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Abstract
In this report we analyze Emerson’s Multiple Model Interpolation (MMI) algorithm for parameter
estimation and compare it with standard least-squares estimators. In certain cases these two algorithms
provide the same estimate. We start be performing the analysis for the single-gain case and then expand
the results for more general estimation problems.

1 Single-gain estimation

We consider the discrete-time, single-input, single-output, process model:
y(k) = Kpu(k — ) + n(k), vk e {1,2,3,...} (1)
where y denotes the output, u the control input, n measurement noise, 7 a fixed known delay, and K,

the process steady-state gain. This model considers the effect of measurement noise, which was ignored in
previous reports.

We assume that we have available a set of data

{y(k)m(k—T):k:1,2,...,L} 2)
collected over a time-window of length L. By stacking the inputs and outputs as vectors of length L
y(1) u(l—7)
y(2) u(2—7)
Y = . , U := . ) (3)
y(L) u(L — )
we can write the process model as
Y =K,U+N, (4)
where
n(1)
n(2)
N := ) , (5)
n(L)

is a vector of measurement noise. The value of N is not available to estimate K.

The data-set is processed multiple times by examining its fits with respect to a bank of M models that
varies from iteration to iteration. The bank of models used in the ith iteration is given by

Y7 (i) = K7 (i)U, Vie{1,2,...,M}, (6)

where Y7 (i) denotes the estimate of Y based on the jth model during the ith iteration. The corresponding
prediction error is given by

Ei(i):=Yi(6) Y, Vje{1,2,...,M}. (7)
The sum-of-squares error SSE’ (i) for the jth model during the ith iteration is given by
SSE (i) := ||, ())[|* = (Y, (i) = Y) (Y,(i) = Y), (8)
and we define the corresponding performance index J?(i) by
Ji) = — )
SSE’ (7)

Based on these definitions, we construct a multiple model interpolation (MMI) estimator by
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1.1 Moving multiple-models interpolation
The moving multiple-models interpolation (MMMI) estimation algorithm is defined as follows:
1. Seti=0
2. Compute the MMI estimate K, (i) based on the family of model defined by the candidate gains K7, (4)

3. Compute a new family of models by computing a new set of candidate gains K7, (i + 1) centered at

K, (i):

K4 1) = Ry(i) + Age(j — 2000) ()

4. Increment ¢ and goto to 2 until there is no significant change in Kp(i).

We are assuming here that the number of models M is odd and there is a constant spacing Ax among the
model gains.

According to the MMMI algorithm we obtain

R S KL+ 1) I+ 1)

Ky(i+1) = ST (12)
g=171
S (Boi) + Axc (= 254) ) JiGi + 1)
= M . (13)
> S+ 1)
Mo L) Ji(;
= K,(i) + Ak Y U - T5) P+ (14)

YLy Ji(i+ 1)

where the performance indexes J7(i + 1) are given by (9). Using (4), (6), and (8) we can write the corre-
sponding sum-of-squares errors for the jth model during the (i + 1)th iteration as

SSEY (i +1) = (Ki,(i + 1)U’ — K,U' — N')(KZ,(i + 1)U — K,U — N) (15)
= (K3 1) — KU — 2(K3,( + 1) - K)U'N + | V] (16)
= (&) + Ak (G- LEIN 2012 - 2k + 8k G - X yorv v

2

where f(p(i) = Kp(i) — K, denotes the estimation error at the ith iteration.

1.2 Equilibrium

Assume now that the MMMI algorithm converges to some value Kp. Since Kp must be a fixed-point of (14),
we conclude that at equilibrium

S (= M) T Mo M+,
A =L _ =0 < (- )J? =0, (18)
ST 207

where J7 denote the asymptotic value of J7(i) as i — co. For the 3 moving models case (M = 3) we
simply have

(j-2)F=0 & J-J =0, (19)

3
=1

J



which, because of (9), is further equivalent to
SSE?® = SSE! (20)

where SSE’ denotes the asymptotic value of SSE? (i) as i — co. Using (17) we conclude that (20) is equivalent
to

(Kp+ Ax)*|U))? = 2K, + A)U'N + |[N|]? = (K, = Ag)*[U|]* = 2(K, — Ag)U'N + [N|%, (21)

where Kp denotes the asymptotic value of the estimation error Kp(i) as i — oo. Equation (21) can further
be simplified to

K,|U|]> - U'N =0, (22)
from which we conclude that
~ U'N
= —, (23)
R

as long as the input signal U is not identically zero. The equilibrium parameter estimate is therefore given
by

UN

K,=K,+ ——. (24)
SN T

It turns out that this is precisely the least-square estimate for the original data in (2). To verify this note
that the sum-of-squares error for an arbitrary gain K is given by

SSE(K) := (KU -Y)(KU -Y) = (KU — K,U — N)(KU — K,U — N). (25)
This is minimized by finding the value of K for which

9 SSE(K)

9 P: ( p ) ) ( )
giving the fOHOWing sum—of—squares estimate

U'N
K=K, + —.
"ol
Comparing (24) with (27) we concludes the following;:
Lemma 1 (Equilibrium). With 8 moving models (M = 3) and a not identically zero input signal, the
unique equilibrium point of the MMMI algorithm is the least-squares estimate of the gain parameter.

1.3 Convergence

For 3 moving models (14) can be written as

A . J3i+1) = JHi+1)

Ky(i+1)=K,(i) + A 2221 T+ D) (28)
1 1
— K (i SSE3(i+1)  SSEI(i+1)
=K,(i) + Ax 2321 T+ 1) (29)
= K, (i) + Ag~y(i)(SSE' (i + 1) — SSE?(i + 1)) (30)



where

1
M) = SR T 1) S 1 DY, Jii+1) (1)
Subtracting K, from both side of (30) we obtain the following recursion for the estimation error.
Kp(i +1) = Kp(i) + Agy(i) (SSE' (i + 1) — SSE*(i + 1)) (32)
On the other hand, from (17) we conclude that
SSE'(i + 1) — SSE®(i + 1) = —4Ak (||U||*K,(i) — U'N) (33)
Defining (i) := |U||>K,(i) — U'N, we conclude from (32) and (33) that
v(i+1) = |U|PK,(i + 1) = U'N (34)
= UK, (i) = 4llU|IPA% v (i)o(i) — U'N (35)
= (1 - 4|U[*A%A () v(i) (36)

This shows that v(¢) is monotone and bounded between v(0) and 0 and therefore convergent. Assuming
that the input U is not identically zero, this means that f(p is also bounded as well as all remaining
signals including the SSE’ and J7. We thus conclude that ~(i) will not converge to zero and therefore
1 — 4||U||?A%~(i) is bounded away from 1. From this it follows that v(i) actually converges to zero and
therefore

. U'N

The convergence rate will be exponential. The following can be stated

Lemma 2 (Convergence). With 3 moving models (M = 3) and a not identically zero input signal, the
MMMI algorithm converges exponentially fast to the least-squares estimate of the gain parameter.

2 General case
We consider a general SISO ARX model for the process, which can be written as
y(k) = o(k) c(6,) + n(k), Vk € {1,2,3,...} (38)
where (k) denotes the regression vector defined by
pk)i=[~y(k—1) —y(k=2) - —ylk—n,) u(k—1) --ulk—n,)] eR™,  (39)

and ¢(6,) a column vector of coefficients that depends on some unknown parameter vector 8, that belongs
to a parameter set P C R™.

We assume that we have available a set of data

{y(k),<p(k):k:1,2,...,L} (40)
collected over a time-window of length L. By stacking the outputs and regression vectors as follows
y(1) p(1)
Y = y@ e RE, P = SD(?)/ € REX(nytnu) (41)
y(L) P(LY



we can write the process model as

where

is a vector with measurement noise. The value of N is not available to estimate p.

The data-set is processed multiple times by examining its fits with respect to a finite bank of models that
varies from iteration to iteration. We denote by

M(i) == {01 (3),6%,(),....0M (@)} c P (44)

the values for the parameters for the bank of models used in the ith iteration. The estimate Y7 (i) of Y
based on the jth model during the ith iteration is defined by

Y (i) = ®c(0,(i),  Vie€{l,2,...,M}. (45)
and the corresponding prediction error is given by
Bl (Gi):=Yi(6) Y, Vje{l1,2,...,M}. (46)

The multiple model interpolation (MMI) estimator is now given by

i (i) e im0

i) = = (47)
where J7 (i) denotes the performance index for the jth model during the ith iteration, defined by
P0) = g (43)
and SSE’ (i) denotes the sum-of-squares error SSE? (i) given by
SSE (i) := || By, (0)I|* = (Y,()) = Y)' (¥, (i) = Y). (49)
Example 1. For a one-step delay system with unknown gain 6, € [1,10], we have
(k) =k — 1), (6,) = b, P = [1.10] (50)
leading to a model similar to the one considered in Section 1 with 7 = 1:
y(k) = Opu(k — 1) + n(k), p € [1,10]. (51)

Example 2. For a system with unknown gain 6; € [1,10] and unknown delay 6, € {1,2, 3}, we would have

[6:00] 6y =
(k) = [u(k —1) u(k—2) u(k—3)]/, c(01,02) =< [06:0] O,=2, P:=[1,10] x {1,2,3} (52)
[ooa] p2=

leading to

y(k) =n(k) +{ bru(k —2) 6,=2, 6 €][1,10]. (53)
61u(k—3) 9223



2.1 Moving multiple-models interpolation

The moving multiple-models interpolation (MMMI) estimation algorithm is defined as follows:
1. Set ¢ = 0 (iteration index)
2. Set £ =1 (parameter index)
3. Compute the MMI estimate ép (i) based on the family of model defined by the candidate gains 67 (i)

4. Compute a new family of models by computing a new set of candidate gains 7 (i + 1) centered at the
Cth parameter in 0,(4):

M+1

0,(i + 1) = 0,(i) + Ag (5 — )ee, (54)

where e, denotes the ¢th element of the canonical basis of R™
5. Increment ¢ and ¢ (modulo n) and go to 3 until there is no significant change in ép(i).

We are assuming here that the number of models M is odd and there is a constant spacing A, among the
model values for the /th parameter.

According to the MMMI algorithm we obtain

) S 03+ 1) T+ 1)

(i +1) = ST G (55)
S (B0 + e = 25 )ee ) 17 + 1)
= M .. (56)
> Ji+1)
M . 1\ 75 i
= 0,(i) + Agzj:l U= 57) P+ 1)@ (57)

S i+ 1)

where the performance indexes J7(i + 1) are given by (48). Using (42), (45), and (49) we can write the
corresponding sum-of-squares errors for the jth model during the (i + 1)th iteration as

SSEY (i +1) = (® (69, (i + 1)) — ®c(6,) — N) (@ c(69,(i + 1)) — c(6,) — N) (58)
=& (i+1)d'd& (14 1) —2& (i+1)'d'N + | N|. (59)

where
G (i+1)=c(09,(i+ 1)) — c(8,). (60)

When the parametrization c(-) is affine’, we actually have

& (i+1)=J00,(+1)—0,) = JO,(0) + Ae(j — M+l

)Jeq, (61)

where 0,(i) := 8,(i) — 6, denotes the estimation error at the ith iteration and J the (constant) Jacobian
matrix of the map ¢(+), i.e., ¢(0) = JO + co.

IThis implicitly assumes that P is the whole R™



2.2 Equilibrium

Assume now that the MMMI algorithm converges to some value ép. Since 9,, must be a fixed-point of (57)
for every ¢, we conclude that at equilibrium

M . M+1Y\ 77 M

i U—5)J, O M4+1,

AEZJ 1(M i)lez N Z:(j_ 5 )Jg:(), A4 (62)
>im1 J7 =

where Jg denote the asymptotic value of J7(i) for the parameter index ¢ as i — co. For the 3 moving
models case (M = 3) we simply have

3
i-2)Ji=0 & J-Ji=0 W (63)
j=1
which, because of (48), is further equivalent to
SSE} = SSE;, W/ (64)

where SSE? denotes the asymptotic value of SSE? (i) for the parameter index £ as i — oo. Using (59) and
(61) we conclude that for the affine c(-) case, (64) is equivalent to

(0, + Dvey) T DI, + Aver) — 2(0, + Ageg) JO'N + |N|? =
(0, — Dpey) JO'DI(0, — Apeg) — 2(0, — Apey)' J'O'N + ||N|?, VL (65)

where 9}, denotes the asymptotic value of the parameter estimation error 9}, (i) as i — oco. Equation (65) can
further be simplified to

ey(J'O'DJ0, — JJO'N)=0, VW <& JJI,— J I N=0. (66)
from which we conclude that
0, = (J'®'®J) ' J PN, (67)
as long as J'®'®.J is nonsingular. The equilibrium parameter estimate is therefore given by
0, =0, + (J'®'OJ)LJP'N. (68)

It turns out that this is precisely the least-square estimate. To verify this note that the sum-of-squares error
for an arbitrary value 6 of the parameter is given by

SSE() = (®J(0 — 6,) — N)' (®J(0 — 6,) — N). (69)
This is minimized by finding the value of 8 for which

8%};(0):0 & Jo(®JO—-6, —N)=0 (70)
giving the following sum-of-squares estimate

0=0,+ (JO0]) ' JO'N (71)
Comparing (68) with (71) we concludes the following:

Lemma 3 (Equilibrium). With 3 moving models (M = 3), c¢(-) affine, and J' &' ®J is nonsingular, the
unique equilibrium point of the MMMI algorithm is the least-squares estimate of the parameter 6.



