−t(xt, Ut)
>QĀj−tvh,γ

+2φh+1(xt, Ut)
>P̄γA

hvh,γ (26)

c(xt, Ut) =

t+h∑
j=t

uᵀjRuj + φj−t(xt, Ut)
>Qφj−t(xt, Ut)

+φh+1(xt, Ut)
>P̄γφh+1(xt, Ut)

and, letting Ā = (I + Lγ)A, B̄ = (BK + L̄γB),

φj(xt, Ut) = Ājxt +

j−1∑
r=0

Āj−1−rB̄ut+r.

Moreover, a > 0, c(xt, Ut) ≥ 0 for every xt, Ut. �

Proof. We start by noticing that

xt+1 = Axt+But+Lγ(Axt+But)+vh,γε = Āxt+B̄ut+vh,γε

and for k > t, xk+1 = Āxk + B̄uk. Thus, for k > t,

xk = Āk−tvh,γε+ φk(xt, Ut).

The proof then follows by directly replacing this expression
on the left hand side of (25). The fact that a > 0 follows from
the definition of vh,γ . The fact that c(xt, Ut) ≥ 0 for every
xt, Ut follows from (23) since the left hand side of (25) when
ε = 0 can be written as a summation of non-negative terms
(uk −Kγxk)>(R+B>Fa(P̄γ)B)(uk −Kγxk).

Lemma 3. Consider (1) and γ such that γ2I − P̄γ > 0 and
suppose that Assumption 1 holds. Then

∞∑
t=k

z>t zt − γ2w>t wt ≥ x>k Gqxk, (27)

when

wt =

{
L̄q−(t−k)(Axt +But), if k ≤ t < k + q

0, if t ≥ k + q
(28)

where, for k ∈ {1, . . . , q},

L̄k = (γ2I −Gk−1)−1Gk−1 (29)

and, for k ∈ {0, . . . , q − 1},

Gk+1 = Fc(Fa(Gk)) (30)

with G0 = PLQ where PLQ is the unique positive definite
solution to the algebraic Riccati equation

PLQ = A>PLQA+PLQ−A>PLQB(R+B>PLQB)−1B>PLQA.

Moreover, for any x ∈ Rn and β ∈ R>0, there exists q ∈ N,
denoted by q = ζ(x, β), such that

‖xᵀGqx− xᵀP̄γx‖ < β. (31)

Such q can be found by running (30) until (31) is met. �

Proof. Since (1) is time-invariant it suffices to prove the
result for t = 0, which simplifies the notation. Let JE(xr) =
minut=µu,t(Jt)

∑∞
t=r z

>
t zt − γ2wᵀ

t wt when wt = 0 for every
t ≥ r in (1). The standard Linear Quadratic Regulator (LQR)
policy is the optimal policy for ut and leads to the cost
JE(xr) = x>r PLQxr. Consider now

JG,r(x0) =

min
ut=µu,t(Jt)

max
wt=µw,t(It)

r−1∑
t=0

z>t zt − γ2w>t wr + JE(xr)

From standard arguments for quadratic games [22, Ch. 3],
JG,r(x0) = x>0 Grx0, for optimal disturbance policy (28) and
optimal control policy ut = Kq−(t−k)xt, for t ∈ {k, . . . , k +
q}, Kk = −(R + B>Fa(Gk−1)B)−1B>Fa(Gk−1)A. This
implies (27). Moreover, JG,r+1(x0) ≥ JG,r(x0), and
limr→∞Gr = P̄γ , which implies (31) is met for some q,
which can be found with the stated method.

Lemma 4. Consider linear system (1) with performance
output (2), an arbitrary h ∈ N and suppose that Assumptions 1-
5 hold. Suppose that wt is generated by Algorithm 1. Then
either ηt ≤ 0 for every s`, ` ∈ N or rπ(w) ≥ 1

h and w ∈ `2.

Proof. At times k = s` when (12) is met with z = xs` we
have s`+1 − s` = j ≤ h and

s`+1−1∑
j=s`

z>j zj − γ2w>j wj + x>s`+1
P̄γxs`+1

≥ x>s` P̄γxs`

due to Lemma 1 and the fact that in this case wt = Lγ(Axt+
But), t ∈ {s`, . . . , s`+1 − 1}. At times k = s` when (12) is
not met with z = xs` we have s`+1 − s` > h and,

s`+1−1∑
j=s`

z>j zj − γ2w>j wj + x>s`+1
P̄γxs`+1

=

s`+h−1∑
j=s`

z>j zj − γ2w>j wj + x>s`+hP̄γxs`+h︸ ︷︷ ︸
≥x>

s`
P̄γxs`+aε

2+εb(xs` ,Us` )+c(xs` ,Us` )

−x>s`+hP̄γxs`+h +

s`+1−1∑
j=s`+h

z>j zj − γ2w>j wj + x>s`+1
P̄γxs`+1︸ ︷︷ ︸

≥0

(32)
where the first inequality on the right hand side follows from
Lemma 2, see (25), and the second inequality follows from
Lemma 1, see (23) and the fact that in the interval k ∈ {s` +
h, . . . , s`+1 − 1} the disturbances in (17) are given by wk =
Lγ(Axk +Buk). Note that due to the choice of ε and the fact
that c(xs` , Us`) ≥ 0, a > 0,

aε2 + εb(xs` , Us`) + c(xs` , Us`) ≥ α, (33)



with α = v>h,γ(γ2I −M)vh,γ ε̄
2 > 0.

Suppose that (12) is not met with ξ = xs` N out of M at
time steps s`, namely ` ∈ N := {i1, . . . , iN}, ip ∈ M :=
{1, . . . ,M}, and (12) is met at times s`, ` ∈ M \ N . Then,
we have

sM−1∑
j=0

z>j zj − γ2w>j wj + x>sM P̄γxsM

=

s1−1∑
j=0

z>j zj − γ2w>j wj + x>s1 P̄γxs1

M−1∑
`=1

(−x>s` P̄γxs`+
s`+1−1∑
j=s`

z>j zj−γ2w>j wj+x
>
s`+1

P̄γxs`+1
)

= −γ2w>0 w0 +

s1−1∑
j=1

z>j zj − γ2w>j wj + x>s1 P̄γxs1︸ ︷︷ ︸
≥

>
x1︸︷︷︸
=w0

P̄γx1

+

∑
`∈N

(−x>s` P̄γxs`+
s`+1−1∑
j=s`

z>j zj − γ2w>j wj + x>s`+1
P̄γxs`+1

)︸ ︷︷ ︸
≥α

+

∑
`∈M\N

(−x>s` P̄γxs`+
s`+1−1∑
j=s`

z>j zj−γ2w>j wj+x
>
s`+1

P̄γxs`+1
)

︸ ︷︷ ︸
≥0

≥ w>0 (−γ2I + P̄γ)w0 + εN

This implies that (12) is not met with ξ = xs` for at most
N < δ times, where δ = d 1

εw
>
0 (γ2I − P̄γ)w0e, and where

dae denotes the ceil of a real number a. Since N < δ then
h̄ ≥ s`+1 − s` > h holds for a finite number of transmission
times indexed by ` ∈ N. This means that s`+1 − s` ≤ h
holds for an infinite number of transmission times indexed
by ` ∈ N. This implies that there is t̄ such that for t ≥ t̄
wt = Lγ(Axt + But) and s`+1 − s` ≤ h for s` ≥ t̄. In
turn, this implies that rπ(w) ≥ 1

h as desired. Moreover, it also
implies that w ∈ `2. In fact, for t ≥ t̄, we have

xt+1 = Ãxt+Bũt, Ã = (A+BKγ +Lγ(A+BKγ)) (34)

with ũ = ut −Kγ(A+BKγ)xt such that
∑∞
j=t̄ ũ

>R̃ũ <∞
and Ã is Schur [22]; this implies that u ∈ `2, that xt ∈ `2
and thus that wt ∈ `2. To see that

∑∞
j=t̄ ũ

>R̃ũ < ∞ holds
note that if ηt > 0 is not met for every t ≥ t̄, from (23) we
conclude that

ηt =

t̄−1∑
j=0

z>j zj − γ2w>j wj + xᵀt̄ P̄γxt̄︸ ︷︷ ︸
d

+

t−1∑
j=t̄

ũ>R̃ũ < 0

for every t ≥ t̄, where R̃ = R + B>Fa(P̄γ)B > 0 and d
is a finite constant. Taking the limit as t → ∞ we conclude∑∞
j=t̄ ũ

>R̃ũ <∞.
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