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Abstract

This paper addressed the computation of fheinduced gain for a class of switched systems. The
main contribution of the paper is to completely charactetize induced gain of the switched system
through a system of differential inequalities, one for eaghtem being switched. The motivation for
computing the induced gain of a switched system is the agtjic of robust stability tools to the analysis

of hybrid systems.

. INTRODUCTION

Hybrid dynamical systems whose behavior can be describédy us mixture of event-based logic
and differential or difference equations have been attrgcsignificant interest. This is motivated by
the observation that a wide variety of artificial/man-made ghysical systems/processes are naturally
modeled in a hybrid dynamical framework. Switched systeppically arise in the context of hybrid
dynamical systems when it is possible to describe the behavieach mode through a differential or
difference equation and the event-based transitions asmtisuous switchings.

The stability of switched system has been extensively sthdind several key results can be found in
the survey papers [1], [2], [3] and references therein. Agihiese result, the ones in [4], [5] are especially
relevant for the present paper. In these papers, it was grihvad the existence of @@mmonsolution to
a set of Lyapunov inequalities, one for each linear systemgbswitched, isequivalentto the uniform

asymptotic stability of the switched system for arbitrawyitshing signals. In this contexyniformity
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refers to the fact that asymptotic stability is guaranteeer @n entire set of switching signals, which in
this case contains every switching signal with a finite nundb&iscontinuities on any finite time interval.
However, if one were to demand a commguadraticsolution to the set of Lyapunov inequalities, this
would lead to a conservative sufficient condition for unifioasymptotic stability. In fact, it was shown
in [5] by example, that a non-conservative necessary aritiguit condition for uniform asymptotic
stability requires anon-quadraticommon Lyapunov function. Nonlinear generalizations &St results
can be found in [5], [6].

The input-output properties of dynamical systems, espgciz-induced gains are fundamental tools
for robust control theories in linear [7], [8], and nonlimef®] settings, particularly in*° control
problems [10]. In spite of their important roles, the pragen the study of input-output properties
for switched systems has been difficult [11]. It was proveat tmiformly asymptotically stable switched
systems admit dinite input-output gainvith several combinations of input/output signal norms][12
In [13], multiple-quadraticsolutions to Riccati-type inequalities, one for each mofléehe switched
system, were utilized to estimate an upper bound of the iedigain. Although quadratic solutions are
attractive from a numerical computations point of view,ythgenerally provide conservative estimates
on the induced gain. Non-conservative necessary and sufficonditions that can be used to establish
the value of the induced gain are only available for specidtched systems. A separation property
between all the stabilizing and all the anti-stabilizindusions to a set of algebraic Riccati equations of
the systems being switched provides a complete solutiongtdnduced gain analysis in the casestifw-
switchingsignals, where slow-switching refers to the limit as theimals between consecutive switchings
grows infinity [14]. The variational approaches in [15] algmvide a complete and non-conservative
characterization of the induced gain for single-input Ergutput first-order systems. Other studies on
input-output properties for switched systems includeip&ts/ity and passivity type conditions [16], [17].

The main result of this paper is a necessary and sufficierditgon for the £--induced gain of a linear
switched system to lie below a prescribed value, in termshefdxistence of @ommonsolution to a
set of Hamilton-Jacobi inequalities, one for each systemgoswitched. The key challenge in proving
such result is the necessity of the condition, as the sufiigiés relatively straightforward. A necessary
and sufficient condition, such as this, allows one to use aclian procedure to construct a conceptual
algorithm to compute the value of the induced gain of a switlchystem up to any pre-specified level
of precision.

The paper also investigates under what condition one camcgestability of the switched system from

the knowledge that the induced gain is finite. This requiree t consider appropriate observability
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notions, as well as restrictions on the allowable classesnitching signals, similar to what was done
in [18], in the context of extending LaSalle’s invariancénpiple to switched systems.

We also show that the induced gain that is obtained for thesctd all switching signals, remains
the same for every more restricted class of switching sgtiedt is closed under concatenation, i.e., for
classes of switching signal® for which if we take two switching signals; ands; in S’ and construct
a third switching signaks by making it equal tos; up to some timg > 0 and equal tos, aftert, then
s3 is still in the classS’.

The remainder of the paper is organized as follows: Secticthescribes the problem formulation
and presents the main results. The proofs of the main reardtgpresented in Section lll. Section IV
discusses a set of properties for switching signal classekthis allows us to state results that correspond
to versions of the results in Section Il for more generalsgasof switching signals. Section V contains
some concluding remarks. A subset of the results in this seipt is submitted to the 48th IEEE

Conference on Decision and Control [19].

IIl. PROBLEM DESCRIPTIONS ANDMAIN RESULTS

The following Section II-A formulates the problems thatviike considered. Section 1I-B contains the

main results.

A. Problem Descriptions

The switched systems under consideration are represepteduations of the form

Z—f — Ay + Bgu (1a)
y = Cy (1b)

wheres € S denotes a piecewise constant switching signal that sedggisopriate tripleSA,, B, C),)
from a parametrized family
{(4p, By, Cp)| p € P} (1c)

of n-dimensional;n-input, k-output state space realizations, wh@relenotes an index set. Throughout
the paper, the set of matrices in (1c) is assumed to be comdaeset of all piecewise constant switching
signals is denoted by

S={s: [0,00)— P} (1d)

and by a piecewise constant signalve mean that must only have a finite number of discontinuities

on each bounded time interval. By convention, each pieewisistant signat € S is assumed to be
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continuous from above A function z : [0,00) — R™ is said a solution to (1) if it is continuous and
piecewise continuously differentiable and there exist #ching signals € S and an input signal € £5
such that the time-varying differential equatfon

dx(t)
dt

= Ay (t) + Byyu(t)

holds almost everywhere an> 0.

Our primal interest is to determine the induced gain of théchwd systems (1), but to proceed we
need to introduce appropriate stability definitions.

Definition 1: Let S’ C S. The system (1) is said to heniformly asymptotically stable ove¥ if there

exists a functions of classXCL such that

@)l < B(1=(0)1,1)

forall t > 0, all s € & and allz(0) € R™, wherexz(t) denotes the solution to (1) obtained for the
switching signals, zero input signak, and initial conditionz(0).

Definition 2: Let S’ C S. The system (1) is said to h@niformly) exponentially stable ove¥ if there
exist constants > 0 and A > 0 such that the functiorg in Definition 1 can be chosen of the form
B(r,t) = ae~Mr for all » > 0 and allt > 0.

We now state the following definitions of induced gains.

Definition 3: Let S’ ¢ S and~y > 0. The system (1) is said to have @h-induced gain smaller than

or equal toy uniformly overS’ if

t t
[y Par <9? [ () s @
0 0

forallt >0, all s € S’ and allu € £J*, wherey(7) denotes the output of (1) obtained for the switching
signal s, input signalu, and zero initial condition.

Definition 4: Let S’ ¢ S and~y > 0. The system (1) is said to have #n-induced gain strictly smaller
than~ uniformly overS’ if the system has afs-induced gain smaller than or equal to sonle< v

uniformly overS’.

For anyt > 0, the limit from above ofs() as | t is equal tos(t).
2We denote byl the set of square integrable functions with valuesRh defined on[ 0, oo ).

3A function a: [0,00) — [0, 00) is said to be of clas&, and we write € K, if a is continuous, strictly increasing and
a(0) =0. A function3: [0,00) X [0,00) — [0,00) is said to be of clas& L, and we write3 € KL, if 8(-,t) is of class

K for each fixedt > 0 and 3(r, ¢) decreases t6 ast — oo for each fixedr > 0.
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Our goal is to provide non-conservative conditions on thaizations in (1c) that guarantee that the

system has arf»-induced gain smaller than (or equal) to a given constant

B. Main Results

This section summarizes the main results of this paperrineofs are provided in the next Section Ill.
Theorem 1:Suppose that the system (1) is uniformly asymptoticallplstaverS and lety > 0. The

following statements are equivalent:

1) The system (1) has af»-induced gain smaller than or equal4ouniformly overS.
2) There exits a functio : R™ — R that is convex, zero at zero, and homogeneous of degree two,
which satisfies

ov AT 1,0V v oVT
D (z)Apz + 27 Cp Cpx + 17 o (z)BypB, 5

almost everywhere in.

(£) <0 forall p e P (3)

We recall that a functiorf : R"™ — R is said to be homogeneous of degied f(kz) = k9f(z)
for all z € R™ and allk € R. Because of convexity, the functidn is differentiable almost everywhere
in z, but not necessarily everywhere (see, e.g., [20], [21]er&fore, the quantification over in (3)
should be interpreted as for everyc R™ except the zero-measure set of points at which V' (z) is
not differentiable.

Remark 1: The statement 2) in Theorem 1 requires the existencecofranonsolutionV that satisfies
the inequalities in (3), one for eaghin the index seP. The functionl’ can be regarded asa@mmon
storage functiorfor all the systems being switched. It is probably not s@ipg that the existence of
a common storage function suffices to guarantee an induciedsgaaller thany. It is perhaps more
unexpected that this is actually a necessary condition.

The following Theorem 2 provides necessary and sufficientitions for a switched system to admit
an induced gain strictly smaller than> 0 uniformly overS.

Theorem 2:Suppose that the system (1) is uniformly asymptoticallplstaverS and lety > 0. The

following statements are equivalent:

1) The system (1) has afk-induced gain strictly smaller thap uniformly overS.
2) There exist a constart > 0 and a functionV’ : R™ — R that is convex, zero at zero, and
homogeneous of degree two, which satisfies

ov 1 ov ovT
— (@) Apz + ‘TTCECP‘W + 17_2—(33)BPBT

o o > o (z) < —€|z||*> forallpeP (4)
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almost everywhere in.

Remark 2: Theorems 1 and 2 assume that the system is uniformly asyicgitptstable overS. The
inequalities in (3) or (4) do not necessarily imply the digbbf the switched systems (1), hence this is a
necessary assumption. One might expect that an obsetyasBumption could remove the need for the
stability assumption. However, even when all p@i,, A,) are observable, stability does not necessarily
follow for every class of allowable switching signals (cf8] for details). This topic is further explained
in Corollaries 1 and 2.

Remark 3:From (4), we have

o
ox

almost everywhere inx. Therefore, the functio’’ could be a candidateommonLyapunov function,

(2)Apr < —||z)? forall p e P (5)

provided that it is positive definite. The following Corala2 unifies stability analysis and Theorem 2.
The following Corollary 1 shows how the combination of an etability condition with the inequali-
ties in (3) suffices to establish both stability and a finitduoced gain, provided that the class of switching

signals satisfies appropriate regularity conditions.

To state Corollary 1, we need to introduce the following sild S: the set of persistent dwell-time
switching signalsSy.gwen 7p, o0 ] for somerp > 0 andT € [0, o0 ] consists of those switching signals
with an infinite number of disjoint intervals on whighs constant of length no smaller than thersistent
dwell-time tp, and consecutive intervals with this property are sepdrayeno more than theeriod of
persistencd’. For a more detailed description of this and related claséewitching signals, the reader
is referred to, e.g., [12], [18].

Corollary 1: Suppose that eactC),, A,), p € P is an observable pair and lep > 0, T' < oo, and

~ > 0. The following statement 1) implies statement 2):

1) There exits a functio/ : R™ — R that is convex, zero at zero, homogeneous of degree two,
which satisfies

oV o 1,0V
W(l’)Apl’ +x Cp pr + Z’Y W

almost everywhere in.

g VT

<
> om () <0 for all p € P (6)

(z)Bp

2) The system (1) is (uniformly) exponentially stable ogiywei[ 7p, '] and has ar-induced gain

smaller than or equal tg uniformly overSp_gweil| 70, 7" ].

Remark 4:Suppose thays and-ys, 4,.(,,7] denote theCs-induced gains of the switched systems (1)

for switching signals inS and Sp.aweil 7p, T' |, respectively (see (12) later for more precise descrigtion
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of this notation). Sinc&p.qwei[ 70, 7'] C S, we necessarily have thag,

p-dwell[ TD

7] < 7s and, in fact, one
should expect the inequality to be strict in general. Howe@erollary 1 provides the same estimate for
the induced gainys, ..., 7] @ Theorem 1 provides fors. This indicates that the sufficient condition
in Corollary 1 is conservative, in contrast to the condisiém Theorem 1 which is not. In Section IV, we
investigate for which classes of switching signals the @ots (3) or (4) provides a non-conservative
estimate for the induced gain.

The following Corollary 2 shows how the combination of an etability condition with the inequali-
ties in (4) establishes both stability and a non-consematiduced gain estimate for the switching signal
classS, provided that the functiof” is strictly convex.

Corollary 2: Suppose that there exits a system ingex P such that(Cy, A,) is an observable pair

and lety > 0. The following statements are equivalent:

1) The system (1) is (uniformly) exponentially stable overand has anCs-induced gain strictly
smaller thany uniformly overS.

2) There exist a constaat> 0 and a function/ : R™ — R that is strictly convex, zero at zero, and
homogeneous of degree two, which satisfies

ov T AT 1 5,0V v VT
W(x)Apx +a° C, Cpr + 77 W(m)Bpo e

almost everywhere in.

(z) < —€|z||*> forallpeP (7)

Remark 5:Since s?(1) = ¢(= constant, 7 > 0 is a possible switching signal, uniform asymptotic
stability in the statement 1) implied, is Hurwitz. Other note on this corollary is that strict corig
V(0) = 0 and homogeneity with degree two implies that the functidiis positive definiteV (z) > 0,

x # 0%

Remark 6:Since Theorems 1, 2 and Corollary 2 provide non-consewvatbnditions for the induced

gain to lie below a given constaft one can use a bisection procedure to establish a concepgoathm

to compute the value of the induced gain of a switched systemo any pre-specified level of precision.

[1l. PROOFS OFMAIN RESULTS

In this section, we prove the main results stated above.rBgiooceeding, we note that, because of

causality of the system dynamics [22], having an induced gaialler than or equal t9 > 0 uniformly

‘Let 6 € (0,1) andz # 0. We haved*V (z) = V(8z) = V(fz + (1 — 6)0) < 0V (x) + (1 — )V (0) = 0V (x), thus
6(1 —0)V(x) > 0. Sinced € (0,1), this implies that’(z) > 0.
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over &’ is equivalent to

t
sup sup T [ ()|~ u(r) Fdr < 0 ®
SES ue Ly 7 J0

wherey(7), 7 > 0 denotes the output of (1) obtained for the switching signahput signalu, and zero

initial condition (see also Appendix B).

A. Proof of Theorem 1

In Theorems 1 and 2, the system (1) is assumed to be uniforsyynjtotically stable ovelS
(see Definition 1). For switched systems in the form (1), amif asymptotic stability is equivalent
to exponential stability (see Definition 2) [18], and expoti@ stability guarantees that the switched
system (1) admits a finite induced gain [18], [12]. Actualt b = sup,cp||B,l| andc = sup,ep |Gy,

then we can have

t 1 ca cab [t 1
(/0 ly(m)|?dr)= < m\lwllJr 3 (/0 lu(r)||*dr) > 9)

forallt > 0, all x € R, all s € S and allu € £, wherey(7), t > 7 > 0 denotes the output of
(1) obtained for the switching signal input signalu, and initial conditionz(0) = z; see e.g., [12] for
details.

The following Section IlI-Al proves that 2y 1), whereas Section IlI-A3 proves that &) 2) via a
series of lemmas stated in Section IlI-A2.

1) Theorem 1, 2§ 1): Convexity of the functiori” implies that this function is Lipschitz, continuous
and differentiable almost everywhere &¥; see, e.g., [20], [21]. Since — V(z) is not necessarily
differentiable everywhere in, the following lemma will be needed [23, Lemma 1], [24, SectR].

Lemma 1:Let f : R" x R™ — R®™ anda : R"” x R™ — R be continuous, and : R” — R be
locally Lipschitz. Suppose that

Ow
ox

where () has Lebesgue measure zero and contains all points at whiehw(z) is not differentiable.

() f(z,u) < a(z,u) for all z € R"\ Q and allu € R™

For every absolutely continuous solutien [tg,t; ) — R™ to z(t) = f(x(¢),u(t)) with locally bounded
and Lebesgue measurahlé) € R™, we have that — w(x(t)) is absolutely continuous and

W < a(z(t),u(t)) forall t € [to,t1 )\ T

for some7 which has Lebesgue measure zero and contains all points iah wh— w(x(t)) is not

differentiable.
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Let z € R™ be a point at which: — V' (z) is differentiable. From (3) and using a square completion,

we have
oV T AT 2T
W(m)(Apa: + Bpu) < =27 C, Cpx + v u"u
1,0V ovT 5, OV
—° (UTU—Fz’Y 4@(95)3173;%(95)—7 2%(95)310“)
1 ovT
2 2 (122 —2pT 2
= Gyl + 7l 2l — 572 BF ()]
< —[1Cpz||* +~*ul®
This concludes that
oV 2 201112 m
W(x)(Apx + Bpu) < —||Cpz||” + v ||ul| forallp e P and allu € R (10)

almost everywhere i (except at the points wher%‘;—(g:) does not exist).

Let z(t), t > 0 be a solution to (1) obtained for somec S, v € L3, and zero initial condition.
Since the functiorV is locally Lipschitz, we conclude from (10) and Lemma 1 tHag¢tween any two
consecutive switching timelg,_; andt; of s, the functiont — V' (x(t)) is absolutely continuous and

dV(x(t))

D < O @I + A e (11)

almost everywhere in € (tx_1,tx).
Since both ofr — V(x) andt — xz(t) are continuous, even at switching instances V(x(t)) is

continuous. By integrating both sides of (11), we obtain,

[ @R Pdr < =V ®) + V() = -V )

where we used the fact that convexiii,0) = 0 and homogeneity with degree two imply that the function
V is positive semi-definitel/ () > 0 for all 2°. By letting¢ — oo, from the uniform asymptotic stability
andu € L35, we conclude that:(t) — 0, and thusV (x(t)) — 0. Becauses and v are arbitrary, we
conclude that (8) holds.

2) Preliminaries: We start by introducing the following notation for tlexact(»-induced gain of the

switched systems (1):

vs = inf{y > 0] (2) holds for allt > 0, all s € S’ and allu € L]} (12a)

= inf{y > 0| (8) holds (12b)

This can be proved by replacing strict convexity conditicithwion-strict one in the footnote of Remark 5.
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10

This and the following section assume that the switchedegygil) has an induced gain smaller than or
equal to somey > ~s > 0 uniformly overS [Theorem 1, 1)].

Let us define

v(x) = supv(z, s) xeR" (13a)
seS
where
t
v(x,s) = sup tlim / Ny () |12 =72||u(r)||?dr xreR"ands e S (13b)
ueLlLy 00 Jo

wherey(7), 7 > 0 denotes the output of (1) obtained for the switching signahput signalu, and
initial condition z(0) = x.

The following Lemmas 2, 3 and 4 assure that the functidras a quadratic growth rate bound and is
positive semi-definite. Moreoverz, s) is actually quadratic or for each fixeds.

Lemma 2:Suppose that the system (1) is uniformly asymptoticallyblstaover S. There exists a
constantay > 0 such thatv(z) < az||z||? for all z € R, and consequently(z,s) < asl|z||? for all
xreR"and alls € S.

Proof: See Appendix A. |

Lemma 3:For all z € R™ and alls € S, v(z,s) > 0, and consequently(xz) > 0 for all z € R™.

Proof: See Appendix A. [ |

Lemma 4:Suppose that the system (1) is uniformly asymptoticallplstaoverS. For eachs € S,
v(z, s) is a quadratic form inc.

Proof: See Appendix A |

From Lemma 4, for eachk € S, there exists a positive semi-definiffs) € R"*" such asv(z,s) =

zTQ(s)z. We note that, since(z,s) < as||z||?, Q(s) is bounded. Similarly to what was done in [5],

let us define

W = {Q(s) € R"™"| s € S} (14)

and K to be closure oV, i.e., K = clIW. SinceQ(s) is bounded}V is also bounded, and henéé is
compact. These definitions allow us to writer) = sup,cs v(z, 5) = sup,es 1 Q(s)z = maxgex 1 Q.
The next lemma summarizes some important propertieg of.
Lemma 5: Suppose that the system (1) is uniformly asymptoticallplst@verS, thenv(z) satisfies:
1) v(0) =0
2) v is homogeneous of degree two.
3) v is convex.

4) v is continuously differentiable almost everywhere .
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11

Proof: See Appendix A. [ |
We close this subsection with stating the next lemma whictudees a useful property of the switching
signal classS.
Lemma 6:Let v > 0 andx € R™. For anyt > 0

v = s o | I + o) (15)
s€S[0,t) ueLy [ 0,t)

holds wherex(7), t > 7 > 0 denotes the solution of (1) obtained for the switching signanput signal
u, and initial conditionz(0) = =.

In the above lemma, the s&{0,¢) consists of restrictions of all € S to the interval[ 0,¢ ), and the
setLy'[0,t ) is defined in a similar manner (see Section IV for details).

Remark 7:Lemma 6 basically says that, for every time- 0, evaluatingu(xz) can be accomplished
by separating the time horizon into two parts: one frono ¢ and the other from onwards. The equality
in (15) holds for the switching signal clags However, if one would replac& by some subse$’ of S,
this property would generally not hold. This crucial pragesf S will be proved and further discussed
in Section IV.

3) Theorem 1, 1= 2): We have already seen that the functiofx) is continuously differentiable
almost everywhere o™ [Lemma 5, 4)]. Letz € R” be a point at whichc — v(z) is differentiable.
We show next that the function(z) satisfies (3).

Let t > 0 and pick somep € P. We consider a constant switching signé&(r) = p in the interval

[0,t). Since a particular switching signat is selected, from Lemma 6, the inequality

vz s [ [ICanP—ulPdr + ()

ueLy[0,t)
follows for everyp € P and everyt > 0. We note here that(r), ¢t > 7 > 0 represents the solution
of the time-invariant system (1) obtained for the switchsignal s”(7) = p, input signalu, and initial
conditionz(0) = z.
By the mean value theorem, there exist8 @ [ 0,1 ] such that
(@) > sup [([C(08)P = [u(O)|2)t + v(a(®)]
ueLy[0,t)
Applying Taylor's theorem to expand(x(t)), we obtaif

v(z) = sup (HCpr(l%)Hz—vz\lu(@t)\lz)tJrv(w)+ﬁ

(x) [Apz + Bpu(0)] t + O(tz)
wELT[0,t) oz

0(6) represents any functions such thts)| < k|d| for some constank.
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12

and
ov
0= sup [(ICa(6t) [P~ u(@t)]) + 5 @)y + Byu(o)] + (1)

weLT[0,t) Ox

Letting ¢ — 0, to conclude that
v

02 sup |(IGpal* = ull) + 5 (@) Ay + By

ueRnl X

By a square completion argument, we have that

ov ov
> —(x)A 2 —|Ju|* + =—(x)B ]
0> @)y + |Gyl + sup | <2l + @) By
_ v 2 2 R 7 vt 2 1 o 7 ovT 2
= @)+ |Gyl + sup [ . (Hu S BE O @)~ gy B ()]
. a'U T ~T 1 _9 8'[) TOUT
=5 (z)Apr + 27 C, Cpz + 17 an (v)B,B, o (x)

This conclude that(x) satisfies (3) almost everywhere:in(except the points at which — v(x) is not

differentiable).

B. Proof of Theorem 2

1) Theorem 2, 2} 1): Sincee > 0 in (4), there exists a constapt> 1 such that
CpCp+el > (pCp) T (pCp) > CJC,  forallpeP

We setd > 0 as

From (4), we have

aV T ~T 2 1 _9 aV T 3VT
> _ - -
0> e (z)Apz + 27 C) Cpz + €|z + 17 o (z)ByB, pe (x)

aV T ’Y T ’Y ]. —9 aV T aVT
> 27 _r il i
z 5 (x)Apr + 2 ( po— Cp) ( po— )Cpz + 1 y o (az)Bpo 5

almost everywhere in. From Theorem 1 we then conclude that

() forall p e P

t t
2 2 2 2
——Cyr dr < / d
L= Cur(lPar <47 [ u(o)ar
or equivalently
t t
[ Iv@IRar < (=02 [ fuo)|ar

Hence, the system has an induced gain smaller than or equattoy — 6 < v with somed > 0.
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2) Theorem 2, 1} 2): The system has an induced gain strictly smaller than 0 uniformly over

S, thus there exists a constant> 0 such that

t t
[ Iv@IRar < (=02 [ fuo)|ar (16)
forallt >0, all s € S and allu € L5, wherey(7) denotes the output of (1) obtained for the switching
signal s, input signalu, and zero initial condition.
Let r = rankC, < n and defineC;- € R™="*" such asrank[ C} (C;-)T|T = n. Consider

P
=[C) (Cy)" ], from (16), we have

[1emipar = / o) IPar + [ Ik 0ldr
(=07 [ IuolPar + [ 1Cwto)ar

From (9), we further have

t t t
L I@IRar < (=0 [ ur)Par + G [ am)|Par
t
(=0 [l IPar + G  [fu)Par

where second inequality comes from by settin@) = 0 andC, = I, p € P in (9). We can make the

norm ||C;-|| arbitrarily small and conclude that the system with outpuationz = [C)  (C;)" [Tz

still has an induced gain smaller than or equatte ¢ > 0 for some constant > 0, i.e.,

/0 )P < (=72 [ Jutr)Par
L [latoiPar < [[ucryitar

Therefore, from Theorem 1, we conclude that

or equivalently

C C
F@ay o (e | T | T et 2 I 0B,

Bl — oVt () <0 (17)
S} C’pl y—94 C’pl 4 ox

P Oz -

for all p € P and almost everywhere in.

Sincey/(y —6) > 1 andrank[C)  (C;)T]T = n, there exists am > 0 such that
T

(7_ CP)T( v Cp)> Cp Cp

LA =S Il Fo7 S R e S B Tes

+ el

=CyCy+ (C)T O + e

>CyCy+el forallpeP
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From (17), we have

oV Y Cp Y Cp 1 5,0V E?VT
> 27 A T _ T _ - 27V B BT—
02 G @ +aT (g | T | et g g BB @)
P P
ov T AT 1 5,0V 7oVt
> —m(ac)pr—Hc C, Cpx—i-eHwH2+Z’y 2%(36)3103],?(95)

This concludes that (4) holds.

C. Proof of Corollary 1

The following lemma [18, Lemma 5] will be needed to prove exgatial stability of the system (1)
overS.,[1p,T].
Lemma 7:Suppose that finitep, 7, A > 0 are given and eac{(,, 4,), p € P is an observable pair.

Then, there exit constants x > 0 such that
|®4(t,7)|| < a7 forall s € Sp.awei 70, T ] and allt > 7 >0

where ®,(t, 7) denotes the state transition matrix of the time-varyingeays

dz(t)
dt

— (A + K(8)Cy)2(t)  £>0

for some appropriately chosen time-varying output infttmatrix K satisfying || K (¢)|| < & for all
t > 0.
If the exponential stability oveSp. qwen| 7p, "] follows for all 7p > 0 and allT’ < oo, then Theorem 1
concludes the corollary. To this effect, we investigatditity of
dx
dt

At this moment, we do not introduce restrictions on switghgignals, hence we suppose that S.

= Az y=Csx (18)

Let us define

w(x) = sup w(z,s) 7>0andz € R"
s€S[T1,00)

where
t
w(zx,s) = tlim / ly(R)||*dh 7>0,z € R"ands € S[1,00)

wherey(h), h > 7 > 0 denotes the output of (18) obtained for the switching signahd initial condition
x(T) = x. We denote byS[ 7,00 ) as the set of restrictions of all switching signals S to the interval
[T,00) (see Section IV for details).

The following Lemmas 8 and 9 assure that the functiohas quadratic shrink and growth rate bounds.
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Lemma 8:Suppose that there exits a system index P such that(C,, A,) is an observable pair.
There exits amy; > 0 such thatw(z) > a1]|z||? for all x € R™.
Proof: See Appendix A |
Lemma 9: Suppose that the statement 1) in Corollary 1 holds. Therstex@nas > 0 such that
w(z) < ag||z||? for all z € R™.
Proof: See Appendix A [ |

Combining Lemmas 8 and 9, we conclude that there existiy; > 0 such that
o ||z)? < w(z) < as|jz|? for all z € R" (20)

Suppose now that switching signals are restricted @sSp.qwei 7p, 7" ], and we rewrite (18) as

dx

e = (As+ KCs)r — Ky (21)

Applying Lemma 7 and according similar procedures to what dene in [18, Proof of Theorem 4 (ii)],

we can have that

t 1
(0] < aca(r)| + ([ Iwm)PamE forallez 720 (22)

wherex(t) andy(t), t > 7 > 0 denote the solution and output of (21) obtained for the $writg signal
s, and initial conditionz(7), respectively.

Let us denoteu(t) = w(z(t)). From (20) and (22), for any> 7 > 0, we have

w(®) < eI < 03 (el + [y an)

aCLH
< 2y o)+ 222 [y P

5 9 2,2 t
S ﬂ6_2)‘(t_7—)w(7—) + Q2R / ”y(h)H2dh
o A T
5 9 2,2
_ ﬂe_z)\(t—r)w@_) + X2t K (w(T) —w(t))
g A

This concludes that
—2X\(t—7)
wlt) < cie + C2

forall t > 7>
< e w(T) >7>0

where we set; = 2222 andc, = 2295~
Suppose now that we pick a constdnt- 0 such that

crem L 4 ¢,

=p<l1
1+4co P
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Let N be an integer satisfyingV — 1)L +7 <t < NL+ 7. Sincew((k+ 1)L +7) < pw(kL + 1) for
any positive integek, we have

e AU=((N-DL+7)] 4 ¢

t) < N —1)L
w(t) < . w((N =1L +7)
Cc1 + Co
< N —1)L
e (N =1L+ 7)
C1 + Co N—1 C1 + C9 N
< —-—= ==
1+co (7) (1+c2)p prw(r)
AT ()
T (I+e)p
Together with (20), this leads to
w(t Cc1 + Co o7
(o) < 4D < o w(r)

— a1 T a(l4+e)p

< elate) o2 foralltsr>0
a1(1+co)p

Thus,z(-) converges to zero exponentially fast. The above bound ikcayte for anys € Sp-gwei[7p, 1],

this conclude that (18) is exponentially stable oSg&wen[ 7p, 7" |.

D. Proof of Corollary 2

1) Corollary 2, 2)=- 1): We show that a strictly convex functior satisfying (7) implies exponential
stability of the system (1) oves.
Let us consider the compact sgt € R”| ||£|| = 1}. Since the functiori/ is positive definité and

continuous, there exist;, as > 0 such that

o1 = min V() ax= max V(§)
llg]l=1 lel=1

Then we have

ap < V() <as for all £ € R™ such agl¢]| =1
Homogeneity of the functio¥” also leads to
arlz||? < V(z) < asl|z|? for all z € R" (23)

Thus, the functiorV/ has quadratic shrink and growth rate bounds.

"see the footnote in Remark 5
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Let z(¢), ¢ > 0 be a solution to (1) obtained for somec S, initial condition z(0), and zero input
signal u. Since the functiorV/ is locally Lipschitz, we conclude from (5) and Lemma 1 thagtvieen
any consecutive switching timegs_; and¢; of s, the functiont — V' (z(t)) is absolutely continuous and

WD) < eiry? 24
almost everywhere in € (t5_1,1t ).

Since both ofr — V(z) andt¢ — xz(t) are continuous, even at switching instan¢es V(z(t)) is
continuous. Therefore— V' (z(t)) is monotonically strictly decreasing, absolutely contins ont > 0,
and (24) holds almost everywhere o> 0.

The remaining of the proof follows standard Lyapunov argote¢25]. Combining (23) and (24) leads
to

Via(t) < —ella®)f <~ -V(a(t)

Let n(t), t > 0 be a solution to the differential equation

0(t) = —ailn(t) 7(0) = V(z(0)) t>0

Then, we have

Together with (23), we have

1 1 — € PR S
(@] < —V(x(t) < —V(@(0)e =" < “Hjz(0)]2 =" forallt>0
o g aq

This concludes that(-) converges to zero exponentially fast uniformly over

From Theorem 2, the system (1) has &sinduced gain strictly smaller tham uniformly overS.

2) Corollary 2, 1) = 2): For switched systems in the form (1), uniform asymptotid#ity is
equivalent to exponential stability [18], thus Theorem 2= 2) holds. We show that if we had at least
a single mode such as the paifCy, 4,) is observable, then the functieriz) in (13a) is strictly convex
[cf. Lemma 5, 3)]. To this effect, we first show that the fuoativ(x) is positive definite [cf. Lemma 3].

We note thats?(7) = ¢(= constan), 7 > 0 is a possible switching signal. Hence, uniform asymptotic
stability implies thatA, is Hurwitz, and therefore there exists an uniqye > 0 satisfying AqTQq +
QqAq = —C'qTCq. Since [cf. proof of Lemma 3 in Appendix A]

v(z) = ilelgv(:n, s) > v(x,s?) > tllglo /Ot||C'qa:(7')H2d7' =2TQuz >0 forall x # 0

we conclude thav(z) is positive definite.
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Since the system (1) is exponentially stable o¥elLemmas 2 and 4 are applicable. We can redefine
W in (14) as
W ={Q(s) eR""|seS Qs)>Q, >0}

and, this leads te(z) = maxgex T Qz where K = cIlW. We conclude that(z) is strictly convex,

since it is a quadratic form with a positive definite matéxe K.

IV. NON-CONSERVATIVE INDUCED GAIN ESTIMATES

This section contains the proof of Lemma 6 and shows thatdhaliy in (15) holds for the switching
signal classS, but may not hold for subsets &. The results in this section make possible to state
corollaries in Section IV-B that correspond to versions d¢fedrems 1, 2 and Corollary 2 for more
general classes of switching signals.

We start with introducing some notations. For a given suls$etf S and for constantd > a > 0,
possibly withb = oo, we denote byS[ a,b ) the set of restrictions of all switching signalss S’ to the
interval [ a, b ). Similarly, £5'[ a,b) denotes a restriction of3".

Suppose that > b > a > 0, andS’ C S is given. Leto € §'[a,b), u € S'[b,c) and definer & u by

o(t) a<7<b

(cop)(r) =
uw(it) b<r<e

In addition, we also definé&’'[a,b )P S’ [b,c)={c® puloecSab), peSbc)}
Suppose that > 0, andS’ C S is given. We define a set of switching signals defined on thenmt
[0,00) by
'8'[t,00) = {o] a(p) = ulp+1), peS'[t,0), p>0}

We have the following inclusion relations.

Lemma 10:Let S’ ¢ S. For anyt > 0

1) & cSN0,t)PS[t,0)

2) &' CtSt,o)
hold, respectively.

Proof: See Appendix A. [ |

We now state the following definitions.

Definition 5: Let S’ C S. The switching signal clas§’ is said to be closed under concatenation if
§=800,t)PS[t,00) forall t > 0.
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Definition 6: Let S’ C S. The switching signal clasS’ is said to be shift-invariant i’ = S’[ ¢, )
for all ¢t > 0.

Actually, every switching signal clasS’ C S is not necessarily closed under concatenation or shift-
invariant. The following lemmas says that the former is aengtrong property than the later.

Lemma 11:Let 8’ C S. The switching signal clas§’ is shift-invariant if it is closed under concate-
nation.

Proof: See Appendix A. [ |

A. Proof of Lemma 6

Lemma 6 can be proved as a direct consequence of the folloemga.
Lemma 12:The switching signal clas§ is closed under concatenation, and consequently it is-shift
invariant.
Proof: See Appendix A. [ |
We now can complete the proof of Lemma 6. Le€ R™ and¢ > 0, we have

t
vw)= s sup | [ICu0(ri 050 P u(r) Pdr
ses[0,t) uesy o) LJo

+ sup Sup / HC,U,(T)QS(Ta qb(t;1‘,0,S,u),t,M,UQ)‘|2—72||U2(T)‘|2dT] (25&)
HES[t,00 ) u2 €LY t,00) J1

t
= s swp | [ Cuo(ri 05,0 P u(r) Par
se€S[0t) ueLy o) LJo

+sup sup / HC,U,(T)QS(T;¢(t;x70737u)v07,“’7u2)‘|2_72‘|u2(7)||2d71 (25b)
neSueLly J0

t
= sup  swp [/ HGS(T@(T;x,o,s,u>|r2—72uu<f>uzdf+v<¢><t;x,o,s,u>>}
seS[0,t) uely[0,t) LJO

where ¢(7; z, to, s,u), 7 >ty > 0 denotes the solution of (1) obtained for the switching signanput
signalu, and initial conditionz. The equalities in (25a) and (25b) follow from the fact tha switching
signal classS is closed under concatenation and shift-invariant, respdy, thus we have the equality
in (15).

Let &’ ¢ S and consider the function in (13) for the switching signal clasS'. Since the switching
signal classS’ is not necessary closed under concatenation, we have thapugntity of the right hand
side in (15) is larger than or equals to the left hand side,@mshould expect that the inequality to be

strict in general.
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B. Non-conservative Induced Gain Estimate Conditions

We have a complete characterization of the induced gain ofiém 1. The proof of this theorem
utilized the result in Lemma 6, and the derivation of the diguan (15) depends on the fact that the class
S of all piecewise constant switching signals is closed uraigrcatenation. Non-conservative induced
gain estimate conditions for more general switching sigtedses can be summarized as in the following
corollaries.
Corollary 3: Let 8’ ¢ S and~ > 0. Suppose tha&’ is closed under concatenation, and the system
(1) is uniformly asymptotically stable ovet'. The following statements are equivalent:
1) The system (1) has afi,-induced gain smaller than or equal{ouniformly overS’.
2) There exits a functio : R™ — R that is convex, zero at zero, and homogeneous of degree two,
which satisfies
oV
oz

almost everywhere in.
Corollary 4: Let &’ ¢ S and~ > 0. Suppose thaf’ is closed under concatenation, and the system

1 ov ovT
(z)Apz + 2" C) Cpa + z’y_zg(x)BpBg — (@ <0 foralpeP

(1) is uniformly asymptotically stable ovet'. The following statements are equivalent:
1) The system (1) has afi,-induced gain strictly smaller than uniformly overS’.

2) There exist a constanrt > 0 and a functiont : R™ — R that is convex, zero at zero, and

homogeneous of degree two, which satisfies

1 T
§Z (£) 4z + 27O Cyr 17729 () B, B (9(;; (z) < —¢fz* forallpeP

4 ox
almost everywhere in.
Corollary 5: Let &’ ¢ S and~y > 0. Suppose tha$’ is closed under concatenation, and there exits a

system index; € P such that(C,, A,) is an observable pair. The following statements are ecgmial

1) The system (1) is (uniformly) exponentially stable owrand has anC,-induced gain strictly

smaller thany uniformly overS’.
2) There exist a constaat> 0 and a function/ : R™ — R that is strictly convex, zero at zero, and

homogeneous of degree two, which satisfies

%(l’)pr +x Cp pr + Z’Y %

almost everywhere in.
These results essentially show that any class of switchigngats that is closed under concatenation

T
(z)B,BY oV (z) < —e||z|? forallpeP

P Oz

will exhibit the same induced gain as the cl@&®f every piecewise constant switching signal.
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V. CONCLUSION

This paper provided non-conservative conditions to comhé induced gain of a switched system
in terms of a common solution to a system of Hamilton-Jacobgualities. We also showed that for
observable systems, stability follows from a finite induggain, provided that the class of switching
signals satisfies appropriate conditions. We have also shbat the induced gain that is obtained for
the classS of all piecewise constant switching signals, remains thmeséor more restricted classes of
switching signals that are closed under concatenatiomréwvork is needed. In particular how to solve

(perhaps approximately) the Hamilton-Jacobi inequalitie

APPENDIX A

PROOFS OFLEMMAS

Proof: [Lemma 2] We will start with for having some further considéons on the inequality in
(9). For notational convenience, for a give switching signa S, defineT? to be the dynamics of the
system (1) from initial state(0) to the outputy with zero inputs. Similarly, defing! to be the dynamics
from u to y with zero initial state. Both of?, T'! are linear and, if one assumed that the system (1) is

uniformly asymptotically stable ove$, bounded. Actually, from (9), we have

ca cab
| < TH = ~vs < —2&
179 < 7= Iml=ns <55

where || T}|| = s is clear from definitions.

Adopting the above temporary notations, we rewrite the heftd side of (9) as

(im [ lyr)an® = (im [ 1000 + (@)l 26)
Since we have both of
i [T Par < [T < S o < oo
t—00 2
and
hm / (T w)(7)|2dr < || T hm / |w(r)|*dr <’y$ lim / |u(7)||2dr < 400

we can apply the Minkowski inequality to the above (26). THusm (26), we have

(im [yt 1ar) s = (lim Wﬂmm+u&Mﬂﬁm%

t—oo

1 t 1
< hm/H (T2z)(r)| d7)7+(tlim 1(T)u)(r)|*dr) =
t
< 4 ys(1i / 207)% 27
< el 2, [ (o) Pa) @
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From hereafter, we further adopt the following additiorexhporary notations

t 1
Jull = iy [ fu(lPar) +
and
t
o(w,s,u) = Jim [P u()Pdr

wherey(7), 7 > 0 denotes the output of (1) obtained for the switching signahput signalu, and
initial condition z(0) = x.
Let us define

ca

t 0\ 2 t
wllell. Jul) = (=l +s(im [ ur)fan)® ) =2 fim [ jutr)|ar

= (llell +yslul)*=7*ul?

where we set) = \/C;_A . From (27), we have

v(,s,u) < w(llz], [[ull) and wv(z,s) = sup v(z,s,u) < sup w(|z]],|ul])
ueLy lullerR

Sincey > ~s, applying a square completion, we have
w(llz[l, [[ull) = (v& =) [ull® + 2mys e ||ull + 17|

2.2
nms n
= (78 =)l + = lzl)*~——=

7 ll2ll® + 7|z

g g
2.2 2 2 2
s 2 21,12 _ €4 - 2 2
< ———z =" +nllzl]” = — 5 [[zl]” = az|lz|
7%= 2A E -
where we setyy = %%‘—1; > 0. This concludes)(z) = supycsv(@,s) < supj,er w(||z|, [ul)) <
aollz||? for all x € R™. ]

Proof: [Lemma 3] Lets € S be fixed. Adopting the temporary notations in the proof of Ines?2,

we have
o) = sup o(e, 5,u) = sup i [ y(r)? —5?u(r) | %dr
ueLy uely 100 Jo
> ofa,s,0) = Jim [[llr) [P >0
This concludes, for eache S, v(z, s) is positive semi-definite. [ |

Proof: [Lemma 4] The following lemma will be useful [26, Problem 2LB

Lemma 13:Let w : R™ — R. A function w(z) to be a quadratic form im, if and only if,

1) w is continuous inz.
2) w(kz) = k*w(x) forall k € R
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3) w(x1) + w(x2) = +[w(z1 + 22) + w1 — T2)]
Let s € S be fixed. We adopt the temporary notations in the proof of Len2Znand letu(¢; x) denote

the optimalinput for a given initial conditionz(0) = z, i.e.,

?}(-Z'7S) = Sellﬁp ’U(I’,S,U) = ’U(x73’u(.;w))
uely

We will see that, for each fixes, the functionuv(z, s) satisfies all three conditions in Lemma 13. The

equality in item 2) of Lemma 13 can be verified by inequalities
v(kx,s) = v(kx, s,u(-; kx)) > v(kz, s, ku(-; ))

= Jim [ 1(T0ka)(r) + (Tl 2) (s )|
0

t—o0

= k%v(z, s,u(;x)) = k*v(z, s)
and
Fole,s) = Fole, s, u(52)) 2 Kole, s, -uls k)

=12 i [ IT02)(r) + (T}l k) (DI ] (s ka) P

t—o0

t—o0

) t1 1 1
= k? lim /0 H?(Tfk‘w)(ﬂ+(Tslgu(-;k$))(7)||2—72||?u(7;kw)ll2d7
1

= kzv(%kx, s, ?u(, kx)) = v(kx, s, u(-; kx)) = v(kx, s)

where the inequalities follow directly from optimality ofz, s). Hence, we conclude thatkx) = k%v(z)
for all & € R.

Similarly, we have that

v(xy, ) +v(xe, s) = %[v@xl, s) +v(2x9,s)] = %[v(%l, s,u(+;221)) + v(2x2, s, u(+; 222)]
> %[0(2951, s,u(xy + o) +u( a1 — 22)) +v(2x9, s, u( 1 + 22) — w21 — 22))]
= %[v(ml + 9, 8) + v(x1 — X2, 5)]

and
v(z1 + 22, 8) + v(x) — x2,8) = v(X1 + T2, S, u(; 21 + 22)) +v(T1 — T2, S, U321 — X2))
> v(xy + 22, s, u(521) +uls22)) + vz — 22, S, u(521) — u(s;22))
=2(v(z1,s) +v(z2,s))
Hence, we conclude that(zq, s) + v(z2, s) = $v(21 + 22,5) + v(21 — 22, 5).
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To prove continuity ofv(z, s), we first point-out that there exits a bound for the optimaluitu(-; x).

From the definition ofw(||z||, ||u||) [see the proof of Lemma 2], we have

v(, s, u) < w(llz]l, [[ul]) <0

| —omislzl — /@mslal)2-402 =Pl e -1
it ull > 3 = — llzll = xll=]
275 =% V2X 15—
where we sek = j% V‘S‘_ly 8, From Lemma 3, we know that(z, s) > 0, hence an optimal input that
attainsv(z, s) = supyeop v(z, $,u) = v(z, s,u(-;x)) necessarily satisfies
[u(s2) || < k|| (28)
Let us assume that for ary> 0, there exist|dx| < e andé > 0 such that
lv(z + dz, ) —v(x,s)| >0
Hence,v(z, s) is assumed to be discontinuous at the paint
We first consider the cas€x + dz,s) — v(z,s) > 0, i.e.,
v(z +ox,s) >0 +v(z,s) > v(x,s) (29)

In the following straightforward calculations$,, -) denotes inner product of5* x L3, i.e.,

(y1,92) = lim /Ot yi (y2(7)dr 1 y2 € L3
then we have
v(x + 6z, 5) = v(x + oz, s,u(-x + 0z)) = |T0(x + 6x) + Tlu(-; z + 6x) || =72 |u(-; = + 6z) >
 TO0 | + (102, T a5 + 62)) + (Tl + 62), T0) + [T + 62) [P—r? (s + 62)|
+ (T2, T%6x) + (T20z, T?x) + || T26x|> + (T20z, Tiu(-; x + 0z)) + (Tlu(-; z + dz), T 6x)
=v(z, s,u(;z + 0x))
+ (T2, TO6x) + (T26x, TP x) + | T26z||* + (T26x, Tl u(-;x + 6x)) + (Tru(; x + dx), T o)
< o(z,s,u(;x + ox))

+ (Tw, TO82) + (T2, Tw) + | T90x|® + 2| T6x - | T{ | - 6]l + oz

8Sincew(||z||, ||u||) is a quadratic polynomial function dfu||, solutions tow(||z||, ||u||) = 0 have analytical expressions.
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where the last inequality comes from Cauchy-Schwartz iakiyuand (28). Sincejz, and hence > 0,

can be made arbitrarily small, then we conclude that
v(x,s,u(;x + dz)) > v(z + oz, s)
From (29), we further have
v(z,s,u(-;z + d6x)) > v(x + dz, s) > v(z,s) = v(z, s, u(-;z))

This contradicts optimality ofi(-; ).

On the other hand, we consider the cage + dz, s) — v(z,s) <0, i.e.,
v(z,s) > d+v(z+dx,s) > v(x+dz,s) (30)

For each fixed: € £, v(x, s, u) is clearly continuous in:. We can makeéz, and hence > 0, arbitrarily
small, then this concludes that
U(IL' + 5.%7 S, U(7 ‘T)) = u(x7 S, U(7 fL'))
We further have
v(x +dz,s) = sup v(xz +dz,s,u) > v(r + ox,s,u(;z)) =v(z, s, u(-;x)) = v(zx,s)
ueLly
This contradicts (30). Both of the above arguments proveiroity of v(x, s) for eachs € S.

For each fixeds € S, all three conditions in Lemma 13 are confirmeduie, s), which proves the

lemma. [ |
Proof: [Lemma 5] 1): It is clear from Lemmas 2, 3 and the definitionuéf).

2): For anyk € R, v(kz) = maxgek (k2)TQkz = k? maxgex 2T Qx = k?v(x).

3): Letxy, 29 € R™ andx = 1 + (1 — §)xo for somed € [0,1]. Since a quadratic form™ Px
with a positive semi-definite matri® is convex, we have:'Qx < 0zTQxy + (1 — 0)z3 Qx for each
Q € K. Taking maximum of both sides, we obtaifz) = maxgex 2T Qz < maxgex 02T Q1 + (1 —
0)z3 Q] < maxg, ek 071Q171 + maxg,ex (1 — 0)z3 Qaze = Ov(z1) + (1 — 0)v(z2).

4): Convex functions oriR™ are Lipschitz, continuous, and differentiable almost pwérere; see,
e.g., [20], [21]. [ |

Proof: [Lemma 8] Letq € P and (C,, A,) be an observable pair. Suppose thét), h > 7 > 0

denotes a solution to the time-invariant system (18) okthifor the constant switching signs(h) =
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q(= constant, h > 7 > 0, and initial condition¢(7) = . Let H > 0 be any fixed constant, we have

t T+H
w(z) = sup tlim/”y(h)szhz sup / Hy(h)|]2dh
s€S[T,00) ST seS[T,T+H ) JT

> [T e emiPan = 2T [ [T AT eT o Ay,
> 1Ce&(R)||*dh = e?a"Cy Cye x

Observability assumption implies that the matfix ™ eA:"CI C,e"dh is positive definite for any

H > 0 [27]. We conclude that
T+H
w(z) >z’ (/T eAgthCpeAPhdh> x>0 for all x # 0
Moreover, we can set; > 0 as
T+H
[ eregcettan > ait

then this concludesi(z) > a1|z||? for all x € R™. |
Proof: [Lemma 9] Letz € R™ be a point at whiche — V() is differentiable. From (6), we have

g—‘;(w)pr < —wTCngw forall p e P (31)
almost everywhere in.

Let z(h), h > 7 > 0 be a solution to (18) obtained for the switching sigrabnd initial condition
z(1) = z. Since the functiorl/ is locally Lipschitz, we conclude from (31) and Lemma 1 thztween
any consecutive switching timég,_; and hy, of s, the functionk — V' (z(h)) is absolutely continuous

and
dV(z(h))

o < —[Cay(h)|* (32)

almost everywhere ith € ( hy_1, by ).
Since both ofr — V(z) andh — z(h) are continuous, even at switching instanées- V (z(h)) is

continuous. By integrating both sides of (32), we obtain
t
Jim [ [ly(h)[2dh < V (x)

where we use the fact that the functibnis positive semi-definitey’ (z) > 0 for all z. Sinces € S[r, o)

is arbitrary, we conclude that
w(z,s) <w(x) < V(x) forall z € R" and alls € S[7,00) (33)

Thusw(z) andw(z, s), s € S[ 1,00 ) are bounded by (z).
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Let s € S[T,00) be fixed. Applying Lemma 13 in the proof of Lemma 444z, s), we can conclude
thatw(z, s) is a quadratic form inc. Therefore, for each € S, ), there exists a positive semi-defirfite
matrix Q(s) € R™" such asw(z,s) = z7Q(s)x.

Let us consider a compact sgf € R"| ||£|| = 1}. SinceV is continuous, there exits am > 0 such
that

V(€ =
max (€) =

l€l=1
From (33), we have

w(€,s) =ETQ(s)E <V(€) <ay  forall s e S[r,00) and all¢ € R" such that||¢]| = 1
This leads to
w(z,s) =27 Q(s)z < aslz|? for all s € S[7,00 ) and allz € R"

Then, we conclude that(x) < as||z||? for all z € R™. |
Proof: [Lemma 10] 1): For a give switching signale S’ and for constant > a > 0, possibly
with b = oo, we denote bys| a,b ) the restriction ofs to the interval[ a,b ).

Let ¢t > 0. Adopting the above temporally notation, we show that foy are S’, one can construct
particular switching signals and i belong toS’[ 0,¢ ), which satisfys = o[ 0,¢) & u[t,00 ), hence
se8N0,t)PS[t, ).

Let us define

s(r) 0<7<t s(t) 0<7T<t
o(r) = () =
s(ty t<r s(r) t<r
Both o and i, belong toS’, since they have a strictly smaller or equal number of disnaities than
that of s. By the constriction, we have = ¢[0,¢ ) & p[t, o0 ), which proves 1) in the lemma.

2): Lett > 0 ands € S§'. We show that the switching signalbelongs to’S’[ ¢, 00 ).

Let us define

s(0) 0<7<t

s(r—t) t<r
The switching signalr belongs toS’, becauses and = has the same number of discontinuities each
other, and let}, t;, k =0,1,... be consecutive switching times sfandr, respectively, then we have

T —t5 > 15 —t5 andtf,, —t¥' =5, —t; for k > 1. This shows thatr € S'.
°From the definitionaw(z,s) > 0 for all z € R™ and alls € S[ 7, 00 ).
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Let us define the switching signale S'[t,00 ) as a restriction ofr to the interval[ ¢, cc ), then we
have u(7) = s(r — t). This leads tou(p + t) = s(p), p > 0 and concludes that € 'S’[ ¢, 00 ), which
proves 2) in the lemma. |

Proof: [Lemma 11] Suppose thdt> 0 ando € !S’. Since the switching signal clas¥ is closed
under concatenation, we show that there exits>a 0 such thato € §’[0,7 )@ S'[1,00) = S.

Sinceo € t8’, there exists a switching signale S’ such thato(p) = u(p+t), p > 0. Let t; be the

first switching time ofo, and we define
o(t1) 0<p<ty

o1(p) =0(0) p=>0  o2(p) =
alp) t<p

The constant signat; belongs toS’, ando, also belongs t&’ since it has a strictly smaller number of
discontinuities than that of.
Adopting the temporally notation in the proof of Lemma 10, aveo = 01[0,t1 ) ® 03[ t1,00), and
this conclude that € S§'[0,t1 ) P S'[t1, 0 ). [
Proof: [Lemma 12] Because of C S[0,t )@ S[t,00 ) [Lemma 10, 1)], we need to show the
inclusion relation in the opposite direction. To this effewe show that, for anyr € S[0,¢) and
v € S§[t,o0), the switching signalr @ v belongs toS.
Let N,(0,t) denote the number of discontinuities of the switching signan the interval( 0,¢ ).
Consecutive switching times af @ v are give by
0=t =t] <=tT% =t7T < ---
< t}fvf(”o’t) =t} (01) < t%ejé’()’t) L =th=t< t}fvf(”o’t) L=< (34)
Sincen,v € S, this shows that the number of discontinuitiesrofs v € S on any bounded interval is

finite. We conclude that @ v € S, which proves the lemma. [ |

APPENDIX B

EQUIVALENCE OF DEFINITION 3 AND (8)

Assuming that the system has #n-induced gain smaller than or equal4o> 0 uniformly overS’

and lettingt — oo, we obtain from (2)
t
Jim / ly(P) % = 2u(r)|2dr <0 forall s € &' and allu € L£J (35)

This implies (8).
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On the other hand we assume (8), this implies (35).Let[0,00) — R. For eachl’ > 0, we define
the function f:

ft) 0<t<T
fr(t) = "
0 t>T

We adopt the temporary notatigr to denote the output of the system (1) obtained for the inpwnd
zero initial condition. We note that € £5* implies ur € £5* for all 7" > 0, and due to a causality of

the system dynamics, we have

(Yur)T = (Yu)T

Let s € 8’ andu € L], we obtain from (35) that
t t
02 Jim [ g (7) 2 = 2l () P = Jimm [ g 2 (D)2 =42 (7) P

t T
:tli“;lo/o H(yu)T(T)II2—72HUT(T)H2dT=/O ly(r)II* =~ llu(r)|*dr

for all T > 0. This implies (2).
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