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L2-induced Gain Analysis for a class

of Switched Systems
Kenji Hirata and João P. Hespanha

Abstract

This paper addressed the computation of theL2-induced gain for a class of switched systems. The

main contribution of the paper is to completely characterize the induced gain of the switched system

through a system of differential inequalities, one for eachsystem being switched. The motivation for

computing the induced gain of a switched system is the application of robust stability tools to the analysis

of hybrid systems.

I. INTRODUCTION

Hybrid dynamical systems whose behavior can be described using a mixture of event-based logic

and differential or difference equations have been attracting significant interest. This is motivated by

the observation that a wide variety of artificial/man-made and physical systems/processes are naturally

modeled in a hybrid dynamical framework. Switched systems typically arise in the context of hybrid

dynamical systems when it is possible to describe the behavior in each mode through a differential or

difference equation and the event-based transitions as discontinuous switchings.

The stability of switched system has been extensively studied and several key results can be found in

the survey papers [1], [2], [3] and references therein. Among these result, the ones in [4], [5] are especially

relevant for the present paper. In these papers, it was proved that the existence of acommonsolution to

a set of Lyapunov inequalities, one for each linear system being switched, isequivalentto the uniform

asymptotic stability of the switched system for arbitrary switching signals. In this context,uniformity
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refers to the fact that asymptotic stability is guaranteed over an entire set of switching signals, which in

this case contains every switching signal with a finite number of discontinuities on any finite time interval.

However, if one were to demand a commonquadraticsolution to the set of Lyapunov inequalities, this

would lead to a conservative sufficient condition for uniform asymptotic stability. In fact, it was shown

in [5] by example, that a non-conservative necessary and sufficient condition for uniform asymptotic

stability requires anon-quadraticcommon Lyapunov function. Nonlinear generalizations of these results

can be found in [5], [6].

The input-output properties of dynamical systems, especially L2-induced gains are fundamental tools

for robust control theories in linear [7], [8], and nonlinear [9] settings, particularly inH∞ control

problems [10]. In spite of their important roles, the progress on the study of input-output properties

for switched systems has been difficult [11]. It was proved that uniformly asymptotically stable switched

systems admit afinite input-output gainwith several combinations of input/output signal norms [12].

In [13], multiple-quadraticsolutions to Riccati-type inequalities, one for each mode of the switched

system, were utilized to estimate an upper bound of the induced gain. Although quadratic solutions are

attractive from a numerical computations point of view, they generally provide conservative estimates

on the induced gain. Non-conservative necessary and sufficient conditions that can be used to establish

the value of the induced gain are only available for special switched systems. A separation property

between all the stabilizing and all the anti-stabilizing solutions to a set of algebraic Riccati equations of

the systems being switched provides a complete solution to the induced gain analysis in the case ofslow-

switchingsignals, where slow-switching refers to the limit as the intervals between consecutive switchings

grows infinity [14]. The variational approaches in [15] alsoprovide a complete and non-conservative

characterization of the induced gain for single-input single-output first-order systems. Other studies on

input-output properties for switched systems include dissipativity and passivity type conditions [16], [17].

The main result of this paper is a necessary and sufficient condition for theL2-induced gain of a linear

switched system to lie below a prescribed value, in terms of the existence of acommonsolution to a

set of Hamilton-Jacobi inequalities, one for each system being switched. The key challenge in proving

such result is the necessity of the condition, as the sufficiency is relatively straightforward. A necessary

and sufficient condition, such as this, allows one to use a bisection procedure to construct a conceptual

algorithm to compute the value of the induced gain of a switched system up to any pre-specified level

of precision.

The paper also investigates under what condition one can deduce stability of the switched system from

the knowledge that the induced gain is finite. This requires one to consider appropriate observability
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notions, as well as restrictions on the allowable classes ofswitching signals, similar to what was done

in [18], in the context of extending LaSalle’s invariance principle to switched systems.

We also show that the induced gain that is obtained for the class of all switching signals, remains

the same for every more restricted class of switching signals that is closed under concatenation, i.e., for

classes of switching signalsS ′ for which if we take two switching signalss1 ands2 in S ′ and construct

a third switching signals3 by making it equal tos1 up to some timet > 0 and equal tos2 after t, then

s3 is still in the classS ′.

The remainder of the paper is organized as follows: Section II describes the problem formulation

and presents the main results. The proofs of the main resultsare presented in Section III. Section IV

discusses a set of properties for switching signal classes,and this allows us to state results that correspond

to versions of the results in Section II for more general classes of switching signals. Section V contains

some concluding remarks. A subset of the results in this manuscript is submitted to the 48th IEEE

Conference on Decision and Control [19].

II. PROBLEM DESCRIPTIONS ANDMAIN RESULTS

The following Section II-A formulates the problems that will be considered. Section II-B contains the

main results.

A. Problem Descriptions

The switched systems under consideration are represented by equations of the form

dx

dt
= Asx + Bsu (1a)

y = Csx (1b)

wheres ∈ S denotes a piecewise constant switching signal that selectsappropriate triples(Ap, Bp, Cp)

from a parametrized family

{(Ap, Bp, Cp)| p ∈ P} (1c)

of n-dimensional,m-input, k-output state space realizations, whereP denotes an index set. Throughout

the paper, the set of matrices in (1c) is assumed to be compact. The set of all piecewise constant switching

signals is denoted by

S = {s : [ 0,∞ ) → P} (1d)

and by a piecewise constant signals we mean thats must only have a finite number of discontinuities

on each bounded time interval. By convention, each piecewise constant signals ∈ S is assumed to be
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continuous from above1. A function x : [ 0,∞ ) → R
n is said a solution to (1) if it is continuous and

piecewise continuously differentiable and there exist a switching signals ∈ S and an input signalu ∈ Lm
2

such that the time-varying differential equation2

dx(t)

dt
= As(t)x(t) + Bs(t)u(t)

holds almost everywhere ont ≥ 0.

Our primal interest is to determine the induced gain of the switched systems (1), but to proceed we

need to introduce appropriate stability definitions.

Definition 1: Let S ′ ⊂ S. The system (1) is said to beuniformly asymptotically stable overS ′ if there

exists a functionβ of classKL such that3

‖x(t)‖ ≤ β(‖x(0)‖, t)

for all t ≥ 0, all s ∈ S ′ and all x(0) ∈ R
n, wherex(t) denotes the solution to (1) obtained for the

switching signals, zero input signalu, and initial conditionx(0).

Definition 2: Let S ′ ⊂ S. The system (1) is said to be(uniformly) exponentially stable overS ′ if there

exist constantsa > 0 and λ > 0 such that the functionβ in Definition 1 can be chosen of the form

β(r, t) = ae−λtr for all r ≥ 0 and all t ≥ 0.

We now state the following definitions of induced gains.

Definition 3: Let S ′ ⊂ S andγ > 0. The system (1) is said to have anL2-induced gain smaller than

or equal toγ uniformly overS ′ if
∫ t

0
‖y(τ)‖2dτ ≤ γ2

∫ t

0
‖u(τ)‖2dτ (2)

for all t ≥ 0, all s ∈ S ′ and allu ∈ Lm
2 , wherey(τ) denotes the output of (1) obtained for the switching

signals, input signalu, and zero initial condition.

Definition 4: Let S ′ ⊂ S andγ > 0. The system (1) is said to have anL2-induced gain strictly smaller

thanγ uniformly overS ′ if the system has anL2-induced gain smaller than or equal to someγ′ < γ

uniformly overS ′.

1For anyt ≥ 0, the limit from above ofs(τ ) asτ ↓ t is equal tos(t).

2We denote byLm

2 the set of square integrable functions with values onR
m defined on[ 0,∞ ).

3A function α : [ 0,∞ ) → [ 0,∞ ) is said to be of classK, and we writeα ∈ K, if α is continuous, strictly increasing and

α(0) = 0. A function β : [ 0,∞ ) × [ 0,∞ ) → [ 0,∞ ) is said to be of classKL, and we writeβ ∈ KL, if β(·, t) is of class

K for each fixedt ≥ 0 andβ(r, t) decreases to0 as t → ∞ for each fixedr ≥ 0.
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Our goal is to provide non-conservative conditions on the realizations in (1c) that guarantee that the

system has anL2-induced gain smaller than (or equal) to a given constantγ.

B. Main Results

This section summarizes the main results of this paper. Their proofs are provided in the next Section III.

Theorem 1:Suppose that the system (1) is uniformly asymptotically stable overS and letγ > 0. The

following statements are equivalent:

1) The system (1) has anL2-induced gain smaller than or equal toγ uniformly overS.

2) There exits a functionV : R
n → R that is convex, zero at zero, and homogeneous of degree two,

which satisfies

∂V

∂x
(x)Apx + xTCT

p Cpx +
1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x) ≤ 0 for all p ∈ P (3)

almost everywhere inx.

We recall that a functionf : R
n → R is said to be homogeneous of degreeq if f(kx) = kqf(x)

for all x ∈ R
n and allk ∈ R. Because of convexity, the functionV is differentiable almost everywhere

in x, but not necessarily everywhere (see, e.g., [20], [21]). Therefore, the quantification overx in (3)

should be interpreted as for everyx ∈ R
n except the zero-measure set of points at whichx 7→ V (x) is

not differentiable.

Remark 1:The statement 2) in Theorem 1 requires the existence of acommonsolutionV that satisfies

the inequalities in (3), one for eachp in the index setP. The functionV can be regarded as acommon

storage functionfor all the systems being switched. It is probably not surprising that the existence of

a common storage function suffices to guarantee an induced gain smaller thanγ. It is perhaps more

unexpected that this is actually a necessary condition.

The following Theorem 2 provides necessary and sufficient conditions for a switched system to admit

an induced gain strictly smaller thanγ > 0 uniformly overS.

Theorem 2:Suppose that the system (1) is uniformly asymptotically stable overS and letγ > 0. The

following statements are equivalent:

1) The system (1) has anL2-induced gain strictly smaller thanγ uniformly overS.

2) There exist a constantǫ > 0 and a functionV : R
n → R that is convex, zero at zero, and

homogeneous of degree two, which satisfies

∂V

∂x
(x)Apx + xTCT

p Cpx +
1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x) ≤ −ǫ‖x‖2 for all p ∈ P (4)
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almost everywhere inx.

Remark 2:Theorems 1 and 2 assume that the system is uniformly asymptotically stable overS. The

inequalities in (3) or (4) do not necessarily imply the stability of the switched systems (1), hence this is a

necessary assumption. One might expect that an observability assumption could remove the need for the

stability assumption. However, even when all pair(Cp, Ap) are observable, stability does not necessarily

follow for every class of allowable switching signals (cf. [18] for details). This topic is further explained

in Corollaries 1 and 2.

Remark 3:From (4), we have

∂V

∂x
(x)Apx ≤ −ǫ‖x‖2 for all p ∈ P (5)

almost everywhere inx. Therefore, the functionV could be a candidatecommonLyapunov function,

provided that it is positive definite. The following Corollary 2 unifies stability analysis and Theorem 2.

The following Corollary 1 shows how the combination of an observability condition with the inequali-

ties in (3) suffices to establish both stability and a finite induced gain, provided that the class of switching

signals satisfies appropriate regularity conditions.

To state Corollary 1, we need to introduce the following subset of S: the set of persistent dwell-time

switching signalsSp-dwell[ τD,∞ ] for someτD > 0 andT ∈ [ 0,∞ ] consists of those switching signalss

with an infinite number of disjoint intervals on whichs is constant of length no smaller than thepersistent

dwell-time τD, and consecutive intervals with this property are separated by no more than theperiod of

persistenceT . For a more detailed description of this and related classesof switching signals, the reader

is referred to, e.g., [12], [18].

Corollary 1: Suppose that each(Cp, Ap), p ∈ P is an observable pair and letτD > 0, T < ∞, and

γ > 0. The following statement 1) implies statement 2):

1) There exits a functionV : R
n → R that is convex, zero at zero, homogeneous of degree two,

which satisfies

∂V

∂x
(x)Apx + xTCT

p Cpx +
1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x) ≤ 0 for all p ∈ P (6)

almost everywhere inx.

2) The system (1) is (uniformly) exponentially stable overSp-dwell[ τD, T ] and has anL2-induced gain

smaller than or equal toγ uniformly overSp-dwell[ τD, T ].

Remark 4:Suppose thatγS andγSp-dwell[ τD ,T ] denote theL2-induced gains of the switched systems (1)

for switching signals inS andSp-dwell[ τD, T ], respectively (see (12) later for more precise descriptions
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of this notation). SinceSp-dwell[ τD, T ] ⊂ S, we necessarily have thatγSp-dwell[ τD ,T ] ≤ γS and, in fact, one

should expect the inequality to be strict in general. However, Corollary 1 provides the same estimate for

the induced gainγSp-dwell[ τD ,T ] as Theorem 1 provides forγS . This indicates that the sufficient condition

in Corollary 1 is conservative, in contrast to the conditions in Theorem 1 which is not. In Section IV, we

investigate for which classes of switching signals the conditions (3) or (4) provides a non-conservative

estimate for the induced gain.

The following Corollary 2 shows how the combination of an observability condition with the inequali-

ties in (4) establishes both stability and a non-conservative induced gain estimate for the switching signal

classS, provided that the functionV is strictly convex.

Corollary 2: Suppose that there exits a system indexq ∈ P such that(Cq, Aq) is an observable pair

and letγ > 0. The following statements are equivalent:

1) The system (1) is (uniformly) exponentially stable overS and has anL2-induced gain strictly

smaller thanγ uniformly overS.

2) There exist a constantǫ > 0 and a functionV : R
n → R that is strictly convex, zero at zero, and

homogeneous of degree two, which satisfies

∂V

∂x
(x)Apx + xTCT

p Cpx +
1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x) ≤ −ǫ‖x‖2 for all p ∈ P (7)

almost everywhere inx.

Remark 5:Sincesq(τ) = q(= constant), τ ≥ 0 is a possible switching signal, uniform asymptotic

stability in the statement 1) impliesAq is Hurwitz. Other note on this corollary is that strict convexity,

V (0) = 0 and homogeneity with degree two implies that the functionV is positive definite,V (x) > 0,

x 6= 04.

Remark 6:Since Theorems 1, 2 and Corollary 2 provide non-conservative conditions for the induced

gain to lie below a given constantγ, one can use a bisection procedure to establish a conceptualalgorithm

to compute the value of the induced gain of a switched system up to any pre-specified level of precision.

III. PROOFS OFMAIN RESULTS

In this section, we prove the main results stated above. Before proceeding, we note that, because of

causality of the system dynamics [22], having an induced gain smaller than or equal toγ > 0 uniformly

4Let θ ∈ (0, 1) and x 6= 0. We haveθ2V (x) = V (θx) = V (θx + (1 − θ)0) < θV (x) + (1 − θ)V (0) = θV (x), thus

θ(1 − θ)V (x) > 0. Sinceθ ∈ (0, 1), this implies thatV (x) > 0.
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overS ′ is equivalent to

sup
s∈S′

sup
u∈Lm

2

lim
t→∞

∫ t

0
‖y(τ)‖2−γ2‖u(τ)‖2dτ ≤ 0 (8)

wherey(τ), τ ≥ 0 denotes the output of (1) obtained for the switching signals, input signalu, and zero

initial condition (see also Appendix B).

A. Proof of Theorem 1

In Theorems 1 and 2, the system (1) is assumed to be uniformly asymptotically stable overS
(see Definition 1). For switched systems in the form (1), uniform asymptotic stability is equivalent

to exponential stability (see Definition 2) [18], and exponential stability guarantees that the switched

system (1) admits a finite induced gain [18], [12]. Actually,let b = supp∈P‖Bp‖ andc = supp∈P‖Cp‖,

then we can have

(

∫ t

0
‖y(τ)‖2dτ)

1

2 ≤ ca√
2λ

‖x‖ +
cab

λ
(

∫ t

0
‖u(τ)‖2dτ)

1

2 (9)

for all t ≥ 0, all x ∈ R
n, all s ∈ S and all u ∈ Lm

2 , wherey(τ), t ≥ τ ≥ 0 denotes the output of

(1) obtained for the switching signals, input signalu, and initial conditionx(0) = x; see e.g., [12] for

details.

The following Section III-A1 proves that 2)⇒ 1), whereas Section III-A3 proves that 1)⇒ 2) via a

series of lemmas stated in Section III-A2.

1) Theorem 1, 2)⇒ 1): Convexity of the functionV implies that this function is Lipschitz, continuous

and differentiable almost everywhere onR
n; see, e.g., [20], [21]. Sincex 7→ V (x) is not necessarily

differentiable everywhere inx, the following lemma will be needed [23, Lemma 1], [24, Section 2].

Lemma 1:Let f : R
n × R

m → R
n and α : R

n × R
m → R be continuous, andw : R

n → R be

locally Lipschitz. Suppose that

∂w

∂x
(x)f(x, u) ≤ α(x, u) for all x ∈ R

n \ Ω and allu ∈ R
m

whereΩ has Lebesgue measure zero and contains all points at whichx 7→ w(x) is not differentiable.

For every absolutely continuous solutionx : [ t0, t1 ) → R
n to ẋ(t) = f(x(t), u(t)) with locally bounded

and Lebesgue measurableu(t) ∈ R
m, we have thatt 7→ w(x(t)) is absolutely continuous and

dw(x(t))

dt
≤ α(x(t), u(t)) for all t ∈ [ t0, t1 ) \ T

for someT which has Lebesgue measure zero and contains all points at which t 7→ w(x(t)) is not

differentiable.
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Let x ∈ R
n be a point at whichx 7→ V (x) is differentiable. From (3) and using a square completion,

we have

∂V

∂x
(x)(Apx + Bpu) ≤ −xTCT

p Cpx + γ2uTu

−γ2

(

uTu+
1

4
γ−4 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x)−γ−2 ∂V

∂x
(x)Bpu

)

= −‖Cpx‖2 + γ2‖u‖2−γ2‖u − 1

2
γ−2BT

p

∂V T

∂x
(x)‖2

≤ −‖Cpx‖2 + γ2‖u‖2

This concludes that

∂V

∂x
(x)(Apx + Bpu) ≤ −‖Cpx‖2 + γ2‖u‖2 for all p ∈ P and allu ∈ R

m (10)

almost everywhere inx (except at the points where∂V
∂x

(x) does not exist).

Let x(t), t ≥ 0 be a solution to (1) obtained for somes ∈ S, u ∈ Lm
2 , and zero initial condition.

Since the functionV is locally Lipschitz, we conclude from (10) and Lemma 1 that,between any two

consecutive switching timestk−1 and tk of s, the functiont 7→ V (x(t)) is absolutely continuous and

dV (x(t))

dt
≤ −‖Cs(t)x(t)‖2 + γ2‖u(t)‖2 (11)

almost everywhere int ∈ (tk−1, tk).

Since both ofx 7→ V (x) and t 7→ x(t) are continuous, even at switching instancest 7→ V (x(t)) is

continuous. By integrating both sides of (11), we obtain,
∫ t

0
‖y(τ)‖2−γ2‖u(τ)‖2dτ ≤ −V (x(t)) + V (x(0)) = −V (x(t))

where we used the fact that convexity,V (0) = 0 and homogeneity with degree two imply that the function

V is positive semi-definite,V (x) ≥ 0 for all x5. By letting t → ∞, from the uniform asymptotic stability

and u ∈ Lm
2 , we conclude thatx(t) → 0, and thusV (x(t)) → 0. Becauses and u are arbitrary, we

conclude that (8) holds.

2) Preliminaries: We start by introducing the following notation for theexactL2-induced gain of the

switched systems (1):

γS′ = inf{γ > 0| (2) holds for allt ≥ 0, all s ∈ S ′ and allu ∈ Lm
2 } (12a)

= inf{γ > 0| (8) holds} (12b)

5This can be proved by replacing strict convexity condition with non-strict one in the footnote of Remark 5.
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This and the following section assume that the switched system (1) has an induced gain smaller than or

equal to someγ > γS ≥ 0 uniformly overS [Theorem 1, 1)].

Let us define

v(x) = sup
s∈S

v(x, s) x ∈ R
n (13a)

where

v(x, s) = sup
u∈Lm

2

lim
t→∞

∫ t

0
‖y(τ)‖2−γ2‖u(τ)‖2dτ x ∈ R

n ands ∈ S (13b)

wherey(τ), τ ≥ 0 denotes the output of (1) obtained for the switching signals, input signalu, and

initial condition x(0) = x.

The following Lemmas 2, 3 and 4 assure that the functionv has a quadratic growth rate bound and is

positive semi-definite. Moreover,v(x, s) is actually quadratic onx for each fixeds.

Lemma 2:Suppose that the system (1) is uniformly asymptotically stable over S. There exists a

constantα2 > 0 such thatv(x) ≤ α2‖x‖2 for all x ∈ R
n, and consequentlyv(x, s) ≤ α2‖x‖2 for all

x ∈ R
n and alls ∈ S.

Proof: See Appendix A.

Lemma 3:For all x ∈ R
n and alls ∈ S, v(x, s) ≥ 0, and consequentlyv(x) ≥ 0 for all x ∈ R

n.

Proof: See Appendix A.

Lemma 4:Suppose that the system (1) is uniformly asymptotically stable overS. For eachs ∈ S,

v(x, s) is a quadratic form inx.

Proof: See Appendix A

From Lemma 4, for eachs ∈ S, there exists a positive semi-definiteQ(s) ∈ R
n×n such asv(x, s) =

xTQ(s)x. We note that, sincev(x, s) ≤ α2‖x‖2, Q(s) is bounded. Similarly to what was done in [5],

let us define

W = {Q(s) ∈ R
n×n| s ∈ S} (14)

andK to be closure ofW , i.e., K = clW . SinceQ(s) is bounded,W is also bounded, and henceK is

compact. These definitions allow us to writev(x) = sups∈S v(x, s) = sups∈S xTQ(s)x = maxQ∈K xTQx.

The next lemma summarizes some important properties ofv(x).

Lemma 5:Suppose that the system (1) is uniformly asymptotically stable overS, thenv(x) satisfies:

1) v(0) = 0

2) v is homogeneous of degree two.

3) v is convex.

4) v is continuously differentiable almost everywhere onR
n.
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Proof: See Appendix A.

We close this subsection with stating the next lemma which describes a useful property of the switching

signal classS.

Lemma 6:Let γ > 0 andx ∈ R
n. For anyt > 0

v(x) = sup
s∈S[ 0,t )

sup
u∈Lm

2
[ 0,t )

[
∫ t

0
‖Cs(τ)x(τ)‖2−γ2‖u(τ)2‖dτ + v(x(t))

]

(15)

holds wherex(τ), t ≥ τ ≥ 0 denotes the solution of (1) obtained for the switching signal s, input signal

u, and initial conditionx(0) = x.

In the above lemma, the setS[ 0, t ) consists of restrictions of alls ∈ S to the interval[ 0, t ), and the

setLm
2 [ 0, t ) is defined in a similar manner (see Section IV for details).

Remark 7:Lemma 6 basically says that, for every timet > 0, evaluatingv(x) can be accomplished

by separating the time horizon into two parts: one from0 to t and the other fromt onwards. The equality

in (15) holds for the switching signal classS. However, if one would replaceS by some subsetS ′ of S,

this property would generally not hold. This crucial property of S will be proved and further discussed

in Section IV.

3) Theorem 1, 1)⇒ 2): We have already seen that the functionv(x) is continuously differentiable

almost everywhere onRn [Lemma 5, 4)]. Letx ∈ R
n be a point at whichx 7→ v(x) is differentiable.

We show next that the functionv(x) satisfies (3).

Let t > 0 and pick somep ∈ P. We consider a constant switching signalsp(τ) = p in the interval

[ 0, t ). Since a particular switching signalsp is selected, from Lemma 6, the inequality

v(x) ≥ sup
u∈Lm

2
[ 0,t )

[
∫ t

0
‖Cpx(τ)‖2−γ2‖u(τ)‖2dτ + v(x(t))

]

follows for everyp ∈ P and everyt > 0. We note here thatx(τ), t ≥ τ ≥ 0 represents the solution

of the time-invariant system (1) obtained for the switchingsignal sp(τ) = p, input signalu, and initial

conditionx(0) = x.

By the mean value theorem, there exists aθ ∈ [ 0, 1 ] such that

v(x) ≥ sup
u∈Lm

2
[ 0,t )

[

(‖Cpx(θt)‖2−γ2‖u(θt)‖2)t + v(x(t))
]

Applying Taylor’s theorem to expandv(x(t)), we obtain6

v(x) ≥ sup
u∈Lm

2
[ 0,t )

[

(‖Cpx(θt)‖2−γ2‖u(θt)‖2)t + v(x) +
∂v

∂x
(x) [Apx + Bpu(0)] t + O(t2)

]

6O(δ) represents any functions such that|f(δ)| ≤ k|δ| for some constantk.
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and

0 ≥ sup
u∈Lm

2
[ 0,t )

[

(‖Cpx(θt)‖2−γ2‖u(θt)‖2) +
∂v

∂x
(x)[Apx + Bpu(0)] + O(|t|)

]

Letting t → 0, to conclude that

0 ≥ sup
u∈Rm

[

(‖Cpx‖2 − γ2‖u‖2) +
∂v

∂x
(x)(Apx + Bpu)

]

By a square completion argument, we have that

0 ≥ ∂v

∂x
(x)Apx + ‖Cpx‖2 + sup

u∈Rm

[

−γ2‖u‖2 +
∂v

∂x
(x)Bpu

]

=
∂v

∂x
(x)Apx + ‖Cpx‖2 + sup

u∈Rm

[

−γ2

(

‖u − 1

2
γ−2BT

p

∂vT

∂x
(x)‖2 − ‖ 1

2
γ−2BT

p

∂vT

∂x
(x)‖2

)]

=
∂v

∂x
(x)Apx + xTCT

p Cpx +
1

4
γ−2 ∂v

∂x
(x)BpB

T
p

∂vT

∂x
(x)

This conclude thatv(x) satisfies (3) almost everywhere inx (except the points at whichx 7→ v(x) is not

differentiable).

B. Proof of Theorem 2

1) Theorem 2, 2)⇒ 1): Sinceǫ > 0 in (4), there exists a constantρ > 1 such that

CT
p Cp + ǫI ≥ (ρCp)

T(ρCp) ≥ CT
p Cp for all p ∈ P

We setδ > 0 as

ρ =
γ

γ − δ
> 1

From (4), we have

0 ≥ ∂V

∂x
(x)Apx + xTCT

p Cpx + ǫ‖x‖2 +
1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x)

≥ ∂V

∂x
(x)Apx + xT(

γ

γ − δ
Cp)

T (
γ

γ − δ
)Cpx +

1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x) for all p ∈ P

almost everywhere inx. From Theorem 1 we then conclude that
∫ t

0
‖ γ

γ − δ
Cs(τ)x(τ)‖2dτ ≤ γ2

∫ t

0
‖u(τ)‖2dτ

or equivalently
∫ t

0
‖y(τ)‖2dτ ≤ (γ − δ)2

∫ t

0
‖u(τ)‖2dτ

Hence, the system has an induced gain smaller than or equal toγ′ := γ − δ < γ with someδ > 0.
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2) Theorem 2, 1)⇒ 2): The system has an induced gain strictly smaller thanγ > 0 uniformly over

S, thus there exists a constantδ > 0 such that
∫ t

0
‖y(τ)‖2dτ ≤ (γ − δ)2

∫ t

0
‖u(τ)‖2dτ (16)

for all t ≥ 0, all s ∈ S and allu ∈ Lm
2 , wherey(τ) denotes the output of (1) obtained for the switching

signals, input signalu, and zero initial condition.

Let r = rankCp ≤ n and defineC⊥
p ∈ R

(n−r)×n such asrank[ CT
p (C⊥

p )T ]T = n. Consider

z = [ CT
p (C⊥

p )T ]Tx, from (16), we have
∫ t

0
‖z(τ)‖2dτ =

∫ t

0
‖y(τ)‖2dτ +

∫ t

0
‖C⊥

s(τ)x(t)‖2dτ

≤ (γ − δ)2
∫ t

0
‖u(τ)‖2dτ +

∫ t

0
‖C⊥

s(τ)x(t)‖2dτ

From (9), we further have
∫ t

0
‖z(τ)‖2dτ ≤ (γ − δ)2

∫ t

0
‖u(τ)‖2dτ + ‖C⊥

p ‖2
∫ t

0
‖x(τ)‖2dτ

≤ (γ − δ)2
∫ t

0
‖u(τ)‖2dτ + ‖C⊥

p ‖2 a2b2

λ2

∫ t

0
‖u(τ)‖2dτ

where second inequality comes from by settingx(0) = 0 andCp = I, p ∈ P in (9). We can make the

norm ‖C⊥
p ‖ arbitrarily small and conclude that the system with output equationz = [ CT

p (C⊥
p )T ]Tx

still has an induced gain smaller than or equal toγ − δ̄ > 0 for some constant̄δ > 0, i.e.,
∫ t

0

‖z(τ)‖2dτ ≤ (γ − δ̄)2
∫ t

0
‖u(τ)‖2dτ

or equivalently
γ2

(γ − δ̄)2

∫ t

0

‖z(τ)‖2dτ ≤ γ2
∫ t

0
‖u(τ)‖2dτ

Therefore, from Theorem 1, we conclude that

∂V

∂x
(x)Apx + xT(

γ

γ − δ̄







Cp

C⊥
p






)T(

γ

γ − δ̄







Cp

C⊥
p






)x +

1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x) ≤ 0 (17)

for all p ∈ P and almost everywhere inx.

Sinceγ/(γ − δ̄) > 1 and rank[ CT
p (C⊥

p )T ]T = n, there exists anǫ > 0 such that

(
γ

γ − δ̄







Cp

C⊥
p






)T(

γ

γ − δ̄







Cp

C⊥
p






) ≥







Cp

C⊥
p







T 





Cp

C⊥
p






+ ǫI

= CT
p Cp + (C⊥

p )TC⊥
p + ǫI

≥ CT
p Cp + ǫI for all p ∈ P
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From (17), we have

0 ≥ ∂V

∂x
(x)Apx + xT(

γ

γ − δ̄







Cp

C⊥
p






)T(

γ

γ − δ̄







Cp

C⊥
p






)x +

1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x)

≥ ∂V

∂x
(x)Apx + xTCT

p Cpx + ǫ‖x‖2 +
1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x)

This concludes that (4) holds.

C. Proof of Corollary 1

The following lemma [18, Lemma 5] will be needed to prove exponential stability of the system (1)

overSτD
[ τD, T ].

Lemma 7:Suppose that finiteτD, T, λ > 0 are given and each(Cp, Ap), p ∈ P is an observable pair.

Then, there exit constantsa, κ > 0 such that

‖Φs(t, τ)‖ ≤ aeλ(t−τ) for all s ∈ Sp-dwell[ τD, T ] and all t ≥ τ ≥ 0

whereΦs(t, τ) denotes the state transition matrix of the time-varying system

dz(t)

dt
= (As(t) + K(t)Cs(t))z(t) t ≥ 0

for some appropriately chosen time-varying output injection matrix K satisfying ‖K(t)‖ ≤ κ for all

t ≥ 0.

If the exponential stability overSp-dwell[ τD, T ] follows for all τD > 0 and allT < ∞, then Theorem 1

concludes the corollary. To this effect, we investigate stability of

dx

dt
= Asx y = Csx (18)

At this moment, we do not introduce restrictions on switching signals, hence we suppose thats ∈ S.

Let us define

w(x) = sup
s∈S[ τ,∞ )

w(x, s) τ ≥ 0 andx ∈ R
n

where

w(x, s) = lim
t→∞

∫ t

τ
‖y(h)‖2dh τ ≥ 0, x ∈ R

n ands ∈ S[ τ,∞ )

wherey(h), h ≥ τ ≥ 0 denotes the output of (18) obtained for the switching signals, and initial condition

x(τ) = x. We denote byS[ τ,∞ ) as the set of restrictions of all switching signalss ∈ S to the interval

[ τ,∞ ) (see Section IV for details).

The following Lemmas 8 and 9 assure that the functionw has quadratic shrink and growth rate bounds.
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Lemma 8:Suppose that there exits a system indexq ∈ P such that(Cq, Aq) is an observable pair.

There exits anα1 > 0 such thatw(x) ≥ α1‖x‖2 for all x ∈ R
n.

Proof: See Appendix A

Lemma 9:Suppose that the statement 1) in Corollary 1 holds. There exists anα2 ≥ 0 such that

w(x) ≤ α2‖x‖2 for all x ∈ R
n.

Proof: See Appendix A

Combining Lemmas 8 and 9, we conclude that there existα1, α2 > 0 such that

α1‖x‖2 ≤ w(x) ≤ α2‖x‖2 for all x ∈ R
n (20)

Suppose now that switching signals are restricted ass ∈ Sp-dwell[ τD, T ], and we rewrite (18) as

dx

dt
= (As + KCs)x − Ky (21)

Applying Lemma 7 and according similar procedures to what was done in [18, Proof of Theorem 4 (ii)],

we can have that

‖x(t)‖ ≤ ae−λ(t−τ)‖x(τ)‖ +
aκ√
2λ

(

∫ t

τ
‖y(h)‖2dh)

1

2 for all t ≥ τ ≥ 0 (22)

wherex(t) andy(t), t ≥ τ ≥ 0 denote the solution and output of (21) obtained for the switching signal

s, and initial conditionx(τ), respectively.

Let us denotew(t) = w(x(t)). From (20) and (22), for anyt ≥ τ ≥ 0, we have

w(t) ≤ α2‖x(t)‖2 ≤ α2

(

aeλ(t−τ)‖x(τ)‖ +
aκ√
2λ

∫ t

τ
‖y(h)‖2dh

)2

≤ 2α2a
2e−2λ(t−τ)‖x(τ)‖2 +

α2a
2κ2

λ

∫ t

τ
‖y(h)‖2dh

≤ 2α2a
2

α1
e−2λ(t−τ)w(τ) +

α2a
2κ2

λ

∫ t

τ
‖y(h)‖2dh

=
2α2a

2

α1
e−2λ(t−τ)w(τ) +

α2a
2κ2

λ
(w(τ) − w(t))

This concludes that

w(t) ≤ c1e
−2λ(t−τ) + c2

1 + c2
w(τ) for all t ≥ τ ≥ 0

where we setc1 = 2α2a2

α1

andc2 = α2a
2κ2

λ
.

Suppose now that we pick a constantL > 0 such that

c1e
−2λL + c2

1 + c2
= ρ < 1
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Let N be an integer satisfying(N − 1)L + τ ≤ t ≤ NL + τ . Sincew((k + 1)L + τ) ≤ ρw(kL + τ) for

any positive integerk, we have

w(t) ≤ c1e
−2λ[t−((N−1)L+τ)] + c2

1 + c2
w((N − 1)L + τ)

≤ c1 + c2

1 + c2
w((N − 1)L + τ)

≤ c1 + c2

1 + c2
ρN−1w(τ) =

c1 + c2

(1 + c2)ρ
ρNw(τ)

≤ c1 + c2

(1 + c2)ρ
ρ

t−τ

L w(τ)

Together with (20), this leads to

‖x(t)‖2 ≤ w(t)

α1
≤ c1 + c2

α1(1 + c2)ρ
ρ

t−τ

L w(τ)

≤ α2(c1 + c2)

α1(1 + c2)ρ
ρ

t−τ

L ‖(x(τ)‖2 for all t ≥ τ ≥ 0

Thus,x(·) converges to zero exponentially fast. The above bound is applicable for anys ∈ Sp-dwell[τD, T ],

this conclude that (18) is exponentially stable overSp-dwell[ τD, T ].

D. Proof of Corollary 2

1) Corollary 2, 2)⇒ 1): We show that a strictly convex functionV satisfying (7) implies exponential

stability of the system (1) overS.

Let us consider the compact set{ξ ∈ R
n| ‖ξ‖ = 1}. Since the functionV is positive definite7 and

continuous, there existα1, α2 > 0 such that

α1 = min
ξ∈R

n

‖ξ‖=1

V (ξ) α2 = max
ξ∈R

n

‖ξ‖=1

V (ξ)

Then we have

α1 ≤ V (ξ) ≤ α2 for all ξ ∈ R
n such as‖ξ‖ = 1

Homogeneity of the functionV also leads to

α1‖x‖2 ≤ V (x) ≤ α2‖x‖2 for all x ∈ R
n (23)

Thus, the functionV has quadratic shrink and growth rate bounds.

7see the footnote in Remark 5
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Let x(t), t ≥ 0 be a solution to (1) obtained for somes ∈ S, initial condition x(0), and zero input

signal u. Since the functionV is locally Lipschitz, we conclude from (5) and Lemma 1 that, between

any consecutive switching timestk−1 andtk of s, the functiont 7→ V (x(t)) is absolutely continuous and

dV (x(t))

dt
≤ −ǫ‖x(t)‖2 (24)

almost everywhere int ∈ ( tk−1, tk ).

Since both ofx 7→ V (x) and t 7→ x(t) are continuous, even at switching instancest 7→ V (x(t)) is

continuous. Thereforet 7→ V (x(t)) is monotonically strictly decreasing, absolutely continuous ont ≥ 0,

and (24) holds almost everywhere ont ≥ 0.

The remaining of the proof follows standard Lyapunov arguments [25]. Combining (23) and (24) leads

to

V̇ (x(t)) ≤ −ǫ‖x(t)‖2 ≤ − ǫ

α1
V (x(t))

Let η(t), t ≥ 0 be a solution to the differential equation

η̇(t) = − ǫ

α1
η(t) η(0) = V (x(0)) t ≥ 0

Then, we have

V (x(t)) ≤ η(t) = V (x(0))e
− ǫ

α1

t for all t ≥ 0

Together with (23), we have

‖x(t)‖2 ≤ 1

α1
V (x(t)) ≤ 1

α1
V (x(0))e

− ǫ

α1

t ≤ α2

α1
‖x(0)‖2e

− ǫ

α1

t for all t ≥ 0

This concludes thatx(·) converges to zero exponentially fast uniformly overS.

From Theorem 2, the system (1) has anL2-induced gain strictly smaller thanγ uniformly overS.

2) Corollary 2, 1) ⇒ 2): For switched systems in the form (1), uniform asymptotic stability is

equivalent to exponential stability [18], thus Theorem 2, 1) ⇒ 2) holds. We show that if we had at least

a single modeq such as the pair(Cq, Aq) is observable, then the functionv(x) in (13a) is strictly convex

[cf. Lemma 5, 3)]. To this effect, we first show that the function v(x) is positive definite [cf. Lemma 3].

We note thatsq(τ) = q(= constant), τ ≥ 0 is a possible switching signal. Hence, uniform asymptotic

stability implies thatAq is Hurwitz, and therefore there exists an uniqueQq > 0 satisfyingAT
q Qq +

QqAq = −CT
q Cq. Since [cf. proof of Lemma 3 in Appendix A]

v(x) = sup
s∈S

v(x, s) ≥ v(x, sq) ≥ lim
t→∞

∫ t

0
‖Cqx(τ)‖2dτ = xTQqx > 0 for all x 6= 0

we conclude thatv(x) is positive definite.
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Since the system (1) is exponentially stable overS, Lemmas 2 and 4 are applicable. We can redefine

W in (14) as

W = {Q(s) ∈ R
n×n| s ∈ S Q(s) ≥ Qq > 0}

and, this leads tov(x) = maxQ∈K xTQx whereK = clW . We conclude thatv(x) is strictly convex,

since it is a quadratic form with a positive definite matrixQ ∈ K.

IV. N ON-CONSERVATIVE INDUCED GAIN ESTIMATES

This section contains the proof of Lemma 6 and shows that the equality in (15) holds for the switching

signal classS, but may not hold for subsets ofS. The results in this section make possible to state

corollaries in Section IV-B that correspond to versions of Theorems 1, 2 and Corollary 2 for more

general classes of switching signals.

We start with introducing some notations. For a given subsetS ′ of S and for constantsb > a ≥ 0,

possibly withb = ∞, we denote byS ′[ a, b ) the set of restrictions of all switching signalss ∈ S ′ to the

interval [ a, b ). Similarly, Lm
2 [ a, b ) denotes a restriction ofLm

2 .

Suppose thatc > b > a ≥ 0, andS ′ ⊂ S is given. Letσ ∈ S ′[ a, b ), µ ∈ S ′[ b, c ) and defineσ ⊕µ by

(σ ⊕ µ)(τ) =















σ(τ) a ≤ τ < b

µ(τ) b ≤ τ < c

In addition, we also defineS ′[ a, b )
⊕S ′[ b, c ) = {σ ⊕ µ| σ ∈ S ′[ a, b ), µ ∈ S ′[ b, c )}.

Suppose thatt > 0, andS ′ ⊂ S is given. We define a set of switching signals defined on the interval

[ 0,∞ ) by

tS ′[ t,∞ ) = {σ| σ(ρ) = µ(ρ + t), µ ∈ S ′[ t,∞ ), ρ ≥ 0}

We have the following inclusion relations.

Lemma 10:Let S ′ ⊂ S. For anyt > 0

1) S ′ ⊂ S ′[ 0, t )
⊕S ′[ t,∞ )

2) S ′ ⊂ tS ′[ t,∞ )

hold, respectively.

Proof: See Appendix A.

We now state the following definitions.

Definition 5: Let S ′ ⊂ S. The switching signal classS ′ is said to be closed under concatenation if

S ′ = S ′[ 0, t )
⊕S ′[ t,∞ ) for all t > 0.
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Definition 6: Let S ′ ⊂ S. The switching signal classS ′ is said to be shift-invariant ifS ′ = tS ′[ t,∞ )

for all t > 0.

Actually, every switching signal classS ′ ⊂ S is not necessarily closed under concatenation or shift-

invariant. The following lemmas says that the former is a more strong property than the later.

Lemma 11:Let S ′ ⊂ S. The switching signal classS ′ is shift-invariant if it is closed under concate-

nation.

Proof: See Appendix A.

A. Proof of Lemma 6

Lemma 6 can be proved as a direct consequence of the followinglemma.

Lemma 12:The switching signal classS is closed under concatenation, and consequently it is shift-

invariant.

Proof: See Appendix A.

We now can complete the proof of Lemma 6. Letx ∈ R
n and t > 0, we have

v(x) = sup
s∈S[ 0,t )

sup
u∈Lm

2
[ 0,t )

[
∫ t

0
‖Cs(τ)φ(τ ;x, 0, s, u)‖2−γ2‖u(τ)‖2dτ

+ sup
µ∈S[ t,∞ )

sup
u2∈Lm

2
[ t,∞ )

∫ ∞

t
‖Cµ(τ)φ(τ ;φ(t;x, 0, s, u), t, µ, u2)‖2−γ2‖u2(τ)‖2dτ

]

(25a)

= sup
s∈S[ 0,t )

sup
u∈Lm

2
[ 0,t )

[
∫ t

0
‖Cs(τ)φ(τ ;x, 0, s, u)‖2−γ2‖u(τ)‖2dτ

+ sup
µ∈S

sup
u2∈Lm

2

∫ ∞

0
‖Cµ(τ)φ(τ ;φ(t;x, 0, s, u), 0, µ, u2)‖2−γ2‖u2(τ)‖2dτ

]

(25b)

= sup
s∈S[ 0,t )

sup
u∈Lm

2
[ 0,t )

[
∫ t

0
‖Cs(τ)φ(τ ;x, 0, s, u)‖2−γ2‖u(τ)‖2dτ + v(φ(t;x, 0, s, u))

]

whereφ(τ ;x, t0, s, u), τ ≥ t0 ≥ 0 denotes the solution of (1) obtained for the switching signal s, input

signalu, and initial conditionx. The equalities in (25a) and (25b) follow from the fact that the switching

signal classS is closed under concatenation and shift-invariant, respectively, thus we have the equality

in (15).

Let S ′ ⊂ S and consider the functionv in (13) for the switching signal classS ′. Since the switching

signal classS ′ is not necessary closed under concatenation, we have that the quantity of the right hand

side in (15) is larger than or equals to the left hand side, andone should expect that the inequality to be

strict in general.
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B. Non-conservative Induced Gain Estimate Conditions

We have a complete characterization of the induced gain in Theorem 1. The proof of this theorem

utilized the result in Lemma 6, and the derivation of the equality in (15) depends on the fact that the class

S of all piecewise constant switching signals is closed underconcatenation. Non-conservative induced

gain estimate conditions for more general switching signalclasses can be summarized as in the following

corollaries.

Corollary 3: Let S ′ ⊂ S andγ > 0. Suppose thatS ′ is closed under concatenation, and the system

(1) is uniformly asymptotically stable overS ′. The following statements are equivalent:

1) The system (1) has anL2-induced gain smaller than or equal toγ uniformly overS ′.

2) There exits a functionV : R
n → R that is convex, zero at zero, and homogeneous of degree two,

which satisfies

∂V

∂x
(x)Apx + xTCT

p Cpx +
1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x) ≤ 0 for all p ∈ P

almost everywhere inx.

Corollary 4: Let S ′ ⊂ S andγ > 0. Suppose thatS ′ is closed under concatenation, and the system

(1) is uniformly asymptotically stable overS ′. The following statements are equivalent:

1) The system (1) has anL2-induced gain strictly smaller thanγ uniformly overS ′.

2) There exist a constantǫ > 0 and a functionV : R
n → R that is convex, zero at zero, and

homogeneous of degree two, which satisfies

∂V

∂x
(x)Apx + xTCT

p Cpx +
1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x) ≤ −ǫ‖x‖2 for all p ∈ P

almost everywhere inx.

Corollary 5: Let S ′ ⊂ S andγ > 0. Suppose thatS ′ is closed under concatenation, and there exits a

system indexq ∈ P such that(Cq, Aq) is an observable pair. The following statements are equivalent:

1) The system (1) is (uniformly) exponentially stable overS ′ and has anL2-induced gain strictly

smaller thanγ uniformly overS ′.

2) There exist a constantǫ > 0 and a functionV : R
n → R that is strictly convex, zero at zero, and

homogeneous of degree two, which satisfies

∂V

∂x
(x)Apx + xTCT

p Cpx +
1

4
γ−2 ∂V

∂x
(x)BpB

T
p

∂V T

∂x
(x) ≤ −ǫ‖x‖2 for all p ∈ P

almost everywhere inx.

These results essentially show that any class of switching signals that is closed under concatenation

will exhibit the same induced gain as the classS of every piecewise constant switching signal.

February 14, 2009 DRAFT



21

V. CONCLUSION

This paper provided non-conservative conditions to compute the induced gain of a switched system

in terms of a common solution to a system of Hamilton-Jacobi inequalities. We also showed that for

observable systems, stability follows from a finite inducedgain, provided that the class of switching

signals satisfies appropriate conditions. We have also shown that the induced gain that is obtained for

the classS of all piecewise constant switching signals, remains the same for more restricted classes of

switching signals that are closed under concatenation. Future work is needed. In particular how to solve

(perhaps approximately) the Hamilton-Jacobi inequalities.

APPENDIX A

PROOFS OFLEMMAS

Proof: [Lemma 2] We will start with for having some further considerations on the inequality in

(9). For notational convenience, for a give switching signal s ∈ S, defineT 0
s to be the dynamics of the

system (1) from initial statex(0) to the outputy with zero inputs. Similarly, defineT 1
s to be the dynamics

from u to y with zero initial state. Both ofT 0
s , T 1

s are linear and, if one assumed that the system (1) is

uniformly asymptotically stable overS, bounded. Actually, from (9), we have

‖T 0
s ‖ ≤ ca√

2λ
‖T 1

s ‖ = γS ≤ cab

λ

where‖T 1
s ‖ = γS is clear from definitions.

Adopting the above temporary notations, we rewrite the lefthand side of (9) as

( lim
t→∞

∫ t

0
‖y(τ)‖2dτ)

1

2 = ( lim
t→∞

∫ t

0
‖(T 0

s x)(τ) + (T 1
s u)(τ)‖2dτ)

1

2 (26)

Since we have both of

lim
t→∞

∫ t

0
‖(T 0

s x)(τ)‖2dτ ≤ ‖T 0
s ‖2‖x‖2 ≤ c2a2

2λ
‖x‖2 < +∞

and

lim
t→∞

∫ t

0
‖(T 1

s u)(τ)‖2dτ ≤ ‖T 1
s ‖2 lim

t→∞

∫ t

0
‖u(τ)‖2dτ ≤ γ2

S lim
t→∞

∫ t

0
‖u(τ)‖2dτ < +∞

we can apply the Minkowski inequality to the above (26). Thus, from (26), we have

( lim
t→∞

∫ t

0
‖y(τ)‖2dτ)

1

2 = ( lim
t→∞

∫ t

0
‖(T 0

s x)(τ) + (T 1
s u)(τ)‖2dτ)

1

2

≤ ( lim
t→∞

∫ t

0
‖(T 0

s x)(τ)‖2dτ)
1

2 + ( lim
t→∞

∫ t

0
‖(T 1

s u)(τ)‖2dτ)
1

2

≤ ca√
2λ

‖x‖ + γS( lim
t→∞

∫ t

0
‖u(τ)‖2dτ)

1

2 (27)
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From hereafter, we further adopt the following additional temporary notations

‖u‖ = ( lim
t→∞

∫ t

0
‖u(τ)‖2dτ)

1

2

and

v(x, s, u) = lim
t→∞

∫ t

0
‖y(τ)‖2−γ2‖u(τ)‖2dτ

wherey(τ), τ ≥ 0 denotes the output of (1) obtained for the switching signals, input signalu, and

initial condition x(0) = x.

Let us define

w(‖x‖, ‖u‖) =

(

ca√
2λ

‖x‖ + γS( lim
t→∞

∫ t

0
‖u(τ)‖2dτ)

1

2

)2

−γ2 lim
t→∞

∫ t

0
‖u(τ)‖2dτ

= (η‖x‖ + γS‖u‖)2−γ2‖u‖2

where we setη = ca√
2λ

. From (27), we have

v(x, s, u) ≤ w(‖x‖, ‖u‖) and v(x, s) = sup
u∈Lm

2

v(x, s, u) ≤ sup
‖u‖∈R

w(‖x‖, ‖u‖)

Sinceγ > γS , applying a square completion, we have

w(‖x‖, ‖u‖) = (γ2
S − γ2)‖u‖2 + 2ηγS‖x‖‖u‖ + η2‖x‖2

= (γ2
S − γ2)(‖u‖ +

ηγS
γ2
S − γ2

‖x‖)2− η2γ2
S

γ2
S − γ2

‖x‖2 + η2‖x‖2

≤ − η2γ2
S

γ2
S − γ2

‖x‖2 + η2‖x‖2 =
c2a2

2λ

−γ2

γ2
S − γ2

‖x‖2 = α2‖x‖2

where we setα2 = c2a2

2λ
−γ2

γ2

S
−γ2 > 0. This concludesv(x) = sups∈S v(x, s) ≤ sup‖u‖∈R w(‖x‖, ‖u‖) ≤

α2‖x‖2 for all x ∈ R
n.

Proof: [Lemma 3] Lets ∈ S be fixed. Adopting the temporary notations in the proof of Lemma 2,

we have

v(x, s) = sup
u∈Lm

2

v(x, s, u) = sup
u∈Lm

2

lim
t→∞

∫ t

0
‖y(τ)‖2 − γ2‖u(τ)‖2dτ

≥ v(x, s, 0) = lim
t→∞

∫ t

0
‖y(τ)‖2dτ ≥ 0

This concludes, for eachs ∈ S, v(x, s) is positive semi-definite.

Proof: [Lemma 4] The following lemma will be useful [26, Problem 2.3-1].

Lemma 13:Let w : R
n → R. A function w(x) to be a quadratic form inx, if and only if,

1) w is continuous inx.

2) w(kx) = k2w(x) for all k ∈ R

February 14, 2009 DRAFT



23

3) w(x1) + w(x2) = 1
2 [w(x1 + x2) + w(x1 − x2)]

Let s ∈ S be fixed. We adopt the temporary notations in the proof of Lemma 2, and letu(t;x) denote

the optimal input for a given initial conditionx(0) = x, i.e.,

v(x, s) = sup
u∈Lm

2

v(x, s, u) = v(x, s, u(·;x))

We will see that, for each fixeds, the functionv(x, s) satisfies all three conditions in Lemma 13. The

equality in item 2) of Lemma 13 can be verified by inequalities

v(kx, s) = v(kx, s, u(·; kx)) ≥ v(kx, s, ku(·;x))

= lim
t→∞

∫ t

0
‖(T 0

s kx)(τ) + (T 1
s ku(·;x))(τ)‖2−γ2‖ku(τ ;x)‖2dτ

= k2v(x, s, u(·;x)) = k2v(x, s)

and

k2v(x, s) = k2v(x, s, u(·;x)) ≥ k2v(x, s,
1

k
u(·; kx))

= k2 lim
t→∞

∫ t

0
‖(T 0

s x)(τ) + (T 1
s

1

k
u(·; kx))(τ)‖2−γ2‖ 1

k
u(τ ; kx)‖2dτ

= k2 lim
t→∞

∫ t

0
‖ 1

k
(T 0

s kx)(τ) + (T 1
s

1

k
u(·; kx))(τ)‖2−γ2‖ 1

k
u(τ ; kx)‖2dτ

= k2v(
1

k
kx, s,

1

k
u(·; kx)) = v(kx, s, u(·; kx)) = v(kx, s)

where the inequalities follow directly from optimality ofv(x, s). Hence, we conclude thatv(kx) = k2v(x)

for all k ∈ R.

Similarly, we have that

v(x1, s) + v(x2, s) =
1

4
[v(2x1, s) + v(2x2, s)] =

1

4
[v(2x1, s, u(·; 2x1)) + v(2x2, s, u(·; 2x2)]

≥ 1

4
[v(2x1, s, u(·;x1 + x2) + u(·;x1 − x2)) + v(2x2, s, u(·;x1 + x2) − u(·;x1 − x2))]

=
1

2
[v(x1 + x2, s) + v(x1 − x2, s)]

and

v(x1 + x2, s) + v(x1 − x2, s) = v(x1 + x2, s, u(·;x1 + x2)) + v(x1 − x2, s, u(·;x1 − x2))

≥ v(x1 + x2, s, u(·;x1) + u(·;x2)) + v(x1 − x2, s, u(·;x1) − u(·;x2))

= 2(v(x1, s) + v(x2, s))

Hence, we conclude thatv(x1, s) + v(x2, s) = 1
2 v(x1 + x2, s) + v(x1 − x2, s).
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To prove continuity ofv(x, s), we first point-out that there exits a bound for the optimal input u(·;x).

From the definition ofw(‖x‖, ‖u‖) [see the proof of Lemma 2], we have

v(x, s, u) ≤ w(‖x‖, ‖u‖) < 0

if ‖u‖ >
−2ηγS‖x‖ −

√

(2ηγS‖x‖)2−4(γ2
S − γ2)η2‖x‖2

2(γ2
S − γ2)

=
ca√
2λ

−1

γS − γ
‖x‖ = κ‖x‖

where we setκ = ca√
2λ

−1
γS−γ

8. From Lemma 3, we know thatv(x, s) ≥ 0, hence an optimal input that

attainsv(x, s) = supu∈Lm
2

v(x, s, u) = v(x, s, u(·;x)) necessarily satisfies

‖u(·;x)‖ ≤ κ‖x‖ (28)

Let us assume that for anyǫ > 0, there exist‖δx‖ ≤ ǫ andδ > 0 such that

|v(x + δx, s) − v(x, s)| > δ

Hence,v(x, s) is assumed to be discontinuous at the pointx.

We first consider the casev(x + δx, s) − v(x, s) > 0, i.e.,

v(x + δx, s) > δ + v(x, s) > v(x, s) (29)

In the following straightforward calculations,(·, ·) denotes inner product onLm
2 × Lm

2 , i.e.,

(y1, y2) = lim
t→∞

∫ t

0
yT
1 (τ)y2(τ)dτ y1, y2 ∈ Lm

2

then we have

v(x + δx, s) = v(x + δx, s, u(·;x + δx)) = ‖T 0
s (x + δx) + T 1

s u(·;x + δx)‖2−γ2‖u(·;x + δx)‖2

= ‖T 0
s x‖2 + (T 0

s x, T 1
s u(·;x + δx)) + (T 1

s u(·;x + δx), T 0
s x) + ‖T 1

s u(·;x + δx)‖2−γ2‖u(·;x + δx)‖2

+ (T 0
s x, T 0

s δx) + (T 0
s δx, T 0

s x) + ‖T 0
s δx‖2 + (T 0

s δx, T 1
s u(·;x + δx)) + (T 1

s u(·;x + δx), T 0
s δx)

= v(x, s, u(·;x + δx))

+ (T 0
s x, T 0

s δx) + (T 0
s δx, T 0

s x) + ‖T 0
s δx‖2 + (T 0

s δx, T 1
s u(·;x + δx)) + (T 1

s u(·;x + δx), T 0
s δx)

≤ v(x, s, u(·;x + δx))

+ (T 0
s x, T 0

s δx) + (T 0
s δx, T 0

s x) + ‖T 0
s δx‖2 + 2‖T 0

s δx‖ · ‖T 1
s ‖ · κ‖x + δx‖

8Sincew(‖x‖, ‖u‖) is a quadratic polynomial function of‖u‖, solutions tow(‖x‖, ‖u‖) = 0 have analytical expressions.
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where the last inequality comes from Cauchy-Schwartz inequality and (28). Sinceδx, and henceǫ > 0,

can be made arbitrarily small, then we conclude that

v(x, s, u(·;x + δx)) ≥ v(x + δx, s)

From (29), we further have

v(x, s, u(·;x + δx)) ≥ v(x + δx, s) > v(x, s) = v(x, s, u(·;x))

This contradicts optimality ofu(·;x).

On the other hand, we consider the casev(x + δx, s) − v(x, s) < 0, i.e.,

v(x, s) > δ + v(x + δx, s) > v(x + δx, s) (30)

For each fixedu ∈ Lm
2 , v(x, s, u) is clearly continuous inx. We can makeδx, and henceǫ > 0, arbitrarily

small, then this concludes that

u(x + δx, s, u(·;x)) = u(x, s, u(·;x))

We further have

v(x + δx, s) = sup
u∈Lm

2

v(x + δx, s, u) ≥ v(x + δx, s, u(·;x)) = v(x, s, u(·;x)) = v(x, s)

This contradicts (30). Both of the above arguments prove continuity of v(x, s) for eachs ∈ S.

For each fixeds ∈ S, all three conditions in Lemma 13 are confirmed tov(x, s), which proves the

lemma.

Proof: [Lemma 5] 1): It is clear from Lemmas 2, 3 and the definition ofv(x).

2): For anyk ∈ R, v(kx) = maxQ∈K(kx)TQkx = k2 maxQ∈K xTQx = k2v(x).

3): Let x1, x2 ∈ Rn and x = θx1 + (1 − θ)x2 for someθ ∈ [ 0, 1 ]. Since a quadratic formxTPx

with a positive semi-definite matrixP is convex, we havexTQx ≤ θxT
1 Qx1 + (1 − θ)xT

2 Qx2 for each

Q ∈ K. Taking maximum of both sides, we obtainv(x) = maxQ∈K xTQx ≤ maxQ∈K [θxT
1 Qx1 + (1 −

θ)xT
2 Qx2] ≤ maxQ1∈K θx1Q1x1 + maxQ2∈K(1 − θ)xT

2 Q2x2 = θv(x1) + (1 − θ)v(x2).

4): Convex functions onRn are Lipschitz, continuous, and differentiable almost everywhere; see,

e.g., [20], [21].

Proof: [Lemma 8] Letq ∈ P and (Cq, Aq) be an observable pair. Suppose thatξ(h), h ≥ τ ≥ 0

denotes a solution to the time-invariant system (18) obtained for the constant switching signalsq(h) =
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q(= constant), h ≥ τ ≥ 0, and initial conditionξ(τ) = x. Let H > 0 be any fixed constant, we have

w(x) = sup
s∈S[ τ,∞ )

lim
t→∞

∫ t

τ
‖y(h)‖2dh ≥ sup

s∈S[ τ,τ+H )

∫ τ+H

τ
‖y(h)‖2dh

≥
∫ τ+H

τ
‖Cqξ(h)‖2dh = xT

(

∫ τ+H

τ
eAT

q hCT
q Cqe

Aqhdh

)

x

Observability assumption implies that the matrix
∫ τ+H
τ eAT

q hCT
q Cqe

Aqhdh is positive definite for any

H > 0 [27]. We conclude that

w(x) ≥ xT

(

∫ τ+H

τ
eAT

p hCT
p Cpe

Aphdh

)

x > 0 for all x 6= 0

Moreover, we can setα1 > 0 as
∫ τ+H

τ
eAT

p hCT
p Cpe

Aphdh ≥ α1I

then this concludesw(x) ≥ α1‖x‖2 for all x ∈ R
n.

Proof: [Lemma 9] Letx ∈ R
n be a point at whichx 7→ V (x) is differentiable. From (6), we have

∂V

∂x
(x)Apx ≤ −xTCT

p Cpx for all p ∈ P (31)

almost everywhere inx.

Let x(h), h ≥ τ ≥ 0 be a solution to (18) obtained for the switching signals, and initial condition

x(τ) = x. Since the functionV is locally Lipschitz, we conclude from (31) and Lemma 1 that,between

any consecutive switching timeshk−1 andhk of s, the functionh 7→ V (x(h)) is absolutely continuous

and
dV (x(h))

dh
≤ −‖Cs(h)x(h)‖2 (32)

almost everywhere inh ∈ ( hk−1, hk ).

Since both ofx 7→ V (x) andh 7→ x(h) are continuous, even at switching instancesh 7→ V (x(h)) is

continuous. By integrating both sides of (32), we obtain

lim
t→∞

∫ t

τ
‖y(h)‖2dh ≤ V (x)

where we use the fact that the functionV is positive semi-definite,V (x) ≥ 0 for all x. Sinces ∈ S[τ,∞)

is arbitrary, we conclude that

w(x, s) ≤ w(x) ≤ V (x) for all x ∈ R
n and alls ∈ S[ τ,∞ ) (33)

Thusw(x) andw(x, s), s ∈ S[ τ,∞ ) are bounded byV (x).
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Let s ∈ S[ τ,∞ ) be fixed. Applying Lemma 13 in the proof of Lemma 4 tow(x, s), we can conclude

thatw(x, s) is a quadratic form inx. Therefore, for eachs ∈ S[τ,∞), there exists a positive semi-definite9

matrix Q(s) ∈ R
n×n such asw(x, s) = xTQ(s)x.

Let us consider a compact set{ξ ∈ R
n| ‖ξ‖ = 1}. SinceV is continuous, there exits anα2 ≥ 0 such

that

max
ξ∈R

n

‖ξ‖=1

V (ξ) = α2

From (33), we have

w(ξ, s) = ξTQ(s)ξ ≤ V (ξ) ≤ α2 for all s ∈ S[ τ,∞ ) and all ξ ∈ R
n such that‖ξ‖ = 1

This leads to

w(x, s) = xTQ(s)x ≤ α2‖x‖2 for all s ∈ S[ τ,∞ ) and allx ∈ R
n

Then, we conclude thatw(x) ≤ α2‖x‖2 for all x ∈ R
n.

Proof: [Lemma 10] 1): For a give switching signals ∈ S ′ and for constantsb > a ≥ 0, possibly

with b = ∞, we denote bys[ a, b ) the restriction ofs to the interval[ a, b ).

Let t > 0. Adopting the above temporally notation, we show that for any s ∈ S ′, one can construct

particular switching signalsσ and µ belong toS ′[ 0, t ), which satisfys = σ[ 0, t ) ⊕ µ[ t,∞ ), hence

s ∈ S ′[ 0, t )
⊕S ′[ t,∞ ).

Let us define

σ(τ) =















s(τ) 0 ≤ τ < t

s(t) t ≤ τ

µ(τ) =















s(t) 0 ≤ τ < t

s(τ) t ≤ τ

Both σ and µ belong toS ′, since they have a strictly smaller or equal number of discontinuities than

that of s. By the constriction, we haves = σ[ 0, t ) ⊕ µ[ t,∞ ), which proves 1) in the lemma.

2): Let t > 0 ands ∈ S ′. We show that the switching signals belongs totS ′[ t,∞ ).

Let us define

π(τ) =















s(0) 0 ≤ τ < t

s(τ − t) t ≤ τ

The switching signalπ belongs toS ′, becauses and π has the same number of discontinuities each

other, and lettπk , tsk, k = 0, 1, . . . be consecutive switching times ofs andπ, respectively, then we have

tπ1 − tπ0 > ts1 − ts0 and tπk+1 − tpi
k = tsk+1 − tsk for k ≥ 1. This shows thatπ ∈ S ′.

9From the definition,w(x, s) ≥ 0 for all x ∈ R
n and alls ∈ S [ τ,∞ ).
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Let us define the switching signalµ ∈ S ′[ t,∞ ) as a restriction ofπ to the interval[ t,∞ ), then we

haveµ(τ) = s(τ − t). This leads toµ(ρ + t) = s(ρ), ρ ≥ 0 and concludes thats ∈ tS ′[ t,∞ ), which

proves 2) in the lemma.

Proof: [Lemma 11] Suppose thatt > 0 andσ ∈ tS ′. Since the switching signal classS ′ is closed

under concatenation, we show that there exits aτ > 0 such thatσ ∈ S ′[ 0, τ )
⊕S ′[ τ,∞ ) = S.

Sinceσ ∈ tS ′, there exists a switching signalµ ∈ S ′ such thatσ(ρ) = µ(ρ + t), ρ ≥ 0. Let t1 be the

first switching time ofσ, and we define

σ1(ρ) = σ(0) ρ ≥ 0 σ2(ρ) =















σ(t1) 0 ≤ ρ < t1

σ(ρ) t1 ≤ ρ

The constant signalσ1 belongs toS ′, andσ2 also belongs toS ′ since it has a strictly smaller number of

discontinuities than that ofµ.

Adopting the temporally notation in the proof of Lemma 10, wehaveσ = σ1[ 0, t1 )⊕σ2[ t1,∞ ), and

this conclude thatσ ∈ S ′[ 0, t1 )
⊕S ′[ t1,∞ ).

Proof: [Lemma 12] Because ofS ⊂ S[ 0, t )
⊕S[ t,∞ ) [Lemma 10, 1)], we need to show the

inclusion relation in the opposite direction. To this effect, we show that, for anyπ ∈ S[ 0, t ) and

ν ∈ S[ t,∞ ), the switching signalπ ⊕ ν belongs toS.

Let Nπ(0, t) denote the number of discontinuities of the switching signal π in the interval( 0, t ).

Consecutive switching times ofπ ⊕ ν are give by

0 = tπ⊕ν
0 = tπ0 <= tπ⊕ν

1 = tπ1 < · · ·

< tπ⊕ν
Nπ(0,t) = tπNπ(0,t) < tπ⊕ν

Nπ(0,t)+1 = tν0 = t < tπ⊕ν
Nπ(0,t)+2 = tν1 < · · · (34)

Sinceπ, ν ∈ S, this shows that the number of discontinuities ofπ ⊕ ν ∈ S on any bounded interval is

finite. We conclude thatπ ⊕ ν ∈ S, which proves the lemma.

APPENDIX B

EQUIVALENCE OF DEFINITION 3 AND (8)

Assuming that the system has anL2-induced gain smaller than or equal toγ > 0 uniformly overS ′

and lettingt → ∞, we obtain from (2)

lim
t→∞

∫ t

0
‖y(τ)‖2 − γ2‖u(τ)‖2dτ ≤ 0 for all s ∈ S ′ and allu ∈ Lm

2 (35)

This implies (8).

February 14, 2009 DRAFT



29

On the other hand we assume (8), this implies (35). Letf : [ 0,∞ ) → R. For eachT > 0, we define

the functionfT :

fT (t) =















f(t) 0 ≤ t < T

0 t ≥ T

We adopt the temporary notationyu to denote the output of the system (1) obtained for the inputu, and

zero initial condition. We note thatu ∈ Lm
2 implies uT ∈ Lm

2 for all T > 0, and due to a causality of

the system dynamics, we have

(yuT
)T = (yu)T

Let s ∈ S ′ andu ∈ Lm
2 , we obtain from (35) that

0 ≥ lim
t→∞

∫ t

0
‖yuT

(τ)‖2 − γ2‖uT (τ)‖2dτ ≥ lim
t→∞

∫ t

0
‖(yuT

)T (τ))‖2 − γ2‖uT (τ)‖2dτ

= lim
t→∞

∫ t

0
‖(yu)T (τ)‖2 − γ2‖uT (τ)‖2dτ =

∫ T

0
‖y(τ)‖2 − γ2‖u(τ)‖2dτ

for all T > 0. This implies (2).
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