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Abstract—This paper intr oduces a general hybrid systems
framework to model the ow of trafc in communication
networks. The proposed models use averaging to continuously
approximate discrete variables such as congestionwindow and
gueue size. Becauseaveraging occurs over short time intervals,
discrete events such as the occurrence of a drop and the
consequentreaction by congestioncontrol can still be captured.
This modeling framework thus lls a gap betweenpurely packet-
level and uid-based models, faithfully capturing the dynamics
of transient phenomenaand yet providing signi cant exibility
in modeling various congestion control mechanisms, differ ent
queuing policies, multicast transmission, etc.

The modeling framework is validated by comparing simula-
tions of the hybrid models against packet-level simulations. It is
shown that the probability density functions producedby the ns-
2 network simulator match closely those obtained with hybrid
models.Mor eover, a complexity analysissupports the obsewvation
that in networks with large per- ow bandwidths, simulations
using hybrid models require signi cantly less computational
resourcesthan ns-2 simulations.

Tools developedto automate the generation and simulation of
hybrid systemsmodelsare also presented.Their useis shavcased
in a study, which simulates TCP o ws with differ ent round-trip
times over the Abilene backbone.

Index Terms—Data Communication Networks, Congestion
Control, TCP, UDP, Simulation, Hybrid Systems

I. INTRODUCTION

ATA communicationnetworks are highly complex sys-

tems, thus modeling and analyzing their behaior is
quite challenging.The problem aggraates as networks be-
come larger and more complec. Paclket-level modelsare the
most accuratenetwork modelsand work by keepingtrack of
individual paclets asthey travel acrossthe network. Packet-
level models,which are usedin network simulatorssuchas
ns-2 [1], have two main drawvbacks:the large computational
requirementgboth in processingand storage)for large-scale
simulationsand the dif culty in understandindhow network
parametersaffect the overall systemperformance Aggregate
uid-lik e modelsovercometheseproblemshy simply keeping
track of the averagequantitiesthat are relevant for network
design and provisioning (such as queuesizes, transmission
rates, drop rates, etc). Examplesof uid modelsthat have
beenproposedto study computernetworks include [2], [3].
The main limitation of theseaggreyate modelsis that they
mostly capturesteadystatebehaior becauseahe averagingis
typically doneover large time scales.Thus, detailedtransient
behaior during congestiorcontrolcannotbe capturedConse-
guently thesemodelsareunsuitablegor a numberof scenarios,
including capturingthe dynamicsof short-lived o ws.

This work hasbeensupportedby the National ScienceFoundationunder
GrantNos. ANI-0322476and CCR-0311084.

Our approachto modelingcomputernetworks and its pro-
tocolsis to usehybrid systemg4] which combinecontinuous-
time dynamicswith event-basedogic. Thesemodelspermit
compleity reduction through continuousapproximation of
variableslike queue and congestionwindow size, without
compromisingthe expressvenessof logic-basedmodels.The
“hybridness”of the modelcomesfrom the fact that, by using
averaging,mary variablesthat are essentiallydiscrete(such
as queueand window sizes)are allowed to take continuous
values. However, becauseaveraging occurs over short time
intervals, one still modelsdiscreteevents such as the occur
renceof a drop and the consequenteactionby congestion
control.

In this paper we proposea generalframework for building
hybrid models that describenetwork behaior. Our hybrid
systemsframework lls the gap betweenpaclet-level and
aggrejatemodelsby averagingdiscretevariablesover a short
time scaleon the orderof around-triptime (RTT). This means
that the model is able to capturethe dynamicsof transient
phenomendairly accurately as long as their time constants
arelargerthanacoupleof RTTs. Thistime scaleis appropriate
for the analysisand designof network protocolsincluding
congestioncontrol mechanisms.

We use TCP asa case-studyo shovcasethe accurag and
efciency of the modelsthat canbe built using the proposed
framavork. We are able to model fairly accurately TCP's
distinct congestiorcontrol modes(e.g., slow-start,congestion
avoidance, fast recovery, etc.) as theselast for periods no
shorterthanoneRTT. Oneshouldkeepin mind thatthetiming
at which eventsoccurin the model (e.g.,dropsor transitions
betweenTCP modes)is only accurateup to roughlyoneRTT.
However, sincethe variationson the RTT typically occur at
a slower time scale,the hybrid modelscanstill capturequite
accuratelythe dynamicsof RTT evolution. In fact, thatis one
of the strengthsof the modelsproposechere,i.e., the factthat
they do not assumeconstantRTT.

We validateour modelingmethodologyby comparingsim-
ulation resultsobtainedfrom hybrid modelsand paclet-level
simulations.We ran extensive simulationsusing differentnet-
work topologiessubjectto differenttraf c conditions(includ-
ing backgroundtraf c). Our resultsshav that hybrid models
areableto reproducepaclet-level simulationsquite accurately
We alsocomparetherun-timeof thetwo approacheandshowv
thathybrid modelsincur considerabljfesscomputationaload.
We anticipatethat speedupyielded by hybrid modelswill be
instrumentalin studyinglarge-scalemore complex networks.

Finally, we describethe Network Description Scripting
Language (NDSL) and the NDSL Translator, which were
developedto automatehe generatiorandsimulationof hybrid



systemsmodels. NDSL is a scripting languagethat allows
the userto specify network topologiesandtrafc. The NDSL
translator automatically generateshe correspondinghybrid
modelsin the modelica modelinglanguag€5]. We shaw-
casethesetoolsin a simulationstudyon the effect of the RTT
onthethroughpuiof TCP o wsoverthe Abilenebackbong6].

Il. RELATED WORK

Several approachesto the modeling and simulation of
networks have beenwidely usedby the networking community
to design and evaluate network protocols. On one side of
the spectrumthereare paclet-level simulationmodels:ns-2
[1], QualNet[7], SSFNET[8], Opnet[9] areeventsimulators
wherean eventis the arrival or departureof a paclet. When-
ever a paclet arrivesat the link or node,eventsaregenerated
and storedin the event list and handledin the appropriate
ordetr Thesemodelsare highly accurateput are not scalable
to large networks. On the otherextreme,staticmodelsprovide
approximationsausing rst principles:[3], [10] provide simple
formulasthat modelhow TCP behaesin steady-stateThese
models ignore much of the dynamicsof the network. For
example,the RTT and loss probability are assumedconstant
andthe interactionbetween o ws is not considered.

Dynamic model fall betweenstatic models and detailed
paclet-level simulators.By allowing someparameterso vary,
these models attempt to obtain more accurag than static
approaches,and yet alleviate some of the computational
overheadof paclet-level simulations.This modelingapproach
was followed by [11], where TCP's sendingrate is taken
as an ensembleaverage. When averaging across multiple
ows, the sendingrates do not exhibit the linear increase
anddivide in half. However, the ensembleaveragestill varies
dynamicallywith queuesizeanddrop probability. [2] proposes
a stochasticdifferential equation (SDE) model of TCR in
which the sendingrate increasedinearly until a drop event
occursandthenit is dividedin half.

While the dynamic models above proved very useful for
developinga theoreticalunderstandingf networks, their pur-
posewas not to simulatenetworks. In an effort to simulate
networks ef ciently, [12], [13] proposeda uid-lik e approach
in which bit ratesare assumedo be piecavise constant.This
type of network simulator only needsto keep track of rate
changeghat occurdueto queuing,multiplexing, andservices.
As a results,the computationaleffort may be reducedwith
respectto a paclet-level simulators.However, the piecavise
constanassumptiorcanleadto an explosionof eventsknown
asthe ripple effect [14], which can signi cantly increasethe
computationaload.

Systemsthat exhibit continuouslyvarying variableswhose
valuesare affectedby eventsgeneratedy discrete-logicare
known as hybrid systemsand have beenwidely usedin mary
elds to modelphysicalsystemsThe readeris referredto [4]
for a generaloverview of hybrid systems.An early hybrid
modeling approachto computer systemsappearedin [15],
wherethe authorproposego combinediscrete-gent models
with continuous analytic models. The former are used to
capture “rare-events; whereasthe latter avoid the needto

carry out the detailedsimulationof very frequentevents.This
generaframenork wasusedin [15] to simulatea centralsener
systemsconsistingof a CPU and several 10 devices serving
multiple jobs.

Trafc sampling[16] consistsof takinga sampleof network
traf c, feedingit into a suitablyscaledversionof the network,
and then using the results so obtained to extrapolate the
behaior of the original network. This hasbeenproposedas
a methodologyto ef ciently simulatelarge-scalenetworks by
combining simulation and analytical techniquesHowever, it
losesscalabilitywhen paclet dropsare bursty and correlated,
or whenpacletdropsarenot accuratelynodeledby a Poisson
process.

The remainderof the paperis organizedas follows. Sec-
tion Il presentsour hybrid systemsmodeling framework.In
SectionlV, we validateour hybrid modelsby comparingthem
to paclet-level simulations SectionV shavsresultscomparing
the computationalcompleity of hybrid- and paclet-level
models, and section VI shows developmenttools and case
study using thesetools. Finally, we presentour concluding
remarksand directionsfor future work in SectionVII.

I1l. HYBRID MODELING FRAMEWORK

Considera communicationnetwork consistingof a set
of nodesconnectedby a set of links. We assumethat all
links are unidirectionaland denoteby the link from

node to node (cf. Figure 1). Every link
is characterizedy a nite bandwidth  and a propagation
delay
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Fig. 1. Examplenetwork where

We assumehat the network is beingloadedby a set  of
end-to-endows. Givena ow from node to
node , wedenoteby  the ow' ssendingrate i.e., the
rate at which paclets are generatedand enternode where
the ow is initiated. Given a link in the path of the

-ow, we denoteby the rate at which paclets from the

-ow are sentthroughthe -link. We call  the -link/ -
ow transmissiorrate At eachlink, the sumof the link/ o w
transmissiorratesmust not exceedthe bandwidth , i.e.,

@)

In generalthe o w sendingrates aredeterminedy

congestiorcontrol mechanisma&ndthe link/ o w transmission
rates  are determinedby paclet conseration laws to be

derived shortly To accountfor the fact that not all paclets

may have the samelength, we measureall ratesin bytesper

second.



Associatedwvith eachlink , thereis a queuethatholds
pacletsbeforetransmissiorthroughthe link. We denoteby
the numberof bytesin this queuethat belongto the -ow.
The total numberof bytesin the queueis given by

)

The queuecanhold, at most,a nite numberof bytesthatwe
denoteby . When reaches , dropswill occur

For eachow , we denoteby the ow'sRTT,
which elapsesbetweena paclet is sentand its acknavledg-
mentis receved. The value of can be determinedby
addingthe propagatiordelays andqueuingtimes of
all links involvedin oneround-trip.In particular

where
for ow

denoteghe setof links involvedin oneround-trip

A. Flow conservatiorlaws

Considera link in the pathof ow . We denote
by therateatwhich -ow pacletsarrive (or originate)at
the nodewhere starts.We call  the -link/ - ow arrival
rate The link/ o w arrival rates  are relatedto the ow

sendingrates  and the link/ o w transmissionrates by
the following simple ow-conservationlaw: for every
and ,

startsat the nodewhere starts 3)

otherwise

where denotesthe previous link in the path of the - ow.

For simplicity, we areassumingsingle-pattroutingandunicast
transmissionlt would be straightforvard to derive consera-
tion laws for multi-path routing and multi-casttransmission.

The o w-conserationlaw (3) implicitly assumeshat pack-
etsare not dropped“on-the- y.” For consisteng, we will re-
gardpaclet dropsthatoccurin thetransmissiormedium(e.g.,
neededo modelwirelesslinks) astaking placeuponarrival at
the destinationnode.From a traf ¢ modelingperspectie this
malkes no differencebut somavhat simpli es the notation.

B. Queuedynamics

In this section,we malke two basicassumptionsegarding
ow uniformity that are usedto derive our modelsfor the
gueuedynamics:

Assumptionl (Arrival uniformity): The paclets of the all
ows arrive at eachnode in their pathsroughly uniformly
distributed over time. Consequentlythe paclets of each ow
areroughly uniformly distributed along eachqueue.

Becauseof packet quantization,bursting, synchronization,
etc., this assumptionare never quite true over a very small
interval of time. However, they are generally accurateover
time intervals of a few RTTs. In fact, we shall see shortly
thatthey aresufciently accurateo leadto modelsthatmatch
closely paclet-level simulations.

1) Queue-golution and drop rates: Considera link
thatis in the path of the ow . The queuedynamics
associatedvith this pair link/ o w are given by

where  denotesthe -ow drop rate In this equation
shouldbe regardedas an input whosevalueis determinecby
upstreamnodes.To determinethe values of and we
considerthree casesseparately:

1) Emptyqueue(i.e., ). In this situationthereareno
dropsandthe outgoingrates  are equalto the arrival
rates , aslong asthe bandwidthconstrain(1) is not
violated. However, when , We cannot
have , and the available link bandwidth
must be somehav distributed amountthe o ws so that

. To determinehow to distribute , we
note that a total of bytesarrive at the queue
in a single unit of time. Assumingarrival uniformity
(Assumptionl) all incoming paclets are equally likely
to be transmittedso the probabilitythata pacletof ow

is indeedtransmittedis given by

(4)

Sinceatotalof  byteswill betransmittedthe faction
of thesethat correspondo ow is given by

The above discussiorcanbe summarizedasfollows: for
every ,

2) Queue neither empty nor full (i.e.,
or but ). In this situation
there are no drops and the available link bandwidth
must also be distributed amountthe o ws so that
. Assuming that the paclets of each
ow are uniformly distributed along each queue (As-
sumptionl), the probability that a paclet of ow is

at the headof the queueis given by
)

Sincea total of byteswill betransmittedper unit of
time, the faction of thesethat correspondo ow is
given by

We thusconcludethat,in this situation,for every ,



3) Queue full and still lling (i.e., and
). In this situationthe total drop rate
must equalthe differencebetweenthe total arrival rate
andthe link bandwidth,i.e., .
Onceagain,we mustdeterminehow this total drop rate
should be distributed among all o ws. Assuming
arrival uniformity (Assumptionl) all incoming paclets
are equally likely to be droppedso the probability that
apacletof ow is indeeddroppedis given by

(6)

Sinceatotal of  byteswill be droppedthe faction of
thesethat correspondo ow is given by

The rate at which paclets are transmittedis the same
aswhenthe queueis neitheremptynot full, which was
consideredibore. This leadsto the following model:for

every ,

()

To complete the queue dynamics model, it remains to
determinewhen and which o ws suffer drops. To this ef-
fect, supposethat at time reached with

. Clearly, a drop will occur at time  but,
multiple drops may occur In general,if a drop occurredat
time anew dropis expectedat a time for which
thetotaldroprate integratesfrom to to exactly the
paclet-size , i.e., for which

(8)

This equationdetermines
We call (8) the drop-countmodel

The question as to which ows suffer drops must be
consistentwith the drop probability speci ed by (6), which
wasa consequencef the arrival uniformity Assumptionl. In
particular the selectionof the ow  wherea drop occursis
madeby drawing the o w randomlyfrom theset , according
to the distribution

for all dropsafter

9)

We assumethat the ows , that suffer drops
at two distinct time instants are (conditionally)
independentandomvariables(given that the dropsdid occur
attimes and ). We call (9) the drop-selectiormodel

The uniformity Assumptionl was usedin the construc-
tion of our queue model to justify the formulas (4), (5)
for the paclet transmissiorprobabilitiesand the formula (6)
for the paclket drop probability. To validate this assumption,

we matchedtheseformulas with the resultsof several ns-

2 [1] simulations.Figure 2 shavs the result of one such
validation procedurefor the formula (6). Figure 2(a) refers
to a simulation in which 2 TCP ows (RED and BLUE)
competefor bandwidthon a bottleneckqueue(with 10% ON-
OFFUDPtrafc). The -axisshavsthefractionof arrival rate
for each o w givenby theformula(6) andthe -axisshownsthe
correspondinglrop probability. A nearperfect45-deggreeline
shaws that (6) doesprovide a very goodapproximationto the
pacletdropprobability. Figure2(b) shavs a network with very
strong drop synchronizationfor which Assumptionl breaks
down. We postponethe discussiorof this plot to Sectionlll-

B.3. Similar plots can be madeto validatethe formulas (4),

(5) for the paclet transmissionprobabilities,but we do not
include them herefor lack of space.However, in SectionlV

we present systematioalidationof our overall hybrid model,
which includesthe queuemodeabore asa sub-component.

— P(drop=RED|(R/(R+B)), RTT=45ms \ \ — P(drop=RED|(R/(R+B))), RTT=45ms
— P(drop=BLUE|(B/(R+B))), RTT=90ms /\ \ /| — P(drop=BLUE|(BI(R+B)), RTT=90ms
\ \

\
[ Y B \\\
\

A RED //N
/\ /
\ /

\/ o\

02

08 1 02 0 08 1

07 06 Z 05
Fraction of Incommina Rate Fraction of Incomming Rate

(a) 10% backgroundrafc (b) paclet synchronization

Fig. 2. Drop probability vs. fraction of arrival rate.

2) Hybrid model for queuedynamics: The queuemodel
developedabove can be compactly expressedby the hybrid
automatorrepresentedh Figure 3. Eachellipsein this gure
correspondgo a discretestate(or mode)and the continuous
stateof the hybrid systemconsistof the o w byterate

andthevariable usedto trackthe numberof dropsin the
gueue-fullmode.The differentialequationdor thesevariables
in eachmodeareshawn insidethe correspondingllipse. The
arrons betweenellipsesrepresentransitionsbetweenmodes.
Thesetransitionsare labeled with their enabling conditions
(which can include events generatedby other transitions);
ary necessaryreset of the continuousstate that must take
place when the transition occurs; and events generatedby
the transition. Events are denotedby . We assumehere
that a jump always occurswhen the transition condition is
enabled.This model is consistentwith most of the hybrid
systemframawvorks proposedin the literature (cf., e.g., [4]).
The inputs to this model are the rates of the
upstreamqueues , Which determinethe arrival rates

, ; and the outputs are the transmissionrates

. For the purposeof congestioncontrol, we should
also regard the drop eventsand the queuesize as outputsof
the hybrid model. Note that the queuesizeswill eventually
determinepaclet RTTs.

3) Other drop models: For completenes®ne should add
thatthe drop-selectiormodeldescribedy (9) is notuniversal.



-queue-empty:

otherwise

dropin ow dropin ow

?

dropin ow

Fig. 3. Hybrid modelfor the queueat link . In this gure,

For example, in dumbbell topologies without background
traf c, onecanobsene synchronizatiopphenomenghatsome-
timesleadto o ws with smallersendingratessuffering more
dropsthan o ws with larger sendingrates.The right plot in

Figure 2 shavs an extreme example of this (2 TCP ows in

a 5Mbps dumbbelltopology with no backgroundtrafc and
drop-tail queuing).In this example,the BLUE ow suffers
most of the drops,in spite of usinga smallerfraction of the

bandwidth.In [17], it wassuggestethat10% of randomdelay
would remove synchronizationbetween TCP connections.
However, this doesnot appeatto bethe casewhenthe number
of connectionds small. To avoid synchronizationve mostly
used backgroundtrafc. In fact, the left plot in Figure 2

shaws resultsobtainedwith 10% backgroundrafc, whereas
the right plot shaws resultsobtainedwithout any background
traf c.

Drop rotation: The drop modelin (9) is not very accu-
rate when strong synchronizationoccurs. Constructingdrop
modelsthat remainaccurateunderpacket-dropssynchronized
is generallyvery challenging,except under special network
conditions.The drop rotationmodelis valid in topologieswith
drop-tail queuing,when several TCP o ws have the roughly
the sameRTT andthereis a bottlenecklink with bandwidth
signi cantly smallerthanthatof the remaininglinks andthere
is no (or little) backgroundraf c [18]—-[20]. Underthis model,
when the queuegetsfull each ow getsa drop in a round-
robin fashion.The rationalefor this is that, once the queue
getsfull, it will remainfull until TCP reacts(approximately
oneRTT afterthedrop).In the meanwhileall TCP o ws are
in the congestionavoidancemode and eachwill increaseits
window size by one. When this occurseachwill attemptto
sendtwo pacletsback-to-backand,undera drop-tail queuing
policy, the secondpacket will almostcertainly be dropped.

Although the drop rotation modelis only valid for special
networks,thesenetworksarevery usefulto validatecongestion
control becausethey lead to essentiallydeterministicdrops.
This allows one to compareexactly traces obtained from

is given by (2), the

aregiven by (3), and

paclet-level modelswith tracesobtainedfrom hybrid models.
We will usethis featureof drop rotationto validateour hybrid
modelsfor TCPin SectionlV.

Otherdrop models,suchas active queuingand drop-head
canbe foundin [21].

C. TCP model

So far our discussionfocused on the modeling of the
transmissionrates and the queue sizes acrossthe
network, takingasinputsthesendingates of theend-to-end
o ws. We now constructa hybrid modelfor asingleTCP o w

that should be composedwith the o w-conseration
laws and queuedynamicspresentedn Sectionslll-A andlll-
B to describethe overall system.We start by describingthe
behaior of TCPin eachof its main modesand later combine
theminto a uni ed hybrid model of TCP.

1) Slow-startmode: During slow-start the congestionwin-

dow (cwnd) increasesexponentially being multiplied by
2 every RTT. This canbe modeledby

(10)

because heglecting the variation of
RTT, this would lead

during a single

Since  pacletsaresenteachRTT, theinstantaneousending
rate  shouldbe given by

— (11)
However, this formula needsto be correctedto

— (12)

becauseslow-start paclets are sentin bursts. A detailed
justi cation for the introduction of the parameter
canbe foundin [21].



The slow-start mode lasts until a drop or a timeout are
detected.Detection of a drop leadsthe systemto the fast-
recorery mode,whereasthe detectionof a timeoutleadsthe
systemto the timeoutmode.

The formulas(10) and (12) hold aslong asthe congestion

window is belown the recever's adwertisedwindow size
.When exceedghis value,the sendingrateis limited
by and (12) shouldbe replacedby

(13)

Whenthe congestionrwindow reacheghe adwertisedwindow
size,the systemtransitionsto the congestion-avoidancenode.

2) Congestion-avoidancemode: During the congestion-
avoidancemode, the congestionwindow size increases|in-
early” with an increaseequalto the paclet-size for each
RTT. This canbe modeledby

with theinstantaneousendingate
recever's adwertisedwindow size
be replacedby

givenby (11). Whenthe
is nite, (11) should

The congestion-avoidancenodelastsuntil a drop or timeout
are detected.Detection of a drop leads the systemto the
fast-recovery mode,whereasdetectionof a timeoutleadsthe
systemto the timeoutmode.

3) Fast-recorery mode: The fast-recovery modeis entered
whenadropis detectedwhich occurssometime afterthedrop
actuallyoccurs.Whena singledrop occurs,the senderleaves
this modeat thetime it learnsthatthe pacletdroppedwassuc-
cessfullyretransmittedi.e., whenits acknavledgmentrrives).
Whenmultiple dropsoccur, the transitionout of fastrecovery
dependson the particular version of TCP implemented.We
provide next the modelfor TCP-Sack.

TCP-Sak: In TCP-Sack,when drops occur, the
senderlearns immediately that several drops occurred and
will attemptto retransmitall thesepaclets as soon as the
congestionwindow allows it. As soon as fast-recovery is
initiated, the rst paclet droppedis retransmittedand the
congestionwindow is divided by two. After that, for each
acknavledgmenteceived,the congestiorwindow is increased
by one. However, until the rst retransmissionsucceeds,
the number of outstandingpaclets is not decreasedvhen
acknavledgmentsarrive.

Supposethat the drop was detectedat time and let
denotethe window size just beforeits division by 2.
In practice,duringthe rst RTT afterthe retransmissiorgi.e.,

from to ) the numberof outstandingpacletsis
; the numberof duplicateacknavledgmentsreceved
is equal to (we are including here the 3

duplicateacknavledgmentghat triggeredthe retransmission),
anda singlenon-duplicateacknavledgmentis received (corre-
spondingto the retransmission)The total numberof paclets

sent during this interval will be one (correspondingto the
retransmissiorthat took placeimmediately),plus the number
of duplicateacknavledgmentgeceied, minus . We
needto subtract becausethe rst ac-
knowledgmentgeceved will increasethe congestionvindow
up to the numberof outstandingpaclets but will not lead to
transmissiondecausethe congestionwindow is still below
the numberof outstandingpaclets [22]. This leadsto a total
of pacletssent,which canbe modeled
by an averagesendingrate of

on

In casea single packet was dropped,fastrecovery will nish
at , but otherwiseit will continue until all the
retransmissionsake placeand are successfulHowever, from
on, eachacknavledgmentreceved will also de-
creasethe numberof outstandingpacketsso onewill obsene
anexponentialincreasdn the window size.In particulay from
to the numberof acknavledgments
receved is (which was the number
of paclets sentin the previous interval) and eachwill both
increasethe congestiorwindow size anddecreasehe number
of outstandingpaclets. This will lead to a total number of
pacletssentequalto andtherefore

on

On eachsubsequeninterval, the sendingrateincreasesxpo-
nentially until all the paclets that were droppedare
successfullyretransmitted.In  RTTs, the total number of
pacletsretransmitteds equalto

andthesendewmill exit fastrecoverywhenthisnumbereaches
, i.e., when

In practice,this meansthat the hybrid model should remain
in the fastrecosery modefor approximately

(14)
RTTs. The previous reasonings only valid whenthe number
of dropsdoesnot exceed . As shawn in [22], when
the senderdoesnot receve enough
acknavledgmentsin the rst RTT to retransmitary other
pacletsandthereis a timeout. When
only one paclet will be senton eachof the rst two RTTs,
followed by exponentialincreasein the remainingRTTSs. In
this case the fastrecovery modewill last approximately

(15)



RTTs.

We have also developed fast-recoery models for TCP-
NewReno, TCP-Rencand TCP-Tahoe.Theseare discussedn
[21], [23]. The behaior of the several variantsof TCP in the
presencef multiple paclet lossesin the samewindow is also
discussedn [24].

4) Timeouts: Timeoutsoccur when the timeout timer ex-
ceedsa threshold that provides a measureof the current
RTT. This timer is resetto zero whenever the number of
outstandingpaclets decreasegi.e., when it hasreceved an
acknavledgmentfor a new packet). Even when there are
drops, this should occur at least once every , except
in the following cases:

1) The numberof drops is larger or equalto
andthereforethe numberof duplicateacknavledgments
receved is smalleror equalto 2. Theseare not enough
to trigger a transitionto the fast-recorery mode.

The numberof drops is sufciently large so that
thesendewill notbeableto exit fastrecoserybecausé
doesnot receve enoughacknavledgmentdo retransmit
all the paclets that were dropped.As seenabove, this
correspondgo .

Thesetwo casexanbe combinedinto the following condition
underwhich a timeoutwill occur:

2)

When a timeout occursat time  the variable is set
equalto half the congestiorwindow size,which is resetto 1,
ie.,

At this point, and until reaches , we have multi-
plicative increasesimilar to what happensin slow start and
therefore(13) holds. This lasts until reaches

or a drop/timeoutis detectedThe formerleadsto a transition
into the congestionavoidancemode, whereasthe latter to a
transitioninto the fast-recovery timeoutmode.

5) Hybrid model for TCP-Sak: The model in Figure 4
combineghe modesdescribedn Sectiondll-C.1, 11I-C.2, IlI-
C.3, and llI-C.4 for TCP-Sack.This model also takes into
accountthat there is a delay betweenthe occurrenceof a
dropandits detection.This drop-detectiordelayis determined
by the “round-trip time” from the queue where the drop
occurred,all the way to the recever, and backto the sender
It canbe computedusing

where denotesthe set of links betweenthe -queue
and the sender passingthrough the recever (for drop-tail
gueuing,this set shouldinclude itself). To take this delay
into account,we addedtwo modes (slow-start delay and
congestion-avoidancedelay), in which the systemremains
betweena drop occursand it is detected.The congestion
controller only reactsto the drop onceit exits thesemodes.
The timing variable is usedto enforcethat the system

remainsin the slow-startdelay, congestion-avoidancelelay,
andfast-recorery modesfor the requiredtime. For simplicity,
we assumedan in nitely large adwertisedwindow sizein the
diagramin Figure4.

The inputs to the TCP-Sack ow model are the RTTs,
the drop events,andthe correspondinglrop-detectiordelays
(which can be obtainedfrom the o w-conseration law and
gueuedynamicsin Sectionslll-A, 11I-B) and its outputsare
the sendingratesof the end-to-endo ws.

The modelin Figure 4 assumeghatthe ow is always
active. It is straightforward to turn the ow on and off by
adding appropriatemodes [21]. In fact, in the simulation
results describedin Section1V-B we used random starting
timesfor the persistenTCP o ws. On-off UDP sourceswith a
x edsendingateduringthe on-periodarealsostraightforvard
to construct[21].

IV. VALIDATION

We use the ns-2 (version 2.26) paclet-level simulator
to validate our hybrid models. Different network topologies
subjectto a variety of trafc conditionsare considered.

A. NetworkTopologies

We focus our study on the topologiesshavn in Figure 5.
Thetopologyin the upperleft corneris known asthe dumbbell
topology andis characterizethy a setof o wsfrom the source
nodesin theleft to the sink nodesin theright, passinghrough
a bottlenek link with 10mspropagationdelay

While all the o ws in a dumbbelltopology have the same
propagationdelays,the o ws in the Y-shapetopology in the
upper right corner of Figure 5 exhibit distinct propagation
delays:45ms(Src ), 90ms(Src ), 135ms(Src ), 180ms(Src ).
In thistopology UDP backgroundraf c is injectedatSrc and
router R2, whereasthe TCP o ws originateat Src through
Src . Thebackgroundrafc modelis describedn SectionlV-
B below.

We also considerthe parking-lot topology depictedat the
bottom of Figure 5. This topology includes two 500Mbps
bottlenecklinks. The trafc consistsof four TCP o ws with
propagatiordelaysof 45ms,90ms,135msand180mscompet-
ing with 10% UDP backgroundraf c. Two setsof background
trafc wereused:in the rst set,trafc wasinjectedinto the
sourcesattachedto R7 and sentto the sinks attachedto R8,
while the secondsetoriginatedat the sourcesonnectedo R9
andwas sentto the sinks attachedo R10. This con guration
createswo bottleneckson the links betweenR2 and R3 and
betweenR4 and R5.

All queuesare 40 paclets long for the topologieswith
5Mbps bottlenecklinks and 11250 paclets for the oneswith
500Mbpsbottlenecklinks. Thesequeuesare large enoughto
hold the bandwidth-delayproduct.

B. SimulationEnvironment

The hybrid modelsin this paperwere formally speci ed
usingthe object-orientednodelinglanguagemodelica [5].
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Modelica allows corvenientcomponent-orientednodeling
of comple physicalsystemsAll ns-2 simulationsuseTCP-
Sack (more speci cally its Sackl variant outlined in [24]).
Each simulationran for 600 secondsof simulationtime for
the 5Mbpstopologiesand for 8000 seconddor the 500Mbps
one.Datapoints were obtainedby averaging20 trials for the
5Mbpstopologiesand5 trials for the 500Mbpsone. TCP o ws
startrandomlybetween0 and 2 seconds.

NS

Dumbbell (upperleft), Y-shapemulti-queuewith 4 different propagationdelays (upperright) and parking-lot with 4 different propagationdelays
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Thebackgroundraf ¢ consistof UDP o wswith exponen-
tially distributed ON and OFF times, both with averageequal
to 500ms.We do not claim thatthis type of backgroundraf ¢
is realisticbut it sufces to reducepaclet synchronizatioras
in [25]. We consideredlifferentamountsf backgroundrafc
but in all the resultsreportedhere the background o ws to
accountfor 10% of the trafc. While the exact fraction of
short-livedtraf c foundon the Internetis unknown, it appears
that short-lived o ws male up for at least 10% of the total



Internettraf c [26]. However, it shouldbe emphasizedhatthe
accurag of the hybrid systemsimulationsdoesnot degrade
asmore short-live traf ¢ is considered.

As previously mentionedthedropmodelis topologydepen-
dent. As obsened in [20], for the single bottlenecktopology
with uniform propagatiordelays,dropsare deterministicwith
each o w experiencingdropsin a round-robinfashion.How-
ever, when backgroundon/off traf ¢ is considered|ossesare
bestmodeledstochastically

Thevariablesusedfor comparingthe hybrid andthe paclet-
level modelsinclude the RTTs, the paclet drop rates, the
throughputand congestionwindow size for the TCP o ws,
andthe queuesize at the bottlenecklinks.

C. Results

We start by consideringa dumbbell topology with no
backgroundtrafc for which the drop rotation model in
Sectionlll-B.3 is valid. As discussedbove, in suchnetworks
drops are essentiallydeterministic phenomenaand one can
directly comparens-2 traceswith our hybrid model,without
resortingto statisticalanalysis.Figure 6 comparessimulation
resultsfor a single TCP ow (no backgroundtrafc). These
plots shawv tracesof TCP's congestionwindow size and the
bottleneck queue size over time. The plots shav a nearly
perfect match and one can easily identify the slow-start,
congestion-aoidance,and fast-receery modesdiscussedn
Sectionlll-C. While most previous modelsof TCP are able
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Fig. 6. Comparisorof the congestiorwindonv andqueuesizesover time for
the dumbbelltopology with one TCP o w andno backgroundrafc.

to capture TCP's steady-statebehaior, TCP slow-start is

typically harderto model becausdt often resultsin a large
numberof dropswithin the samewindow. We canobsenre in

Figure 6 that after the initial drops, the congestionwindow

is divided by two and maintainsthis value for abouthalf a

secondbeforeit beginsto increasdinearly. This is consistent
with the basic slow-start behaior of TCP Sacklwhen the

numberof lossesis aroundcwnd/2.In this case, TCP Sackl
eventuallyleavesfast-recoery but only after severalmultiples
of the RTT (cf. Sectionlll-C.3 and[22]).

In the next setof experimentswe simulate4 TCP o ws on
the dumbbelltopology with and without backgroundtraf c.
Figure 7 shavs the simulation results without background
trafc. As obsened in previous studies, TCP connections
with the sameRTT getsynchronizedandthis synchronization
persistseven for a large numberof connectiong[17], [27].
This synchronizations modeledusingdrop rotation.Similarly
to the single o w case,the two simulationscoincide almost

exactly. Speci cally, in steadystate,all o ws synchronizeto
a saw-tooth patternwith periodcloseto 1sec.
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Fig. 7. Congestionwindon and queuesize over time for the dumbbell
topologywith 4 TCP o ws andno backgroundrafc.

Simulationresultsfor 4 TCP o ws with backgroundraf c
are shawn in Figure 8. Even a small amountof background
traf c breakspaclet-drop synchronizatiorand the stochastic
drop-selectiormodel (9) becomesvalid. We can seethat the
tracesobtainedwith ns-2 are qualitatively very similar to
those obtainedwith the hybrid model. A quantitatve com-
parison betweenns-2 and a hybrid model is summarized
in Table I, which presentsaveragethroughputand RTT for
each o w for bothhybrid systemandns-2 simulationsThese

(a) ns-2

(b) hybrid model

Fig. 8. Congestionwindov and queuesize over time for the dumbbell
topologywith 4 TCP o ws and 10% backgroundrafc.

statisticscon rm that the hybrid modelreproducesccurately
the resultsobtainedwith the paclet-level simulation.

To validate our hybrid models,we also use the Y-shape,
multi-queuetopologywith differentRTTs shavn on the right-
hand side of Figure 5. We consider the drop-count and
drop-selectionmodels describedby Equations(8) and (9),
respectiely, which generatestochasticdrops. Since losses
are random, no two simulationswill be exactly equal so
one cannot expect the hybrid model to exactly reproduce
the resultsfrom ns-2 . Table Il summarizeghe simulation
resultsobtainedwith ns-2 andthe hybrid modelfor 4 TCP
o ws with 10% backgroundtrafc on the Y-shapetopology
under a drop-tail queuingdiscipline. This table presentshe
meanthroughputand mean RTTs for each competing TCP
ow. The relative error is always lessthan 10% and in most
caseawell underthis value.Similar resultshold for variations
of the Y-shapetopology with different RTTs and different
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TABLE |
AVERAGE THROUGHPUT AND RTT FOR THE DUMBBELL TOPOLOGY WITH 4 TCP FLOWS AND 10% BACKGROUND TRAFFIC.

| [ Thru [ Thru [ Thru [ Thru T RIT [JRIT [ RIT [RIT |
ns-2 1.13 1.14 1.15 1.14 | 0.097 | 0.097 | 0.097 | 0.097
hybrid system | 1.14 1.14 1.13 1.14 | 0.096 | 0.096 | 0.096 | 0.096
relatve error 0.9% 0% 1.3% 0% 1% 1% 1% 1%

numbersof competing o ws. However, for the stochastiarop

modelto hold, theremustbe backgroundrafc and/orenough
compleity in thetopologyand o ws suchthatsynchronization
does not occur When synchronizationdoes occur then a

deterministicmodelfor dropsneedsto be used.As described
in Sectionlll-B.3, in singlebottleneckopologiedrop-rotation
provides an accuratemodel. In more complex settings,the

constructionof drop modelsfor synchronized o ws appears
to be quite challenging.This is one direction of future work

we planto pursue.

To accurately compare stochastic processesone should
examinetheir probability densityfunctions.Figure 9 plots the
probability densityfunctionscorrespondingo the time-series
usedto generatethe resultsin Table Il. We obsere that the
hybrid model reproducedairly well the probability densities
obtainedwith ns-2 . For the congestionwindow, threeof the
o ws closely agree,while one shows a slight bias towards
larger values.The densityfunction of the queueis similar for
both models.One noticeabledifferenceis that the peaknear
the queue-fullstateis sharpeifor the hybrid model.This is due
to thefactthatthequeuein ns-2 canonly take integervalues,
while in the hybrid modelit cantake fractionalvalues.Thus,
the probability thatthe queueis nearlyfull is representedy a
probability massat for the hybrid model,while it is
representedby a probability massat in ns-2 . This
resultsin a more smearedorobability massaroundqueue-full
for ns-2 .

(b) hybrid model

(a) ns-2

Fig. 9. Probability densityfunctionsfor the congestionwindonv and queue
sizefor the Y-shapetopologywith 4 TCP o ws and 10% backgroundrafc.

We alsovalidatethe hybrid modelsin high bandwidthnet-
works with drop-tail queuing.Thesenetworks are especially
challengingbecausedueto the larger window sizes,they are
more proneto synchronizedosseseven whenthe drop rates
are small [28]. Also, TCP's unfairnesstowards connections
with higher propagationdelaysis more pronouncedn high
bandwidth-delayhetworks wheresynchronizatioroccurs[29].

We simulate dumbbell, Y-shape,and parking-lot topologies
with a bottleneckof 500Mbpsand 10% backgroundtraf c.
The bottleneckqueuesare setto be large enoughto hold the
bandwidth-delayproduct.
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(a) ns-2 (b) hybrid model

Fig. 10. Probability densityfunctionsfor the congestiorwindov andqueue
sizefor the Y-shapetopologywith 4 TCP o ws and 10% backgroundrafc
(500Mbpsbottleneck).

(b) hybrid model

(a) ns-2

Fig. 11. Probability densityfunctionsfor the congestiorwindov andqueue
sizefor the parking-lottopology (500Mbpsbottleneck)with 4 TCP o ws and
10% backgroundrafc. Thesewere computedirom simulationsusing ns-2
(left) and a hybrid model (right).

Tablelll presentghe meanthroughputand meanRTT for
each competingTCP ow for the dumbbell, Y-shape,and
parking-lottopologieswith 500Mbsbottleneck(s)Therelative
errorsbetweerthe resultsobtainedwith ns-2 andthe hybrid
models are always smaller than 10%. The corresponding
probability density functionsfor the congestionwindow and
gueue size for the Y-shapeand parking-lot topologies are
given in Figures10 and 11, respectiely. In both cases the
probability densityfunctionsmatchfairly well.

It is interestingto comparethe distributions of the bot-
tleneck queue and congestionwindow sizes for the low-
bandwidthY-shapetopologyin Figure 9 with thoseobtained
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TABLE 1l
AVERAGE THROUGHPUT AND RTT FOR THE Y-SHAPE TOPOLOGY (5MBPS) WITH 4 TCP FLOWS AND 10% BACK GROUND TRAFFIC.

| [ Thru [ Thru [ Thru [ Thru [ RIT [ RIT [RIT [RIT |
ns-2 1913 | 1.134 | 0.817 | 0.668 | 0.091 | 0.136 | 0.182 | 0.225
hybrid model | 1.816 | 1.162 | 0.876 | 0.680 | 0.093 | 0.138 | 0.183 | 0.228
relatve error | 5.0% | 2.4% | 6.7% | 1.0% | 2.1% | 1.5% | 0.5% | 1.3%
TABLE Il

AVERAGE THROUGHPUT AND AVERAGE RTT FOR Y-SHAPE AND PARKING-LOT TOPOLOGY FOR 500MBPSBOTTLENECK

| | [ Thru [ Thru [ Thru [ Thru [ RTT | RTT [ RIT [ RIT |
ns-2 113.6 | 113.37 | 112.47| 110.31| 0.085 | 0.085 0.085 0.085

Dumbbell | hybridmodel | 113.6 | 114.08 112 110.08 | 0.0819 | 0.0819 | 0.0819 | 0.0819
relative error 0% 0.6% 0.4% 0.2% 3.6% 3.6% 3.6% 3.6%

ns-2 201.99 | 116.90| 76.80 54.38 0.159 0.204 | 0.249 0.295

Y-shape hybrid model | 196.40 | 113.76 | 81.44 | 58.96 0.158 0.203 0.248 0.293
relative error 2.8% 2. 7% 6.0% 8.4% 0.6% 0.5% 0.4% 0.6%

ns-2 197.8 1175 78 55.2 0.158 | 0.203 0.248 0.293

parking-lot | hybrid model 194 126.4 | 74.92 53.24 | 0.162 0.206 0.252 0.301
relatve error | 1.95% | 7.6% 41% | 3.68% | 2.5% 1.5% 1.6% | 2.78%

for the high bandwidth Y-shapetopologiesin Figure 10.
The explanationfor the signi cant differencesobsened lie
in the frequent synchronizedlossesthat occur in the high
bandwidthnetworks [28]. Note that when the probability of
synchronizedossis higher, the bottleneckqueuesize exhibits
larger variations becausemore o ws are likely to back-of
approximatelyat the sametime. It is thus not surprisingto
obsenethatin high-speedetworksthe queuesizedistribution
is lessconcentratedroundthe queue-fullstate[25].

Figure 11 shavs the probability density functions for
the congestionwindow and queuesizes for the 500Mbps-
bottleneckparking-lot topology Unlike in the 5Mbps dumb-
bell or Y-shapetopologieswhere bottleneckqueuesare not
emptymostof thetime, in this high-speedmultiple bottleneck
topology queuesbecomeempty more frequently producing
a more chaotic behaior. However, the hybrid model still
reproducesvell the probability densitiesobtainedfrom ns-2
simulations.

While visually comparingtwo densityfunctionsprovidesa
gualitatve understandingf their similarity, thereare several
techniquesto comparedensity functions quantitatvely. One
well establishedmetric is the -distance [30], which
hasthe desirablepropertythatwhen is a densityand an
estimateof

Thus,if the probability of anevent is to be predictedusing
, the prediction error is never larger than half of the -
distancebetween and . TablelV shaows the -distance
betweenall the distributions comparedin Figures9, 10, and
11. Thelargest -distances 0.3333,which correspondso a

maximumerror of .1667in probability.

V. COMPUTATIONAL COMPLEXITY

Modern ordinary differential equation (ODE) solvers are
especiallyef cient when the state variablesare continuous
functions. However, the state variables of hybrid systems
exhibit occasionaldiscontinuitieswhich requiresspecialcare

and can leadto signi cant computationaburden.In fact, the
simulationtime of hybrid systemsypically growslinearly with
the numberof discontinuitiesin the state variablesbecause
each discontinuity typically requiresthe integration step of
the ODE solver to be interruptedso that the precisetiming of
the discontinuity can be determined Betweendiscontinuities
theintegrationsteptypically grows rapidly andthe simulation
is quite fast, as long as the ODEs are not-stiff. In our
models,thesediscontinuitiesare mainly causedby two types
of discreteevents: dropsand queuesbecomingempty Drops
typically causeTCP to abruptly decreasé¢he congestionwin-
dow, whereas queuebecomingemptyforcesthe outgoingbit-
ratesto switch from a fraction of the outgoinglink bandwidth
to theincomingbit-rates. In practice the frequenciest which
theseeventsoccurareessentiallydeterminedy the drop-rates
of the active o ws andthe rateat which o ws startand stop.

Sincethe main factorthat determineghe simulationspeed
is the drop-rate,it is informative to study how it scaleswith
the numberof ows. To this effect considerthe well-known
equation =, which relatesthe per o w throughput

, the averageRTT, andthe drop probability . Accordingto
this formula the total drop-ratefor competing o ws, which
is equalto , Is given by ———. This suggestghat the
computationatompleity is of order , scalinglinearly
with the numberof o ws when the per o w throughputis
maintainedconstantand is actually inversely proportionalto
the per o w throughputwhen the numberof o ws remains
constantThisis in sharpcontrastwith event-basedimulators
for which the computationalcompleity is essentiallydeter
minedby the total numberof packetstransmittedwhich is of
order

This analysisis con rmed by the datain Figure 12. This
gure shaws the executiontime speedupde ned as the ratio
betweerthe executiontime of ans-2 paclet-level simulation
divided by the execution time of the correspondinghybrid
modelsimulationin modelica [5]. Theseresultscorrespond
to a single-bottleneckiopology where the bottlenecklink's
propagatiordelayis 100 ms andits bandwidthvariedamong
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TABLE IV
-DISTANCE BETWEEN HISTOGRAMS COMPUTED FROM SIMULATIONSUSING NS-2 AND HYBRID MODEL.

| | cwndl | cwnd2 [ cwnd3 | cwnd4 | bottleneckqueuel | bottleneckqueue2 |
dumbbell(5Mbps) 0.1951 | 0.1764 | 0.1513| 0.1771 0.2625 -
Y-shape(5Mbps) 0.1040 | 0.0783 | 0.2213 | 0.0416 0.3333 -
parking-lot (5Mbps) 0.1128 | 0.1054 | 0.1749 | 0.1546 0.1691 02061
Dumbbell (500Mbps) 0.2138 | 0.2277 | 0.2354 | 0.1707 0.1836 -
Y-shape(500Mbps) 0.2226 | 0.1950 | 0.1935| 0.1852 0.1276 -
parking-lot (500Mbps) | 0.1206 | 0.0682 | 0.0511 | 0.0873 0.1313 0.1238
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Fig. 12. Executiontime speedumf hybrid modelover ns-2 simulationfor
dumbbelltopology with 100 ms propagatiordelay bottleneck.

10Mbps, 100Mbps,and 1Gbps.We simulatefrom 1 to 100
long-lived TCP o ws competingfor the bottleneckbandwidth
for 30 minutes of simulation time. Simulationsran on a
1.7GHzPC with 512MB memory We canseethat the hybrid
model simulation is especially attractve for large per ow
throughput,for which the speedupcan reach several orders
of magnitude.
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Fig. 13. Executiontime speedumf hybrid modelover ns-2 simulationfor
Y-shapeand parking-lottopologieswith backgroundrafc.

The executiontime speedupdor the Y-shapeand parking-
lot topologieswith backgroundrafc areshown in Figure13.
The speedugor the Y-shapetopologyis largerthanthatof the
parking-lottopology dueto the fact that queuesempty more
frequentlyin the latter, resultingin more discontinuities.

Memoryusagecanalsobe a concernwhensimulatinglarge,
complex networks. Hybrid systemsrequire one statevariable
for eachactve ow and one state variable for each ow
passingthrough a queue.Hence, the memory usagescales
linearly with the numberof o ws andthe numberof queues.
For ns-2 , the memory usagedependson the number of
pacletsin the system,and hencescaleswith the bandwidth-
delay product.

VI. TooLs AND CASE STuDY

Hybrid systemsnodelinglanguagesuchasmodelica [5]
are special-purposdanguagesdesignedto model complex
physicalsystems.To simplify the useof hybrid modelingby
networking researchersywe developedthe Network Descrip-
tion Scripting Languaye (NDSL) to specify succinctly large,
complex networks using a syntax similar to Object Oriented
TCL (OTCL) in ns-2 .

NDSL primitives include node and link de nitions, as
well as the parameterghat de ne the different end-to-end
congestioncontrol protocols.Details of NDSL primitivescan
be foundin [23]. An NDSL translator automaticallycorverts
a network NDSL speci cationinto a hybrid model expressed
in modelica . In the remainderof this section,we illustrate
the use of thesetools in the simulation of TCP o ws over
a realistic high-bandwidthnetwork for which paclet-level
simulationswould be prohibitively long.

A. CaseStudy:AbileneBadkboneNetwork

The Abilene Network (shown in Figure 14) is an Internet-
2 high-performancebackbonenetwork connectingresearch
institutions to enablethe developmentof adwancedInternet
applicationsandprotocols[6]. Recently its hasbeenupgraded
to 10Gbpsbackbonelinks using OC-192 circuits. The links
propagatiordelaysconsideredareshavn in TableV. All links
have a bandwidthof 10Gbpsand we assumedroptail queues
with sizeequalto 25,000pacletswith 1K paclet size.In this
experiment,we simulatethe threesetsof ten o ws described
in Table VI. Each ow startsrandomly between0 and 1sec
andterminatesat time 40,000sec.

Fig. 14. Abilene BackboneNetwork

B. Results

We useour hybrid model of the Abilene network to study
how queuesize impacts throughputfairness.To this effect
we vary the queuesizesfrom 25,000to 150,000pacletsin



TABLE V

TWO-WAY PROPAGATION DELAY BETWEEN NODES IN THE ABILENE

BACKBONE
| source destination | prop.delay |
Seattle(STTL) Derver (DNVR) 25.608ms
Sunryvale (SNVA) Derver (DNVR) 25.010ms
Dernver (DNVR) KansasCity (KSCY) 10.674ms
KansasCity (KSCY) Indianapolis(IPLS) 9.340ms
Indianapolis(IPLS) Chicago(CHIN) 3.990ms
Chicago(CHIN) New York (NYCM) 20.464ms
Sunryvale (SNVA) Los Angeles(LOSA) 7.772ms
Los Angeles(LOSA) Houston(HSTN) 31.624ms
Houston(HSTN) Atlanta (ATLA) 19.756ms
Atlanta (ATLA) Washington(WASH) 15.938ms
Washington(WASH) New York (NYCM) 4.412ms
Sunryvale (SNVA) Seattle(STTL) 16.852ms
Houston(HSTN) KansasCity (KSCY) 15.504ms
Atlanta (ATLA) Indianapolis(IPLS) 10.950ms

TABLE VI
TCP FLOWS SIMULATED OVER ABILENE BACKBONE

[ sets | numberof ows | prop.delay | source/destinatior

setone 10 15ms ATLA to CHIN
settwo 10 28.8ms HSTN to CHIN
setthree 10 69.5ms SNVA to NYCM

incrementsof 25,000 and measurethe throughputobtained.
We ran 1lhoursof simulation time. In this network, one
needssimulationsthis large if one wants to obtain steady-
statethroughput.Note thatfor a 10Gbpsbackbonewith 70ms
RTT and 1000bytepaclet size, the bandwidth-delayproduct
is 87,500 paclets. When the queuesize is as large as the
bandwidth-delayproduct, the maximumwindow size before
a paclet is dropsis 175,000paclets. If the senderdetectsa
congestionloss at this time, the window size reducesfrom
175,000to 87,500.Thus, it takes87,500RTTs to getanother
drop, which amountsto 1 hour and 42 minutes. Simulation
timesaslong asthis arenotfeasiblein ns-2 with our512MB
memoryPC. However, the hybrid systemssimulationrequires
no morethan20min of executiontime. It shouldbe notedthat
versionsof TCP adaptedo high-bandwidthnetworks, suchas
FAST-TCP and HSTCR reach steady-statenuch fasterthan
this and, in fact, we currently have hybrid modelsfor these.
However, due to spacelimitations we do not describethose
here.

$hitue

Fig. 15. Averagethroughputfairnessbetweenthe threedifferent TCP-Sack
o w setssimulatedon the Abilene Network

Figure15 shavsthefairnesgatio betweeno wsin different
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sets(cf. TableVI). The fairnessratio is de ned asthe
ratio betweenthe averagethroughputof the ows in sets
divided by the averagethroughputof the ows in . When
the queuesizeis 25,000,the averagethroughputof setoneis
3.1 times the averagethroughputof setthree, but when the
gueuesizeincreaseso 150,000 the throughputratio becomes
only 1.5. This is consistentwith the expectationthat, when
the queuingdelayincrease<onsiderablyit will dominatethe
RTT thusdecreasinghe RTT ratio betweerthetwo o wswith
different propagationdelays.However, in topologieslik e this
one,theprecisedependencef thefairnesgatio with the buffer
sizeis dif cult to predictwithout resortingto simulations.

Figure 15 also shows the ratio betweenthe average
RTTs of the ows in sets and (in the reciprocalorder).
Sinceall the o ws go throughthe samebottleneck(Chicago-
Indianapolis),basedon the TCP-friendly formula one could
expect the fairnessratio to matchthe reciprocalof the RTT
ratio. The simulationsrevealthatthis generallyunderestimates
the fairnessratio, especiallywhen the ratio is far from one.
This phenomendasbeencon rmed by ns-2 simulationsin
smallernetworks .

VII. CONCLUSION AND FUTURE WORK

This paper proposesa general framework for building
hybrid modelsto describenetwork behaior. This framework
lls the gap betweenpaclet-level and aggreyate models by
averagingdiscretevariablesover very shorttime scales.This
meansthat the modelsare able to capturethe dynamicsof
transientphenomendairly accurately as long as their time
constantsare larger than a couple of RTTs. This is quite
appropriatefor the analysisand designof network protocols
including congestioncontrol mechanisms.

To validate our hybrid systemsmodeling framework, we
comparehybrid model againstpaclet-level simulationsand
shaw thatthe probability densityfunctionsmatchvery closely
We alsobrie y describethe softwaretools that we developed
to automatethe generationof hybrid models for comple
networks. We shavcasedheir usewith a casestudyinvolving
the Abilene backbonenetwork.

Our resultsindicate that simulationsusing hybrid models
shouldbe preferredover paclet-level simulatorsin the study
of networkswith large per ow bandwidths whenone wants
to accurately capture tracesof individual ows and the evo-
lution of buffer sizes.For networks with small bandwidth,the
computationalsaring introducedby hybrid model are small
and one might as well rely on paclet-level simulators.
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