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Abstract— Motivated by distributed control problems of
power supply/demand networks, this paper investigates appli-
cation case studies of the real-time pricing and distributed
decision makings methodology. We consider the optimal power
flow problem with the DC power flow model, and the New
England 39-bus test system is used. Stability of the resulting
price based control system is analyzed with consideration for
specific structures of the power flow problem. The resulting
simulation studies illustrate the efficiency of the proposed
method and validate the stability analysis procedure.

I. INTRODUCTION

Control design problems usually consider regulation and
tracking of system states with respect to known set-points or
trajectories. Optimal set-points or trajectories are typically
given or determined a priori by solving an appropriate
optimization problem. The optimization problem may incor-
porate economical efficiency, security limits of the plant and
operating constraints associated with steady-state operation
of the entire system. The control system may be required to
follow a time-varying demand, and the optimization problem
should be solved again to reflect new demand conditions and
update optimal set-points or trajectories in real-time.

If one considers a large scale control system, electrical
power supply/demand network for example, an appropriate
optimization problem to determine optimal operating condi-
tions becomes large, and solving the problem will be a non-
immediate task, especially in real-time. The components of
the entire system may also be distributed, e.g., distributed
generators and consumers over the power supply/demand
network. Each component has own individual economical
profit and wants to determine its optimal operating condition
according to the optimization of individual profit, while the
solution should satisfy specified constraints for social ben-
efits, e.g., supply/demand balancing in steady-state over the
power girds. Accordingly, a distributed mechanism somehow
determines the operating condition that is a solution to the
constrained optimization problem.
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The problem of selecting an economically efficient oper-
ating condition has been considered in [1], [2], [3], [4] and
references therein. In [1], [2], the problem is investigated in
non-distributed fashion. A dynamic controller based on the
Karush-Kuhn-Tucker (KKT) optimality conditions has been
proposed in [1], and a solution that uses penalty and barrier
function to deal with constraints has been considered in [2].
The dynamic KKT controller has also been applied to the DC
power flow control problem of power girds in [3], where it
has also been shown that the dynamic KKT controller can be
implemented in a distributed fashion to the DC power flow
control problem. The problem has also been investigated in
a distributed manner using passivity based techniques [4].

Motivated by price based approaches in power balanc-
ing [5], [6], [7], [8], [9], [10], [8], [11], [12], [13], [14],
[3], [4], the authors have also proposed a real-time pricing
strategy for selecting economically efficient operating condi-
tions in [15]. In the proposed problem settings, each agent, a
dynamic component of the entire large scale network of sys-
tems, is allowed to determine its own economically efficient
optimal set-point according to its individual profit. On the
other hand, the utility, which corresponds to an independent
public commission, tries to realize a socially optimal solution
that fulfills steady-state operating constraints. In order to
align the individual decision making of each agent with the
socially optimal solution, the utility is allowed to provide
additional price, which conceptually represents tax to the
agent or subsidy from the community, and each agent will
participate to the community through optimization of the
individual profit including the additional price. The resulting
price based control system eventually realizes tracking to the
socially optimal solution, in which no-one needs to solve
a large scale optimization problem nor consider iterative
calculations to determine the price.

This paper investigates an application case study of the
real-time pricing and distributed decision makings method-
ology proposed in [15]. We consider the optimal power flow
problem with the DC power flow model, and, to illustrate
the potential of the developed methodology for practical
application, we apply the proposed method to the widely
used New England 39-bus test system [16] (see Fig. 2).
Stability of the resulting closed-loop system, which consists
of the real-time pricing strategy, distributed decision makings
by each agent and generators/loads dynamics (see Fig. 1), are
also analyzed with consideration for specific structures of
the power flow problem. The simulation results illustrate the
efficiency of the proposed method and validate the stability
analysis procedure.



II. PROBLEM FORMULATION

A. Dynamics of each Agent

We consider a group of n agents, Gi, i ∈ N = {1, . . . , n}.
Each agent Gi has a group of other agents, who are called
as the neighbors of Gi, and we denote by Ni ⊂ N the set of
indices of the neighbors of Gi. The agent Gi has interactions
between its neighbors and is represented by equation of the
form

ẋi(t) = fi(xi(t), z
i(t), wi(t), ri(t)) (1a)

zi(t) = gi(xi(t), z
i(t), wi(t)) (1b)

where xi ∈ Xi ⊂ Rni denotes the state, ri ∈ Rmi denotes
the reference input, zi ∈ Rmi denotes the output to be
tracked to ri, wi ∈Wi ⊂ Rmwi denotes an exogenous input
and zi ∈ Rmi

represents interactions between the agents,
where we set xi ∈ Xi =

∏
j∈Ni

Xi and consider

zi(t) = gi(xi(t)) (1c)

We suppose that each function in (1) is differentiable as is
required.

B. Distributed Determinations of Optimal Set-point

We set an optimization problem for each Gi, i ∈ N and
suppose that the economically optimal set-point is given as
its optimal solution.

min
ri

Ji(wi; ri) (2a)

subject to hij(wi; ri) ≤ 0 j ∈ Ti = {1, 2, . . . , ti} (2b)

where, for each given wi ∈ Wi, Ji(wi; ·) : Rmi → R is
strictly convex and differentiable, and hij(wi; ·) : Rmi → R
is convex and differentiable. We denote by r]i the optimal
solution to (2).

An independent public commission, called utility in the
remaining of this paper, also tries to incorporate economic
efficiency of the agents, but its most important priority is
on fulfillment operating constraints at the steady-state such
as L(w)z + `w(w) = 0, where, we set z = [ zi ]i∈N
and w = [ wi ]i∈{0}∪N ∈ W = W0 ×

∏
i∈N Wi, and

w0 ∈ W0 ⊂ Rmw0 denotes an additional exogenous input
for representing the steady-state constraints. The utility tries
to determine the socially optimal solution as the optimal
solution to the following problem.

min
r

∑
i∈N

Ji(wi; ri) (3a)

subject to hij(wi; ri) ≤ 0 i ∈ N j ∈ Ti (3b)
L(w)r + `w(w) = 0 (3c)

where r = [ ri ]i∈N ∈ Rm and m =
∑
i∈N mi. The matrices

L(w) = [ L1(w) L2(w) · · · Ln(w) ] ∈ R`×m, Li :
W → R`×mi , i ∈ N and `w : W → R` define equality
constraints that the utility want to satisfy. We denote by r∗i ,
i ∈ N the optimal solution to (3).

Each agent Gi is allowed to determine its own optimal set-
point through the optimization of (2). However, it is unlikely
to hold the alignment of the distribute decision making r]i

of each agent in (2) with the socially optimal solution r∗i
to (3). In order to align the individual decision making of
each agent with the socially optimal solution, we suppose
that the utility is allowed to provide an additional price pi ∈
Rmi , i ∈ N , or, in other word, tax to the agent or subsidy
from the community. Therefore, each agent Gi participates
to the community through the optimization of the following
problem.

min
ri

Ji(wi; ri) + pTi ri (4a)

subject to hij(wi; ri) ≤ 0 j ∈ Ti (4b)

For each given pi, we denote by r[i (pi) the optimal solution
to (4).

We consider the feedback interactions between the agents
Gi, i ∈ N and the utility. The utility tries to determine
and provide the price pi(t) in real-time, and the agent Gi
determines its own input ri(t) as the solution to (4) in real-
time according to the provided price pi(t). The problem can
be stated as follows (see also the following Fig. 1): Design a
real-time pricing strategy of the utility that determines pi(t)
by utilizing the amount of net imbalance L(w)z(t)+ `w(w),
and eventually realizes r[i (pi(t))→ r∗i for all i ∈ N .

C. Standing Assumptions

We list standing assumptions.
Assumption 1: For each w ∈W , the matrix L(w) has full

row rank, i.e., rankL(w) = `. �
Assumption 1 implies that the representation of the equal-

ity constraints in (3c) includes no redundant constraint.
Assumption 2: For each w ∈ W , constraints in (3b) and

(3c) satisfy Slater’s constraint qualification condition. �
Slater’s constraint qualification condition implies that

strong duality holds for the problem (3) [17] and the KKT
(Karush-Kuhn-Tucker) conditions are necessary and suffi-
cient condition for optimality.

Assumption 3: For each w ∈ W , there exists an optimal
solution to (3). �

Due to strict convexity of each Ji, the optimal solution to
(3) is unique for each w ∈W , if it exists.

Assumption 4: Let w ∈W be a given constant:
1) There exits an equilibrium point x that satisfies

0 = fi(xi, g
i(xi), wi, ri)

for all i ∈ N , if and only if, r satisfies (3c).
2) Let r be any constant that satisfies (3c). The equilib-

rium point x satisfies

ri = gi(xi, g
i(xi), wi) (5)

for all i ∈ N .
3) There exists a linearization of (1) around (x, r)

δẋi = ai(w)δxi + ai(w)δxi + bi(w)δri (6a)

δzi = ci(w)δxi + ci(w)δxi i ∈ N (6b)

where ai(w) = ∂fi/∂xi, ai(w) = ∂(fig
i)/∂xi,

bi(w) = ∂fi/∂ri, ci(w) = ∂gi/∂xi and ci(w) =
∂(gig

i)/∂xi, respectively.



4) Define the matrices A(w), B(w) and C(w), by appro-
priately aligning the matrices in (6), which represent
the entire linearized dynamics of (1), then the matrix
A(w) is Hurwitz. �

We suppose that (1) represents a closed-loop system
that consists of plant to be controlled and local feedback
controller, which already has been designed. Assumption 4
requires that this closed-loop system has already been de-
signed, and it realizes error free steady state tracking,
limt→∞ zi(t) = ri, at least locally.

In application to the optimal power flow problem in
Section IV, the problem satisfies Assumption 4, except
item 4), i.e., the power flow model is not asymptotically
stable. Specific comments to the power flow problem will
be stated in Section IV. Assumption 4–1) may seem to be
restrictive, but if one considers more relaxed case such as
the condition holds for any given constants w ∈ W and r,
the results in this paper still remain valid.

III. SUMMARIES OF THE PRICING STRATEGY AND
STABILITY ANALYSIS

This section summarizes the results on the real-time pric-
ing strategy and stability analysis.

A. Real-time Pricing Strategy
We start with investigating steady-state optimality and

provide a pricing strategy of the utility that aligns the
distributed decision making r[i of the agent in (4) with the
socially optimal solution r∗i to (3).

Let us consider the KKT conditions of (3).
∂Ji(wi; ri)

∂ri
+ LT

i (w)λ+
∑
j∈Ti

∂hij(wi; ri)

∂ri
µij = 0 (7a)

hij(wi; ri) ≤ 0 µij ≥ 0 hij(wi; ri)× µij = 0 (7b)
i ∈ N j ∈ Ti

L(w)r + `w(w) = 0 (7c)

The following Lemma 1 states that, at least in steady-state,
the utility can choose the optimal price p∗i that realizes
r[i (p

∗
i ) = r∗i for all i ∈ N .

Lemma 1: Let w ∈ W be given, and let us denote the
optimal solution to (3) or, equivalently, variables that satisfy
the KKT conditions in (7) as r∗i , µ∗ij , i ∈ N , j ∈ Ti and λ∗.
If the utility provides the price, pi, according to the pricing
strategy pi = LT

i (w)λ ∈ Rmi , i ∈ N , then we have r[i (p
∗
i ) =

r[i (L
T
i (w)λ

∗) = r∗i . �
The utility need to solve the optimization problem (3) or

the KKT conditions in (7) to determine the optimal price
p∗i = LT

i (w)λ
∗. However, the problem becomes very large,

since we may have a huge number of agents. It may be
difficult to solve (3) or (7) and provide its solution p∗i in
real-time.

We investigate a real-time pricing strategy of the utility
that utilizes the amount of net imbalance of the constraints
over the network. Let us start with the dual problem of (3)

max
λ

min
r

hij(wi;ri)≤0
i∈N j∈Ti

∑
i∈N

Ji(wi; ri) + λT(L(w)r + `w(w))

If we consider only the optimality in steady-state, as similar
to the case of Lemma 1, ri will be determined as r[i by each
agent Gi. By substituting this, we have

max
λ

∑
i∈N

Ji(wi; r
[
i ) + λT(L(w)r[ + `w(w))

where r[ = [ r[i ]i∈N . We apply the gradient method to this
maximization problem, then we have

dλ

dτ
= ε(L(w)r[ + `w(w)) ε > 0

We replace r[ by its corresponding output z(t) in the
above equation and combine the result in Lemma 1. Then, a
heuristic real-time pricing strategy of the utility is given as

λ̇(t) = ε(L(w)z(t) + `w(w)) ε > 0 (8a)

pi(t) = LT
i (w)λ(t) i ∈ N (8b)

Fig. 1 shows a schematic block diagram of the proposed
closed-loop system that equipped with a gradient based
pricing strategy (8) and distributed optimization (4) of each
agent Gi, where we note that, in the proposed closed-loop
system, no-one need to solve a large scale optimization
problem nor consider iterative calculations to determine the
price. In addition, to determine the price, the utility does not
need to know any specific properties, like functions fi or Ji
for example, of the agent Gi.

B. Stability Analysis

It has been shown in [15] that, by investigating the local
dynamics around the equilibrium point, the resulting closed-
loop system in Fig. 1 is stable at least locally for sufficiently
small ε > 0.

Definition 1: Let w ∈ W be a given constant. A triple
(x, λ, r) is said to be an equilibrium point of the closed-loop
system in Fig. 1 corresponding to w, if

0 = fi(xi, g
i(xi), wi, ri) (9a)

0 = ε(L(w)g(x,w) + `w(w)) (9b)

ri = gi(xi, g
i(xi), wi) (9c)

ri = r[i (L
T
i (w)λ) (9d)

are held for all i ∈ N , where g(x,w) =
[ gi(xi, g

i(xi), wi) ]i∈N . �
Note that x and λ is a part of the state, but r is not. The

following lemma is a conclusion from Assumptions 3 and
4–1), 2),

Lemma 2: For each given constant w ∈ W , the closed-
loop system in Fig. 1 has an equilibrium point (x, λ, r) that
satisfies (5). �

Let r∗ be an optimal solution to (3) for a given w ∈ W .
The proof of Lemma 2 shows that there exist x∗ and λ∗ such
that the triple (x∗, λ∗, r∗) can be an equilibrium, as well as,
it satisfies (5).

Let w ∈ W be given, and let us denote by r∗i , µ∗ij ,
i ∈ N , j ∈ Ti and λ∗ the corresponding optimal solution
to (3) or, equivalently, the variables which satisfy the KKT
conditions in (7). We set p∗i = LT

i (w)λ
∗, i ∈ N and
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Fig. 1. A schematic block diagram of the distributed optimization and integrate pricing strategy mechanisms.

consider the optimal solution r[i (p
∗
i ) to (4). In order to

capture the local behavior of the optimization problem in
(4), we need to consider the gradient Ei(w) = −(∂ri/∂pi)
that satisfies r[i (p

∗
i + δpi) = r[i (p

∗
i )−Ei(w)δpi+O(‖δpi‖2)

for a small deviation δpi from p∗i . Under the appropriate
technical assumption, an explicit procedure to calculate the
gradient Ei(w) has been derived in [15]. We set E(w) =
block diag(E1(w), E2(w), . . . , En(w)), and the stability re-
sult can be summarized as in the following theorem.

Theorem 1: Let w ∈ W be a given constant, and let a
triple (x, λ, r) be an equilibrium point in Lemma 2. Suppose
that the matrix L(w)E(w)LT(w) is non-singular. The triple
(x, λ, r) is a stable equilibrium point of the closed-loop
system in Fig. 1 at least locally, if ε > 0 in (8) is sufficiently
small. �

The matrix L(w) has full row rank, rankL(w) = `, but
each matrix Ei(w) is only positive semi-definite, Ei(w) ≥ 0,
and there is a possibility that L(w)E(w)LT(w) becomes
singular. If the matrix L(w)E(w)LT(w) is singular, the
linearized dynamics of the closed-loop system in Fig. 1
necessarily has a zero-eigenvalue and is not stable, thus
L(w)E(w)LT(w) > 0 is a necessary condition for stability
of the linearized system.

The structural stability condition in Theorem 1 is pre-
ferred, since the network may have huge number of agents,
and a numerical approach for stability analysis becomes
difficult. Theorem 1 also shows that an integral action,
λ = ((εI)/s)(L(w)z + `w(w)), to determine the price can
stabilize the resulting closed-loop system. This inspires that
integral plus phase-lead compensation

λ =
ε

s

ωL
ω`

s+ ω`
s+ ωL

I(L(w)z + `w(w)) ωL > ω` > 0

may be useful and stabilize the closed-loop system. If one
utilizes phase-lead action, it may allow to use larger ε > 0
and result in a quicker response of the closed-loop system. In

a large network, communication delays could arise another
issue, and an effect of time-delays due to communication
networks in the proposed real-time pricing strategy is studied
in [18]. On the other hand, if one considers a small network,
like a network so-called micro-grid, a numerical computation
for stability analysis may be acceptable. In this case, stability
conditions in LMIs can be obtained without introducing the
gradient of the optimization problem [19].

IV. APPLICATION CASE STUDY: LEADING TO OPTIMAL
POWER FLOW

This section considers the New England 39-bus test sys-
tem [16]. The network topology, generators and loads are
depicted in Fig. 2. Detailed descriptions of power flow
analysis and DC power flow model can be found in standard
text books and related literature [20], [21], [3], [22].

We suppose that the network has n = n`+ng nodes, where
ng denotes a number of nodes that equipped with generators
and n` denotes a number of nodes without generators1. We
also denote N` = {1, 2, . . . , n`}, Ng = {n` + 1, n` +
2, . . . , n} and N = N` ∪Ng .

Let p`ij and pgij denote the outgoing power flow from
node i ∈ N to neighboring node j ∈ Ni. Let us set p`i =∑
j∈Ni

p`ij , i ∈ N`, pgk =
∑
j∈Nk

pgkj , k ∈ Ng , p` =
[ p`i ]i∈N`

and pg = [ pgi ]i∈Ng
, respectively. We use the

DC power flow model to determine the power flow in the
network, and with the DC power flow model, the power flow
in the network is determined as[

p`
pg

]
=

[
M11 M12

M21 M22

] [
θ`
θg

]
where, we set θ` = [ θ`i ]i∈N`

, θg = [ θgi ]i∈Ng
, and each

θ`i or θgi denotes a voltage phase angel at the node i. The

1If one looks the New England 39-bus test system in Fig. 2, it has n = 39
nodes, ng = 10 generator nodes and n` = n−ng = 29 consumption/hub
nodes, respectively.



 

 
 

 

   

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

  

 

 

 
 

 

  

 

 

 

  

 

 

 

 

 

Fig. 2. The New England 39-bus test system.

constant matrix M = [ Mij ]i,j∈{1,2} is determined from
the line susceptance parameters of the network, and it is
symmetric M = MT and singular with rank deficiency
one. This physically reflects only the relative voltage phase
angles determine the power flow. We consider quadratic
functions Ji(ri) = (1/2)cgir

2
i + bgiri, i ∈ Ng to represent

the production cost of steady power generation ri at each
generator node.

The optimal DC power flow problem, without considering
any dynamics of generators and loads, investigates economic
efficiency of the steady power generation and determines the
steady-state power flow in the network for a given amount
of consumption at each node as the solution to the following
optimization problem.

min
θ`,θg,r

∑
i∈Ng

Ji(ri) (10a)

subject to
[
M11 M12

M21 M22

] [
θ`
θg

]
=

[
0
r

]
−
[
w`
wg

]
(10b)

where, we set r = [ ri ]i∈Ng
, w` = [ w`i ]i∈N`

, wg =
[ wgi ]i∈Ng , and each w`i or wgi represents the amount of
consumption at the consumption/hub or generator node i2,
and ri represents amount of power injection or steady-state
set-point at the generator node i ∈ Ng . The matrix M in
(10b) has rank n− 1 with the kernel space span{1n}. Since
M = MT, we have span{1n} ⊥ ImM . For any given
w = [ wT

` wT
g ]T, the constraints in (10b) can be feasible,

since one can choose r such that 1T
n [−wT

` (r−wg)T]T = 0.
Instead to solve a large optimization problem in (10), as

well as, incorporating dynamical interactions between gener-
ators and loads, we apply the real-time pricing strategy and
distributed decision makings summarized in Section III. We

2If one looks the New England 39-bus test system in Fig. 2, the node 31
and 39 have power consumption as well as generators.

start with considering the following standard swing equation
as a dynamic model of consumption/hub node i ∈ N`.

2H`iθ̈`i(t) = −k`iθ̇`i − p`i(t)− w`i(t)
where p`i represents the outgoing net power flow from node
i to neighboring nodes j ∈ Ni. We also have the following
state space representation.[

θ̇`i
ω̇`i

]
=

[
0 1
0 −k`i/(2H`i)

] [
θ`i
ω`i

]
+

[
0

1/(2H`i)

]
(−p`i)−

[
0

1/(2H`i)

]
w`i (11)

where ω`i = θ̇`i, and we note here that −p`i represents the
incoming flow into the node i.

As a dynamic model of generator node i ∈ Ng , we
consider the following swing equation.

2Hgiθ̈gi(t) = ui(t) + ri(t)− (wgi(t) + pgi(t)) (12a)

ui(t) = −kgiθ̇gi(t) (12b)

where ui is a local feedback control, and pgi represents
the outgoing net power flow form generator node i to
neighboring nodes j ∈ Ni3. We can consider the state space
representation[

θ̇gi
ω̇gi

]
=

[
0 1
0 −kgi/(2Hgi)

] [
θgi
ωgi

]
+

[
0

1/(2Hgi)

]
ri −

[
0

1/(2Hgi)

]
(wgi + pgi) (13a)

where ωgi = θ̇gi. We also set the output equation as

zi = pgi + wgi i ∈ Ng (13b)

3As the model of generator, one can consider turbine and governor
dynamics with the swing equation in (12) [20], [21]. We consider a simple
generator model by omitting turbine and governor dynamics.



The value of zi represents the net outgoing power flow from
the node i, i.e., the amount of power generation at node
i ∈ Ng , thus it should be tracked to the set-point ri.

By using appropriate matrices A, B and C =
[M21 M22 0 ], the entire dynamics in (11) and (13) is
represented in the form

ẋ = (A−B[M 0 ])x−Bw +B

[
0
r

]
(14a)

z = Cx+ wg (14b)

where x = [ θT` θTg ωT
` ωT

g ]T, ω` = [ ω`i ]i∈N`
,

ωg = [ ωgi ]i∈Ng
, w = [ wT

` wT
g ]T and z = [ zi ]i∈Ng

. We
also consider the extended output equation, which makes the
subsequent presentation simple

ẑ =

[
z`
z

]
=

[
p` + w`

z

]
= Ĉx+ w (14c)

where p` = [ p`i ]i∈N`
and Ĉ = [M 0 ]. The output (z`)i,

i ∈ N` represents the net outgoing power flow from the
consumption/hub node i. We need to have (z`)i = 0 at steady
state, i.e., the incoming and outgoing net power flow at the
consumption/hub node should be balanced.

Let r\ denote the optimal solution to (10). The optimal DC
power flow problem in (10) gives the optimal steady-state
set-point r to each generator i ∈ Ng as its optimal solution
r\, but we do not solve the large optimization problem (10).
In our real-time pricing and distributed decision making
setting, the interaction model of dynamic agents in (1) is
given as (14a) and (14b), and the optimization problem that
corresponds to (3) and defines social optimality is given as

min
r

∑
i∈Ng

Ji(ri) (15a)

subject to 1T
ng
r − 1T

nw = 0 (15b)

Let r∗ denote the optimal solution to (15). We actually have
r\ = r∗, as we will see in the followings.

Lemma 3: Let w ∈ W be given. There exists an equilib-
rium point x to (14a), if and only if, r satisfies (15b). The
equilibrium point x also satisfies [ 0T rT ]T = Ĉx+ w. �

We immediately have the following corollary.
Corollary 1: The dynamic network of loads and genera-

tors in (14a), (14b) and the optimization problem (15) satisfy
Assumptions 4–1) and 2). �

Lemma 4: Let w ∈ W be given, and let (θ\`, θ
\
g, r

\) and
r∗ be the optimal solutions to (10) and (15), respectively.
We have r\ = r∗. �

We apply the proposed real-time pricing and distributed
decision makings methodology to the optimal DC power flow
problem. Each generator solves

min
ri

Ji(ri) + pTi ri i ∈ Ng (16)

in real-time and decides its own reference input r[i (pi(t))
as a solution to (16), where pi is the price provided by the
utility according to the gradient based pricing strategy

λ̇(t) = ε(1T
ng
z(t)− 1T

nw(t)) pi(t) = λ(t) i ∈ Ng (17)

From Theorem 1, we could conclude stability of the
resulting closed-loop system, which consists of (14a), (14b),
(16) and (17), provided that (14) satisfies Assumption 4–
4), i.e., it is asymptotically stable. However, the power
flow network (14) may not be designed as asymptotically
stable system. This physically reflects the fact that only the
relative voltage phase angles determine the power flow, and
the system necessarily has zero eigenvalue with eigenvector
[ 1T 0T ]T. Although the power flow network (14) is not
asymptotically stable, stability of the resulting closed-loop
system can still be concluded by introducing slack node and
considering simple coordinate transformation. For the shake
of simplicity, we suppose that i = 1 ∈ N` is the slack node.
Since we are only interested in the relative voltage phase
angle, by introducing an appropriate matrix T ∈ R2n×2n, we
consider the coordinate transformation [ θ`1 ξT ]T = Tx,
where, we set ξ = [ ([ δi ]i∈N\{1})

T ωT
` ωT

g ]T, and δi
is defined as θ`i − θ`1 for i ∈ N` \ {1} and θgj − θ`1 for
j ∈ Ng . By utilizing the facts that the inverse transformation
is represented by the matrix

T−1 = diag(T−111 , In) T−111 =

[
1n

0
In−1

]
and M1n = 0, the system (14a) and (14b) is transformed
into the form

θ̇`1 = ω`1 (18a)

ξ̇ = Ãξ + B̃w + B̃

[
0
r

]
(18b)

z = C̃ξ + wg (18c)

From this, we can see that the voltage phase angle of the
slack node does not affect the amount of power generation.

We can summarize the convergence property of the closed-
loop system as in the following corollary.

Corollary 2: Suppose that (18b) satisfies Assumption 4–
4), i.e., the matrix Ã is Hurwitz, and ε > 0 in (17) is
sufficiently small. Let w be a given constant. The closed-loop
system that consists of (14a), (14b), (16) and (17) satisfies
r[i (p(t))→ r∗i and zi(t)→ r∗i as t→∞. �

The following two subsections consider the New England
39-bus test system and present simulation results. The details
of the New England 39-bus test system such as the bus
parameters that define the matrix M can be found in the
literature (see [16], for example). We take the values of
parameters cgi and bgi, i ∈ Ng from [7], [3], and we use
H`i = 5, k`i = 10, i ∈ N`, Hgj = 5 and kgj = 10, j ∈ Ng
in the following simulations.

A. Realizing Optimal Power Flow

In this simulation, we suppose that, at time instance 5 [ s ],
the load demands increase or decrease as w`3, w`4 → +20%,
w`26, w`27 → −20% and w`28, w`29 → +40%, respectively
(the load demands on the other nodes are unchanged).

Figs. 3(a) and 3(b) show samples of the resulting time
response on consumption/hub nodes. The dashed-dotted line
indicates the load demand w`i and solid line indicates −z`i
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(b) Consumption node 28: w`28 and −z`28
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(c) Generator node 33: r∗33, r[33 and z33
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(d) Generator node 37: r∗37, r[37 and z37
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(f) A time history of L(w)z + `w(w) that
indicates supply/demand balance.

Fig. 3. Sample time responses of the New England 39-bus test system.

(the net incoming power flow into the node i). We can see
that, at the steady state, the outgoing power flow w`i and
incoming power flow −z`i are balanced.

Figs. 3(c) and 3(d) show samples of the resulting time
response on generator nodes. The dashed-dotted line indi-
cates the solution r\i = r∗i to the optimal DC power flow
problem in (10) or (15) (see Lemma 4). The dashed line
indicates the reference input r[i (pi) generated as the solution
to the distributed optimization problem in (16) according to
the provided price pi(t). At the steady state, we can see that
r∗i and r[i (pi) become identical each other, and the amount
of power generation zi indicated by the solid line converges
to the optimal value r∗i .

Fig. 3(e) shows the resulting time response of price pi = λ
determined by the utility according to the gradient based real-
time pricing strategy (17). The dashed-dotted line indicates
the value of optimal price p∗i = λ∗, and we can see that pi
converges to p∗i . Fig. 3(f) shows the resulting time response
of L(w)z(t) + `w(w) = 1T

ng
z(t)− 1T

nw(t), and we can see
that the equality constraint, i.e., the net load and demand
balance, is fulfilled in the steady-state. The simulation result
shows that the proposed real-time pricing strategy and the
distributed decision makings by each agent can lead the
network to the optimal operating condition.

B. Reducing the Effect of Unknown Renewable

This simulation supposes that the network is equipped
with window power generators, and we will see that the
proposed real-time pricing and distributed decision makings
methodology could reduce the effect of unknown renewable.
We suppose that the node 17 is equipped with the window
power generators, and Fig. 4(a) shows sample time history
of the amount of power generation from the window power
generators.

We apply the real-time pricing and distributed decision
makings methodology in (16) and (17), and Figs. 4(b) and
4(c) show samples of the resulting time response of ω`i,
which indicates frequency deviation form 50 or 60 [ Hz ]. In
each figure, the dashed-dotted line indicates the frequency
deviation without set-point control, and, since the set-point
signal is fixed at each generator, the effect of window power
generation at the node 17 directory appears as the frequency
deviation at each node. On the other hand, the solid line indi-
cates the frequency deviation with the price based set-point
control. We can see that the effect of unknown renewable
could be reduced.

V. CONCLUSIONS

Motivated by the control problems of distributed energy
supply/demand networks, this paper investigated the opti-
mal regulation problem with steady-state constraints under
distributed decision makings, where each agent is allowed
to determine its own optimal set-point according to an
individual profit. On the other hand, the utility, which
corresponds to an independent public commission, tries to
realize a socially optimal solution that fulfills steady-state
power balance equality constraints. In order to align the
individual decision making of each agent with the socially
optimal solution, the utility provides additional price, which
conceptually represents tax or subsidy for the agent. This
paper investigated application case studies of the proposed
real-time pricing strategy and distributed decision makings
methodology. By using the New England 39-bus test system,
we considered the optimal power flow problem with the
DC power flow model. The simulation results illustrated
the effectiveness of the proposed method and validated the
stability analysis procedure.
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Fig. 4. Sample time responses of frequency deviation due to the effect of unknown renewable.
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APPENDIX

Proof: [Lemma 3] Since span{1n} ⊥ ImM , there exist
θ` and θg that satisfy (10b), if and only if, r satisfies (15b).

Let r be any constant that satisfies (15b), and let us pick
θ` and θg that satisfy (10b). We set x = [ θT` θTg 0 ]T. By
substituting r and x into (14a) and (14c), we can confirm
that x is an equilibrium point and ẑ = [ 0T rT ]T.

Proof: [Lemma 4] i)
∑ng

i=1 Ji(r
\) ≥∑ng

i=1 Ji(r
∗): By

multiplying 1T
n from the left to (10b), since 1T

nM = 0, we
have that 0 = 1T

ng
r\ − 1T

nw. Thus, r\ is a feasible solution
to (15), and we have

∑ng

i=1 Ji(r
\) ≥∑ng

i=1 Ji(r
∗).

ii)
∑ng

i=1 Ji(r
\) ≤ ∑ng

i=1 Ji(r
∗): From Lemma 3, there

exists x∗ such that

[ 0T (r∗)T ]T = Ĉx∗ + w = Ĉx∗ + w (19)

Since ImĈ ⊂ ImM , there exits [ (θ∗` )
T (θ∗g)

T ]T such that
Ĉx∗ = M [ (θ∗` )

T (θ∗g)
T ]T, and, by substituting this into

(19), we have that [ 0T (r∗)T ]T =M [ (θ∗` )
T (θ∗g)

T ]T +
w. Thus r∗ is a feasible solution to (10) along with
[(θ∗` )

T (θ∗g)
T ]T, and we have

∑ng

i=1 Ji(r
\) ≤∑ng

i=1 Ji(r
∗).

iii): We suppose that r∗ 6= r\. For any 0 < α < 1,
since both of r∗ and r\ are feasible solution to (15), we
have 1T

ng
(αr∗ + (1 − α)r\) = α1T

ng
r∗ + (1 − α)1T

ng
r\ =

α1T
nw + (1 − α)1T

nw = 1T
nw, thus αr∗ + (1 − α)r\ is

a feasible solution to (15). Due to strict convexity of the
functions Ji, we have that

∑ng

i=1 Ji(αr
∗
i + (1 − α)r\i ) <

α
∑ng

i=i Ji(r
∗
i ) + (1 − α)

∑ng

i=i Ji(r
\
i ). From i) and ii),

we have
∑ng

i=1 Ji(r
∗) =

∑ng

i=1 Ji(r
\) and conclude that∑ng

i=1 Ji(αr
∗
i + (1− α)r\i ) <

∑ng

i=1 Ji(r
∗). This contradicts

optimality of r∗, and we conclude that r∗ = r\.


