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SUMMARY

Standard switching control methods are based on the certainty equivalence philosophy in that, at each
switching time, the supervisor selects the candidate controller that is better tuned to the currently
estimated process model. In this paper, we propose a new supervisory switching logic that takes
into account the uncertainty on the process description when performing the controller selection.
Specifically, a probability measure describing the likelihood of the different models is computed on-
line based on the collected data and, at each switching time, the supervisor selects the candidate
controller that, according to this probability measure, performs the best on the average. If the
candidate controller class is hierarchically structured so that for each model one has available several
controllers with distinct levels of robustness, the supervisor automatically selects the controller that
suitably compromises robustness versus performance, given the current level of model uncertainty.
The use of randomized algorithms makes the supervisor implementation computationally tractable.

key words: Switching control; cautious control; randomized methods; stochastic systems; stability.

1. Introduction

Suppose that a process with transfer function G◦ has to be regulated by choosing a controller
in some candidate controller class {K(γ), γ ∈ Γ}. In a standard optimal control setting, the
control performance achieved by applying controller K(γ) to the process G◦ is measured
by some (positive) cost criterion J(G◦; K(γ)): the lower the value of J(G◦; K(γ)), the more
satisfactory the control performance. Here, J can represent any cost, e.g., of the H2 or H∞
type. If the process is known, an optimal controller is computed by minimizing J over the
candidate controller class.

Consider now the case when the process is not known, and suppose that a parametric class of
admissible process models is introduced, {G(ϑ), ϑ ∈ Θ}. Then, the problem of selecting the best
controller according to J can be addressed along a dual control approach by introducing a state
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variable representing the unknown parameter vector, and solving the resulting optimal control
problem on the augmented state-space representation of the process. The optimal controller
incorporates a self-adjusting mechanism, in that it selects a control input that compromises
the control objective versus estimation needs (dual action, see e.g. [1]). However, such an
optimal dual control approach is generally difficult to implement because it is computationally
excessive.

A computationally feasible – though sub-optimal – approach to the design of self-adjusting
controllers is the so-called switching control design method originally introduced in [2] and
further developed in e.g. [3]- [7]. The switching control scheme consists of an inner loop where
a candidate controller is connected in closed-loop with the process, and an outer loop where a
supervisor decides which controller to select and when to switch to a different one, based on
the input-output data.

The switching times are chosen so as to avoid switching that is too fast with respect
to the system’s settling time, thus causing instability. As for the controller selection, it is
typically based on an “estimator-based” procedure ([3, 4]). Specifically, at any switching time,
a performance signal – given, e.g., by the integral norm of an estimation error – is computed
for each admissible model parameter. The supervisor then selects the candidate controller
associated with the model that minimizes the performance signal (certainty equivalence
approach). Implementation and analysis of the switching control scheme are typically simplified
by considering a finite set of candidate controllers. This set is called a finite controller cover
([8, 9]).

In a standard switching control scheme, the compromise between robustness and
performance is made offline when the controller cover is designed. If the controller cover consists
of a small number of controllers, each one stabilizing a wide set of models, then stability is
generally rapidly achieved, even before a large amount of information has been accrued, but
in the long run the resulting performance is typically low. In contrast, if the controller cover
consists of a large number of controllers, each one tailored to a narrow set of models, a highly
performing control system is potentially achieved, but poor performance will most likely occur
until there is sufficient data to obtain an accurate estimate of the process model.

In this paper, we propose a cautious switching logic that still relies on a parameterized class
of admissible process models but, differently from the certainty equivalence-based logic, also
takes into account the uncertainty in the process description when performing the controller
selection.

The controller choice is based on a probability measure Pt computed on-line, which describes
the likelihood of the different process models. At any switching time t, the supervisor selects
the controller that minimizes the average control cost ct(γ) := EPt

[J(ϑ, γ)], γ ∈ Γ, where
J(ϑ, γ) is the short-hand-notation for J(G(ϑ); K(γ)) and EPt

[J(ϑ, γ)] is the expectation of
J(ϑ, γ) with respect to the measure Pt for ϑ. Minimizing ct(·) corresponds to optimizing the
average control system behavior where different models are given different weights according
to their likelihood at time t (cautious control, [10], [1, page 438]).

With cautious switching, we overcome the difficulty in standard switching control that arises
from being forced to establish an a-priori compromise between robust stability and performance
by associating to each model a single candidate controller. Thanks to the cautious switching
logic, this association is no longer necessary. To be specific, we propose to integrate in the
cautious switching scheme a hierarchically-structured class of candidate controllers composed
of different finite controller covers: the lower level cover contains controllers with a high level
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of robustness (with respect to uncertainty in the system parameter ϑ), but low performance
guarantees, and, as we go up in the hierarchical structure, we have controller covers with
increasing performance, while progressively penalizing robustness. When the distribution Pt is
spread over the set Θ, it is expected that the cautious supervisor will select a controller that is
robust, though low performing. As time goes by, more and more information is accumulated and
the distribution Pt is expected to become more sharply peaked around the model that better
describes the actual process. Consequently, the cautious supervisor will select controllers better
tailored to the true process, ultimately resulting in an improvement of performance. Thus, in
finite time the control scheme is robust, and it progressively becomes better performing.

The use of average control cost criteria was originally proposed in [11, 12] in the context of
robust control and then extended to an adaptive scenario in [13]. In [13], a general adaptive
control set-up is considered and asymptotic tuning properties are proved under certain stability
conditions. No stability analysis is performed however. The contribution of this paper is
twofold:

i) proposing a hierarchical structure within the framework of switching control;

ii) providing a stability analysis for the corresponding cautious scheme.

In the light of the stability analysis developed in the present paper, the results in [13] can be
used to further prove tuning properties of the control scheme proposed herein.

The paper is structured as follows. The cautious switching scheme is described in Section 2.
The stability analysis is dealt with in Section 3. Section 4 concludes the paper with final
remarks and a discussion of open issues.

2. The cautious switching scheme

Process: Consider the stochastic linear process

A(ϑ◦, z−1)yt+1 = B(ϑ◦, z−1)ut + wt+1, (1)

where the polynomials A(ϑ◦, z−1) = 1−∑np

i=1 a◦
i z

−i and B(ϑ◦, z−1) =
∑mp

i=1 b◦i z
−(i−1) depend

on the unknown parameter vector ϑ◦ = [a◦
1, . . . , a◦

np
, b◦1, . . . , b◦mp

]T with np, mp > 0, and {wt}
is a sequence of independent and identically distributed Gaussian random variables with zero
mean and variance σ2 > 0.

We suppose that some a-priori knowledge on ϑ◦ is available. Specifically, we assume that:

Assumption 1. ϑ◦ is an interior point of a known compact set Θ ⊂ Rnp+mp , such that for
all ϑ ∈ Θ the system (1) with ϑ in place of ϑ◦ is λ-stabilizable (0 < λ < 1), i.e. A(ϑ◦, z−1)
and B(ϑ◦, z−1) have no pole-zero cancellations in {z ∈ C : |z| > λ}.

Model class: The model class is obtained from (1) by replacing ϑ◦ with a generic parameter
ϑ ∈ Θ:

A(ϑ, z−1)yt+1 = B(ϑ, z−1)ut + wt+1, ϑ ∈ Θ. (2)
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Candidate controller class: As for the controller class, we consider a finite set of candidate
controllers with structure

C(γ, z−1)ut = D(γ, z−1)yt,

where the polynomials C(γ, z−1) = 1 − ∑mc

i=1 ciz
−i and D(γ, z−1) =

∑nc

i=0 diz
−i are

parameterized by γ = [d0, . . . , dnc , c1, . . . , cmc ]T ∈ Γ ⊆ Rnc+mc+1. We assume that to each
ϑ ∈ Θ there corresponds at least one γ ∈ Γ such that the closed-loop system formed by the
model with parameter ϑ and the controller with parameter γ is λ-stable, namely all the closed-
loop eigenvalues are less than λ in absolute value. The way such a controller class is generated
is immaterial for the analysis to follow. However, one can think that it has been formed by
putting together all controllers belonging to a hierarchical structure of covers as discussed in
the introduction. Details on how such structure can be constructed in a specific context is
beyond the scope of the present paper and the reader is referred to [8, 9] for more discussion.

Control cost criterion: The control cost of the closed-loop system formed by the model
with parameter ϑ and the controller with parameter γ is evaluated by

J(ϑ, γ) :=




αJ ′(ϑ, γ)
1 + αJ ′(ϑ, γ)

if the closed-loop system is λ-stable

1 otherwise,
(3)

where J ′(ϑ, γ) is some positive performance criterion (e.g. an H2 or H∞ cost), and α is a
positive constant. The criterion J thus combines both stability and performance requirements
and penalizes those controllers unable to meet the robust λ-stability requirement. J is
normalized so that it takes values in [0, 1]. This is done for technical reasons related to the
cautious controller selection through randomized methods as discussed in Section 2.1.

Switching logic: The tasks of the switching logic are to generate a switching signal that
triggers the replacement of the controller in the loop with a new controller and to select the
new controller. The controller selection is described in detail in Section 2.1. As for the switching
signal, we adopt the so-called dwell-time switching logic where a dwell-time is forced between
consecutive switching instants ([4, 14, 15, 16]). The actual dwell-time selection is discussed in
Section 2.2.

2.1. Cautious controller selection

At each switching time t, the supervisor selects the next candidate controller by minimizing the
average cost ct(γ) = EPt

[J(ϑ, γ)] over the controller parameter set Γ. The controller selection
procedure involves two steps: i) computing the probability measure Pt, and ii) computing and
minimizing the average cost ct(·). These two steps are discussed separately.

Computing and minimizing ct(·): An exact computation of ct(·) (the integral of J(ϑ, γ) over
Θ with respect to measure Pt) is in general hard. As a matter of fact, for many control
objectives the integrand function J(ϑ, γ) cannot be computed in a closed-form, so that even the
evaluation of J(ϑ, γ) for a given pair (ϑ, γ) may be time consuming. Additional difficulties arise
in connection with the computation of the integral. The approach adopted here to overcome
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this difficulty follows to a large extent the ideas in [12, 13] and is based on the use of randomized
methods. The resulting minimizer is only approximately optimal.

First we state a procedure that describes how ct(·) is minimized along the randomized
approach. The properties of the so-obtained minimizer are discussed in turn.

Algorithm 1. Given ε ∈ (0, 1) and δ ∈ (0, 1), do the following:

1. extract at random M(ε, δ) ≥ 2
ε2 ln 2|Γ|

δ independent model parameters ϑ1,t, ϑ2,t,. . . , ϑM(ε,δ),t

according to the probability distribution Pt;

2. compute ÊPt
[J(ϑ, γ)] :=

1
M(ε, δ)

M(ε,δ)∑
i=1

J(ϑi,t, γ);

3. choose γt := arg min
γ∈Γ

ÊPt
[J(ϑ, γ)].

We prove next that the controller parameter γt obtained through Algorithm 1 is an
approximate minimizer of EPt [J(ϑ, γ)] over Γ. In the following proposition, the phrase “with
probability not less than 1 − δ” makes reference to the probability involved in the random
extractions of ϑi,t’s, once the past up to time t has been fixed.

Proposition 1. The controller parameter γt computed via Algorithm 1 is an approximate
minimizer of EPt

[J(ϑ, γ)] to accuracy ε with confidence 1 − δ, i.e., EPt
[J(ϑ, γt)] ≤

minγ∈Γ EPt
[J(ϑ, γ)] + ε, with probability not less than 1 − δ.

Proof. γt is the minimizer of the sampling estimate ÊPt
[J(ϑ, γ)], which is based on a

random selection of parameters ϑi,t ∈ Θ and, as such, it is a random variable over the
space ΘM(ε,δ) := Θ × Θ × . . . × Θ, M(ε, δ) times. Consider the set Qt of multi-samples
ξ = (ϑ1, . . . , ϑM(ε,δ)) ∈ ΘM(ε,δ) such that ÊPt [J(ϑ, γ)] = 1

M(ε,δ)

∑M(ε,δ)
i=1 J(ϑi, γ) is an uniformly

good approximation to EPt
[J(ϑ, γ)] over the set Γ to accuracy ε/2, namely

Qt :=
{
ξ ∈ ΘM(ε,δ) : max

γ∈Γ
|ÊPt

[J(ϑ, γ)] − EPt
[J(ϑ, γ)]| ≤ ε

2
}
.

Then, if ξ ∈ Qt, letting γt := arg minγ∈Γ ÊPt
[J(ϑ, γ)], and γ◦

t := arg minγ∈Γ EPt
[J(ϑ, γ)], we

have

EPt
[J(ϑ, γt)] ≤ ÊPt

[J(ϑ, γt)] +
ε

2
≤ ÊPt

[J(ϑ, γ◦
t )] +

ε

2
≤ EPt

[J(ϑ, γ◦
t )] +

ε

2
+

ε

2
= min

γ∈Γ
EPt

[J(ϑ, γ)] + ε. (4)

The proof is concluded by showing that ξt = (ϑ1,t, . . . , ϑM(ε,δ),t) belongs to Qt with probability
no smaller than 1 − δ.

Since the parameters ϑ1,t, . . . , ϑM(ε,δ),t are independently extracted according to Pt, an
application of Hoeffding’s inequality ([23]) yields

Pr{ξt ∈ Qt} = 1 − PM(ε,δ)
t

{
ξt ∈ ΘM(ε,δ) : max

γ∈Γ
|ÊPt

[J(ϑ, γ)] − EPt
[J(ϑ, γ)]| >

ε

2
}

≥ 1 − 2|Γ|e−M(ε,δ)ε2/2.

Recalling that M(ε, δ) ≥ 2
ε2 ln 2|Γ|

δ , it is straightforward to conclude that Pr{ξt ∈ Qt} ≥ 1− δ.
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Computing Pt: In general, Pt describes the likelihood of different parameters in Θ. Depending
on the situation at hand, Pt can be given different mathematical formalizations. Here, we
discuss in detail the case in which Pt is the exact a-posteriori probability density of ϑ◦ given
data, where ϑ◦ is assumed to be a stochastic variable.

It is important to emphasize that regarding ϑ◦ as a random variable simply allows us
to motivate the algorithm used to compute Pt. Once this algorithm had been derived, the
stochastic nature of ϑ◦ is immaterial and, in fact, the stability proof in Section 3 will be valid
for any value of ϑ◦ in Θ (regardless of whether or not there is an underlying distribution).

Assume then that ϑ◦ is stochastic and randomly chosen according to a distribution P . Having
a stochastic ϑ◦ is a common assumption in adaptive control and is known under the name of
Bayesian embedding ([17]-[22]). For instance, in [19]-[21] ϑ◦ is supposed to be Gaussian and
independent of {wt}. Then, under the assumption that ut is a Borel measurable function of
the observations yi, i ≤ t, the a-posteriori distribution Pt of ϑ◦ given the observations up to
time t is still Gaussian with mean and variance that can be computed using the Kalman filter
equations ([22]).

As in [19]-[21], we assume that ϑ◦ is independent of the noise process {wt}. However, here
ϑ◦ takes values in the compact set Θ according to a Gaussian distribution truncated to Θ.
Specifically, we set P ∼ NΘ(M, V ), where NΘ(M, V ) denotes the rescaled Gaussian probability
density with mean M and variance V > 0, whose support is restricted to the set Θ. Thus, our
framework differs from the standard Bayesian embedding setting of [22] in two respects: (1)
the selection of ut ultimately depends on the randomized Algorithm 1 and, as a consequence,
the assumption made in [22] that ut is a Borel measurable function of the observations yi,
i ≤ t, is no longer satisfied; and (2) we do not assume that ϑ◦ is Gaussian, but a truncated
Gaussian.

Due to the above two differences, the results in [22] are not directly applicable to our context.
On the other hand, as for (1), it is just a matter of technical details to show that the results
in [22] extend to our context, provided that Pt is interpreted as the a-posteriori distribution
of ϑ◦ given the observations yi, i ≤ t, and the parameters (ϑ1,i, . . . , ϑM(ε,δ),i), i ≤ t, extracted
at step 1 of Algorithm 1. As for difference (2), we can take advantage of the special structure
of P ∼ NΘ(M, V ), to derive a recursive expression for Pt still based on the Kalman filter
equations. Indeed, the fact that ϑ◦ ∈ Θ can be recast as an additional observation. When
computing the a-posteriori distribution of ϑ◦, one can first compute it as though ϑ◦ were
not restricted to Θ (and therefore use a Kalman filter), and then complement the resulting
distribution with the additional observation that ϑ◦ ∈ Θ. This final step simply amounts to
truncating (and rescaling) the distribution achieved through the Kalman filter. This leads to
the following algorithm.

Algorithm 2.

1. compute Mt and Vt through the Kalman filter equations

Kt−1 = Vt−1ϕt−1/(ϕT
t−1Vt−1ϕt−1 + σ2)

Mt = Mt−1 + Kt−1(yt − ϕT
t−1Mt−1)

Vt = Vt−1 − Vt−1ϕt−1ϕ
T
t−1Vt−1/(ϕT

t−1Vt−1ϕt−1 + σ2),

initialized with M0 = M and V0 = V ;
2. set Pt ∼ NΘ(Mt, Vt).
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In the algorithm ϕt = [ yt, . . . , yt−np+1, ut, . . . , ut−mp+1 ]T is the regression vector
associated with the model (2) rewritten as

yt+1 = ϕT
t ϑ + wt+1.

2.2. Dwell-time selection

We adaptively select the dwell-time interval between consecutive switchings based on the model
parameters extracted in step 1 of Algorithm 1. Specifically, we compute the switching time
sequence {ti} by the recursive equation

ti+1 = ti + τD(ξti , γti), i = 0, 1, . . . (5)

initialized with t0 = 0, where τD : ΘM(ε,δ) × Γ → N is the dwell-time function, and
ξti = (ϑ1,ti , . . . , ϑM(ε,δ),ti) is the set of M(ε, δ) model parameters extracted at step 1 of
Algorithm 1 at time t = ti.

To define the dwell-time function, we first introduce some notation. Consider the closed-loop
system { A(ϑ, z−1) yt+1 = B(ϑ, z−1)ut + wt+1

C(γ, z−1)ut = D(γ, z−1)yt.
(6)

By letting xt := [yt . . . yt−(n−1) ut−1 . . . ut−(m−1)]T where n := max{np, nc + 1} and m :=
max{mp, mc + 1}, system (6) can be rewritten as{

xt+1 = A(ϑ)xt + B(ϑ)ut + Cwt+1,
ut = L(γ)xt,

where

A(ϑ) =




a1 . . . an−1 an

1 0 . . .
. . . . . .

1 0

b2 . . . bm−1 bm

0 . . . 0
. . . 0

0
0 . . . . . . 0
0 . . . . . . 0

. . . . . .
0 0

0 . . . . . . 0
1 0

. . . . . .
1 0




, B(ϑ) =




b1

0
...
0
1
0
...
0




, C =




1
0
...
0
0
0
...
0




,

L(γ) =
[

d0 · · · dn−2 dn−1 c1 · · · cm−2 cm−1

]
,

with ai = 0 if i > np, di = 0 if i > nc, bi = 0 if i > mp, ci = 0 if i > mc, thus leading to the
state-space representation xt+1 = F (ϑ, γ)xt + Cwt+1, where F (ϑ, γ) = A(ϑ) + B(ϑ)L(γ).

Fix now a contraction constant µ ∈ (0, 1). Then, τD(ξti , γti) is defined as

τD(ξti , γti) = min
{
k ≥ 1 : ‖F (ϑj,ti , γti)

k‖ ≤ µ for at least one j ∈ {1, . . . , M(ε, δ)}}. (7)

It is a fact proven in Theorem 1 that such ϑj,ti actually exists. The intuitive idea is that the
controller with parameter γti is kept fixed until the k-step transition matrix F (ϑ, γti)k becomes
a contraction at least for one selected model parameter.
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3. Stability Analysis

In this section, we analyze the cautious switching control scheme:{
yt+1 = [1 −A(ϑ◦, z−1)] yt+1 + B(ϑ◦, z−1)ut + wt+1

ut = D(γt, z
−1) yt + [1 − C(γt, z

−1)] ut,
(8)

where

γt :=

{
γti if t = ti

γt−1 otherwise.

The analysis is performed under the following assumption:

Assumption 2. For any admissible model with parameter ϑ ∈ Θ, there exists a
candidate controller (identified here by parameter γ(ϑ)) attaining closed-loop λ-stability and
supϑ∈Θ J ′(ϑ, γ(ϑ)) < ∞ (J ′ appears in definition (3)).

The first part of this assumption simply requires that the controller class be selected in a
‘wise’ way so that at least one controller is able to λ-stabilize any potential true process. If the
controller with parameter γ(ϑ) λ-stabilizes the model with parameter ϑ, then J ′(ϑ, γ(ϑ)) < ∞
for any common performance criterion J ′. Since Θ is compact, supϑ∈Θ J ′(ϑ, γ(ϑ)) < ∞ is then
met under a continuity condition satisfied by any commonly used control method.

Under Assumption 2, we shall prove that the closed-loop system (8) is L2-stable in the
following usual sense

lim
N→∞

1
N

N−1∑
t=0

[u2
t + y2

t ] < ∞, a.s. (almost surely). (9)

We start with the following preliminary result.

Proposition 2. The model parameters ϑ1,t, ϑ2,t, . . . , ϑM(ε,δ),t are such that

(ϑi,t − ϑ◦)T
t∑

s=1

ϕs−1ϕ
T
s−1(ϑi,t − ϑ◦) = o

( t∑
s=1

‖ϕs−1‖2
)
, a.s., i = 1, . . . , M(ε, δ).

Proof. Fix a real constant β > 0 and define

vt = log1+β
( t∑

s=1

‖ϕs−1‖2
)

(10)

and St =
{

ϑ ∈ R
np+mp : (ϑ − Mt)T V −1

t (ϑ − Mt) > vt

}
.

We prove the intermediate result that∫
St

fg(ϑ; Mt, Vt)dϑ∫
Θ

fg(ϑ; Mt, Vt)dϑ

= o

(
1
t2

)
, a.s., (11)
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where fg(·; Mt, Vt) denotes the Gaussian density function with mean Mt and variance Vt, from
which the proposition thesis will then be derived.

To determine the asymptotic behavior of the left-hand-side of (11), we need first to prove
that vt grows unbounded as t tends to infinity at the following rate

log1+β(t) = O(vt), a.s.. (12)

From the equality yt = ϕT
t−1ϑ

◦ + wt, we have that y2
t + ‖ϕt−1‖2 ≥ hw2

t , t ≥ 0, where h
is a suitable constant. Since np > 0 so that yt is one entry of ϕt, this in turn implies that
‖ϕt‖2 + ‖ϕt−1‖2 ≥ hw2

t , t ≥ 0 and, hence,
∑t

k=1 ‖ϕk−1‖2 ≥ h
∑t−1

k=1 w2
k. Due to the fact that

t = O(
∑t−1

k=1 w2
k), a.s., this entails t = O(

∑t
k=1 ‖ϕk−1‖2), a.s., which yields (12) in view of the

definition (10)
We now bound separately the numerator and the denominator in (11).
Let fχ2(·; np + mp) be the χ2 density with np + mp degrees of freedom and define

η : Rnp+mp → [0, 1] to be the integral of the tail of the χ2 distribution fχ2 , i.e.

η(v) =
∫

z>v

fχ2(z; np + mp)dz. (13)

Based on the definition of St, it is easily seen that the numerator of the left-hand-side of
equation (11) can be expressed in terms of η as follows∫

St

fg(ϑ; Mt, Vt)dϑ = η(vt). (14)

Thus, recalling that fχ2(z; np + mp) = cz[(np+mp)/2−1]e−z/2 = cz[(np+mp)/2−1]e−z/4e−z/4,
where c is a normalizing constant, we conclude that∫

St

fg(ϑ; Mt, Vt)dϑ =
∫

z>vt

cz[(np+mp)/2−1]e−z/4e−z/4dz.

We want to bound the expression cz[(np+mp)/2−1]e−z/4 under the sign of integral. The function
cz[(np+mp)/2−1]e−z/4 is decreasing for any z large enough. Hence, as vt → ∞ a.s. (see (12)),
cz[(np+mp)/2−1]e−z/4 ≤ cv

[(np+mp)/2−1]
t e−vt/4, ∀z > vt, for any t large enough, say t ≥ t′,

almost surely. For t ≥ t′, we then conclude that:∫
St

fg(ϑ; Mt, Vt)dϑ ≤ cv
[(np+mp)/2−1]
t e−vt/4

∫
z>vt

e−z/4dz = cv
[(np+mp)/2−1]
t 4e−vt/2 = o(e−vt/4).

(15)

Consider now the denominator in equation (11). It can be bounded as follows∫
Θ

fg(ϑ; Mt, Vt)dϑ ≥
∫
Dt

fg(ϑ; Mt, Vt)dϑ, t ≥ 0, (16)

where Dt := {ϑ ∈ R
np+mp : (ϑ−ϑ◦)T V −1

t (ϑ−ϑ◦) ≤ ∆}, for a suitably chosen ∆ > 0. Indeed,
a ∆ > 0 such that {ϑ ∈ Rnp+mp : (ϑ − ϑ◦)T V −1

0 (ϑ − ϑ◦) ≤ ∆} ⊆ Θ can be found since ϑ◦ is
an interior point of Θ (Assumption 1). The fact that {ϑ ∈ Rnp+mp : (ϑ− ϑ◦)T V −1

t (ϑ− ϑ◦) ≤
∆} ⊆ Θ, ∀t ≥ 0, then follows from the fact that V −1

t is increasing since it is given by

V −1
t =

1
σ2

t∑
s=1

ϕs−1ϕ
T
s−1 + V −1. (17)
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The right-hand-side of (16) can be further bounded as follows:∫
Dt

fg(ϑ; Mt, Vt)dϑ ≥ e−(ϑ◦−Mt)
T V −1

t (ϑ◦−Mt)

∫
Dt

e−
1
2 (ϑ−ϑ◦)T V −1

t (ϑ−ϑ◦)fg(ϑ; ϑ◦, Vt)dϑ

≥ e−(ϑ◦−Mt)
T V −1

t (ϑ◦−Mt)e−
∆
2

∫
Dt

fg(ϑ; ϑ◦, Vt)dϑ

≥ e−(ϑ◦−Mt)
T V −1

t (ϑ◦−Mt)e−
∆
2 (1 − η(∆)), (18)

where the first inequality follows from (ϑ−Mt)T V −1
t (ϑ−Mt) ≤ 2(ϑ−ϑ◦)T V −1

t (ϑ−ϑ◦)+2(ϑ◦−
Mt)T V −1

t (ϑ◦ − Mt), the second from the definition of Dt, and the third from the definition
(13) of η. We now appeal to [24, Theorem 4.1] and [25] to claim that

(ϑ◦ − Mt

)T
V −1

t

(
ϑ◦ − Mt) = O(log(

t∑
s=1

‖ϕs−1‖2)), a.s. (19)

This jointly with (10) and (12) implies that there exists a.s. a time instant t̃ ≥ 0 such that
e−(ϑ◦−Mt)

T V −1
t (ϑ◦−Mt) ≥ e−

1
8 vt , ∀t ≥ t̃. Using this bound in (18) and recalling equation (16),

we get ∫
Θ

fg(ϑ; Mt, Vt)dϑ ≥
∫
Dt

fg(ϑ; Mt, Vt)dϑ ≥ e−
1
8 vte−

∆
2 (1 − η(∆)), ∀t ≥ t̃. (20)

From (15) and (20): the left-hand-side of (11) is a o
(
e−

1
4 vt/e−

1
8 vt

)
= o

(
e−

1
8 vt

)
, which, by

(12), leads to the fact that the left-hand-side of (11) is a o
(
e−

1
8 log1+β(t)

)
. By noticing that

e−
1
8 log1+β(t) = t−

1
8 logβ(t) = o(t−2), (11) is proven to hold.

The next step in the proof consists of showing that, based on (11), there exists with
probability 1 a t̄ ≥ 0 such that, ∀t ≥ t̄, the parameters ϑ1,t, . . . , ϑM(ε,δ),t are outside St,
which in turn implies that

(ϑi,t − Mt)T V −1
t (ϑi,t − Mt) = o

( t∑
s=1

‖ϕs−1‖2
)
, a.s., i = 1, . . . , M(ε, δ). (21)

Consider the event where at least one of the parameters extracted at time t belongs to St, i.e.
At := {ϑ1,t ∈ St or . . . or ϑM(ε,δ),t ∈ St}, and let Ft be the σ-algebra generated by all variables
at any time instant up to t except the last extractions of ϑ parameters ϑ1,t, . . . , ϑM(ε,δ),t. Since
the extractions of ϑ1,t, . . . , ϑM(ε,δ),t are independent, conditionally to Ft, we have:

Pr{At/Ft} = M(ε, δ)Pr{ϑ1,t ∈ St/Ft} =

∫
St∩Θ

fg(ϑ; Mt, Vt)dϑ∫
Θ

fg(ϑ; Mt, Vt)dϑ

≤ M(ε, δ)

∫
St

fg(ϑ; Mt, Vt)dϑ∫
Θ

fg(ϑ; Mt, Vt)dϑ

= o

(
1
t2

)
, a.s.,
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where we have used (11) in the last equality. So,
∞∑

t=0

Pr{At/Ft} < ∞, a.s..

An application of the conditional Borel-Cantelli Lemma (see e.g. Exercise 7 of Section 7.4 in
[26]) permits one to conclude that Pr{At i.o.} = 0, where i.o. means infinitely often. Thus,
there exists with probability 1 a t̄ ≥ 0 such that, ∀t ≥ t̄, all model parameters ϑ1,t, . . . , ϑM(ε,δ),t

are outside St.
Finally, observe now that by equation (17), for any i ∈ {1, . . . , M(ε, δ)}, (ϑi,t −

ϑ◦)T
∑t

s=1 ϕs−1ϕ
T
s−1(ϑi,t − ϑ◦) ≤ σ2(ϑi,t − ϑ◦)T V −1

t (ϑi,t − ϑ◦) ≤ 2σ2(ϑi,t − Mt)T V −1
t (ϑi,t −

Mt) + 2σ2(ϑ◦ − Mt)T V −1
t (ϑ◦ − Mt). In view of equations (19) and (21), this concludes the

proof.
We can now state and prove the main result of the paper.

Theorem 1. Under Assumptions 1 and 2, the cautious switching control scheme (8) is L2-
stable.

Proof. We start by showing that for each switching time ti there exists a parameter value
in the set ξti = (ϑ1,ti , . . . , ϑM(ε,δ),ti) such that the closed-loop system formed by the model
with this parameter and the controller with parameter γti is λ-stable. This is proved by
contradiction.

Suppose that the claim is false. Then, by (3), ÊPti
[J(ϑ, γti)] = 1. Pick any k ∈

{1, . . . , M(ε, δ)} and consider ϑk,ti . Since ϑk,ti ∈ Θ, by Assumption 2 there exists a γ̄ ∈ Γ
such that J(ϑk,ti , γ̄) < 1. Then, ÊPti

[J(ϑ, γ̄)] ≤ 1
M(ε,δ) (M(ε, δ) − 1 + J(ϑk,ti , γ̄)) < 1 =

ÊPti
[J(ϑ, γti)], which is a contradiction with the fact that γti is optimal.

Now, let us call ϑj,ti the parameter in ξti (the existence of which has just been proved)
such that the closed-loop system formed by the model with parameter ϑj,ti and the controller
with parameter γti is λ-stable. Then, F (ϑj,ti , γti) in equation (7) is stable and we let k be the
integer such that equation (7) holds.

Define

ϑt =

{
ϑj,ti if t = ti

ϑt−1 otherwise.
(22)

We represent the closed-loop system (8) as a perturbation system with respect to the time
varying closed-loop system formed by the model with parameter ϑt and the controller with
parameter γt as follows{

yt+1 = [1 −A(ϑt, z
−1)] yt+1 + B(ϑt, z

−1)ut + et + wt+1

ut = D(γt, z
−1) yt + [1 − C(γt, z

−1)] ut,
(23)

where et := ϕT
t (ϑ◦ − ϑt) (the perturbation term) is regarded as an exogenous input.

This representation has two nice properties: (a) over each dwell-time interval [ti, ti+1),
the closed-loop system (23) is time invariant and has a λ-stable dynamic matrix F (ϑti , γti);
and (b) ϑ◦ − ϑt appearing in the exogenous input et is bounded at each switching time by
(ϑti − ϑ◦)T

∑ti

s=1 ϕs−1ϕ
T
s−1(ϑti − ϑ◦) = o(

∑ti

s=1 ‖ϕs−1‖2) (Proposition 2).
The rest of the proof is structured as follows. We first show that
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i) the dwell-time interval sequence {ti+1 − ti}i≥0 is bounded;
ii) the time-varying system (23) where et is seen as an exogenous input is exponentially

stable, uniformly in time;
iii) the perturbation term feeding the system (23) is bounded as indicated in (25).

Equation (9) then follows from i)–iii).
Proof of i) To each γ ∈ Γ, we can associate the set of parameters Θγ ⊆ Θ such that the closed-

loop system formed by the model with parameter ϑ and the controller with parameter γ is λ-
stable: Θγ := {ϑ ∈ Θ : |λmax

(
F (ϑ, γ)

)| ≤ λ}, where λmax(F (ϑ, γ)) is the maximum eigenvalue
of the closed-loop matrix F (ϑ, γ) defined in Section 2.2. Note that since λmax(F (·, γ)), γ ∈ Γ,
is a continuous function of ϑ and Θ is compact, Θγ is a compact set.

Consider now a parameter γ ∈ Γ and fix ν ∈ (λ, 1). The matrix 1
ν F (ϑ, γ) is exponentially

stable ∀ϑ ∈ Θγ . Hence, the solution Pγ(ϑ) to the Lyapunov equation

1
ν

F (ϑ, γ)T P
1
ν

F (ϑ, γ) − P = −I

is positive definite. Thus,

xT 1
ν

F (ϑ, γ)T Pγ(ϑ)
1
ν

F (ϑ, γ)x ≤ xT Pγ(ϑ)x, ∀x ∈ R
n+m−1,

and, by applying k times this equation, we get

xT (
1
νk

F (ϑ, γ)k)T Pγ(ϑ)
1
νk

F (ϑ, γ)kx ≤ xT Pγ(ϑ)x, ∀x ∈ R
n+m−1,

which leads to

‖F (ϑ, γ)kx‖ ≤ cγνk‖x‖, ∀x ∈ R
n+m−1, ∀ϑ ∈ Θγ , (24)

where cγ := maxϑ∈Θγ

√
λmax(Pγ(ϑ))/λmin(Pγ(ϑ)). Note that cγ < ∞ because Pγ(ϑ) is

continuous on the compact set Θγ (see e.g. [27]).
Define Tγ := inf{k ∈ N : cγ νk ≤ µ}. Then, ‖F (ϑ, γ)Tγ‖ = sup‖x‖	=0

‖F (ϑ,γ)Tγ x‖
‖x‖ ≤ µ,

∀ϑ ∈ Θγ , ∀γ ∈ Γ. Therefore, {ti+1 − ti}i≥0 is uniformly bounded by T̄ := maxγ∈Γ Tγ , as one
concludes from observing that:

ti+1 − ti = min{k ≥ 1 : ‖F (ϑti , γti)
k‖ ≤ µ} ≤ min{k ≥ 1 : sup

ϑ∈Θγti

‖F (ϑ, γti)
k‖ ≤ µ} ≤ T̄ .

Proof of ii) Consider the state space representation xt+1 = F (ϑt, γt)xt +C(et +wt+1) of the
time-varying system (23). In each interval [ti, ti+1) this system is time invariant and by (24)

its dynamic matrix F (ϑti , γti) satisfies ‖F (ϑti , γti)k‖ = sup‖x‖	=0
‖F (ϑti

,γti
)k x‖

‖x‖ ≤ cνk with
c := maxγ∈Γ cγ . Also, ‖F (ϑti , γti)ti+1−ti‖ ≤ µ.

Consider two time instants 0 ≤ t′ < t. If t′, t do not belong to the same dwell-time interval,
say 0 ≤ t′ < ti < · · · < tj+1 < t, then,

‖xt‖ = ‖F (ϑtj+1 , γtj+1)
t−tj+1F (ϑtj , γtj )

tj+1−tj . . . F (ϑti , γti)
ti+1−tiF (ϑti−1 , γti−1)

ti−t′xt′‖
≤ ‖F (ϑtj+1 , γtj+1)

t−tj+1‖‖F (ϑtj , γtj )
tj+1−tj‖ . . . ‖F (ϑti , γti)

ti+1−ti‖‖F (ϑti−1 , γti−1)
ti−t′‖‖xt′‖

≤ cνt−tj+1µj+1−icνti−t′‖xt′‖ ≤ c2ν̄t−t′‖xt′‖,
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where ν̄ := max{ν, µ1/T̄}.
If instead t′, t belong to the same dwell-time interval, we still have ‖xt‖ ≤ cνt−t′‖xt′‖ ≤
c2ν̄t−t′‖xt′‖. This proves the uniform exponential stability of (23).

Proof of iii) Since {ti+1 − ti}i≥0 is bounded and (ϑti − ϑ◦)T
∑ti

s=1 ϕs−1ϕ
T
s−1(ϑti − ϑ◦) =

o(
∑ti

s=1 ‖ϕs−1‖2), a.s. (see (b) at the beginning of the proof), by Proposition 3.3 in [16] we
have that et is bounded as follows

N−1∑
t=0, t/∈QN

e2
t = o(

N−1∑
t=0

‖ϕt‖2 + N), a.s., (25)

where QN is a set of times which may depend on N but whose cardinality is uniformly bounded:
|QN | ≤ K, ∀N .

To conclude the proof of the theorem, it is convenient to adopt the following representation
for (23). Fix N > 0. For every t ∈ [0, N) the system (23) can be represented as

xt+1 =
{

F (ϑ◦, γt)xt + Cwt+1 t ∈ QN

F (ϑt, γt)xt + C[et + wt+1] t /∈ QN .
(26)

From the uniform exponential stability of xt+1 = F (ϑt, γt)xt, it is straightforward to show
that the xt generated by (26) can be bounded as follows:

‖xt‖ ≤ k1{
t∑

i=1

νt−i|wi| +
t−1∑

i=0,i/∈QN

νt−i|ei|}, t ≤ N,

where k1 and ν ∈ (0, 1) are suitable constants, from which we get

1
N

N∑
t=1

‖xt‖2 ≤ k2{ 1
N

N∑
t=1

w2
t +

1
N

N−1∑
t=0,t/∈QN

e2
t},

where k2 is a suitable constant, independent of N . Because of
∑N

t=1 w2
t = O(1) and equation

(25), we then have 1
N

∑N
t=1 ‖xt‖2 = O(1) + o( 1

N

∑N−1
t=0 ‖ϕt‖2), a.s.. Since 1

N

∑N−1
t=0 ‖ϕt‖2 ≤

1
N

∑N
t=0 ‖xt‖2, this implies that 1

N

∑N−1
t=0 ‖ϕt‖2 remains bounded, thus concluding the proof.

4. Conclusions

In this paper, we combined cautious randomized control and switching control to overcome
existing difficulties of both methods, while preserving their positive features. For the class of
systems described by a linear input-output model affected by Gaussian noise, we introduced a
randomized cautious switching control scheme that is robust in finite time and asymptotically
stable.

Based on this stability result, it is also possible to obtain self-tuning properties for the
proposed scheme. For example, if a dither noise is added to the control input as suggested
in [13], then the results in [13] can be applied to the present context so as to prove that the
switching controller is optimal in the long run.
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Still, important issues remain open. These include taking into consideration the presence of
unmodeled dynamics when updating Pt, and studying an easy-to-implement procedure for the
construction of a hierarchical controller cover structure. These problems represent a stimulus
for future research.
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