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Abstract— We consider Stochastic Hybrid Systems (SHSs) for ~ The approach based on the Dynkin's formula is also
which the lengths of times that the system stays in each mode ysed in [8, Ch. 2] to compute the moments of the state
are independent random variables with given distributions We of a Markov Jump Linear System (MJLS). This class of

propose an analysis framework based on a set of Volterra t be Vi d ial f tochasti
renewal-type equations, which allows us to compute any sta- Systems can be viewed as a specia’ case or a stochasiic

tistical moment of the state of the SHS. Moreover, we provide hybrid system, in which the length of times that the system
necessary and sufficient conditions for various stability ntions,  stays in each discrete mode are independpbnentially

and determine the exponential decay or increase rate at whit  distributed random variables, with a mean that may depend
the expected value of a quadratic function of the systems’ ate on the discrete mode.

converges to zero or to infinity, respectively. The applicaitity . . .
of the results is illustrated in a networked control problem In the present work we consider stochastic hybrid system

considering independently distributed intervals betweendata ~ With linear dynamics, linear reset maps, and for which the

transmissions and delays. lengths of times that the system stays in each mode are
independenarbitrarily distributed random variables, whose
|. INTRODUCTION distributions may depend on the discrete mode. The process

A Hybrid System is a system with both continuous dyihat combines the transition times and the discrete mode is

namics and discrete logic. Its execution is specified by thealled a Markov Renewal process [9], which motivated us
dynamic equations of the continuous state, a set of rulég refer to these systems atochastic hybrid systems with
governing the transitions between discrete modes, and reggnewal transitionsThis class of systems can be viewed as
maps determining jumps of the state at transition times. & special case of the SHS model in [5], or as a generalization
Stochastic Hybrid Systems (SHSs) introduce randomne@6a MJLS.
in the execution of the Hybrid System. As surveyed in [1], A key challenge in the analysis of the class of systems
various models of SHSs have been proposed differing diPnsidered here lies in the fact that the discrete component
where randomness comes into play. In [2] and [3], théfthe state is a semi-Markov procesg{9}-nstead-efa-Markov
continuous dynamics are driven by a Wiener process. In [Shair—which-would-be-in-the-case-of-MJLS. This prevents
and [4], the transitions are triggered by stochastic evente direct use of approaches based on the Dynkyn’s formula
and [4] allows transitions for which the next state is choset® compute the statistical moments of the continuous state o
according to a given distribution. See also [5], [6], [7] ahd  the system, whick-is possible for exponential distribugion
references therein for additional work on stochastic hybrithe durations of each mode [8, Ch. 2].
systems. Inspired by our recent work on impulsive renewal sys-
The present work follows closely the definition of a SHge€ms [10], the approach followed here to analyze SHS with
given in [5], where randomness arises solely from the fa¢enewal transitions is based on a set of Volterra renewal-
that the rate at which the stochastically-spaced transitiofyPe equations. This allows us to give expressions for any
occur is allowed to depend on both the continuous stafdoment of the state of the SHS. Moreover, we characterize
and on the discrete modes. In [5], a formula is providethe asymptotic behavior of the system by providing necgssar
for the extended generator of the Markov process associatefd sufficient conditions for various stability notionsémrhs
with the SHS, which, as explained in [4, Ch.1], completel@f LMI, algebraicyand Nyquist criterion conditions. We also
characterizes the Markov process. The generator can @gtermine the decay or increase rate at which the expected
used to compute expectations and probabilities by using ti@lue of a quadratic function of the systems’ state conwerge

Dynkin’s formula—in-seme-problems-with-speeial-structure€Xxponentially to zero or to infinity, depending on whether or
This-approach-is-followed-in{4}-forvarious-cases-ofinteres Not the system is mean exponentially stable. The proofs are

It is also the starting point of the method proposed in [5] t®Mitted due to space limitations, but can be found in [11].

compute the moments of the Sending rate for an on-off TCP The appllcablllty of our theoretical results is illustrdte
flow model. in a networked control problem. We consider independently
distributed intervals between data transmissions of the co
This research is partially supported by the National S@efRoundation rg| signal in a feedback-loop, which, as observed in [10],
under the grants CNS-0720842, ECCS-0725485 and ECCS-08358 . bl . . ked |
D. Antunes and C. Silvestre are with the Dep. of ElectricalgEn IS @ reasonable assumption in networked control systems
and Computer Science, Instituto Superior Técnico, ISR Lisboa, Utilizing CSMA protocols. The impulsive renewal systems

Portugal.{dant unes, cj s}@sr.ist.utl. pt considered in [10] did not permit us to consider the effect of
Joao P. Hespanha is with the Dept. of Electrical and Compute K ind d del hich ibl h SHS
Eng., University of California, Santa Barbara, CA 93106@5USA. N€twor induced delays, which is now possible wit S

hespanha@ce. ucsb. edu with renewal transitions.
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The remainder of the paper is organized as followsetween transition times are independent random variables
SHSs with renewal transitions are defined in Section Il. Idetermined by the transition distributions (4) as follows.
Section Ill, we compute the statistical state moments of thieansition distribution can be either a probability distriion
SHS, and in Section IV we provide an asymptotic analysis air identically zero. In the former casg; ; is the probability
the SHS. Section V addresses the applicability of the resultlistribution of the random time that transitidne £ takes
Ar a networked control example. In Section VI we draw finato trigger in the state;(t) = ¢ € Q. The next transition

conclusions and address future work. time is determined by the minimum of the triggering times
Notation and PreliminariesFor dimensionally compatible of the transitions associated with statg) = i € Q. When
matrices A and B, we define(A,B) := [A'B’]. The F,;(7)=0,Y,, the transition does not trigger in the state

n x n identity and zero matrices are denoted hyand0,,, i € Q,j-e-theresetmapsmay-be-specified-onlyforasubset
respectively. For a given matrit, its transpose is denoted by ef-the-states.

A’, its spectral radius by (A), and an eigenvalue hy;(A). When the transition distributions have discrete parts, dif
The Kronecker product is denoted by. For a complex ferent transitions may trigger at the same time with probabi
numberz, R[z] and[z] denote the real and complex parts ofity different from zero, leading to an ambiguity in choosing
z, respectively. The notation(t, ) indicates the limit from the next state. Thus, to guarantee that with probability
the left of a functionz(¢) at the point¢,. The probability this does not occur, we assume the foIIowing As in (1),
space is denoted by, B,P) and the expected value is let F;; be decomposed a&f,(7) = [y fii(r)dr, fii(r) >
denoted byE(.). The indicator function of a set is denoted 0, v andFdl, and letF;; have support on a given interval
by 1,c4, which equalsl if z € A and 0 otherwise. A [0, T;,], T}, € Rug U {+00}.

probability distribution F* with support on a given interval Assumpﬂon 1:For everyi € Q,A{.he_epes.s%)_a{eﬂc%nts
0,T],T € RsoU{+0oc} takes the formf" = FC+Fd where {he transition-distributions-have-a-finite number-of (posdib

F¢ is an absolutely continuous functidf (7 fo atem—pem%s—that—vem;b” # b5, forly £l €L, 1y €
for some density functiory(r) > 0, v,>0, and Fd |s a L,Yx ' ’
piecewise constant increasing function that capturesifgess \we a|30 assume tht; ; (0) = 0, Yico, e

atom points{¢’ > 0} where the cumulative distribution  The construction ofasample path of the SHS with renewal

places masgw’}. MNetice-that, the integral with respect t0 yyansitions can be described as follows.
the monotone functior¥’, in general parametric on some
g P 1) Setk =0, to = 0, (q(ts), 2(tx)) = (q0, 0)-

variabley, is then given by 2) Foreveryj € L, obtainh], as a realization of a random
variable distributed according 8, ) ;, if Fy«,),; 1S
not identically zero, and sét! = co otherwise.

3) Takehy = min{hj,j € L} and set the next transition

time to txy1 = tx + hix. The state of the SHS in

the intervalt € [ti,tr+1) IS given by (¢(t), z(t)) =

(a(tr), e b (ty)).

In the case Wherekﬂ < 00, take—t-he—meleﬂ* of

n,iely =75 : hg _hJ and
update the state according (q(tkH) (tkﬂ)) =

:/ W(y,7)F(dr) = G°(y) + G'(y), (1)

where G (y j;) y,7)f(T)dr, G (y)= > wW (y, b),
and W(y, ) is generally a matrix-valued funct|on that de-
pends on the integration variabte and generally also on
some parametey. We write G(y) < oo to say thatG(y) )
exists for a givery, i.e., the integral exists as an absolutely
convergent Lebesgue integral.

Il. SHSWITH RENEWAL TRANSITIONS (& (a(try)), J( Dl z(ty 1)) Setk =k +1 and
A SHS with renewal transitions, is defined py a linear ~ repeat the constriiction from the step 2.
differential equation Netice—that-due to the Assumption I—ir—step-three the

_ meb&bﬂﬂyef—e*rsﬂng—twe—epme%e—mdex iForwhich by =
@(t) = Agpyz(t), x(0) =0, q(0) = qo, to =0, (2) Eﬁ i ? .

wherez(t) € R"; andq(t) € Q := {1,...,nq}; @ family of

n, discrete transition/reset maps Ill. STATE MOMENTS
(q(tr), (tr) = (&(q(t))s Tyeery 2 (), 3 Consider anm—th order uncentered moment of the state
lel£:=1{1,...,m}, ) of the SHS with renewal transitions, i.e.,
where¢; is a mapg; : Q — Q and,J gt )l belongs tgthe Elz;, ()™ 2y ()™ ..oz, (0)™7], (5)
set{J;; e R"™*" i€ Q,l € L}; andAa famlly oftransition .
distributions wherel < iy,...,i, < mn, 37, m; = m,m; > 0 and
F;., i€Q, leL. (4) (t) € R denotes théth component of(t). Let A™), m >

o . ) 0, denote the pth fold Kronecker product of a matixwith
Betweentransition timest, the discrete mode remains  jisalf 4 ®A---® A, A := I and recall that (cf. [12])
constant whereas the continuous statelows according —_—

to (2). At transition times, the continuous state and discre
mode of the SHS are reset according to (3). The intervals (A® B)(C® D) = (AC) ® (BD). (6)

m
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Using (6), we can write (5) as
E[c'z(t)™)], @)

where
c= e'ginl) ® egm) ® .. .e,E:nr), (8)

IV. ASYMPTOTIC ANALYSIS

Even without explicitty computing the solution to the
\olterra equation (13), it is possible to characterize its
asymptotic behavior through a frequency-domain analysis.
In this section, we restrict our attention to second-order

ande; € R™ is the canonical basis vector whose componenf§oments and consider the expected value of a quadratic
equal zero excegt componejithat equalsl. Furthermore, function of the systems' stat&[«(t)'z(t)], which is the
let ®,(t) denote the transition matrix of the SHS starting akey quantity-ij the stability notions-that-we-censjder in the

the discrete modey = j, i.e., z(t) = ®4, (¢)xzo Where
—t. A i .
() = 0T Tg G @€ 0 T, (e
r =max{k € Z>o : t <t}, and let
2 (t) == E[(®:(t)) ™ ¢], i€ Q. 9)

We can express (5), or equivalently (7), in termszff(t),
1 € Q. In fact, for an initial condition(zo, go),
El[¢z(t)"™)] = E[(x(t)')™d]
= () R ()] = )30,

where we used (6).
The next theorem states that

2"M(t) o= (2"(1), .-, 2. (1) (11)
verifieg a \Volterra renewal-type-equation—\We-dgfine
K (2™(t)) = (K'rml(zm(t))v S K77L7”r1 (Zm(t)))v
WhereAK,,m is a convolution operator defined, as
Ky, i(z™(t)) ==
S Si(7)
Eo (r)) ™t — ) =L F(dr
D [ )t = g 5 Futa)
wherei € Q, Si(7) := II[" | S;i(7), Siu(7) :==1— F; (1)

and E; (1) := J; e,
Theorem 2:The function (11) satisfies

(12)

2™(t) = K (2™ (1)) + h™(t), t>0 (13)
whereh™ (t):= (h{*(?),...,hy' (¢)), and

RIV(t) = (e2) M e (1), i € Q. (14)

O

present paper.

Let v denote the operator that transforms a matrix into
a column vectow(A) = v([ar ... ay)) =[a} ... ], and
recall that

v(ABC) = (C" ® A)v(B). (16)

Using (16) we can write the quadratic function of interest as
E[z(t)'2(t)] = Elz(t)’ @ x(t)Jv(In),
Fhatis—we-assumer = 2 andc = v(I,,), in (7).

To achieve the asymptotic analysis of this function, we
introduce the following complex function

(17)

Kl,l(z) kl,nq(z)
K(z):=| . : :
Kng1(2) oo Kpyn,(2)
where
. i T
Ki;j(z) :Z/ (Eia (1))@ e 1, )= Fa(dr),

=170

(18)
which can be partitioned as in (1) ;(z) = K¢,(z) +
K¢.(z). Likewise, we partitionk (z) as K (z) = K.(z) +
Kq(z), where K(z) is a matrix with blocksK¢ (=), and
Kq(z) is a matrix with blocksK¢;(z). It tuns out that
the asymptotic stability of the Volterra equation (13) is
equivalent to the following condition:

det(I — K(2)) #0, VzeC:R[z]>0, (19)

which will be instrumental in deriving the results that @il
In the sequel, we shall also provide computationally effitie
methods to test (19).

To state the main result of this section we need the
following technical conditions—We—cdenote- (R« the

As stated in the next result, we can obtain an expliciﬁegmﬁﬁm—wﬂﬁmﬂ%@—: {2 2] >R NP>

expression forz™(t), and therefore for anymth order
uncentered moment of the state of the SHS-dye to (10).
the composite operator obtained by applyin

denote byKJ

m

we
¢T1) K(—¢) exists for some: > 0.

j times K, .9, K2 (y(t)) = K (Km(y(t))) and say that (T2) inf-cc(r,o{| det(I—Kq(2))[}>0 for somer>0, R >0

a function defined iR is locally integrable if its integral

is finite in every compact subset 8.

Theorem 3:There exists a unique locally integrable soluyiscrete com

tion to (13) given by
2™ (t) = Z K3 (h™(t)) + h™(t), t>0. (15)
j=1

0

These conditions hold trivially when the transition dis-
tributions have bounded suppoff;({ < oo) and have no
ponemefl = 0). However, we shall see below
that they hold under much less stringent assumptions.

We consider the following three stability notions for the
SHS with renewal transitions.

Definition 4: The SHS with renewal transitions is said to
be
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(i) Mean Square Stable (MSB)for any (zg, qo), which—the—expested—value—sta—guadraticfunetien—ef the
lim E , _ 0 systems—state-deereases, as shown in the next Theorem.
ti+moo [2(8)'z(t)] = 0, Theorem 7:1f the SHS with renewal transitions is MES,
- . the decay constantin (20) can be chosen in the intervale
(i) Stochastic Stable (S8)for any (zo, qo) 10, ime), WhETeamax = min{as, as}, a1 is such that (24)
holds, and

“+o0
/ Elz(t) z(t)]dt < o, X
0 0o, if det(I — K(a)) #0, a € (—o0,0),
. . o — A
(i) Mean Exponentially Stable (ME$)there exists con- 2 max{a < 0 : det(I — K(a)) = 0}, otherwise
stantsc > 0 and« > 0 such that for any(xo, qo)
O

/ —at ./
Ele(®2(t)] < ce™ w020, Vezo. (20) Suppose that the transition distributions have finite sup-
U port, in which casey; in (24) can be chosen arbitrarily large.
The following is the main result of the section. We denotehen this theorem tells us that the exponential decay consta
by A(4;) the real part of the eigenvalues of;, i € Q of the expected value of the energy of the system is only
with largest real part angh(4;) the dimension of the largest limited by the largest real negative zero @ft(I — K(z)),

Jordan block associated with these eigenvalues. which can be obtained by performing a line search on the
Theorem 5:Suppose that (T1) and (T2) hold and considenegative real axis.
the following condition Theorems 5 and 7 pertain to the asymptotic behavior
- of (13) when (21) holds. The following result characterizes
det(I - K(2)) #0, R[] > 0. (1) the( a;ymptoti(c lgehavior of the progess when (21) does
The SHS with renewal transitions is not hold. Sincem = 2, we drop the indexm in the
() MSS if and only if (21) holds and expressions for.'(t) and ™(t), i.e., ((t) := z*(t) and

- _ h(t) := h%(t), and denote the Laplace transform/dt), b
AP G (1) — 0 ast — 00, Vieg; (22) h(z) == [ h(t)e > dt.

- : : Theorem 8:Suppose that (T1), (T2) and (24) hold,
SS if and only if (21) hold d
(i) SS enaonyl (21) holds an but (21) does not hold. Then
/ eQX(Am)ttQ'm(Ai)Si(ﬁ)dt <00, Vieo; (23) (i) there is a finite numben, of complex numbers; in

0 R[z] > 0 that satisfy
(ii) MES if and only if (21) holds and det(I — K(2)) = 0,¥i = 1,...,n.;

2AANERAIG; (1) < ce™™ for ¢ > 0, a1 > 0, Vico. (i) one number, which we labet,, is real and verifies
(24) R[z] < 21, Vi
0 (i) the following holds
As mentioned above, the condition (21) is a stability T
condition for the Volterra equation (13) and guarantees tha SN Dt F
the process sampled at the jump times converges to zero, ) = Z Z it +C()
whereas conditions (22), (23) and (24) pertain to the inter- ~
jump behavior of the SHS with renewal transitions. In spite where ((t) tends to zero exponentially fast and the
ofnotbeing equivalent in general, when the matridesi ¢ vectorsr; ; are such that in a neighborhood af
Q and the distributiong’; ;, i € Q, | € £ are-suchrthat (24) '
ho’rds then (22) and (23) automatlcally hotd—and-the-three _ 7 —1j, o J:
nt. Note that (T1) holds if 7= K@) = 3 i (z — z)7H! tule)

(26)

i=1 j=0

Tii < o00,Yico,icc Or if all A; are Hurwitz, or, more = (27)
generally, if for some\ > \;(A), Vico, we have that where they;(z) are analytic vector-valued functions.
Ti, Moreover, for at least ong, ry ; # 0.
/ e} Fi(ds) < oo, Vico, tec- (25) O
0

_ - In practice, this result shows that when the SHS is not
Moreover, whenever (T1) holds, the following propositionstable with respect to the stability notions considereé, th

provides a simple condition to verify if (T2) holds. expected energy(t) of the SHS grows exponentially fast,

Proposition 6: Asstiming-that-{T1)-helds,—the-eendition according to a sum of exponential terms which are deter-
(F2)-alse-helds—provided-that mined by the roots oflet(I — K(z)) = 0 and the residues
B0} < 1. of [I — K(2)]7'h(z) in the neighborhood of these roots

(singularities). The highest exponential rate is deteediby
[ the most positive real part of the roots &ét(I — K(z)),
When the SHS with renewal transitions is MES, we camhich turns out to be a real roet—and-cannotbe-aremevable
characterizg, the exponential decay constanin (20) at singutarity.
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The next result provides computationally efficient tests t&incegin-the intervak,, 1 — s; the-contreller-waits a fixed
verify whether or not thg condition (21) holds. time T and a random amount of tirge-fellewing a distribution
Theorem 9:The following are equivalent F(s), the intervals{sy+1 — sk, k > 0} are independent and

(A) det(I — K(2)) #0, R[z] >0 identically distributed according to

(B) o(K(0)) < 1, Fr) = F(r = 1T;) if 7 > T
(C) There exists a set of matricés:= {P,>0,i € Q} 0, tel0,Ts).
such that for every € Q Note that the system (30) is a special case of a SHS with a
Li(P)—P; <0, single state and a single reset map.
where Case lI: After waiting to obtain access to the network, the
Li(P):= controller transmits the data collected at the time it ailii
ne m T tr_ied to transmit data. This case is more realistic than Case
ZZ/ E“(s)’PjE”(s)lg (s Si(s) Fy(ds), since the controller typically sends the sensor data to th_e
Do ’ ' ! Sia(s) " network adapter and does not have the option to update this
(D) Fhe-selution-tp data at the transmission times. We model this by a SHS with
. the following two discrete-modes{ = 2),
o Li(P) 7Pz = Qi i€ 9’ (28) « Statei = 1- The controller waits a random time to gain
is unique and verifiefP; =0, i€ Q} i {Q>0+i € O access to the network.
andB > 04 O i {Q: >0+ ¢ Qk.A o Stateg-= 2- The controller waits for g timé.

O Letry = s +Ts, v := (zp,4,v) Wherev(t) := us,t €
if (A) holds. The condition (B) is an algebraic condition,value. The transitions between the two discrete modes can
and (C) is an LMI condition since the left-hand side of (28¢ modeled by a single transition functign; = 1) taking
2 the SHS ftransits to state (£1(2) = 1) at timesr,,. The
V. APPLICATION TONETWORKED CONTROL ,State jump models the update of the variaklle, ) = u,, that
We consider the following simplified version of the net-holds the last computed control value and is described by
worked control set-up that we considered in [10]. Suppose

X : I 00
that we wish to control a linear plant 2(re) = Joaa(rs), Joa=|0 I 0
i‘p(t) = Apl‘p(t) + Bpﬁ(t) (29) Ke 00

A state feedback controller taking the forfcxp(t) is When in statel the SHS transits to state (£1(1) = 2)
implemented digitally and the actuation is held constardt actuation update times,. The,state jump models the
U(t) = 0(sk),t € [sk, Sk+1) between actuation update timesactuation updatéi(s,) = v(s;;) = v(r,) and is described
denoted by{s,, x > 0}. by

The controller has direct access to the state measurements, I 00
but communicates with the plant actuators through a network z(sx) =Jia2(s;), Jii=1(0 0 I
possibly shared by other users. The controller attempt®sto d 0 0 I
periodic transmissions of data, at a desired sampling @erige transition distributions are given by
T but these regular transmissions may be perturbed by the. Fii(r) = Fu(7).

medlum_ access protocol. For example, users using (;SMA. For(r) = 6(r—T,) is a discrete distribution that places
for medium access, may be forced to back-off for a typically i
jgnassw; = 1 at ,@“5.

random amount of time until the network becomes available. hei / h . . .
We assume these randgm times to be i.i.d. and dengfe by In bothyghiserete-time-states, the continuess-time dynamic
the associated distribution. are described by = A;z, i € {1,2}, A; = A2 = A where

We consider two different cases: Ap Bp 0
Case I: After waiting to obtain network access, the A=10 0 0
controller (re)samples the sensor, computes the contwol la 0 0 0

and transmits this most recent data. This case is the m%t
reasonable when transmitting dynamic data. Assuming that . .
the transmission delays are negligible, and defining= Suppose that the plant (29) is described by

, 1), we have
(zp, 1) ap= [0 1 B, =[],
Ap Bp} 10 1

0 0 (30) which by properly scaling the state and input can be
~ Je(sT). T — I 0 viewed as a linearized model of a damp-free inverted
w(sk) = Jalsy), J = Ke 0| pendulum. Moreover, suppose that the-retwork distribution

Numerical Example

&= Ax, A:[
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A& is uniform with support on the intervdD, 7], and fix 10 — -
T, = 0.1s. A continuous-time state feedback controllet e o) ; - - maEO-2E0-Eb0) 0
is synthesizeg-assuming-that-the-controllerand-theplan  °

LQR seentreller given bydi(t) = Kcx(t), Ko = TN
- [1++v2 1+4+2], which is the solution to the prob- = = =+
lem ming ) [ [zp(t) zp(t) + a(t)?]dt, yielding X;(Ap + (a) Case | (b) Case II

BpKc) = {-1, ,\/ﬁ} We wish to tassert—the—oss- of Fig. 1. Plot ofE[y(t)], wherey(t) is quadratically state dependent. For a
stability and performancg-in the closed-loop when instea#ed ¢ E[y(t)] lies between the dashed curves with probabifity]

of the ideal networked-_free case we cpnsider the s_cenarj\gﬁe can guarantee that for a fixedy(t) lies between the
of Cases | and Il. To this effect we define the quantity curvesE[y(t)] £ a(t), a(t) = 2E[(y(t) — E[y(¢)])?]"/? with
_ ’ o2 a probability greater thag. The numerical method used to

y(t) = ep(t)e(t) +a(t)”, compute the solution of l%he \olterra-equation is based on a
which can be written ag(t) = =/ Pz, where in the network- trapezoidal integration method. In case I, the expectegeval
free caseP = I, + K, K¢, andz = zp; in case |, ofthe quadratic state functigy{t) tends to zero much faster,
P =1I3andx = (zp,a); and in case IIP = diag I, 1,0), and with a much smaller variance than in case Il , confirming
andz = (zp,4,v). Note that, in the network-free case,once again that case | is more appropriate when transmitting
y(t) is the quantity whose integral is minimizge-for controldynamic data.
synthesis andy(¢) decreases exponentially fast at a rate
a = 2, since the dominant closed-loop eigenvalue equals
XNi(Ap + BpK¢) = —1. Note also that in cases | and We prop_osed an approach based on Volterra renewal-
Il, Ely(t)] tends to zero is equivalent to MSS, which istyP€ equations to analyze SHSs for which the lengths of
equivalent to SS and MES since the transition distributiondMes that the system stays in each mode are independent
have finite support and 7, are finite). The conditions random ya.rlables with given distributions. We showed that
of Theorems 5, 9 can be used to-assertiffor-agi any statisticalm—th order moment of the state can be
the closed-loop in cases | and Il is MSS. Moreover, wheROmputed using this approach, and provided a number of
the closed-loop is MSS, we can determine the exponentiEﬂSU“S characterizing the asymptotic behavior of a second
decay constant oE[y(t)] by Theorem 7. The results are order moment of the system. Due to the large number of

©

VI. CONCLUSIONS ANDFUTURE WORK

summarized in Tablg | problems that fit the stochastic hybrid systems framework,
TABLE | finding more applications where the results can be applied
EXPONENTIAL DECAY RATES E[y(t)] < ce~* is a topic for future work.
T 01 | 02 | 03 | 04 | 05 | >0520 REFERENCES
a | 2.000 | 2.000 | 2.000 | 0.849 | 0.118 | NOT MSS [1] G. Pola, M. Bujorianu, J. Lygeros, and M. D. Benedettotot®astic
(@) Case hybrid models: An overview,” inFAC Conference on Analysis and
Design of Hybrid Systems St. Malo: Springer, 2003, pp. 16-18.
T 0.4 0.6 0.8 1.0 1.2 > 1.211 . :
o 1 2.000 1 2.000 T 1.969 | 0477 | 7.63 x 10-5 | NOT MSS [2] J.Hu, J. Lygeros, and S. Sastry, “Towards a theory oftsstic hybrid
- - . ® Case Tl systems,” inln Third International Workshop on Hybrid Systems:

Computation and Control Springer, 2000, pp. 160-173.
[3] M. K. Ghosh, A. Arapostathis, and S. |. Marcus, “Ergodientrol
The fact that closed-loop stability in preserved for larger  of switching diffusions,”SIAM Journal of Control and Optimization

; : vol. 35, pp. 1952-1988, Nov. 1997.
values of " in Case |, confirms what one would expect [4] M. H. A. Davis, Markov Models and Optimization London, UK:

intuitively, i.e, Case | is more appropriate when transmmt Chapman & Hall, 1993.
dynamic data, since the most recent sampling information i$] J. P. Hespanha, "A model for stochastic hybrid systenth applica-
sent through the network tion to communication networksNonlinear AnalysisSpecial Issue

. . . on Hybrid Systems, vol. 62, no. 8, pp. 1353-1383, Sep. 2005.
Using the state moment expressions provided by Theogs] H. Blom and J. LygerosStochastic Hybrid Systems: Theory and Safety
rems 2 and 3, we can perform a more detailed analysis by Critical Applications  Lecture Notes in Control and Information

: : Sciences, Springer-Verlag, 2006.
plotting the moments of(t—Fhese can be expressed in &7] J. Lygeros, “Stochastic hybrid systems: Theory and iappbns,” in

terms of the moments of the state. For exagple the two first ™ control and Decision Conference, 2008. CCDC 2008. Chindsty

moments take the form 2008, pp. 40-42.
[8] M. Mariton, Jump Linear Systems in Automatic ControNew York,
E[y(t)] = E[z(t)' Pz(t)] = E[z(t)® v (P), NY, USA: Marcel Dekker Inc, 1990. . _
5 , 9 () [9] Janssen, Ja_cques, Manca, and Raimorgmlied Semi-Markov Pro-
Ely(t)2=E[(x(t)’ Px(t))?] = E[(z()) V) (v(P) ® v(P)). cesses Springer-Verlag, 2006.
[10] D. Antunes, J. P. Hespanha, and C. Silvestre, “Analg$isnpulsive
In Figure 1, we pIOtE[y(t)] and E[y(t)] + QE[(y(t) — renewal sylstslms: AF]ppIi;:/ation to emulatt)tiog i?r?emorlgﬁg Sep.
211/2 fatrilg it _ 2009, available at http://www.ece.ucsh.edu/ hespanhbh .
E[y(t)]) ] /2 for a network dISt.”bUtlon. supporf’ = 0.4. [11] ——, “Stochastic hybrid systems with renewal transitg 2009,
Note that from the Chebyshev inequg|ity http://www.ece.ucsb.edu/ hespanha/techrep.html.
[12] R. A. Horn and C. R. Johnsofippics in matrix analysis New York,
El(y(t) — E[y(t)])?] NY, USA: Cambridge University Press, 1994.
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