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ABSTRACT
We present a method for the construction of Foster-Lyapunov
functions to prove ergodicity of hybrid piecewise-deterministic
Markov processes. Our method searches for the Lyapunov
function that maximizes a measure of the rate of conver-
gence that appears in the theory of large deviations. We
provide conditions under which such a Lyapunov function
is the limit of an iterative procedure. Analytical solutions
are often possible as exemplified with a problem for which
a Lyapunov function was not known before: the problem
of controlling the probability density of a swarm of robotic
agents.

1. INTRODUCTION
Markov processes with jumps, such as hybrid piecewise-
deterministic Markov processes, offer a significant challenge
to the construction of stability proofs due to the intricate
nonlocal interactions in the state space that are introduced
by jumps. Foster-Lyapunov stability criteria for such pro-
cesses involve solving partial integro-differential inequalities,
what is typically difficult to do numerically. This paper
shows that Lyapunov functions for such processes can be
obtained from a convex optimization problem arises in the
theory of large deviations [7, 5]. In particular, we show that
the Lyapunov function that maximizes a specific measure of
convergence often used in large deviations theory satisfies a
nonlinear integral equation without differential terms in the
unknown. In addition, we also show that this equation can
be solved using an iterative procedure that converges expo-
nentially fast to its solution. It turns out that, for some
problems, the iterative method to find the Lyapunov equa-
tion can be bypassed altogether since one can find closed-
form solutions to the integral equation.

An additional feature of our constructive technique is that
it provides a parametrization of Lyapunov functions so that
one can find different Lyapunov functions by prescribing dif-
ferent weights to points in the space.
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We illustrate the use of our method by finding a Lyapunov
function for a process for which a Lyapunov function was not
previously known. This process consists of a hybrid Markov
Chain Monte Carlo (MCMC) approach in which a vehicle is
induced to perform a random walk with some prespecified
stationary distribution. This process is inspired by bacterial
chemotaxis and we refer to it as Optimotaxis. Stability was
proven in a previous work [14] without the use of Lyapunov
techniques.

The key advantage in using the Lyapunov-based techniques
proposed here to prove stability of a Markov process is that
one obtains information about the rate of convergence of
the process to the steady-state. In particular, the method
used in this paper to construct Lyapunov functions provide
conditions under which the law of the process in Optimotaxis
converges exponentially fast to the steady-state distribution.
Information about the speed of convergence is important
to (1) design processes with fast convergence rates and (2)
estimate how long one needs to wait to be sufficiently close
to the steady-state distribution.

The results in this paper have two limitations. First, the
optimization problem that we solve to find the Lyapunov
function, may have a solution that is not a Lyapunov func-
tions. This will certainly be true if we apply this procedure
to a process that does not converge to the invariant distri-
bution. However, conceivably even for a process for which
the law of the process converges exponentially to the steady-
state distribution, it could happen that the solution to our
optimization is not a Lyapunov function. In practice, this
means that one needs to verify if the function obtained by
the procedure proposed in this paper is indeed a Lyapunov
function, which generally is a trivial procedure.

A second limitation of the results in this paper is that our
current proof that the iterative procedure proposed to find
the Lyapunov function required the assumption that the
jump kernel of the process be irreducible and have finite
rank. While irreducibility is not very limiting, the finite
rank requirement limits the way in which the reset maps
can depend on the continuous part of the state, can be a
problem for more general stochastic hybrid systems. In our
Optimotaxis example, the above assumptions on the jump
kernel are not fully satisfied, yet we are able to find a Lya-
punov function using our method.



In Section 2, we define concepts and provide some key results
in the theory of Markov processes and piecewise-deterministic
Markov processes. In Section 3 we establish some fundamen-
tal connections between Lyapunov functions and the concept
of rate functions for general Markov processes. These results
are specialized to piecewise-deterministic Markov processes
in Section 4. In Section 5, we apply our method to the
problem of controlling the probability density of a swarm of
robotic agents.

2. PRELIMINARIES
In the next sections we first derive our results for a general
Markov process and then we discuss how these results spe-
cialize to piecewise-deterministic processes. We consider a
continuous-time Markov process {Φ(t)}t∈R+ taking values
in a space Y equipped with a Borel σ-algebra B. Here Y is
assumed to be a locally compact separable metric space. In
this paper we will consistently use boldface symbols to de-
note random variables. The process is described using the
transition semigroup {P t}t∈R+ , where each P t is an opera-
tor from B(Y) to B(Y), which is the space of bounded and
measurable real functions on (Y,B) equipped with the norm
of the supremum. In particular, for h ∈ B(Y),

P th(y) := Ey{h(Φ(t))} ,

where Ey denotes expected value given the initial condition
Φ(0) = y. When (2) is applied to the indicator function
1A(·) of the set A ∈ B, we use the notation P t(y,A) :=
P t1A(y). We say that a probability measure π is an invari-
ant probability measure for P t if, for every A ∈ B,

π(A) =

Z

Y

P t(y,A)dπ(y) ∀t ≥ 0 .

When P t admits an invariant probability measure, we say
that Φ is positive.

We recapitulate some Foster-Lyapunov criteria for the sta-
bility of Markov processes from [6, 17]. For a nontrivial
σ-finite measure ψ, we say that Φ is ψ-irreducible if, for
every A ∈ B, ψ(A) > 0 implies E{ηA | Φ(0) = y} > 0,
∀y ∈ Y, where ηA is the occupancy time, defined by ηA :=
R ∞

0
1A{Φ(t)} dt. We shall assume that ψ is a maximal ir-

reducibility measure, i.e, any other irreducibility measure is
absolutely continuous with respect to ψ.

A nonempty set C is called petite if there exists a nontrivial
measure ν on B and a sampling distribution a on (0,∞)
satisfying

Z

P t(y, ·) a(dt) ≥ ν(·), y ∈ C .

We say that a ψ-irreducible process Φ is aperiodic if, for
some petite set C such that ψ(C) > 0, there exists a T such
that P t(y, C) > 0, for all t ≥ T and y ∈ C.

2.1 Exponential Ergodicity
Next, we recall some results involving the exponential er-
godicity of Markov process. To this purpose, we the define
extended generator L of Φ as in [6]. The domain D(L) is
defined as the set of functions h : Y → R such that there

exists a measurable function h : Y → R satisfying

Ey{h(Φ(t))} = h(y) + Ey

Z t

0

g(Φ(s)) ds

ff

and
Z t

0

Ey{|g(Φ(s))|} ds <∞ .

The value of the generator is then denoted Lh := g. This
is an extension of the infinitesimal generator L̂, which is
defined as L̂h := limt→0 t

−1(P th− h) for h ∈ B(Y).

Consider a candidate Lyapunov function V : Y → [1,∞].
For a measure µ on B, we define the norm

‖µ‖V = sup
|h|≤V

˛

˛

˛

˛

Z

h dµ

˛

˛

˛

˛

.

We say that Φ(t) is V -exponentially ergodic if there exists
V : Y → [1,∞], finite for at least one y ∈ Y, an invariant
probability measure π, and constants B0, b0 > 0 such that

‖P t(y, ·) − π‖V ≤ B0V (x)e−b0t, ∀y ∈ Y .

If Φ is V -exponentially ergodic with V (y) finite for all y ∈ Y,
then we say that Φ is exponentially ergodic.

We define the continuous drift condition:

(CD). For constants c > 0, b < ∞, a petite set C, the
function V : Y → [1,∞] verifies

LV ≤ −cV + b1C .

Recall that compact sets are petite for a wide class of Markov
processes, e.g., irreducible T -processes[16].

Theorem 1 ([6]) Suppose Φ is ψ-irreducible and aperiodic.
Then, the condition (CD) satisfied for some function V is
equivalent to V -exponential ergodicity.

Because the Lyapunov function V above is possibly un-
bounded and we want to be able to compare these functions,
we need to define another metric space other than B(Y).
The approach adopted in [18] consists of using a weighted
supremum norm. For V : Y → [1,∞] we define the space
LV

∞ as the space of measurable functions bounded on the
norm

‖h‖V = sup
y∈Y

|h(y)|
V (y)

.

A second approach to we adopt in this paper is to consider
the space L(π0) of measurable functions on B with norm
‖h‖π0

:=
R

|h| dπ0, where pi0 is some probability measure
to be specified later.

2.2 Nonlinear Generators
A useful object in the theory of large deviations is Fleming’s
nonlinear generator [7] that we define as:

H(G) := e−GLeG



with domain D(H). For simplicity, we assume that D(L) is
an algebra and that h ∈ D(L) implies eh ∈ D(L). Thus, we
identify D(H) = D(L). See [7] for a thorough characteriza-
tion of the domain D(H). Based on [12], we define a related
semigroup {Ht} as

Ht(G) = log e−GP teG .

for Gmeasurable. From our definition, we have that H(G) =
limt→0 t

−1Ht(G) whenever the limit exists. It turns out that
the above condition for exponential ergodicity can be written
equivalently in terms of Ht [12]:

(CD1). The Markov process Φ is ψ-irreducible, aperiodic
and there exist functions V : Y → (0,∞] and W : Y →
[1,∞], a petite set C and constants δ, b <∞ such that

HtV ≤ −δW + b1C

for some (and then all) t > 0 and all y ∈ Y such that
V (y) <∞.

We say that condition (CD1+) holds if (CD) holds and if,
for all initial conditions, Φ admits a continuous probabil-
ity density for some time t0 > 0 (this a relaxed version of
condition (DV3+) in [12]).

When (CD1) holds with an unbounded function W , we take
a fixed function W0 : Y → [1,∞) whose growth at infinity
is strictly slower than W , i.e.,

lim
r→∞

sup
y∈Y

»

W0(y)

W (y)
1{W (y)>r}

–

= 0 .

We denote by MW0

1 the set of measures with finite norm
‖ · ‖W0

.

2.3 Piecewise-Deterministic Markov Processes
Our definition of Piecewise-Deterministic Markov Processes
(PDP) follows closely the framework introduced in [4] and
extended in [11]. In a PDP, state trajectories are right con-
tinuous with only finitely many discontinuities (jumps) on a
finite time interval. The continuous evolution of the process
is described by a deterministic flow whereas the jumps occur
at randomly distributed times and have stochastic lengths.

We consider state variables x ∈ X ⊂ R
d and v ∈ V so that

Y = X × V, where V is a compact set. During flows, the
continuous state x(t) evolves according to the vector field
f(x, v), whereas the discrete state v(t) remains constant and
only changes with jumps. For a fixed v ∈ V, we denote by
ϕt(x, v) the continuous flow at time t defined by the vector
field f(·, v) and starting at x at time 0. The conditional
probability that a jump occurs between the time instants t
and s, 0 < s < t, given x(s) and v(s), is

1 − exp

„

−
Z t

s

λ(ϕτ−s(x(s),v(s)),v(s))dτ

«

, (1)

where the nonnegative function λ(x, v) is called the jump
rate at (x, v) ∈ X × V. At each jump, the overall state
ξ := (x,v) assumes a new value distributed according to
the jump kernel Q. Namely, if a jump occurs at time tk,
then

Pr(ξ(tk) ∈ A | ξ
−(tk)) = ξ) = Q(ξ,A)

for A ∈ B, where the superscript minus indicates the left
limit of a processes.

This PDP model is captured by several stochastic hybrid
system models that appeared in the literature, including our
stochastic hybrid models discussed in [9], or the hybrid mod-
els initially proposed in [10] by Hu, Lygeros and co-workers
and further expanded in a series of subsequent papers [3].
Fig. 1 depicts a schematic representation of our PDP.

ẋ = f(x, v)

λ(x, v)

(x, v) ∼ Q((x−,v−), ·)

Figure 1: Hybrid automaton for the PDP

With some abuse of notation, we use the symbol Q to denote
the operator given by Qh(y) =

R

h(ξ)Q(y, dξ) for h ∈ B(Y).
Under a continuity property on λ and Q [11], the generator
L for the PDP has form

Lh = f · ∇h+ λQh− λh

for h ∈ D(L) continuously differentiable (see [11] for the ex-
pression of the full generator), where ∇ denotes the gradient
with respect to x.

We define p(x, v, t) as the joint probability density of the
state (x, v) at time t. Here it is important to explicit the
structure of the parameter space V. We consider V to be a
compact subset of a locally compact separable metric space
equipped with a Borel measure ν such that ν(V) = 1. Note
that, as opposed to [4], we do not require V to be countable.
This more general setting for PDP’s is supported by the the-
ory developed in [11]. Denoting by m the Lebesgue measure
in X , we have that

R

X×V
p(x, v, t) dm× dν = 1, ∀t ≥ 0. We

denote by L1(m × ν) the space of real functions integrable
with respect to m× ν. As in [2], we assume the existence of
a kernel Q∗ such that

m(dx)Q(x,dy) = m(dy)Q∗(y, dx) .

In this case, the adjoint L∗ of L restricted to L1(m × ν) is
given by

L∗p = ∇ · fp+Q∗(λp) − λp

for p ∈ D(L∗) ⊂ L1(m× ν).

3. LYAPUNOV FUNCTIONS AND RATE FUNC-
TIONS

In this section we discuss how one can obtain Lyapunov
functions by solving relatively simple convex optimization
problems. Such Lyapunov functions are related with a no-
tion of convergence rate that appears in the theory of large
deviations of Markov processes [7]. For a probability mea-
sure µ on B, we define the rate function

I(µ) := sup

Z

−Lu
u

dµ : u ∈ D(L), u ≥ 1

ff

. (2)

Intuitively, we can think of −Lu
u

evaluated at y ∈ Y as the
rate of convergence of the function u at the point y and,



therefore, I(µ) would correspond to the fastest µ-weighted
average rate of convergence achievable for some function u
in the domain of the generator. Rate functions have a fun-
damental role in the study of the probability of rare events
in the context of large deviations theory. Our objective is to
construct a Lyapunov function u by solving the maximiza-
tion problem posed in (2).

Throughout this section we assume that (CD1+) holds with
an unbounded function W . In view of [7], we can rewrite
the rate function in terms of an optimization problem that
will be shown to be convex:

I(µ) = sup
n

〈µ,−H(G)〉 : G ∈ D(H) ∩ LW0
∞

o

(3)

where 〈·, ·〉 denotes integration. We can likewise define the
rate functions It(µ)

It(µ) = sup
n

〈µ,−Ht(G)〉 : G ∈ LW0
∞

o

. (4)

Two simple facts from [12, Prop. 4.9] highlight the relation
between the choice of the measure µ and the rate function.
The first fact is that the rate function is 0 if µ is an invariant
measure for Φ. In this case the supremum is attained by any
constant function. The second fact is that the rate function
is infinity for a choice of µ that is not absolutely continuous
with respect to the invariant measure π.

The next result provides a good indication that an optimizer
G will be a Lyapunov function satisfying (CD1). Once the
optimizer is found, all one needs to do is to check if C̄ is
indeed petite, which is a typically a simple verification.

Proposition 1 Suppose that (CD1+) holds with an unbounded
function W so that Φ is exponentially ergodic. In addition,
suppose that µ ∈ MW0

1 is not an invariant measure. Then,
a function G that attains the supremum in (4) for a fixed
t > 0 satisfies

Ht(G) ≤ −δ̄W̄ + b̄1C̄

for constants δ̄, b̄ > 0, a function W̄ ∈ LW0
∞ with W ≥ 1

and a set C̄ such that µ(C̄) < 1.

Proof. This theorem follows from Proposition 4.9 in [12].
The proposition states that there exists F bounded such that
〈µ,Ht(F )〉 < 0 when µ is not an invariant measure. This
implies that It(µ) > 0. Therefore, if G attains the supre-
mum in (4) we must have 〈µ,Ht(G)〉 < 0. The proposition
then follows, given that 〈µ, W̄ 〉<1.

3.1 Characterization of the Optimizers
To find the function u that attains the supremum in (3),
we need to introduce the notion of twisted semigroups. For
a strictly positive function g ∈ B(Y), we define the twisted
semigroup {P t

g} as

P t
gh =

P t(gh)

P tg
.

The corresponding generator is given by

Lgh =
L(gh) − hLg

g

with domain D(Lg) = D(L) under our assumption that
D(L) is an algebra, which is typically the case in applica-
tions. Since P t

g is a positive semigroup with P t
g1 = 1, it is a

semigroup of Markov operators. It can be shown that it de-
fines the same Markov process Φ as P t under an exponential
change of measure [20].

The following theorem provides a necessary and sufficient
condition for a function to attain the supremum in (3) are
given in terms of the twisted semigroup and generator.

Theorem 2 i. The optimization problem in (3) is a con-
vex optimization problem.

ii. If G ∈ D(H) attains the supremum in (3) and F is such
that LF = 0, then G+ F also attains the supremum in
(3).

iii. G ∈ LW0
∞ attains the supremum in the definition of It(µ)

for all t > 0 if and only if µ is an invariant measure
under the twisted operator P t

g , where g = eG, i.e.,

〈µ, P t
gh〉 = 〈µ, h〉

for all h ∈ B(Y).

iv. G ∈ D(H)∩LW0
∞ attains the supremum in the definition

of (3) if and only if

〈µ,Lgh〉 = 0 (5)

for all h ∈ D(L).

Let L∗ be the adjoint of L acting on M(Y), the space of
finite signed measures on B with the total variation norm.
We can expand (5) in terms of L∗ to obtain a sufficient
condition for G to be a maximizer of I(µ):

gL∗

„

µ

g

«

= µ
Lg
g

(6)

The above condition is also necessary when D(L) separates
M(Y). Conditions for this are given in [4].

We now specialize this result for piecewise deterministic
Markov processes and therefore take Y = X × V as in Sec-
tion 2.3 and assume that the generator L and its adjoint L∗,
acting on L1(m× ν), have the form

Lh = f · ∇h+Kh− λh

for h ∈ D(L); and

L∗p = ∇ · fp+K∗p− λp

for p ∈ D(L∗) ⊂ L1(m × ν). Here f is a continuous differ-
entiable function that characterizes the process continuous
drift, λ ∈ B(Y) is the jump intensity, and K is a bounded
operator that, for the time being, may include both jump
and diffusion terms. The following corollary is obtained by
expanding (6) for L of the above form.

Corollary 1 A sufficient condition for a differentiable func-
tion u to attain the supremum in (3) for dµ = p dm, p ∈
D(L∗), is

uK∗
“ p

u

”

−∇ · fp− p

u
Ku = 0 . (7)



From Theorem 2, we know that if U is such that u = eU

is a solutions to (7), then U + F is also a solution for any
harmonic function F (LF = 0). This is always true for
F =constant. One can also verify that U + F is also a
solution if KF = F .

3.2 Proof of Theorem 2
The two parts of Theorem 2 follows from the next proposi-
tion.

Proposition 2 H and Ht are pointwise convex:

H(θF + (1 − θ)G) ≤ θH(F ) + (1 − θ)H(G)

for F,G ∈ D(H) and θ ∈ (0, 1). Moreover, equality holds
if and only if F − G is a harmonic function for P t, i.e.,
L(F −G) = 0.

Proof. Boundedness was proven in [12, Prop. 4.4]. By
Hölder’s inequality:

P t(eθF+(1−θ)G) ≤ (P teF )θ(P teG)1−θ .

Convexity of Ht then follows by taking the logarithm and
rearranging the terms. Since limt→0 t

−1Ht(F ) exists for
F ∈ D(H), the convexity of H follows from the convex-
ity of Ht. Still by Hölder’s inequality, equality holds if
and only if F (y) − G(y) is constant P t(y, ·)-a.e. This is
the same as F − G being a harmonic function for P t, i.e.,
P t(F −G) = F −G.

In the next proposition, we see that the Fréchet derivatives
of Ht and H can be written in terms of the twisted semigroup
and its generator respectively. The boundedness property
was proven in [12, Prop. 4.4], the other conclusions follow
from elementary calculus of variations.

Proposition 3 Suppose (CD1+) holds with an unbounded
function W . Then Ht : LW0

∞ → LV
∞ and H : LW0

∞ ∩D(H) →
LV

∞ are smooth and admit the following Taylor expansions
in terms of Fréchet derivatives:

Ht(F0 + aF ) = Ht(F0) + a(P t
f0

− I)(F )

+
1

2
a2

ˆ

P t
f0

(F 2) − (P t
f0
F )2

˜

+O(a3)

for F0, F ∈ LW0
∞ , f0 = eF0 and a ∈ R; and

H(F0 + aF ) = H(F0) + aLf0
F

+
1

2
a2

ˆ

Lf0
(F 2) − 2FLf0

F
˜

+O(a3)

for F0, F ∈ D(H) ∩ LW0
∞ , f0 = eF0 and a ∈ R.

From Proposition 3, a local maxima of 〈µ,−Ht(G)〉 must
satisfy 〈µ, (P t

g − I)h〉 = 0 for all h ∈ B(Y). The convexity of
Ht implies that 〈µ,−Ht(G)〉 is concave and, therefore, any
local maximum is also global. Aperiodicity of the process
grants that the optimizer is the same for all t > 0. This
proves the third part of the theorem. The fourth part follows
with a similar reasoning.

4. COMPUTATION OF LYAPUNOV FUNC-
TIONS

The main result in this section lies in the observation that
solving (7) for u can be done with relative ease for a signif-
icant number of cases.

A first case to be considered is when the process is deter-
ministic. In this case, the solution is trivial and u cannot
be used as a Lyapunov function. In fact, since K = 0 and
K∗ = 0, (7) either has no solution (∇ · fp 6= 0) or it is
solved by any u (∇ · fp = 0). This is consistent with the
fact that the ratio Lu/u = f · ∇ ln u can be arbitrarily in-
creased by making u = uk

0 , for some Lyapunov function u0,
and increasing the power k.

For nondeterministic processes, however, nontrivial results
can be obtained. In the case of a pure diffusion, for exam-
ple, (7) leads to an advection equation which can be solved
explicitly in the scalar case. When K involves both a jump
and a diffusion term, then one would obtain a partial integro-
differential equation from (7), which is typically difficult to
solve. However, the complexity of solving (7) is consider-
ably reduced when the operator K is a probability kernel,
which is the case for piecewise-deterministic processes. In
particular, when the operator K has finite rank, solving (7)
reduces to a finite-dimensional problem. This is the case of
the example in the next section, where an analytical solution
to (7) is provided.

For a fixed Ū ∈ L∞(m), let ū = eŪ and let u be the positive
solution of the quadratic equation

u2K∗
“ p

ū

”

− u∇ · fp− pKū = 0 . (8)

We denote by T the map Ū 7→ ln u.

Define the normalizing projection N : L(π0) → L(π0) as
N := I − Π0, where Π0U =

R

U dπ0. When applied to U ,

N has the same effect as normalizing eU . A fixed point U
of NT gives a solution u = eU for (7). We show in the next
theorem that the iteration of the map NT is an effective
computational procedure to solve (7).

Assumption 1 i. Suppose the kernel K has finite rank.

ii. Suppose the kernel K is irreducible, i. e., K −λI is the
generator of an irreducible process as defined above.

Theorem 3 Suppose that p > 0 and that there exists V̄ ∈
L(π0) such that eV̄ solves (7). Then, under Assumption 1,
the sequence {Un} defined recursively as

Un+1 = NTUn, n ≥ 0

converges exponentially in L(π0) to V̄+c for any U0 ∈ L(π0),
where c is a constant.

The proof of this result is given in the next subsection. This
proof suggests that a generalization for irreducible compact
kernels K may be possible [see Remark 1].

The conclusions of Theorem 3 would still hold for a different
definition of the map T , where ū = eŪ is mapped to u = lnU



that solves the equation

u2K∗
“ p

ū

”

− ū∇ · fp− pKū = 0 .

4.1 Proof of Theorem 3
Our proof makes use of Banach fixed-point theorem [1]. To
apply this theorem we need to verify that NT : L(π0) →
L(π0) is a contractive map on some closed invariant set C ⊂
L∞, that is, ‖NT (U) −NT (V )‖π0

≤ γ‖U − V ‖π0
for every

U, V ∈ C and some γ < 1. To this purpose, we show that the
Gâteaux derivative dNT (U, δ) of NT at U in the direction δ
satisfies ‖dNT (U, ·)‖π0

≤ 1 for all U ∈ L(π0). This implies
that NT is nonexpansive (see [22] for the relation between
derivatives and the Lipschitz constant) and that the closed
balls Cr = {U ∈ L(π0) : ‖U− V̄ ‖π0

< r} are invariant under
NT for all r > 0 given that V̄ ∈ L(π0) is a fixed point of
NT . Finally, we will show that ‖dNT (U, ·)‖π0

< γ < 1 for
all U ∈ C and the result of the theorem follows from Banach
fixed-point theorem.

Next we compute the derivative dT and show that it is a
contraction in L(π0). We can rewrite (8) as

α(ū)u− β − u−1γ(ū) = 0 . (9)

for α(ū) = K∗(p/ū), β = ∇ · fp and γ = pKū. Let dA(ū, δ)
denote the derivative of the operator A at ū in the direction
δ. We first compute the pointwise derivative and then make
the point that it is indeed a Gâteaux derivative. Recall that

u = eTŪ and take the derivative in (9) with respect to Ū to
obtain

(uα(ū)+u−1γ(ū))dT (Ū, δ)+udα(ū, ūδ)−u−1dγ(ū, ūδ) = 0 .

Because p > 0, we have that uα + u−1γ > 0. We can then
solve for dT to obtain

dT (Ū, δ) = −udα(ū, ūδ) − u−1dγ(ū, ūδ)

uα(ū) + u−1γ(ū)
.

Expanding α and γ, we have

dT (Ū , δ) =
uK∗(pδ/ū) + u−1pK(ūδ)

uK∗(p/ū) + u−1pK(ū)
. (10)

Note that dT (Ū, 1) = 1 and that dT is a positive operator
since K and K∗ are. Therefore, dT is a probability kernel
in δ and ‖dT‖ ≤ 1, where ‖ · ‖ denotes the norm of the
supremum. Since B(Y) is dense in L(π0), we conclude that
‖dT‖π0

≤ 1 as well. This shows that dT is well defined as
Gâteaux derivative and that T is nonexpansive. Since N is
a projection, we have immediately that ‖dNT‖π0

≤ 1 and
NT is nonexpansive as desired.

To show that NT is contractive, we want to decompose dT
as

dT (U, δ) = Π1(U)δ +M(U)δ (11)

where Π1 is a projection on the space of constant functions
and ‖M(U)‖π0

< κ < 1 for all U . In this case, using the
fact that Π0Π1 = Π1, we have that

dNT (U, ·) = (I − Π0)(Π1(U) +M(U)) = NM(U)

so that ‖dNT (U, ·)‖π0
< κ < 1 for every U ∈ C.

In order to show that such a decomposition is possible we
use the irreducibility of K and the fact that it has finite

rank. Note from (10) that dT can be regarded as the convex
combination of two probability kernels:

dT (Ū , δ) = λ1
K∗(pδ/ū)

K∗(p/ū)
+ λ2

K(ūδ)

Kū

where λ1, λ2 ≥ 0 and λ1 + λ2 = 1. Moreover, λ2 = 0 if and
only if λ = 0. This implies that dT can be regarded as tran-
sition operator for a Markov chain that executes the jumps
corresponding to K with some positive probability and the
reverse jumps corresponding to K∗ with some probability.
More importantly, dT inherits irreducibility and aperiodicity
from K. Thus the decomposition in (11) is simply an ap-
plication of Perron-Frobenius theorem [19] for the case of a
finite rank K. In addition, the existence of a uniform bound
γ < 1 is possible as follows. Let C = TCr. Then, C is invari-
ant under T and compact since T is compact [compactness
of T follows from compactness of K and continuity of T ].
Hence, there exists a constant γ such that ‖M(U)‖π0

< 1
∀U ∈ C.

Finally, given any initial condition U0, we can find and ap-
propriate set C such that NTU0 ∈ C and apply the Banach
fixed-point theorem to conclude our result.

Remark 1 A generalization of this proof may be possible for
compact irreducible kernels. Indeed, the decomposition (11)
is possible for compact kernels. It is just not clear under
what conditions M(U) will be contractive. Another possible
generalization is for ergodic kernels K; in this case, a dif-
ferent proof that uses the Lyapunov functions for K may be
possible. ]

5. EXAMPLE: LYAPUNOV FUNCTIONS FOR
OPTIMOTAXIS

In this section we apply our results to the process we intro-
duced in [14]. In that paper, convergence to a stationary
probability density was proven with a method that does not
provide information on the rate of convergence.

Optimotaxis was introduced in [14] as a solution to an in
loco optimization problem with point measurements only.
This problem was extended in [15], where it was posed as
the problem of controlling the probability density of a PDP
by selecting the jump intensity λ and the jump kernel Q as
a function of an output. Applications were provided in the
area of mobile robotics, where the method can be used to
solve problems such as search, deployment and monitoring.

In this example we consider a simple instance of the con-
trolled process obtained in [14]. The process represents
vehicles moving with position x ∈ X = R

d and velocity
v ∈ V = S

d, the unit sphere in R
d. The measure ν is the

Lebesgue measure on the sphere modulo a normalization
factor. In this case we have f = v. In our output feedback
formulation, the controller can only observe the output func-
tion q(x), which represents measurements of some physical
signal taken at position x. Our objective is to make the
probability density of the vehicles’ position to converge to
the output function q(x) and then have an external observer
that can measure the vehicles position to collect information
about q(x), much like in MCMC methods [8].

The jump intensity is chosen such that λ(x, v) = η(x) − v ·



∇ ln q(x), where the function η is a design parameter that
must be chosen such that λ is nonnegative. Note that for
such a η to exist it is necessary that ln g be locally Lipschitz.

The jump kernel is such that x does not change and v has a
jump distribution that is uniform on V. More precisely,

Qh(x, v) =

Z

V

h(x, v)ν(dv)

for h ∈ B(Y). We have shown that a process with these
characteristics has indeed an invariant density q(x) [14]. As
discussed in [14], this controller can be implemented using
just the information from the output q(x).

Finding Lyapunov functions for this process is not trivial due
to the intricate relationship between the continuous state x
and the discrete mode v. To illustrate this, we consider the
Metropolis-Hastings algorithm, which is a classic MCMC
algorithm. Optimotaxis and Metropolis-Hastings are simi-
lar in the sense that the probabilities to reject a point in
Metropolis-Hastings and the probability to reject a veloc-
ity v in Optimotaxis are essentially the same. The main
difference is that, because in Metropolis-Hastings the state
represents a variable in a computer, the controller can look
at a point and reject it without moving the state to that
point, which in turn is not possible if the state represents
the position of a physical vehicle. In [21], it is shown that

q−1/2 is a Lyapunov function for the Metropolis-Hastings
algorithm in terms of the goal distribution q [indeed, this is
also a common Lyapunov function for diffusions]. However,
this fails to be a Lyapunov function for Optimotaxis, which
would be naturally expected since the dependence on v is
not taken into account.

Using the method developed in the previous sections, we
were able to find a Lyapunov function for Optimotaxis which
turns out to be a nontrivial modification of the Lyapunov
function for the random walk generated by the Metropolis-
Hastings algorithm. This Lyapunov function is u = λ−1/2q−1/2.
With such a u we conclude exponential ergodicity of the
PDP in the following theorem. For some ǫ > 0, let η be a
constant such that

max
v∈V

‖∇ ln q(x)‖ + ǫ ≤ η <∞ . (12)

Note that a constant η is not necessary for our result, but it
will simplify our proof. The next assumption characterizes
distributions with exponential decaying tails.

Assumption 2 1. ‖∇ ln q‖ is bounded

2. lim inf‖x‖→∞ ‖∇ ln q‖ > 0

3. The Hessian Hxx ln g converges to 0 as ‖x‖ → ∞.

Theorem 4 Suppose that the output function q satisfies As-
sumption 2. Then, for η as in (12), u =

√
λq is a Lyapunov

function for the PDP and the PDP is exponentially ergodic:

‖P t((x, v), ·) − π‖u ≤ B0ue
−b0t

for some positive constants B0 and b0 and any initial con-
dition (x, v) ∈ X × V, where dπ = qdm.

In the next section, we will describe in detail the process
that led to construction of this Lyapunov function, but for
now we prove this result using Theorem 1.

Proof. Because λ > ǫ and v is restarted uniformly after
jumps, we have that, for any A, C ∈ B such that m(A) > 0
and C is compact, there exists a time T <∞ such that the
probability of reaching A from C is positive for t ≥ T . This
shows that the process is m-irreducible and aperiodic with
compact sets as petite sets. From (19) in the next subsection
we have

Lu ≤ − c0
2
u+ b1C ,

for u = q−1/2
√
λ, a compact set C and positive constants

b and c0. We can then apply Theorem 1 to conclude the
result.

The condition of q having an exponentially decaying tail in
Theorem 4 was proven to be necessary and sufficient for
exponential ergodicity of the Metropolis algorithm in the
one-dimensional case [13]. Hence, it comes as no surprise
the fact that we were not able to find a Lyapunov function
to prove exponential convergence when q has a polynomi-
ally decaying tail. In the next subsection, we describe in
detail how we applied our method to construct a Lyapunov
function for Optimotaxis.

5.1 Constructing a Lyapunov function
Although K = λQ is not a compact operator in L1(m× ν),
it is a finite rank operator in L1(ν) for every fixed x ∈ X . In
fact, if we regard Q as an operator in L1(ν) for a fixed x, its
range is spanned by the constant function. Moreover, the
operator Q has the property that Q(α(x)h) = α(x)Qh for
any h ∈ B(Y) and any α independent of v. That implies that
the set of solutions to (7) is invariant under multiplication
by a function of x only.

We can rearrange (7) to obtain

u =
∇ · pf +

q

(∇ · pf)2 + 4λp
R

u dν
R

λp
u
dν

2
R

λp
u
dν

.

This implies that there exists funcitons r and s such that u
satisfies the following structure

u = r(x)
“

∇ · pf +
p

(∇ · pf)2 + λps(x)
”

. (13)

For some positive matrix Σ ∈ R
d×d, take p(x, v) to be

(2π)−d/2|σΣ|−1/2 exp(−x′σΣ−1x/2) and let σ tend to infin-
ity. The u that results from the limit is equivalent to that
we would obtain with p = 1, but in this case p would not
be integrable. Although our theory has no need to restrict
µ to be a probability measure, we avoid this path due to its
more complicated interpretation. The resulting u is of the
form

u = r(x)
p

λs(x) .

Recalling that the set of solutions to (7) is invariant under
multiplication by a function of x only, we have

u = γ(x)
√
λ . (14)



for any γ(x) such that u ∈ D(L).

This u can be interpreted as the function that maximizes
the rate of convergence with equal weight for every (x, v).
Since the set of functions u of the form (14) is so large, it is
not hard to see that not all elements of this set are Foster-
Lyapunov functions for the PDP. Thus, we have applied the
results of the previous section fully and have not arrived
to a Foster-Lyapunov function. However, we have arrived
for a structure for Foster-Lyapunov functions without which
we were not able to find Lyapunov functions in the past.
Next, we show how we can choose γ(x) so that u is a Foster-
Lyapunov function for the PDP.

Since the considered PDP is m-irreducible and compact sets
are petite, we only need to analyze the behavior of Lu as
‖x‖ goes to infinity. From the definition of the generator,
we have

Lu
u

=
1

2
v · lnλ+ v · ln γ − λ+

√
λ

Z √
λ dν . (15)

Define the auxiliary funcitons α := v · ∇ ln q and β :=
R
√
λ dν =

R √
η − α dν. We can rewrite (15) as

Lu
u

= −1

2

v′ Hxx ln q v

λ
+ v · ∇ ln γ + α+ β

√
η − α− η ,

where ′ denotes the transpose. Notice that when calculating
I(µ) the term that depends on γ vanishes upon integration
in ν:

Z Lu
u

dν = −1

2
tr

„

Hxx ln q

Z

vv′

λ
dν

«

+ β2 − η . (16)

Let γ(x) = q(x)−k for some constant k > 0. Then, we can
rewrite

Lu
u

= −1

2

v′ Hxx ln q v

λ
− kα+ α+ β

√
η − α− η .

We split the right-hand side into two parts and analyze them
separately:

A := −kα+ α+ β
√
η − α− η

B := −1

2

v′ Hxx ln q v

λ
.

Maximizing A on α ∈ [−η, η], we have the worst-case bound

A ≤ −ηk +
β2

4 (1 − k)
. (17)

We can find the roots of the right-hand side of (17) as a
function of k to conclude that A ≤ 0 for

1 −
p

1 − β2/η

2
≤ k ≤ 1 +

p

1 − β2/η

2
.

In special, A ≤ 0 holds independently of β if and only if
k = 1/2. When γ = q−1/2, we have

A ≤ β2 − η

2
≤ 0 . (18)

By Jensen’s inequality, we have that β ≤ √
η with equality if

and only if λ does not depend on v. This analysis provides
the valuable intuition that the term A in the convergence
rate is taking into account how inhomogeneous the jump
rate is in v. Thus, for γ = q−1/2, we have A ≤ 0 with
equality if and only if ∇ ln g = 0.

One can prove that the bound on A is minimized for η as
small as possible. Thus, an important design principle that
follows from from our analysis is that η must be chosen as
small as possible in order to minimize the bound on A and
therefore maximize the convergence rate.

To analyze the interplay between A and B, we make a dis-
tinction between two typical cases: a) when g has an ex-
ponential tail, e.g., q = exp(−c‖x‖); and b) when q has a
polynomial tail, e.g., q = ‖x‖−c for ‖x‖ larger than some r.

5.1.1 Invariant density with exponential tail
In this case, lim inf‖x‖→∞ ‖∇ ln q‖ > 0 and, therefore, there

is a positive constant c0 such that β2 < η − c0 for x large.
On the other hand, Hxx ln q is bounded by a constant times
‖x‖−1 for x large. Thus, A dominates B and we can use the
bound in (18) to conclude

lim sup
‖x‖→∞

Lu
u

≤ −c0/2 , (19)

for u = q−1/2
√
λ.

5.1.2 Invariant density with polynomial tail
Both A and B decay with rate ‖x‖−2 in this case and there
are instances in which B dominates A as ‖x‖ → ∞. Hence,
the analysis must be case by case. There are even instances
where a positive value for the rate function may not be at-
tained. For example, consider (16) for x large and q with a
tail of order ‖x‖−c. Then, for x large, one verifies that
Z Lu

u
dν ≈ − 1

2cdη
tr

„
Z

vv′ dν

« „

tr(Hxx ln q) +
1

2
‖∇ ln q‖2

«

= − 1

2dη̄
tr

„Z

vv′ dν

«

“

2 − d+
c

2

” 1

‖x‖2
(20)

where d is the dimension of the Euclidian space X and where
η = cη̄ (note that the choice of η must change depending on
c). Interestingly, if the dimension d is larger than c/2 + 2,
a positive value for the rate function may not be possible
according to (20). This illustrates a situation where the
result of Proposition 1 does not hold. This is so because
of two potential reasons: p does not verify the conditions
of the proposition; the process is not exponentially ergodic.
Yet, one may be able to use the optimizer u to prove (non-
exponential) ergodicity.

Because β → 0 as ‖x‖ → ∞, a Lyapunov function u =

g−k
√
λ maintains A nonpositive for x large only if k = 2.

Thus, if we are interested in using this u to verify condition
(CD) for a Lyapunov stability proof when q has a tail of or-

der ‖x‖−c, we need c ≥ 4 since Lu is of the order ‖x‖c/2−2.
This is consistent with the fact that q is not a valid proba-
bility density when c ≤ 1.

6. CONCLUSIONS
We have presented a method for the construction of Foster-
Lyapunov functions for PDPs based on the maximization of
a certain notion of rate of convergence. Under appropriate
conditions, solutions can be found by inspection or using
an exponentially convergent numerical iterative procedure.
Some open questions are whether one can give conditions



that guarantee that the maximizing function is a Foster-
Lyapunov function and how one can select µ in order to
obtain Lyapunov functions and/or simplify calculations.
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