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Abstract—This paper intr oduces appropriate concepts of
input-to-state stability (ISS) and integral-ISS to systemswith
impulsive effects.We provide a setof Lyapunov-basedsuf cient
conditions to establish these properties. When the continu-
ous dynamics are stabilizing but the impulsive effects are
destabilizing, the impulses should not occur too frequently,
which can be formalized in terms of an average dwell-time
condition. Conversely, when the impulsesare stabilizing and the
continuous dynamics is destabilizing, there must not be overly
long intervals betweenimpulses, which is formalized in terms
of a reverse average dwell-time condition. We also investigate
limiting casesof systemsthat remain stable for arbitrarily
small/large average dwell-times.

I. INTRODUCTION

Impulsivesystemgombinecontinuousevolution (typically
describedby ordinary differential equations)with impulse
effects (also referredto as statejumps or resets).Stability
propertieof suchsystemsave beenextensiely investigated
in the literature;see,e.qg.,[3].

When investigatingstability of a system,it is important
to characterizethe effects of external inputs. The concepts
of input-to-statestability (ISS) and integral-input-to-state
stability (ilSS), introduced by Sontagin [16] and [17],
have proved useful in this regard. Originally introduced
for continuous-timesystems,they were subsequentlyalso
studied for discrete-timesystems[8] and switched sys-
tems[13]. The possibility of impulse effects, however, has
beenexcludedin theseworks.

In this paperwe study input-to-statestability properties
of impulsive systems,with external signals affecting both
the continuousdynamicsand the stateimpulse map. These
systemsare formally de ned in Sectionll, wherewe also
de ne notionsof ISS andilSS for suchsystems.

This paper provides a set of Lyapunw-basedsufcient
conditionsto establishiSS andilSS with respecto suitable
classesof impulse time sequencegqsee Sectionslll for
ISS and Section VI for iISS). It is shavn that when the
continuousdynamicsare ISS but the impulse effects are
destabilizing, the impulsive systemis ISS if the impulse
times do not occurtoo frequently which canbe formalized
in termsof an averagedwell-time condition[6]. Corversely
when the impulsesare stabilizing but the continuousdy-
namics are destabilizing, the impulsive systemis ISS if
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the impulsetimes satisfy a novel “reverse” averagedwell-
time condition,which preventsoverly long intervals between
impulsetimes.

SectionlV considersmpulsive systemdor which boththe
continuousdynamicsand the impulsive effects are stabiliz-
ing. Suchsystemsare ISS regardlessof how often or how
seldomimpulsesoccur For thesesystemsave shaw thatthere
is no loss of generalityin searchingor Lyapunw functions
thatdecreasat exponentialrates.This resultis analogougo
whathappensvith ISS of purelydiscrete-or continuous-time
systemg(cf. [15]).

We also investigateimpulsive systemsthat, althoughex-
hibiting destabilizingimpulsive effects,remainISS for arbi-
trarily smallaveragedwell-time.Suchsystemgypically arise
whena continuous-timdSS systemis perturbedby additive
impulses. We also consider the dual case of impulsive
systemsthat exhibit destabilizingcontinuousdynamicsbut
remain|SS for arbitrarily large reverseaveragedwell-time.
Thesesystemstypically can arisewhen a discrete-timelSS
systemis perturbedby a continuousdrift betweensampling
times. Lyapuna/-basedstability conditionsthat cover both
casesare providedin SectionV.

The motivationto studythe classof systemsconsideredn
this papercomesfrom multiple sourcesImpulsive systems
with external inputs arise naturally in control systemswith
communicatiorconstraintsasexplicitly discussedn [7, 12,
14, 19]. A specialcaseof oneof our resultswasusedin [12]
to analyzestability of sucha system.The resultspresented
here can be usedto constructdeterministicversionsof the
results that appearedin [19] for stochasticdisturbances.
Impulsive systemswith inputs also describethe evolution
of multiple Lyapunw functionsfor switched systemswith
inputs (even if the latter exhibit no statejumps), which in
turn arisein the analysisof switchingcontrol algorithmsfor
uncertainsystemd4, 11]. Dueto lack of spacesomeproofs
have beenomitted. Thesecanbe found in [5].

Il. BASIC DEFINITIONS

The generalimpulsive systemwith disturbanceghat we
considertakesthe form

x(t) = f x(t);w(t) ;
x(t) =g x (t);w(t) ;

where the statex takes valuesin R"; w is a measurable
locally bounded disturbanceinput taking valuesin R™;

t6 ty; k=1;2;:::

1
t=tg; k=1,2;::: )



f and g are functions from R* R™ | R", with f

locally Lipschitz;andfty; to; t3;::: gisasequencef strictly
increasingimpulsetimesin [to;1 ), wheretg is the initial

time. By constructiorthe solutionx : [to;1 ) ! R" to(1)is
right-continuousand() denotedheleft-limit operatori.e.,
X (t) = limge¢ X(S). Given a sequencd tyg and a pair of
timess;t satisfyingt s to, we will let N(t; s) denote
the numberof impulsetimes ty in the semi-openinterval
[s;1).

Supposethat a sequencd tyg is given. We say that the
impulsive system(1) is input-to-statestable (ISS) if there
exist functiong 2 KL and 2 K1 such that for
every initial conditionandevery input w, the corresponding
solutionof (1) satis es

x@®j  (x(to)iit  to) + )

wherek k; denotesthe supremumnorm on an intenval J.

Becauseof the dual role of w asa continuousand discrete
perturbation,it is acceptableo discardits valueson a set
of measurezero, provided that this setdoesnot containary

impulsetimes. This canbe achieved by rede ning the norm

of w as

ka[to;t] ; 8t 1o

n 0
kwkit, 1) := max esssupjw(s)j; sup jw(tk)j
s2to;t] t2[to;t]
With this more generalde nition, all the subsequentievel-
opmentsremain valid. Consideringonly one function in
(2) leadsto no loss of generality comparedto a boundin
which the two terms on the right-hand-sideof (3) appear
weightedby differentclassK; functions.

®3)

Sincethe above de nition appliesto a x edsequencétyg
of impulsetimes, the ISS property dependson the choice
of sequenceHowever, it is often of interestto characterize
ISS over classesof sequence$tyg. To this effect, we say
that the impulsive system(1) is uniformly ISSover a given
classS of admissiblesequencesf impulsetimesif the ISS
propertyexpressedy (2) holdsfor every sequencén S with
functions and thatareindependentf the choiceof the
sequence.

The above ISS property characterizegobustnessto dis-
turbancesin the Ly =l; sense.Another possibility is to
consider“integral” variants,in the spirit of [17]. We say
thattheimpulsive system(1) is integral-input-to-statestable
(iISS) if there exist functions 2 KL and ; 2 K;
suchthat for every initial condition and every input w, the
inequality

Z,
to) + (jw(s)j)ds
to

x - -
+ (w(tk)j); 8t to
tk2[tost]

(x@®j)  (x(to)i;t

(4)

lWe saythata function :[0;1)! [0;1) is of classK, andwrite

2 K, when is continuousstrictly increasingand (0) = 0. If is
also unboundedihenwe sayit is of classK1 andwrite 2 Kj . We
saythata function :[0;1) [0;1)! [0;1) is of classKL, and
write 2 KL when (;t) is of classK for eachx edt 0 and (s;t)
decreaseto O ast! 1 foreachxeds O.

holds on the domain of the correspondingsolution of (1).
The notion of uniformilSS over a given classS of impulse
time sequencess de ned in the sameway asfor ISS.

I1l. SUFFICIENT CONDITIONS FOR |ISS

We say that a functionV : R" ! R is an exponential
Lyapunw function for (1) with rate coefcients c;d 2 R if

V is locally Lipschitz, positive de nite radially unbounded
and

rvVix) f(x;w) 8x;w a.e. (5
V (g(x; w)) (6)

for somefunction 2 K; . For generality we areassuming
that V is locally Lipschitz but not necessarilydifferen-
tiable everywhere.However, from Rademaches' Theorem
we know that the former is sufcient to guaranteethat the
gradientr V(x) of V is well de ned except on a set of

measurezero. For this reasonwe qualify the quanti er in

(5) with “almost everywheré.

cV(x) +  (jwj)

e V() + (jwj) 8x;w

Theorem 1 (uniform ISS) Let V be an exponential Lya-
punov function for (1) with rate coefcients c;d 2 R with

d 6 0 3. For arbitrary constantsk; > 0, let Sy. denote
the classof impulsetime sequences$ty g satisfying
dN(t;s) k+(c )t s); 8t s to: (7)

Thenthe system(1) is uniformly ISSover Sy. .

Before proving Theoreml, we provide someinsight into
the signi cance of condition (7).

When d < 0, we must necessarilyhave c > 0
for (7) to hold. In this case,(5) saysthat the continuous
dynamicsx = f (x;w) are ISS with respectto w. Indeed,
the existence of an ISS-lyapunw function V satisfying
rv(x) fixw) (V(x) + (jwj) with ;2 K;
is equivalentto ISS[18], andtaking to belinearis noloss
of generality[15].

Sinced < 0, the impulsescan potentially destry ISS,
and we must require that they not happentoo frequently
Not surprisingly in this casethe condition (7) enforcesan
upper boundon the numberof impulsestimes:for c= it
only holds whenthe numberof impulsetimesis no larger
thanNg := J%] andfor c> it canbere-writtenas

t s
N(t;s) ——+ No; 8t s to; (8)
where = C’ﬂ Ng = % This correspondgo the con-
ceptof average dwell-timefor switchedsystemsntroduced
in [6]. The specialcaseNy = 1 reducesto a dwell-time

2Taking the samefunction in (5) and (6) is no loss of generality
becausene can always considerthe maximumof two functions; however,
it is alsoeasyto treatthe caseof two differentfunctions,which would lead
to slightly more complicatednotationbut lessconserative estimates.

SWhend = 0, Theorem1 canstill be appliedbecaus€6) alsoholds for
every d < 0. This caseis closelyrelatedto the resultsin SectionV.



conditionin which consecutie impulsesmust be separated
by atleast units of time.

Whend > 0, the condition(7) only posesareal constraint
when > c. In this case,it enforcesa lower boundon the
numberof impulsetimesandit cannow be re-writtenas

t ©)

where = -4 Np:= X.It now correspondso areverse
avemge dwell-time condition that demandson average,at
least one impulse per interval of length > 0. With
d > 0, (6) saysthat the discretedynamicsx(k + 1) =
g x(k);w(k) arelSS with respectto w. When we have
c < 0, the continuous ow can potentially destry ISS,
SO we must require o ws to be persistentlyinterruptedby
impulsesthroughthe reverseaveragedwell-time condition.
We recallthat,accordingto [1, Theoreml], the condition(5)
with ¢ < 0 is equivalentto forward completenesgbounded
responsé¢o boundednputs)of the continuousdynamics.The
following resultfollows from the discussionabove:

N (t; s) No; 8t s to;

Corollary 2 (average dwell-time ISS) Let V be an expo-
nential Lyapuna functionfor (1) with rate coefcients c¢;d 2
R.

1) LetSae[ ;No] denotetheclassof average dwell-time
impulsetime sequenceshat satisfy (8). Whend < 0,
(1) is uniformly ISSover Save[ ; No], for every >
jdi=candNg > 0.

2) LetS; avel ;No] denotethe classof reverseaverage
dwell-time impulse time sequenceghat satisfy (9).
Whend > 0, (1) is uniformly ISSover S; ave[ ;Nol,
forevery < d= c) andNg > 0.

PROOF OF THEOREM 1. Dividing bothsidesof (7) by 1+ " >
0, we concludethat

dN(t;s) ct s) k (t s); 8t s to: (10)
where

- 4 _cCc 5 _ ko _ .
d:= L c:= T3 k= v = 72(1+,,).

Moreover, we canalwayschoose' 2 R sufciently smallso
thatc < candd < d. We canthenrewrite (5) as

rvx) fxw) cV(x) (¢ V(x)+ (jwj);
and concludethat
(c gv(x)  (jwj) ) r V) f(xw) cV (X);
(11)

8x; w a.e. Similarly, from (6) we also concludethat

(e eV  (w) ) V(gxw) e V(x);
12)
8x;w a.e.Let
t1:=min t to:V(x(t) a (kwkp,.y) 1;

a= ———L > 0. This is well de ned because
minfc cie e dg ; . )
both x(t) and kwk,;; areright-continuousin t (recall the

de nition (3) of the norm). In view of (11) and (12),

L x(t) cV(t); 8t 2 [to;t1) a.e.

along the continuousdynamicé and V (x) e V(x )
during the impulses.Thuson this time interval we have the
bound

V(x(1)

(cf. [10, Theorem1.10.2]). Combining this with (10), we
concludethat

e IN(to) ot toy/(x(tg)); 8t 2 [to;t1) (13)

V (x(t)) e (L v(x(te)); 8t 2 [to;ti): (14)

Whent; = +1 , an ISS bound could alreadybe deduced
from here using standardarguments.Otherwise, let f; :=
inf t> 1ty :V(x(1) > a (kwkp,.p) 1 : By construc-
tion, we have

Vv (x(1))

Next, let t; == min t> f:V(x(1)) a (kwkp,:)
1 : Repeatingthe agumentusedto establish(14), with fy
in placeof tg, we obtain

Vv (x(1))

a (kwkp,p); 8t 2 [ty;f1):

e Bv(x(fy))

g @t e dyix (B +  (jw(fh)j)
e 8 ae d (kwky,q)+  ((w(th))
e ae 9+ 1 (kwkpy) 8t 2 [fy;to):

Arguing in the sameway for all future times, we arrive at
the bound

Vx(t) € RV (x(to)+
e ae 9+ 1 (kwkyy)); 8t to

The ISS estimate(2) follows from this by standardargu-
ments. Namely since V is positve de nite and radially
unboundedit satises 1(jxj) V(X) 2(jxj) for some

1; 2 2 K1, which allows us to corvert a KL estimate
for V(x) into thatfor jxj. Uniformity is alsoclear, sincethe
nal boundon V and hencethe functions and in (2)
do not dependon the particularchoice of the impulsetime
sequence. ]

Remark 1 We can seefrom the proof of Theorem1 that

the condition (7) on the impulserate only needsto hold for

timest on which

(kwKito;t1)
cie d

V(x(t) > — -
minfc e dg

4Thefunctiont 7! V (x(t)) is absolutelycontinuousbecause/ is locally
Lipschitz and x absolutelycontinuouson [to;t1). ThereforeV (x(t)) has
time-dervative almosteverywherein this intenal.



IV. NON-EXPONENTIAL LYAPUNOV FUNCTIONS

When the rate coefcients of an exponential Lyapunw
functionareboth positive, we have ISS for arbitraryimpulse
time sequencesbecause(7) posesno constraintson the
impulse time sequencesas long as we choose c. In
this case we may askwhethertherewould be an advantage
in allowing a non-lineardependencen V in theright-hand-
sidesof (5)—(6). In particular we can ask if it would be
possibleto shav that a larger classof systemsis ISS for
arbitrary impulsetime sequencedy simply demandingthe
existenceof a “non-exponential”locally Lipschitz, positive
de nite, radially unbounded_yapunw function U that sat-
is es®

ruix) fix;w)
U(g(x; w))

U(x) + (jwj) 8x;w a.e.(15)
) UX) + (jwj) 8xiw
(16)
with ; 2 K; . Thefollowing resultanswerghis question
in the negative:

(id

Theorem 3 (exponential vs. non-exponential) The
following two statementsare equivalent:

1) Thee existsa locally Lipsditz, positivede nite, radi-
ally unbounded_yapunw functionU : R" ! R that
satis es (15)16).

2) Thee exists an exponentialLyapunw functionV for
(1) with positiverate coefcients.

In either case (1) is uniformly ISS over all impulsetime
sequences.

PrROOF OF THEOREM 3. The implication from 2 to 1 is
trivial. To prove the corverse we explicitly constructan
exponential Lyapunw function V' from a non-eponential
oneU. LetV(x) := (U(x)), 8x,where 2 K; ischosen
to be continuouslydifferentiablewith  °is nonneyative and
nondecreasingand

AONC!

Sucha functionis constructedn [15, pp. 22-23].From (17)
and (15), we concludethat

2 (s); 8s O a7

rv(x) foow) = QUX)r Ux) fix; w)

U U
Voo~ Yy wiy as)
8x;w a.e.When U(x) 2 (jwj), we have
W) Gw) O T2 Gw) Gw) = Gw)
andwhen U(x) > 2 (jwj),
U U
WDV qug) i) o

5Taking the samefunctions and in (15) and (16) is no loss of
generality becauseve could always considerthe minimum of thetwo ‘'a
andthe maximumof thetwo 's.

In eithercase,we concludefrom (18) that

rvx) f(x;w) V(x)+ (jwj); 8x;w a.e. (19)

On the otherhand,using(17), the MeanValue Theoremand
the factthat ©is nondecreasingye concludethat

0
2 (s) M+ (s) id+—= (s); 8s O
2 2
Specializingthis inequality for® s := id 5 (r),r 0
and usingthe fact that
1
id 5 (r) id + 3 (r); 8r 0

we further obtain

2 id 5 (r) (r); 8r O (20)

From the de nition of V and (16), we concludethat
V (9(x; w)) (id )UK+ (wj)
8x;w. When (U(x)) 2 (jwj), we have
JU)) + (jw))j Ux)+  (wj)j
Y2 Gw) + Gwii = ~(wi)
andwhen (U(x)) > 2 (jwj),

(21)

(id

(id  H)(UX) + (wii
d 5 ey Y,
by virtue of (20). In eithercase we concludefrom (21) that
Vgw) s Guiy; sxw: (22)

2
This nishes the proof since (19) and (22) shav that V
is an exponential Lyapuna function V with positive rate
coefcients. ]

It should be clear from the proof of Theorem3 that if
(16) is replacedby U(g(x; w))  U(x), 8x;w, i.e., if the
impulsesare “neutral” rather than “helpful” for ISS, then
there exists an exponentialLyapunw function V with rate
coefcients ¢ = 1, d = 0, for which the termis absent
from (6). In this case,it is straightforward to prove that (1)
is alsouniformly ISS over all impulsetime sequences.

The dual case—wherthe continuousdynamicsare “neu-
tral” and the impulsesare “helpful” for 1SS—is also of
interest, but then we must require that the impulsesare
persistentin the senseof (9) with > 0 arbitrary Taking
into accountRemarkl, hereis oneway to statethe result.

Theorem 4 (neutral continuous dynamics) Suppose that
there exist a locally Lipsditz, positive de nite, radially
unboundedunctionV : R" ! R sud that

rvix) f(x;w) 0, 8x;w a.e

6The function id - Mmustbe nonngative, otherwisewe would obtain
a contradictionbetween(16) andthe positive de nitenessof U.



and classK; functions and sud that

V(x)  (wj) ) V(g w) V() (V(x)) (23)
and
V(x)  (r)andjwj r ) V(g(x;w) (r): (24)

Fix an arbitrary positiveinteger No andan arbitrary positive
real number . Let Sy,. denotethe class of impulse
time sequence$tyg with the following property: for each
t > to sud that V(x(t)) (kwkit,17) for all t 2 [to; t],
the numberN (t; tp) of impulsetimesin the interval [to;t]
satis es the inequality (9) with s = tg. Thenthe system(1)
is uniformly ISSover Sy,.

PROOF OF THEOREM 4. Let
to : V(x(1))

(this is well de ned in view of right-continuity). By virtue
of (23), we have V(x) V(x ) (V(x )) at each
impulsetime in the intenal [to;t). Therefore thereexists a
function 2 KL suchthat

V(x(t))
(cf. [8]). Invoking (9), we have

t:= min t (ka[to;t]) 1

V(X(to)); N (t; to) ; 8t 2 [to;t)

V(x(tg));max 0;-1to N
= (V(X(to)):t to); 8t2 [to;t):
Next, (24) appliedwith r := kwk . at eachimpulsetime

guaranteeshat V (x(t)) (kwkiy17), 8t t. Combining
the two inequalitiesgivesthe ISS estimate. ]

Vv (x(1))

V. |SS FOR ARBITRARY AVERAGE DWELL-TIMES

This sectionaddresseswo classesof systemsfor which
one may not have uniform ISS over all impulse sequences,
but one still has ISS over classesof impulse sequences
with arbitrarily small averagedwell-time or arbitrarily large
reverseaveragedwell-time.

Impulsive systemsoften arise out of applying impulsive
perturbationgo anISS continuous-timesystem.This occurs,
e.g., in [12, Section 4] in the contet of control with
limited information.For suchsystemspneshouldnot expect
uniform ISS over all impulsesequencedyut onecanstill ask
“how often” cantheseperturbation®ccurwithout destrging
ISS.The rst partof Corollary 2 providesan answerto this
qguestionin termsof a minimum averagedwell-time >
jdj=c. However, it promptsthe questionof whetheror notwe
could have uniform ISS for an arbitrary small (but nonzeo)
avemge dwell-time > 0. Motivated by this obsenation,
we say that the impulsive system(1) is ISSfor arbitrarily
small average dwell-time (a.d.t) when it is uniformly ISS
over every classSyve[ ; No] of averagedwell-time impulse
time sequencethat satisfy(8) with > 0, Ng < 1 .

Alternatively, impulsive systemscanariseout of applying
continuous-timeperturbationsto an ISS discrete-timesys-
tem. This occurs,e.g.,in [19] in the contet of networked
control systems. In this case,one may askfor “how long”
canthe system o w betweenjumpswithout destrging ISS.
The secondpart of Corollary 2 provides an answerto this
qguestionin terms of a maximum reverse average dwell-
time .= dH ¢), > 0. However, alsoin this case
one may have uniform ISS for an arbitrary large (but
nite) reverseaverage dwell-time > 0. Motivatedby this
obsenation, we saythat the impulsive system(1) is ISSfor
arbitrarily large a.d.t. whenit is uniformly ISS over every
classS; avel ;Ng] of reverseaveragedwell-time impulse
time sequencethat satisfy (9) with  ;Ng< 1.

To addressthesequestionsit is convenientto introduce
the following terminology: We saythatV : R" | R is
non-epansivefor the impulsemap g(x; w) when, for every
d < 0, thereexistsa function 2 K; suchthat

V(g w)) e V) +  (jwj) (25)

This terminologyis motivatedby the obsenation that these
functions must necessarilysatisfy V(g(x; 0))  V(x), 8x.
Alternatively, we saythat a locally Lipschitz function V is
non-epansivefor the vector eld f (x; w) when, for every
c< 0, thereexistsa function 2 K; suchthat

rvix) f(x;w) cvV(x)+ (jwj) 8x;w a.e. (26)

8X; w:

Thesefunctions must always satisfyr V(x) f(x;0) 0O,
8 x a.e.Thefollowing resultfollows from the formulasgiven
above for

Corollary 5 (ISS for arbitrary a.d.t) Let V be an expo-
nential Lyapuna functionfor (1).

1) If V is non-epansivefor the impulse map g(x; w),
then (1) is ISSfor arbitrarily small a.d.t.

2) If V is non-pansivefor the vector eld (f;w), then
(1) is ISSfor arbitrarily large reversea.d.t.

The remainingof this sectionis devoted to the question
of whetheror not a given functionV is non-epansve.

A. Non-&pansivenesfor impulsemaps

To statethe following resultwe saythata functionh(x; w)
haslinear growth on w uniformly over x if

9L > 0 jh(x; w)j  Ljwj;  8x;w:

Theorem 6 (non-expansve for impulse maps) Assume
that g(x; w) x has linear growth on w uniformly over
X. A locally Lipsditz, positivede nite, radially unbounded
functionV : R" I R is non-epansivefor the impulsemap

g(x; w) if any of the following conditionsholds:

"The analysisin [19] dealswith stochastiadisturbancesv andconsiders
moregeneralvector elds. A deterministicversionof the framevork in [19]
with maginally stableprocessedeadsto the classof systemsconsidered
here.



Cl 8d< 0, ther existsa function 2 K; sud that
Vix+y) e Vx)+ (y); 8xy:  (27)
C2 ther existsa function 2 K; sud that
Vx)jir V(xX)j V(x); 8x a.e (28)
c3 ,rvv(% is radially unboundedh.e

Remark 2 Theorem6 indicatesthat thereis a broad class
of positive de nite functionsV that are non-expansve for
impulse maps for which g(x; w) x has linear growth.
Indeed, (28) simply requires that the gradient of V be
dominatecby V itself, which happendor every “reasonable”
function with polynomial grownth. One may then wonder if
there are interestingsystemswith such impulse mapsthat
are ISS for a given averagedwell-time > 0 but are not
ISS for arbitrarily small a.d.t. The answeris af rmati ve and
a simp(le exampleis given by

t6 ty; k=1;2;:::
t=ty; k=12

X = sat(x);

X = X + sat(w);

where sat() denotesthe saturationfunction limited at 1
andwith unit slopeon[ 1; 1]. This systemis uniformly ISS
over the classof averagedwell-time impulsetime sequences
that satisfy (8) for ary > 1 because

2 xjo 1

X
VO = ik ixj> 1

(29)
is an exponentialLyapuna function with rate coefcients
c= 2andd = 2. However, it is not ISS for arbitrarily
small a.d.t.sincex canexplodewith boundeddisturbances,
provided that the impulse times are closely spaced.As
expected,the function (29) doesnot satisfy (28).

Corollary 7 (GES vs. ISS for arbitrarily small a.d.t.)
Impulsivesystemsf the following form are always|SSfor
arbitrarily smalla.d.t.:

x = f1(x) + fo(w); t6 ty; k=1,2:::
X = g(x ;w); t=tg; k=1,2:::;
whee x = fi(x) is globally exponentially stable f; is

globally Lipsditz, f(0) = 0, and g(x; w) X has linear
growth on w uniformly over x. This includesthe case of
linear continuousdynamics.

PROOF OF COROLLARY 7 [9, Theorem4.14] guarantees
the existenceof a locally Lipschitz function V satisfying

aijxj> V(X))  ajxj% r V(x) fi(x) azjxj®, and
ir V(x)j aujxj a.e.,wherea > 0,1 = 1;2;3;4. This
implies that

rv(x) fi(x)+fa(w) asjXj” + aujxjf2(w);

8SinceV is positive de nite, one could replace (V (x)) by (kxk) in
(28).

from which (5) follows by squarecompletion.On the other
hand,V is non-epansve for theimpulsemapg(x; w) dueto
condition C3 andthe resultfollows from Corollary5. m

PROOF OF THEOREM 6. C1. Consideran arbitraryd < 0.
Using (27) andthe factthatg(x; w)  x haslinear growth,

we canwrite
V(gsw) e V(x)= V(x+gixw) x) e V(x)
(g w)  xj)  (Ljwj) =1 (jwj);
from which (25) follows.
C2. Without loss of generalitywe assumethat is locally

Lipschitz, asif this werenot the casewe couldreplace by

a smallerlocally Lipschitz function in K; . We show that

C2 implies C1. To this effect, for an arbitraryd < 0, let
2 K1 besuchthat

xjo Gy ) (V) ] yj=d:

Sucha function exists becausesinceV is positive de nite
and radially unboundedthere exists a function ; 2 Kj
suchthat 1(jxj) V(). It is thenstraightforvardto verify
that one possible is given by

(s):== ;% Y s=d; 8s O

We startby taking somex; y 2 R" nf0Og suchthat

(30)

xjo (yb; V(x+y)> V(x):

Without lossof generalitywe assumahat (jyj) 2jyj and
thereforejxj  2jyj. This guaranteeshatx + y 6 0 because

g(x; w) x haslinear growth. SinceV is positive de nite,
it mustbe true that

= inf

V(X + sy) > 0:
s2[0;1] ( V)

De ning v(s) := V(x + sy), 8s 2 [0; 1], we concludethat
v(0) = V(x) > 0 and

vq(s)
We then concludefrom (28) that

v(s)yij .
(v(s)’
[0;1] !

rvix+sy) vy; 8s2 [0;1] a.e.

v(0) = V(x) > 0; VvYs)

8s2[0;1] a.e.

Supposenow that we dene u :
solutionto

[; 1) asthe

u(s)iyi .
(u(s)’
Since Lu)jyj is locally Lipschitz on [; 1 ) we conclude
from [10, Theorem1.10.2]that

u(s); 8s2[0;s);

where[0; s ] denotesary interval for which the solutionto
(31) exists. From (31), we also concludethat
(U(9) ooy —

u0) = V(x) > 0; u¥s) =

8s2[0;1]: (31)
v(s)

(32)

iyl 8s2[0;s [;



Integrating this expressionover s, and making the (mono-
tone) changeof integrationvariables = u(s), we obtain

Zu()
Qd =
V(x)
Incases < 1,thenlim , ¢ u( )=+1 > V(x+ sy) and
we concludethat
z V (x+sy) ( ) z 1
—7d

1yis 8 2[0;s): (33)

O =siy iy
V (x) V (x)
Otherwise using(32) and(33) with

than

z V (x+sy)

= 1, we alsoconclude

Z,
Ld = @ ()d

V (x) V(x)

z u(l) ( )
—d
V (x)

is monotone we have that
8 2[V(X);V(x+ V)

(iyD), we concludefrom this and

yi:
SinceV(x +y) V(x) and
() (V&)

Moreover, since jXj
(30) that

() (Vx)

andtherefore

Ljyj=d; 8 2 [V(x);V(x+ y)

V (x)
Vi | VO V).
d V(x) '

YA V(x+y)
o ()
Iy —d
V (x) d

from which one concludeghat
Vix+y) e dvx):

Sinced < 0, thisis alsotruewhenV (x + y) < V(x). Sofar
we have shawvn that, for every d < 0, thereexists a function
2 K1 suchthat
Xi Gy ) Vix+y) e V(x); 8x;y2R"

Supposenow thatjxj < (jyj). SinceV is continuousand
zeroat zero, thereexists a function , 2 K; suchthat

Vix+y)  o20x+y) 20X+ jyi)
20 Gyi) + iy = (yb);
with 2 Kq . Therefore,no matterwhatis the value of x,

we alwayshae V(x+y) e 9V(x)+ (jyj), from which

C1 follows.
C3. We shaw thatthis conditionimplies C2. De ning

(s) = esssup V)
C V) s vso T V(X))

we concludethat is monotonenondecreasingndthat (28)
holds.Moreover, sinceV (x) is positive de nite and jl’\/\/(%
is radially unboundedwve always concludethat is radialiy
unboundedThe above constructiorfor  doesnot guarantee
that this function is continuousHowever, it is alsopossible

to choosea continuoudfunctionin K; smallerthan . [

B. Non-«pansivenesfor vector elds

The following results addressISS for arbitrarily large
reversea.d.t. All proofscanbe foundin [5].

Theorem 8 (non-expansve for vector elds) Assumehat
f (x; w) haslinear growth on w uniformly over x. A locally
Lipsahitz, positivede nite, radially unboundedunctionV :
R" ! R is non-pansivefor the vector eld f (x; w) if any
of the following conditionsholds:

C4 8c< 0, ther existsa function 2 K; sud that
r V(x)i Jyi cV(x) + (yi); 8xyae (34)
C5 ther existsa function 2 K; sud that
Vx)jir V(xX)j V(x); 8x a.e (35)
C6 jl’\/\/(% is radially unboundeda.e

Corollary 9 (GES vs. slow-switching ISS) Impulsive sys-
temsof the following form are alwaysslow-switting ISS:
t6 ty; k=1;2;:::
t=tx; k=12

x= 6 w);

X=g(x )+ g(w );
whee x(k + 1) = gi1(x(k)) is globally exponentiallystable
01 is globally Lipsahitz, g(0) = 0, and f (x; w) haslinear
growth on w uniformly over x.

V1. SUFFICIENT CONDITIONS FOR INTEGRAL |SS

We now provide iISS counterpartdo Theoremsl and 3.
The rst result establishesilSS for suitably constrained
impulsetime sequencesnderthe hypothesesf Theoreml,
and the secondone establishesISS for arbitrary impulse
time sequencesinderhypothesesvealer than (15)-(16).

Theorem 10 (uniformly iISS) Let all hypothese®f Theo-
rem 1 hold and de ne the classof impulsetime sequences
S: , k; > Oalsoasin Theoem1. Thenthe system(1) is
uniformly iISS over Sy .

PrROOF OF THEOREM 10. From (5) and (6) we see that
V (x(t)) is upperboundedby the (nonneative) solutionv(t)
of the& impulsive system
v=cv+ (jwj); t6 tyg; k=1,2;:::
v=e v + (jwj); t=t k=12:::
with the initial conditionv(tp) = V(X(to)). Let z(t) bethe
(nonneg(ative) solutionto
(wj);
z=z + (jwj);

t6 t; k=1;2;:::
t=tyx; k=1,2:::

Z_:

with theinitial conditionz(tg) = 0. Deney:= v z.Then
y satis esy(tg) = V(x(tp)) and

t 6 ty
= tk:

y= c¢v=

y=e dv

cy cz

z =eldy (@1 ez ;



Applying the proof of Theoreml, with y andz playing the
rolesof V and (jwj), respectrely, we seethatthisimpulsive
systemis ISS with respectto z with linear gain:

y(t)  (y(to);t to)+ z(t)

for somefunction 2 KL andconstant > 0. Collecting
the above formulas,we obtain

V(x(t) () = y(t)+z(t)z (y(to);t to)+( +1)z
t

= (Vx(to))it to)+ ( +1) (jw(s)i)ds
tox
+ ( +1) (w(tai)
tk2[tost]
from which the iISS estimate(4) follows. ]

Theorem 11 Supposethat there exists a positive de nite,
radially unbounded]ocally Lipsditz functionV : R" | R,
a positive de nite function , and a classK; function
satisfying
rvx) f(x;w) V(X)) + (jwj); 8x;w a.e; (36)
and
V(g(x; w)) (37)

Thenthe system(1) is uniformly iISS over all impulsetime
sequence$tyg.

V(x)+ (jwj); 8x;w:

PROOF OF THEOREM 11°. From (36) and (37) we seethat
V (x(t)) is upperboundedby the (nonngative) solutionv(t)
of the impulsive system

v M+ (w);
vty =v )+ (wb)i);

with the initial conditionv(tp) = V(x(to)). Let z(t) bethe
(nonngative and nondecreasing3olution of

t6 t; k=1;2;:::
z(t)=z () + (w()j); t=t; k=12

with the initial conditionz(tg) = 0. De ne y(t) := v(t)
z(t). Theny is continuouseverywhere,non-increasingand

y= (VM= (y+2); yo)=V(xte)): (38)

Repeatingthe algumentusedto prove [2, LemmalV.1] we
then concludethat

y(t)  (y(to);t

andthis yields (recalling the de nition of z)
V(x(t) () = y(t2+ z(t)

t
= (V(X(tp));t to)+

t6t; k=1;2;:::
t=tx; k=1,2:::

z= (jwj);

to) + z(t); 8t to (39)

to) + 2z(t)

2 (jw(t)j)

(y(to):t
X
2 (jw(s)j)ds+
to t 2 [tost]

from which iISS follows. [

9This is a relatively straightforvard extension of the proof of the
correspondingesultfor continuoussystemsgiven in [2].
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